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TO THE INSTRUCTOR 

As indicated in its preface, Mechanics of Materials is designed for the first course in mechanics 
of materials—or strength of materials—offered to engineering students in the sophomore or 
junior year. However, because of the large number of optional sections that have been included 
and the maturity of approach that has been achieved, this text can also be used to teach a more 
advanced course. 

The text has been divided into units, each corresponding to a well-defined topic and consisting of 
one or several theory sections followed by sample problems and a large number of problems to 
be assigned. In order to accommodate courses of varying emphases, considerably more material 
has been ‘included than can be covered effectively in a single three-credit-hour course. To assist 
the instructors in making up a schedule of assignments that best fits their classes, the various 
topics presented in the text have been listed in Table I and both a minimum and a maximum 
number of periods to be spent on each topic have been suggested. Topics have been divided into 
three categories: core topics that will probably be covered in every course; additional topics that 
can be selected to complement this core to form courses of various emphases; and finally topics 
that can be used with more advanced students. 

The problems have been grouped according to the portions of material they illustrate and have 
been arranged in order of increasing difficulty, with problems requiring special attention 
indicated by asterisks. The instructor’s attention is called to the fact that problems have been 
arranged in groups of six or more, all problems of the same group being closely related. This 
means that the instructor will easily find additional problems to amplify a particular point that 
has been brought up in the discussion of a problem assigned for homework. Since half of the 
problems are stated in SI units and half in U.S. customary units, it also means that the instructor 
has the choice of assigning problems using SI units and problems using U.S. customary units in 
whatever proportion is found to be most desirable for a given class. To assist in the preparation 
of homework assignments Table II provides a brief description of all groups of problems and a 
classification of the problems in each group according to the units used. It should also be noted 
that answers to all problems with a number set in roman type are given at the end of the text, 
while problems with a number set in italic are not. 

In Table III six alternative lists of possible assignments have been suggested. Four of these lists 
consist of problems whose answers are given at the end of the text, and two of problems whose 
answers are not. Half of the problems in each list are stated in SI units and half in U.S. customary 
units. For those instructors who wish to emphasize the use of SI units, four additional lists of 
problems have been given in Table IV, in which 75% of the problems use SI units. Since the lists 
in Tables III and IV cover the entire text, instructors will want to select those groups of sections 
that are best suited to the course they wish to teach. For a typical one-semester course consisting 
of 42 class meetings and including four quizzes, as many as 38 of the 46 available groups can be 
selected. 

Since the approach used in this text differs in a number of respects from the approach used in 
other books, the instructor is advised to read the preface to Mechanics of Materials, in which the 
authors have outlined their general philosophy. Attention is particularly called to the fact that 
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statically indeterminate problems are first discussed in Chapter 2 and are considered throughout 
the text for the various loading conditions encountered. Thus, students are presented at an early 
stage with a method of solution that combines the analysis of deformations with the conventional 
analysis of forces used in statics, and will have become thoroughly familiar with it by the end of 
the course. The concept of plastic deformation is also introduced in Chap. 2, where it is applied 
to the analysis of members under axial loading, while problems involving the plastic deformation 
of circular shafts and of prismatic beams are considered in optional sections of Chaps. 3 and 4, 
respectively. On the other hand, while the concept of stress at a point is introduced in Chap. 1, 
the discussion of the transformation of stresses is delayed until Chap. 7, after students have 
discovered for themselves the need for special techniques, such as Mohr’s circle. In this edition, 
shear and bending-moment diagrams are introduced at the beginning of Chap. 5 and applied 
immediately to the design of beams in that chapter and in the next. 

A brief description, chapter by chapter, of the topics included in the text will be found in the 
following pages. It is hoped that this material will help instructors organize their courses to best 
fit the needs of their students. 

The authors of Mechanics of Materials, 7/e, wish to tha nk Professor Dean P. Updike of the 
Department of Mechanical Engineering and Mechanics at Lehigh University and Amy Mazurek 
for having written the problem solutions contained in this Manual. 


John T. DeWolf 
David F. Mazurek 
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DESCRIPTION OF THE MATERIAL CONTAINED IN 
MECHANICS OF MATERIALS, Seventh Edition 


Chapter 1 

Introduction-Concept of Stress 

The main purpose of this chapter is to introduce the concept of stress. After a short review of 
Statics in Section 1.1 emphasizing the use of free-body diagrams, Sections 1.2 through 1.2 
discuss normal stresses under an axial loading, shearing stresses —with applications to pins and 
bolts in single and double shear—and bearing stresses. This section also introduces the student 
to the concepts of analysis and design. Section 1.2A emphasizes the fact that stresses are 
inherently statically indeterminate and that, at this point, normal stresses under an axial loading 
can only be assumed to be uniformly distributed. Moreover, such an assumption requires that the 
axial loading be centric. 

Section 1.2D is devoted to the application of these concepts to the analysis of a simple structure. 
Section 1.2E describes how students should approach the solution of a problem in mechanics of 
materials using the SMART methodology: Strategy, Modeling, Analysis and Reflect & Thi nk . 
Section 1.2E also discusses the numerical accuracy to be expected in such a solution. Problems 
included in the first lesson also serve as a review of the methods of analysis of trusses, frames, 
and mechanisms learned in statics. 

Section 1.3 discusses the determination of normal and shearing stresses on oblique planes under 
an axial loading, while Section 1.4 introduces the components of stress under general loading 
conditions. This section emphasizes the fact that the components of the shearing stresses exerted 
on perpendicular planes, such as and z yx , must be equal. It also introduces the students to the 
concept of transformation of stress. However, the study of the computational techniques 
associated with the transformation of stress at a point is delayed until Chapter 7, after students 
have discovered for themselves the need for such techniques. 

Section 1.5 is devoted to design considerations. It introduces the concepts of ultimate load, 
ultimate stress, and factor of safety. It also discusses the reasons for the use of factors of safety in 
engineering practice. The section ends with an optional presentation of an alternative method of 
design, Load and Resistance Factor Design. 

Chapter 2 

Stress and Strain-Axial Loading 

This chapter is devoted to the analysis and design of members under a centric axial loading. 
Section 2.1 A introduces the concept of normal strain, while Section 2. IB describes the general 
properties of the stress-strain diagrams of ductile and brittle materials and defines the yield 
strength, ultimate strength, and breaking strength of a material. Section 21C, which is optional, 
defines true stress and true strain. Section 2.ID introduces Hooke’s law, the modulus of 
elasticity, and the proportional limit of a material. It defines as isotropic those materials whose 
mechanical properties are independent of the direction considered and as anisotropic those 
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whose mechanical properties depend upon that direction. Among the latter are fiber-reinforced 
composite materials, that are described in this section. 

Section 2.IE discusses the elastic and the plastic behavior of a material and defines its elastic 
limit, while Section 2.IF is devoted to fatigue and the behavior of materials under repeated 
loadings. The first lesson of Chapter 2 ends with Section 2.1G, which shows how Hooke’s law 
can be used to determine the deformation of a rod of uniform or variable cross section under one 
or several loads, and introduces the concept of relative displacement. Section 2.2 discusses 
statically indeterminate problems involving members under an axial load. As indicated in the 
preface of the text and in the introduction to this manual, the authors believe it is important to 
introduce the students at an early stage to the concept of statical indeterminacy and to show them 
how the analysis of deformations can be used in the solution of problems that cannot be solved 
by the methods of statics alone. It will also help them realize that stresses, being statically 
indeterminate, can be computed only by considering the corresponding distribution of strains. 
Section 2.3 discusses the thermal expansion of rods and shows how to determine stresses in 
statically indeterminate members subjected to temperature changes. 

Section 2.4 introduces the concept of lateral strain for an isotropic material and defines 
Poisson’s ratio. Section 2.5 discusses the multiaxial loading of a structural element and derives 
the generalized Hooke’s law for such a loading. Since this derivation is based on the application 
of the principle of superposition, this principle is also introduced in Section 2.5, and the 
conditions under which it can be used are clearly stated. Section 2.6 is optional. It discusses the 
change in volume of a material under a multiaxial loading and defines the dilatation and the bulk 
modulus or modulus of compression of a given material. 

Section 2.7 introduces the concept of shearing strain. It should be noted that the authors define 
the shearing strain as the change in the angle formed by the faces of the element of material 
considered, and not as the angle through which one of these faces rotates. Hooke’s law for 
shearing stress and strain and the modulus of rigidity are also introduced in this section, as well as 
the generalized Hooke’s law for a homogeneous, isotropic material under the most general stress 
conditions. Section 2.8 points out that strains, just as stresses, depend upon the orientation of the 
planes considered. It also establishes the fact that the constants E, v, and G are not independent 
from each other and derives Eq. (2.35), that expresses the relation among these three constants. 
Section 2.9, which is optional, extends the stress-strain relationships to fiber-reinforced 
composite materials. The relations obtained are expressed by Eqs. (2.37) and (2.39) and involve 
three different values of the modulus of elasticity and six different values of Poisson’s ratio. 

Section 2.10 discusses the distribution of the normal stresses under a centric axial loading and 
shows that this distribution depends upon the manner in which the loads are applied. However, 
except in the immediate vicinity of the points of application of the loads, the distribution of 
stresses can be assumed uniform. This result verifies Saint-Venant’s principle. Section 2.11 
discusses stress concentrations near circular holes and fillets in flat bars under axial loading. 

Section 2.12 is devoted to the plastic deformation of members under centric axial loads and 
introduces the concept of an elastoplastic material. As stated in the preface of the text, the 
authors believe that students should be exposed to the concept of plastic deformation in the first 
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course in mechanics of materials, if only to let them realize the limitations of the assumption of a 
linear stress-strain relation in engineering applications. By introducing this concept early in the 
course in connection with axial loading, rather than later with torsion or bending, one makes it 
easier for the students to understand and accept it. For the same reason, residual stresses are 
discussed in Section 2.13 in connection with axial loading. However, since some instructors may 
not want to include the concept of residual stresses in an elementary course, this section is 
optional and can be omitted without any prejudice to the understanding of the rest of the text. 

Chapter 3 
Torsion 

The Introduction introduces this type of loading, while Section 3.1 establishes the relation that 
must be satisfied, on the basis of statics, by the shearing stresses in a given section of a shaft 
subjected to a torque. This condition, however, does not suffice to determine the stresses, and 
one must analyze the deformations that occur in the shaft. This is done in Section 3.1 A, where it 
is proved that the distribution of shearing strains in a circular shaft is linear. It should be noted 
that the discussion presented in See. 3. IB is based solely on the assumption of rigid end plates, 
rather than on arbitrary and gratuitous assumptions regarding the deformations of a shaft. The 
results obtained in this and the following sections clearly depend upon the validity of this 
assumption, but can be extended to other loading conditions through the application of Saint- 
Venant’s principle. 

Section 3.1C is devoted to the analysis of the shearing stresses in the elastic range and presents 
the derivation of the elastic torsion formulas for circular shafts. The section ends with remarks 
on the transformation of stresses in torsion and the comparison between the failures of ductile 
and brittle materials in torsion. 

The formula for the angle of twist of a shaft in the elastic range is derived in Section 3.2. This 
section also contains various applications involving the twisting of single and gear-connected 
shafts. Section 3.3 deals with the solution of problems involving statically indeterminate shafts. 

Section 3.4 is devoted to the design of transmission shafts and begins with the determination of 
the torque required to transmit a given power at a given speed, both in SI and U.S. customary 
units. Note that the effect of bending on the design of transmission shafts will be discussed in 
Section 8.2, which is optional. Section 3.5 discusses stress concentrations at fillets in circular 
shafts. 

Sections 3.6 through 3.7 deal with the plastic deformations and residual stresses in circular 
shafts and are optional. Since a similar presentation of the plastic deformations and residual 
stresses of members in pure bending is given in Chapter 4, the instructor may decide to include 
only one of these presentations in the course. Section 3.6 describes the general method for the 
determination of the torque corresponding to a given maximum shearing stress in a shaft made of 
a material with a nonlinear stress-strain diagram, while Sections 3.7 and 3.8 deal, respectively, 
with the deformations and the residual stresses in shafts made of an elastoplastic material. 
Sections 3.9 and 3.10 are also optional. They are devoted, respectively, to the torsion of solid 
members and thin-walled hollow shafts of noncircular section. 
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Chapter 4 
Pure Bending 

The Introduction defines this type of loading and shows how the results obtained in the following 
sections can be applied to the analysis of other types of loadings as well, namely, eccentric axial 
loadings and transverse loadings. Sections 4.1 and 4.1 A establish the relation that must be 
satisfied, on the basis of statics, by the normal stresses in a given section of a member subjected 
to pure bending. This condition, however, does not suffice to determine the stresses, and one 
must analyze the deformations that occur in the member. This is done in Section 4. IB, where it is 
proved that the distribution of normal stresses in a symmetric member in pure bending is linear. 
It should be noted that no assumption is made in this discussion regarding the deformations of 
the member, except that the couples should be applied in such a way that the ends of the member 
remain plane. Whether this can actually be accomplished is discussed at the end of Section 4.3. 

Section 4.2 is devoted to the analysis of the normal stresses in the elastic range and presents the 
derivation of the elastic flexure formulas. It also defines the elastic section modulus and ends 
with the derivation of the formula for the curvature of an elastic beam. Section 4.3 discusses the 
anticlastic curvature of members in pure bending and also states the loading conditions required 
for the ends of the member to remain plane. 

Section 4.4 discusses the determination of stresses in members made of several materials and 
defines the transformed section of such members. It also shows how the transformed section can 
be used to determine the radius of curvature of the member. The section ends with a discussion 
of the stresses in reinforced-concrete beams. Section 4.5 deals with the stress concentrations at 
fillets and grooves in flat bars under pure bending. 

Section 4.6 is optional. This section discusses the plastic deformations and residual stresses in 
members subjected to pure bending in much the same way that these were discussed in Sections 3.6 
through 3.8 in the case of members in torsion. Section 4.6 describes the general method for the 
determination of the bending moment corresponding to a given maximum normal stress in a 
member possessing two planes of symmetry and made of a material with a nonlinear stress-strain 
diagram. Section 4.6A deals with members made of an elastoplastic material and derives 
formulas relating the thickness of the elastic core and the radius of curvature with the applied 
bending moment in the case of members with a rectangular cross section. It also defines the 
shape factor and the plastic section modulus of members with a nonrectangular section. Section 
4.6B deals with the determination of the plastic moment of members made of an elastoplastic 
material and possessing a single plane of symmetry, while Section 4.6C discusses residual 
stresses. 

Section 4.7 shows how the stresses due to a two-dimensional eccentric axial loading can be 
obtained by replacing the given eccentric load by a centric load and a couple, and superposing 
the corresponding stresses. Attention is called to the fact that the neutral axis does not pass 
through the centroid of the section. 

Section 4.8 deals with the unsymmetric bending of elastic members. It is first shown that the 
neutral axis of a cross section will coincide with the axis of the bending couple if, and only if, the 
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axis of the couple is directed along one of the principal centroidal axes of the cross section. It is 
then shown that stresses due to unsymmetric bending can always be determined by resolving the 
given bending couple into two component couples directed along the principal axes of the 
section and superposing the corresponding stresses. Sample Problem 4.10 has been included in 
this section to provide an opportunity for students to use material on Mohr’s Circle to determine 
stresses in non-symmetrical sections. The material is based on what students will have learned in 
a study of Statics where the transformation of moments of inertia is covered for problems where 
it is necessary to look at the rotation of coordinate axes. Problems 4.141 through 4.143 are also 
asterisked and are best solved with the use of Mohr’s Circle. 

This method of analysis is extended in Section 4.9 to the determination of the stresses due to an 
eccentric axial loading in three-dimensional space. The eccentric load is replaced by an equivalent 
system consisting of a centric load and two bending couples, and the corresponding stresses are 
superposed. 

Section 4.10 is optional; it deals with the bending of curved members. 

Chapter 5 

Analysis and Design of Beams 
for Bending 

In the Introduction beams are defined as slender prismatic members subjected to transverse loads 
and are classified according to the way in which they are supported. It is shown that the internal 
forces in any given cross section are equivalent to a shear force V and a bending couple M. The 
bending couple M creates normal stresses in the section, while the shear force V creates shearing 
stresses. The fonner is determined in this chapter, using the flexure fonnula (5.1), while the latter 
will be discussed in Chapter 6. 

Since the dominant criterion in the design of beams for strength is usually the bending stresses in 
the beam, the determination of the maximum value of the bending moment in the beam is the 
most important factor to be considered. To facilitate the determination of the bending moment in 
any given section of the beam, the concept of shear and bending-moment diagrams will be 
introduced in Section 5.1, using free-body diagrams of various portions of the beam. 

An alternative method for the determination of shear and bending-moment diagrams, based on 
relations among load, shear, and bending moment, is presented in Section 5.2. To maintain the 
interest of the students, most of the problems to be assigned are focused on the engineering 
applications of these methods and call for the determination, not only of the shear and bending 
moment, but also of the normal stresses in the beam. 

Section 5.3 is devoted to the design of prismatic beams based on the allowable normal stress for 
the material used. Sample Problems and problems to be assigned include wooden beams of 
rectangular cross section, as well as rolled-steel W and S beams. An optional paragraph on page 372 
describes the application of Load and Resistance Factor Design to beams under transverse loading. 

Section 5.4 introduces the concept of singularity functions and shows how these functions can 
provide an alternative and effective method for the determination of the shear and bending 
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moment at any point of a beam under the most general loading condition. While this section is 
optional, it should be included in the lesson schedule if singularity functions are to be used later 
for the determination of the slope and deflection of a beam (Section 9.3). It is pointed out on 
page 387 that singularity functions are particularly well suited to the use of computers, and 
several optional problems requiring the use of a computer (Probs. 5.118 through 5.125) have 
been included in this assignment. 

Section 5.5, which is optional, is devoted to nonprismatic beams, such as forged or cast beams 
designed to be of constant strength, and rolled-steel beams reinforced with cover plates. 


Chapter 6 

Shearing Stresses in Beams and Thin-Walled Members 

It is shown in the Introduction that a transverse load creates shearing stresses as well as normal 
stresses in a beam. Considering first the horizontal face of a beam element, it is shown in 
Sections 61A that the horizontal shear per unit length q, or shear flow, is equal to VQ/I. This 
result is applied in Concept Application 6.1 to the determination of the shear force in the nails 
connecting three planks forming a wooden beam, as well as in Probs. 6.1 through 6.4. Probs. 6.5 
through 6.8 apply the same concepts to steel beams made of sections bolted together 

In Section 6.IB the average shearing stress z ave exerted on the horizontal face of the beam 
element is obtained by dividing the shear flow q by the width t of the beam: 



Note that since the shearing stresses z xy and z yx exerted at a given point are equal, the expression 
obtained also represents the average shearing stress exerted at a given height on a vertical section 
of the beam. This formula is used to determine shearing stresses in a beam made of glued planks 
in Sample Prob. 6.1 and to design a timber beam in Sample Prob. 6.2. Problems 6.9 through 6.12 
and 6.21 and 6.22 call for the determination of shearing stresses in various types of beams. 

Section 6.1C explores shearing stresses in common beam types In Concept Applications 6.2 and 
6.3 the designs obtained on the basis of normal stresses, respectively, for a timber beam in 
Sample Prob. 5.7 and for a rolled-steel beam in Sample Prob. 5.8 are checked and found to be 
acceptable from the point of view of shearing stresses. 

Section 6.2 is optional and discusses the distribution of stresses in a narrow rectangular beam. 

In Section 6.3 the expression q = VQ/I obtained on Section 6.1 A for the shear flow on the 
horizontal face of a beam element is shown to remain valid for the curved surface of a beam 
element of arbitrary shape. It is then applied in Concept Application 6.4 and in Probs. 6.29 
through 6.33 to the determination of the shearing forces and shearing stresses in nailed and glued 
vertical surfaces. 
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Section 6.4 deals with the determination of shearing stresses in thin-walled members and shows 
that Eq. (6.6) can be applied to the determination of the average shearing stress in a section of 
arbitrary orientation. 

Section 6.5, which is optional, describes the fonnation of plastic zones in beams subjected to 
transverse loads. 

Section 6.6, which is also optional, deals with the unsymmetric loading of thin-walled members, 
the determination of the shear center, and the computation of the shearing stresses caused by a 
shearing force exerted at the shear center. 

Chapter 7 

Transformations of Stress and Strain 

After a short introduction, formulas for the transformation of plane stress under a rotation of 
axes are derived in Section 7.1 A, while the principal planes of stress, principal stresses, and 
maximum shearing stress are determined in Section 7.IB. 

Section 7.2 is devoted to the use of Mohr’s circle. It should be noted that the convention used in 
the text provides for a rotation on Mohr’s circle in the same sense as the corresponding rotation 
of the element; in other words, this convention is the same as that used in statics for the 
transformation of moments and products of inertia. Attention is called to the statement at the 
bottom of page 493 of the text and the accompanying Fig. 7.15. 

Section 7.3 discusses the general ( three-dimensional) state of stress and establishes the fact that 
three principal axes of stress and three principal stresses exist. Section 7.4 shows how three 
different Mohr’s circles can be used to represent the transformations of stress associated with 
rotations of the element about the principal axes. The results obtained are used to show that in a 
state of plane stress, the maximum shearing stress does not necessarily occur in the plane of 
stress. 

Section 7.5 is optional. Section 7.5A presents the two criteria most commonly used to predict 
whether a ductile material will yield under a given state of plane stress, while Section 7.5B 
discusses the two criteria used to predict the fracture of brittle materials. 

Section 7.6 deals with stresses in thin-walled pressure vessels', it is limited to the analysis of 
cylindrical and spherical pressure vessels. 

The second part of the chapter (Sections 7.7 through 7.9) deals with transformations of strain 
and is optional. Section 7.7A presents the derivation of the formulas for the transformation of strain 
under a rotation of axes. It should be noted that this derivation is based on the consideration of an 
oblique triangle (Fig. 7.51) and the use of the law of cosines, and that the detennination of the 
shearing strain is facilitated by the use of Eq. (7.43), which relates it to the normal strain along 
the coordinate axes and their bisector. 


XI 


Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


Section 7.7B introduces Mohr’s circle for plane strain, and Section 7.8 discusses the three- 
dimensional analysis of strain and its application to the determination of the maximum shearing 
strain in states of plane strain and of plane stress. Section 7.9 deals with the use of strain rosettes 
for the determination of states of plane strain. 

Chapter 8 

Principal Stresses under a Given Loading 

This chapter is devoted to the determination of the principal stresses and maximum shearing 
stress in beams, transmission shafts subjected to transverse loads as well as to torques, and 
bodies of arbitrary shape under combined loadings. 

In the Introduction it is shown that, while only normal stresses occur on a square element with 
horizontal and vertical faces located at the surface of a beam, shearing stresses will occur if the 
element is rotated through 45° (Fig. 8.1). The reverse situation is observed for an element with 
horizontal and vertical faces subjected only to shearing stresses (Fig. 8.2). The analysis of beams, 
therefore, should include the determination of the principal stresses and maximum shearing 
stress at various points. 

This is done in Section 8.1 for cantilever beams of various rectangular sections subjected to a 
single concentrated load at their free end. It is found that the principal stress cr max does not exceed 
the maximum normal stress a m determined by the method of Chapter 5 except very close to the 
load. While this result holds for most beams of nonrectangular section, it may not be valid for 
rolled-steel W and S beams, and the analysis and design of such beams should include the 
determination of the principal stress er max at the junction of the web with the flanges of the beam. 
(See Sample Probs. 8.1 and 8.2, and Probs. 8.1 through 8.14). 

Section 8.2 is devoted to the analysis and design of transmission shafts using gears or sprocket 
wheels to transmit power to and from the shaft. These shafts are subjected to transverse loads as 
well as to torques. The design of such shafts is the subject of Sample Prob. 8.3 and Probs. 8.15 
through 8.30. 

The determination of the stresses at a given point if of a body due to a combined loading is the 
subject of Section 8.3. First, the loading is reduced to an equivalent system of forces and couples 
in a section of the body containing K. Next, the normal and shearing stresses are determined at K. 
Finally, using one of the methods of transfonnation of stresses presented in Chapter 7, the 
principal planes, principal stresses, and maximum shearing stress may be determined at K. This 
procedure is illustrated in Concept Application 8.1 and Sample Probs. 8.4 and 8.5. 
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Chapter 9 
Deflection of Beams 

The relation derived in Chapter 4 between the curvature of a beam and the bending moment is 
recalled in Section 9.1 and used to predict the variation of the curvature along the beam. In 
Section 9.1 A, the equation of the elastic curve for a beam is obtained through two successive 
integrations, after the bending moment has been expressed as a function of the coordinate x. 
Concept Applications 9.1 and 9.2 show how the boundary conditions can be used to determine 
the two constants of integration in the cases of a cantilever beam and of a simply supported 
beam. Concept Application 9.3 indicates how to proceed when the bending moment must be 
represented by two different functions of x. 

Section 9. IB is optional; it shows in the case of a beam supporting a distributed load, how the 
equation of the elastic curve can be obtained directly from the function representing the load 
distribution through the use of four successive integrations. 

Section 9.2 is devoted to the analysis of statically indeterminate beams and to the determination 
of the reactions at their supports. It is suggested that a minimum of two lessons be spent on 
Sections 9.1 through 9.2 if neither the use of singularity functions (Section 9.3) nor the 
moment-area method (Sections 9.5 through 9.6) are to be covered in the course. 

Section 9.3 is devoted to the use of singularity functions for the determination of beam 
deflections and slopes. It is optional and assumes that Section 5.4 has been covered previously. It 
is recommended that both Sections 5.4 and 9.3 be included in the course, since singularity 
functions provide the students with an effective and versatile method for the determination of 
deflections and slopes under the most diverse loading conditions. In addition, and as indicated 
earlier, singularity functions are well suited to the use of computers. 

Section 9.4A discusses the method of superposition for the determination of beam deflections 
and slopes. It shows how the expressions given in Appendix D for various simple loadings can 
be used to obtain the deflection and slope of a beam supporting a more complex loading. In 
Section 9.4B, the method of superposition is applied to the determination of the reactions at the 
supports of statically indeterminate beams. 

Sections 9.5 through 9.6 are optional. They deal with the application of the moment-area 
methods to the determination of the deflection of beams and may be omitted in courses that place 
a greater emphasis on analytical methods and make use of singularity functions. It should be 
noted, however, that these methods provide a very practical means for the detennination of the 
deflection and slope of beams of variable cross section. 

The two moment-area theorems are derived in Section 9.5A and are immediately applied in 
Section 9.5B to the computation of the slope and deflection of cantilever beams and beams with 
symmetric loadings (simply supported or overhanging beams). Section 9.5C shows how to draw 
a bending-moment diagram by parts. This approach greatly facilitates the determination of 
moment areas in all but the simplest loading situations. 
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Section 9.6 deals with simply supported and overhanging beams with unsymmetric loadings. 
The analysis of such beams hinges on the use of a reference tangent drawn through one of the 
supports after the tangential deviation of the second support has been computed from the 
bending-moment diagram. Section 9.6B describes how to locate the point of maximum deflection 
and how to compute that deflection. 

Section 9.6C deals with the analysis of statically indeterminate beams and the determination of 
the reactions at their supports. 

Chapter 10 
Columns 

Section 10.1 introduces the concept of stability of a structure. The example considered in this 
section consists of a block supported by two spring-connected rigid rods. It is shown that the 
position of equilibrium in which both rods are aligned is stable if this position is the only 
possible position of equilibrium of the system. The same criterion is applied to an elastic 
pin-ended column in Section 10.1 A in order to derive Euler’s formula. Section 10. IB shows how 
Euler’s formula for pin-ended columns can be used to determine the critical load of columns 
with other end conditions. 

Section 10.2 is optional; it deals with the eccentric loading of a column and gives the derivation 
of the secant formula. 

Section 10.3 discusses the design of columns under a centric load. Empirical formulas developed 
by various engineering associations for the design of steel columns, aluminum columns, and wood 
columns are presented in Section 10.3A. Section 10.3B is devoted to an optional discussion of 
the application of Load and Resistance Factor Design to steel columns. As noted at the end of 
this section, the design formulas presented in this section are intended to provide introductory 
examples of different design approaches. These formulas do not provide all the requirements that 
are needed for more comprehensive designs often encountered in engineering practice. 

Section 10.4 discusses the design of columns under an eccentric load and presents two of the 
most frequently used methods: the allowable-stress method and the interaction method. 

Chapter 11 
Energy Methods 

Section 11.1 A introduces the concept of strain energy by considering the work required to 
stretch a rod of uniform cross section. This work, which is equal to the area under the load- 
deformation curve, represents the strain energy of the rod. The strain-energy density is defined in 
Section. 11. IB, as well as the modulus of toughness and the modulus of resilience of a given 
material. The formula for the elastic strain energy associated with normal stresses is derived in 
Section 11.2A, as well as the expressions for the strain energy corresponding to an axial loading 
and to pure bending. The formula for the strain energy associated with shearing stresses is 
derived in Section 11.2B, as well as the expressions corresponding to torsion and transverse 
loading. 
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Section 11.3, which is optional, covers the strain energy for a general state of stress and derives 
an expression for the distortion energy per unit volume, both in the general case of three- 
dimensional stress and in the particular case of plane stress. 

Section 11.4A discusses impact loadings and Section 11.4B the design of a structure for an 
impact load. To facilitate the solution of impact-loading problems, it is shown in Section 11.5A 
that the strain energy of a structure subjected to a single concentrated load P can be obtained by 
equating the strain energy to the work of P. (Appendix D is used to express the deflection in 
terms of P ). As shown in Section 11.5B, the reverse procedure can be used to determine the 
deflection of a structure at the point of application of a single load P or a single couple M; the 
strain energy of the structure is computed from one of the formulas derived in Section 11.2, and 
the work of P or M is equated to the expression obtained for the strain energy. 

Sections 11.6 through 11.9 are optional. In Section 11.6 an expression for the strain energy of a 
structure subjected to several loads is obtained by computing the work of the loads as they are 
successively applied. Reversing the order in which the loads are applied, one proves Maxwell’s 
reciprocal theorem. The expression obtained for the strain energy of the structure is used in 
Section 11.7 to prove Castig/iano’s theorem. Section 11.8 is devoted to the application of 
Castigliano’s theorem to the determination of the deflection and slope of a beam and to the 
deflection of a point in a truss. Finally, Section 11.9 deals with the application of Castigliano’s 
theorem to the determination of the reactions at the supports of statically indeterminate structures 
such as beams and trusses. 
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TABLE I: LIST OF TOPICS COVERED IN MECHANICS OF MATERIALS, Seventh Edition 


Sections 


Topics 


Suggested Number of Periods 
Core Additional Advanced 

Topics Topics Topics 


Chapter 

1: Introduction - Concept of Stress 



1.1-2 

Stress Under Axial Loading 

1-2 


1.3-5 

Components of Stress; Factor of Safety 

1 


Chapter 

2: Stress and Strain - Axial Loading 



2.1 

Stress-Strain Diagrams; Deformations Under 

1-2 



Axial Loading 



2.2-3 

Statically Indeterminate Problems 

1 


2.4-5 

Poisson’s Ratio; Generalized Hooke’s Law 

1 


*2.6 

Dilatation; Bulk Modulus 



2.7-8 

Shearing Strain 

0.5 


*2.9 

Stress-Strain Relationships for Fiber-Reinforced 




Composite Materials 



2.10-12 

Stress Concentrations; Plastic Deformations 

0.5-1 


*2.13 

Residual Stresses 


0.5 

Chapter 

3: Torsion 



3.1 

Stresses in Elastic Range 

1 


3.2-3 

Angle of Twist; Statically Indeterminate Shafts 

1-2 


3.4-5 

Design of Transmission Shafts; Stress 

1 



Concentrations 



*3.6-8 

Plastic Deformations; Residual Stresses 


1-2 

*3.9-10 

Noncircular Members; 




Thin-Walled Hollow Shafts 



Chapter 

4: Pure Bending 



4.1-3 

Stresses in Elastic Range 

1-2 


4.4-5 

Members Made of Several Materials; Stress 

1-2 



Concentrations 



*4.6 

Plastic Deformations; Residual Stresses 


1-2 

4.7 

Eccentric Axial Loading 

1-2 


4.8-9 

Unsymmetric Bending; General Eccentric 

1-2 



Axial Loading 



*4.10 

Bending of Curved Members 



Chapter 

5: Analysis and Design of Beams for Bending 



5.1 

Shear and Bending-Moment Diagrams 

1-1.5 


5.2 

Using Relations Between w, V, and M 

1-1.5 


5.3 

Design of Prismatic Beams in Bending 

1-2 


*5.4 

Use of Singularity Functions to Determine 




V and M 

1-2 


*5.5 

Nonprismatic Beams 


1-2 

Chapter 

6: Shearing Stresses in Beams and Thin-Walled Members 


6.1 

Shearing Stresses in Beams 

1-2 


*6.2 

Shearing Stresses in Narrow Rectangular Beam 


0.25 

6.3-4 

Shearing Stresses in Thin-Walled Members 

1-2 


*6.5 

Plastic Deformations 


0.25 

*6.6 

Unsymmetric Loading; Shear Center 


1-2 


0.25-0.5 

0.5-1 


1-2 


1-2 
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TABLE I: LIST OF TOPICS COVERED IN MECHANICS OF MATERIALS, 

Seventh Edition (CONTINUED) 

Sections 

i Topics 

Core 

Topics 

Suggested Number of Periods 
Additional Advanced 

Topics Topics 

Chapter 

7.1 

7: Transformation of Stress and Strain 

Transformation of Plane Stress 

1-2 


7.2 

Mohr’s Circle for Plane Stress 

1-2 


7.3-4 

Three-Dimensional Analysis of Stress 

0.5-1 


*7.5 

Yield and Fracture Criteria 


0.5-1 

7.6 

Thin-Walled Pressure Vessels 

0.5-1 


*7.7-8 

Analysis of Strain; Mohr’s Circle 


1-1.5 

*7.9 

Strain Rosette 


0.5 

Chapter 

8.1 

8: Principal Stresses under a Given Loading 

Principal Stresses in a Beam 


0.5-1 

8.2 

Design of Transmission Shafts 


0.5-1 

8.3 

Stresses under Combined Loadings 


1-3 

Chapter 

9.1-1A 

9: Deflection of Beams 

Equation of Elastic Curve 

0.5-1 


*9.IB 

Direct Determination of Elastic Curve from 


0.5 

9.2 

Load Distribution 

Statically Indeterminate Beams 

0.5 - 1 


*9.3 

Use of Singularity Functions 


1-2 

9.4 

Method of Supeiposition 

1-2 


*9.5 

Application of Moment-Area Theorems to: 
Cantilever Beams and Beams with 


1-2 

Symmetric Loadings 

*9.6A-6B Beams with Unsymmetric Loadings; Maximum 


1-1.5 

*9.6C 

Deflection 

Statically Indeterminate Beams 


0.5 

Chapter 

10.1 

10: Columns 

Euler’s Column Formula 

1-2 


*10.2 

Eccentric Loading; Secant Formula 


1 

10.3 

Design of Columns under a Centric Load 

1-2 


10.4 

Design of Columns under an Eccentric Load 

1-2 


Chapter 

11.1-2 

11: Energy Methods 

Strain Energy 

1-2 


11.3 

Strain Energy for General State of Stress 


0.5 

11.4 

Impact Loading 

0.5-1 


11.5 

Deflections by Work-Energy Method 

0.5-1 


*11.6-8 

Castigliano’s Theorem 


1-2 

*11.9 

Statically Indeterminate Structures 


1-2 


Total Number of Periods 


24-4 VA 


21 - 38‘/2 


3-6 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition 


SI Units 

Problem Number* 

U.S. Units 

Problem description 


CHAPTER 1: 

INTRODUCTION-CONCEPT OF STRESS 

Normal stress under axial loading: 

1.1,2 

1.5,6 

1.3,4 

in bars 

1.7,9 

1.8,10 

in pin-connected structures 

1.13,14 

1.11,12 

in trusses and mechanisms 

1.15,18 

1.16,17 

Shearing stress 

1.20,21 

1.79,22 

Bearing stress between flat surfaces 

1.24,25 

1 .26,27 

1.23,28 

Shearing and bearing stresses at pin-connected joints 


1.29,30 

1.31,32 

Stresses on an oblique plane 

1.35,36 

1.33,34 

Factor of safety: 

1 .38,39 
1.40,41 

1.37,42 

in tension 

1 .43,44 

1.45,46 

in shear 

1.47,48 

1.49,50 


1.53,54 

1.55,56 

1.57,52 

in structures involving links and pins 

*1.57 

*1.58 

Load and Resistance Factor Design 


1.59,62 

1.60,67 

Review problems 

1.63,66 

1.64,65 


1.67,68 

1.69,70 


l.C2,C4,C6 

l.Cl,C3,C5 

Computer problems 


CHAPTER 2: STRESS AND STRAIN - AXIAL LOADING 


Stresses and deformations in statically determinate structures: 


2.1,3 

2.2,5 

simple rods and wires 

2.4,6 

2.7,8 


2.9,10 

2.72,14 

2.11,13 

multiple-criteria problems 

2.16,18 

2.19,20 

2.15,17 

composite rods and members 

2.21,24 

2.22,23 

members of trusses and simple frames 

2.25,26 

2.21,28 


2.29 

2.30 

computation of deformations by integration 

2.31 

2.32 

true strain 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 


SI Units 

U.S. Units 

Problem description 



Statically indeterminate structures (constant temperature): 

2.33,34 

2 .37,38 

2.35,36 

with members undergoing equal deformations 

2.41,42 

2.39 ,40 

composite rods with both ends restrained 

2.43,45 

2.44 ,46 

with members undergoing unequal deformations 



Statically indeterminate structures (with temperature changes): 

2.47,48 

2.49,50 

with members undergoing equal deformations 

2.51,54 

2.52 ,53 

composite rods with both ends restrained 

2.55,56 

2.57 


with unequal deformations 

2.60 

2.58,59 

rods with gaps 



Poisson’s ratio and generalized Hooke’s law: 

2.62,63 

2.64 ,65 

2.61,66 

uniaxial loading 

2.67,68 

2.69,70 

biaxial loading 

2.73,74 

2.77 ,72 

derivation of formulas 

2.77,78 

2.75,76 

Hooke’s law for shearing stress and strain 

2.81,82 

2.79,80 


*2M,*86 

*2.83,*85 

dilatation 

*2.57,*88 


problems involving cylindrical coordinates 

*2.89 

*2.90 

Theory problems 

*2.91,*92 


Problems involving composites 

2.93,94 

2.95,96 

Stress concentrations in flat bars 

2.97,98 

2.99,100 

Plastic deformations under axial loading: 

2.103,104 

2.105,106 

2.101,102 

simple problems 

2.107,108 

2.109,110 

2.113,114 

*2.115 

2.111,112 

more complex problems 

2.117,*118 

2.116 

problems involving temperature change 

*2.122,*123 

*2.119*120 

*2.121 

problems involving residual stresses 

2.124,127 

2.125,126 

Review problems 

2.729,131 

2.128,130 


2.133,7 34 

2.732,135 



2.C1,C3,C6 2.C2,C4,C5 Computer problems 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


SI Units 

Problem Number* 

U.S. Units 

Problem description 


CHAPTER 3: 

TORSION 



Shearing stresses: 

3.1,2 

3.4,5 

in simple shafts 

3.3,6 

3.7 ,8 


3.11,72 

3.9,10 

in shafts subjected to several torques 

3.13,7 4 



3.77,18 

3.15,16 

in composite shafts 

3.79,20 



3.21,22 

3.23,24 

in gear-connected shafts 

3.27,28 

3.25 ,26 


3.29 

3 .30 

special problems 


3.31 ,34 

3.32,33 

Angle of twist: 
in simple shafts 

3.35 ,36 


in shafts subjected to several torques 

3.37,38 

3 .39,40 

in composite shafts 

3.42 ,43 

3.41,44 

in gear-connected shafts 

3.45,48 

3.46,47 

Design of shafts based on allowable stress and allowable angle of twist 

3.49,50 

3.55,56 

3.57,52 

Statically indeterminate shafts: 
with inner core and outer shell of different materials 

3.57 ,58 

3.53,54 


3.59 

3.60,62 

3.61,63 

Special problems 


3.65,67 

3.64,66 

Design of shafts: 
easy problems with solid shafts 

3.68,69 

3. 70,72 

hollow shafts 

3.71,73 

3 .74,75 

3.76,77 

gear-connected shafts 

3.80,81 

3.78,79 

multiple-criteria problems 

3 .82,83 
3.84,87 

3.55,86 

Stress concentrations in stepped shafts 

3.88,90 

3.89,97 



* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 

SI Units U.S. Units 

Problem description 

3.92,95 

3.93,94 

Plastic deformations of shafts: 

Shafts made of elastoplastic material: 
stresses in solid shafts 

3 .96,97 
3.98,100 

3.99,101 

angle of twist for solid shafts 

3.102,104 

3.103,105 


3.106,107 

3.108,109 

hollow and tapered shafts 

3.112,113 

3.110,111 

Shafts made of a material with a nonlinear stress-strain diagram 

3.116,117 

3.114,115 

Residual stresses and pennanent angle of twist in shafts made of an 

3.118,119 

3.120 

elastoplastic material 




Bars with rectangular cross section: 

3.123,124 

3.121,122 

easy problems 

3.127,128 

3.125,126 


3.129.7 30 

3.131.132 

comparing circular and rectangular shafts 

3.134 

3.133 


3.135,137 

3.136,138 

application to structural shapes 

Thin-walled hollow shafts: 

3.140,141 

3.139,745 

determine shearing stresses 

3.142,143 

3.144 

3.146 


3.147.149 

3.148,150 

Special problems 

3.752,153 

3.151,754 

Review problems 

3.156,157 

3.155,759 


3.158.161 

3.160,162 


3.C1,C2,C3 

3.C4,C5,C6 

Computer problems 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


SI Units 

Problem Number* 

U.S. Units 

Problem description 


CHAPTER 4: PURE BENDING 



Normal stresses: 

4.1,3 

4.2,5 

in beams with horizontal plane of symmetry 

4.4,6 

4.7,8 


4.11 

4.9,10 

in unsymmetrical beams (first locate centroid) 

4.12,73 


Resultant force on portion of cross section 

4.14 



4.16,77 

4.15,18 

Beams with different allowable stresses in tension and compression 

4.19,20 



4.21,22 

4.23 

Maximum stress and radius of curvature 

4.24 



4.25,29 

4.26,27 

Maximization of beam strength 


4.28 


4.31 

4.30 

Anticlastic curvature 

4.32 


Special problem on theory 



Stresses in composite beams: 

4.33,34 

4.37,38 

symmetric beams of two materials 

4.35,36 



4.39,40 

4.41 ,42 

unsymmetric beams of two materials 

4.43,44 

4.45 ,46 

Radius of curvature in composite beams 

4.49,50 

4.47,48 

Stresses in reinforced concrete beams 

4.53,54 

4.51,52 



4.55 ,56 

Beams of three materials 

4.58 

4.57 

Composite beams with circular cross section 

4.59 

*4.60 

Beams with different moduli of elasticity in tension and compression 

4.61 ,62 

4.63,64 

Stress concentrations in flat bars in pure bending 

4.65 ,66 





Plastic deformation in pure bending (elastoplastic material): 

4.67,68 

4.69,70 

plastic zone in rectangular beams 

4.71,72 



4 .73,74 

4.15,76 

plastic zone in symmetric beams 

4.77,78 

4.79,80 

plastic moment and shape factor of symmetric beams 

4.81,82 

4.84,86 

plastic moment of unsymmetric beams 

4 .83,85 





Residual stresses in symmetric beams: 

4.87,88 

4 .89,90 

after M p has been applied and removed 

4.91 

4.92 

after a given plastic zone has been developed 



Special problems: 

4.94,95 

4.93 

residual radius of curvature 

4.96 

4.97,98 

Plastic deformation of beams with a nonlinear stress-strain diagram 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 

SI Units U.S. Units Problem description 


4.99,102 

4.103,104 

4.106,107 

4.108,110 

4.115,116 

4.117.120 

4.121,122 

4.123,126 

4.100.101 

4.105,109 

4.111,112 

4.113,114 

4.118,119 

4.124,125 

Eccentric loading in plane of symmetry of member: 
find stress in symmetric section 

design of symmetric section 

find stress in unsymmetric section 

computation of loads from strain measurements 

4.127,129 

4.128,130 

Unsymmetric bending with one or two planes of symmetry: 
bending moment at an angle with horizontal 

4.133,134 

4.131,132 


4.136,121 

4.135,138 

section at an angle with horizontal 

4.139,7 40 
*4.141 

*4.142,* 143 

Bending of unsymmetric section (principal axes must be determined) 

4.144,145 

4.146,147 

General eccentric bending: 
symmetric beam; find stresses 

4.148,149 

4.152,153 

4.150,151 

Bending of unsymmetric beams; determine largest bending moment 

4.155 

4.154,156 


4.157.158 

4.159.160 

Special problems and problems on theory 

4.161,162 

4.163,164 

Curved beams: 

with rectangular cross section 

4.165,166 

4.169,170 

4.167,765 

under eccentric loading 

4.173,174 

4.171,772 

with unsymmetric cross section 

4.177,178 

4.175,776 

with circular cross section 

4.179 

4.180 

4.181,752 

with triangular cross section 

4.185,756 

4.183,184 

with trapezoidal cross section 

*4.187,188 

4.189.*191 

special problems and derivations of formulas 

4.190 




* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 


SI Units 

U.S. Units 

Problem description 

4.192,795 

4.795,194 

Review problems 

4.196,797 

4.198,200 


4.199,201 

4.202,203 



4.C1,C3 

4.C5,C7 

4.C2.C4 

4.C6 

Computer problems 


CHAPTER 5: 

ANALYSIS AND DESIGN OF BEAMS FOR BENDING 

5.L2 

5.M 

Using the free-body diagram of a portion of a beam: 
draw V and M diagrams (easy problems) 

5.5,6 

5.7,9 

5.8,70 

draw V and M diagrams and determine maximum values of | V\ and \M\ 

5.11,13 

5.12,7-7 


5.15,77 

5.16,20 

find maximum normal stress in given beam section 

5.18,79 

5.22,23 

5.21,25 

draw V and M diagrams and find maximum normal stress in beam 

5.24,26 

5.27,29 

5.25,31 

determine given parameter to minimize normal stress in beam 

5.30,33 

5.32 



5.34.35 

5.36.37 

Using relations among vv, V and M whenever appropriate: 
draw V and M diagrams (easy problems) 

5.38,39 

5.41,42 

5.40,43 

draw V and M diagrams and determine maximum values of | V\ and \M\ 

5.44,45 

5.46,48 

5.47,49 

find maximum normal stress in a given beam section 

5.52.53 

5.50.51 

write equations for V and M and find maximum value of \M\ 

5.55,56 

5.54,57 

draw V and M diagrams and find maximum normal stress in beam 

5.59,60 

5.55,61 


*5.d2,*64 

*5.63 

Special problems 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 


SI Units 

U.S. Units 

Problem description 

5.65 ,66 

5.67,68 

Design of timber beams 

5.69,70 



5.73,74 

5.71,72 

Design of steel beams, W shapes 

5.11,78 

5.75,76 

Design of steel beams, S shapes 

5.79,80 

5.81,82 

Design of steel beams, miscellaneous shapes 

5.83 

5.84 

Design of beams resting on ground 

5.85,86 

5.87,88 

Find allowable load for beam of unsymmetric cross section with 

5.89,90 


allowable stresses in tension and compression 

5.93 

5.91,92 

Design of steel beams, W shapes 

*5.94,*95 

*5.96,*97 

Design of beams using LRFD 


5.98,100 

5.102.105 

5.106,108 

5.110,777 

5.112,113 

5.116,HI 

5.118,119 

5.122,123 

5.99,101 

5.103.104 

5.107,109 

5.114,115 

5.120,727 

5.124,7 25 

Using singularity functions write equations for V(x) and M(pc) and 
find M at given point in beam 

find | M | max in beam 

find ff max in beam 

find \M max and cr max in beam 

design beam, knowing allowable stress 

Using a computer and step functions, 
calculate V and M along the beam 

calculate V and M along the beam , and determine o max in the beam 

5.128,7 29 

5.126,127 

Nonuniform beams 

Beams of constant strength: 
beams of uniform width and variable depth 

5.130,737 

5.134,135 

5.132,7 33 

built-up timber beams 

5.136 

5.137 

beams of circular cross section 

5.138 

5.139 

beams of uniform depth and variable width 

5.140,143 

5.141,742 

rolled-steel beams with cover plates 

5.144,145 

5.146,141 


5.148,149 

5.150,151 

tapered beams 

5.152,753 

5.154,755 

Review problems 

5.156,157 

5.158,159 


5.161,162 

5.160,163 



5.C1,C2 

5.C3.C4 

Computer problems 

5.C6 

5.C5 



* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 

SI Units U.S. Units 

Problem description 


CHAPTER 6: SHEARING STRESSES IN BEAMS AND THIN-WALLED MEMBERS 


6.1,2 6.3 ,6 

6.4,5 6.1,8 

6.9,10 6.11,12 

6.13,74 

6.76,18 6.15,17 

6.19,20 

6.22,24 6.21,23 

6.26,28 6.25,27 

Shearing forces in nails and bolts, using horizontal cuts 

Shearing stresses in beams 

Designs of beams for normal and shearing stresses 

Beams with singly-symmetric sections 

Beams with various geometric sections 

6.30,32 6.29,31 

6.33,34 

6.35,36 6.38,59 

6.37,42 6.40,47 

6.44,46 6.43,45 

6.48,49 6.47,50 

6.53,54 6.51,52 

6.55,56 6.58,59 

6.57 

6.60 

Shearing forces and shearing stresses on arbitrary cuts due to vertical shear 

Shearing stresses in extruded beams 

Shearing stresses in bolts 

Shearing stresses and shear flow in thin-walled members 

Special problems 

Shearing stresses in composite beams 

Plastic behavior 

6.61,62 6.63,64 

6.65,68 6.66,67 

6.70,72 6.69,71 

6.75,74 

6.76,77 6.75,78 

6.79,80 

*6.81,*82 *6 ,85,*86 

*6.83,*84 *6.87, *88 

Shear center in thin-walled beams with horizontal and vertical portions 

Shear center and shearing stresses in extruded beams 

Shear center in thin-walled beams with oblique portions 

Shear center in thin-walled beams with circular portions 

Problems involving location of shear center 

Special problems 

Shearing stresses in semicircular shapes, angle shapes and Z shapes 

6.89 ,90 6.91 ,92 

6.94 ,95 6.93,96 

6.97,99 6.95,100 

Review problems 

6.Cl 6.C2 

6.C3.C4 6.C5.C6 

Computer problems 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


SI Units 

Problem Number* 
U.S. Units 

Problem description 


CHAPTER 7: 

TRANSFORMATION OF STRESS AND STRAIN 

7.2,4 

7.1,3 

Find stresses on oblique plane from equilibrium of wedge 

7.5,7 

1.6,8 

Find principal planes and stresses 

7.9,11 

7.10,12 

Find planes of maximum shearing stress and corresponding stresses 

1.14,16 

7.13,15 

Find stresses on a given plane 

7.18,19 

1.20,22 

7.17,21 

Stresses on oblique planes - simple applications 

7.23,26 

7.24,25 

Find principal stresses and/or maximum shearing stress in loaded shaft 

7.27,29 

1.28,30 

Special problems involving determination of a stress to satisfy a given 
requirement 


7.31,33 

1.36,38 

7.40,41 

1.42,44 

7.45,48 

7.49,51 

7.53 

7.55,56 

7.58,59 

7.61,62 

7.64 

7.32,34 

7.35,37 

7.39,43 

7.46,47 

1.50,52 

1.54,51 

1.60,63 

7.65 

Using Mohr’s circle, determine: 
principal planes and stresses, and maximum shearing stress 
stresses on oblique plane 
stresses on oblique plane - simple applications 

principal stresses and/or maximum shearing stress in loaded shaft 

find principal planes and stresses resulting from superposition of two 
states of stress 

find range of values of a parameter for which a certain stress will not be 
exceeded 

Derivation of a formula involving Mohr’s circle 

7.68,69 

1.66,67 

In-plane and out-of-plane maximum shearing stress 

7.70,71 

1.72,12 

Maximum shearing stress in a three dimensional state of stress 

1.15,76 

7.74,77 

Maximum shearing stress (more advanced problems) 

1.78,19 



*7.80 



7.81,82 

7.83,84 

Determine if material will yield under given state of stress. If not, find 

1.85,86 

7.87,88 

the factor of safety 

7.89,90 

7.91,92 

Will rupture occur under a given state of stress? 

7.94,95 

1.93,97 

Find stress or load for which rupture will occur 

7.96 




* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 


SI Units 

U.S. Units 

Problem description 

7.98,99 

7.100,102 

Spherical pressure vessels (easy problems) 

7.707,103 



7.104,105 

7.707,109 

Cylindrical pressure vessels (easy problems) 

7.106,108 

7.770,111 


7.112,113 

7.77(5,117 

Stresses in welds in cylindrical pressure vessels 

7.114,115 

7.118,779 


7.122,725 

7.120,121 

Pressure vessels subjected to external loadings 

7.124,725 




7.126,127 

Shrunk fit rings 



Find state of strain associated with given rotation: 

7.129.131 

7.128.750 

using formulas of Sec. 7.10 

7.133.135 

7.132.754 

using Mohr’s circle 



Find principal strains and maximum shearing strain (in plane and out of plane): 

7.75<5.139 

7.136.137 

for a state of plane stress 

7.742.143 

7.140.141 

for a state of plane strain 

1.144.145 

7.146,149 

Problems involving strain rosettes 

7.147.148 



7.154,155 

7.150,151 

Problems involving use of Mohr’s circle and Hooke’s law 

7.156,157 

7.752,755 



7.159,7(50 

7.158,7(52 

Review problems 

7.161,163 

7.164,167 


7.165,7(5(5 

7.7(55,169 



7.C1,C2 

7.C5,C6 

7.C3,C4 

7.C7,C8 

Computer problems 


CHAPTER 8: PRINCIPAL STRESSES UNDER GIVEN LOADING CONDITIONS 

8.3,4 

8.1,2 

Principal stresses in rolled-steel beams: 
find a,,, in beam and cr max at junction of flanges and web 

8.5,6 

8.7,5 

design beam, taking a m , z m , and <r max into account 

8.9,70 

8.11,12 

check earlier design for <r max at junction of flanges and web 

8.13,74 

8.15,7(5 

8.19,20 

Design of transmission shafts: 
loading represented by forces and couples 

8.17,75 

8.21,22 


8.23,24 

8.25,26 

loading represented by input and output power 

8.27,28 

8.29,30 



* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 

SI Units U.S. Units 

Problem description 

8 .33,34 8.31,32 

8.35,36 

For beam of rectangular cross section under axial, bending and transverse loading 
(easy problems), find: 
normal and shearing stresses 

For beams of circular cross section under axial, bending, and transverse 
loading, find: 

8.38,40 8.37,39 

8.42,43 8.47,44 

normal and shearing stresses 

principal stresses and maximum shearing stress 

For beams of rectangular cross section under axial, bending and transverse 
loading, find: 

8.47,48 8.45,46 

8.51,52 8.49,50 

normal and shearing stresses 

principal stresses and maximum shearing stress 

For steel beams and structural tubes under axial, bending and transverse 
loading, find: 

8.53 ,54 

8.55 ,56 8.57,58 

8 .60 8.59 

*8.61 *8.62 ,*63 

*8.64 

normal and shearing stresses 

principal stresses, principal planes, and maximum shearing stress 

Special problems 

Problems involving torsion of rectangular sections or structural shapes 

8.66 ,67 8.65,69 

8.68,70 8.71,72 

8.74,76 8.75,75 

Review problems 

8.C1,C2 8.C4,C5 

8.C3,C6 8.C7 

Computer problems 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 



Problem Number* 


SI Units 

U.S. Units 

Problem description 


CHAPTER 9: DEFLECTION OF BEAMS 



Using the integration method, determine the equation of the elastic curve 



and the deflection and/or slope at specific points for: 

9.3,4 

9.L2 

cantilever beams 

9.5 

9.6 


9.7 

9.8 

overhanging beams 
simply supported beams 

9.10 

9.9 

symmetrical loading 

9.12 

9.11 

unsymmetrical loading 

9.14,15 

9.13 

beams and loadings requiring the use of 2 equations and 4 constants 

9.16 


of integration 

9.17 

9.18 

direct determination of the elastic curve from an analytic function of w(x) 

For a statically indeterminate beam (first degree), determine: 

9.19,27 

9.22,24 

9.20,23 

reaction at the roller support 

9.25.28 

9.26.27 

reaction at the roller support and draw the M diagram (use of 2 equations 



and 4 constants of integration required) 

9.30.32 

9.29.31 

reaction at the roller support and the deflection at a given point (use of 2 equations 



and 4 constants of integration required) 

9.33 

9.34 

For a statically indeterminate beam (second degree), determine the reaction at one end 



and draw the M diagram 



Using singularity functions, determine the equation of the elastic curve and 



the deflection and/or slope at specified points: 

9.35.36 

9.37.38 

easy problems 

9.39.40 


problems involving overhanging beams 

9.41.44 

9.42.43 

problems with distributed loads 

9.45,48 

9.46,47 

problems with numerical data 

9.49.51 

9.50.52 

For a statically indeterminate beam (first degree), determine the reaction at 

9.53,54 

9.55,56 

the roller support and the deflection at a specified point. 

9.57 

9.58 

For a statically indeterminate beam (second degree), determine the reaction 



at the roller support and the deflection at a specified point. 

9.59,62 

9.60,61 

determine the maximum deflection 

9.63,64 


Problems involving the reduction of a load to a force-couple system. 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 

SI Units U.S. Units 

Problem description 

9.65.67 

9.66.68 

Using method of superposition, determine the deflection and slope at 
specified points in: 
cantilever beams 

9.71.72 

9.69.70 

simply supported beams 

9.73 ,74 

9.75,76 

cantilever beams (with numerical data) 

9.77 ,78 


simply supported beams (with numerical data) 

9.79.80 

9.82 

statically indeterminate beams (first degree) 

9.81 

9.83 

9.84 

statically indeterminate beams (second degree) 

9.85,88 

9.86,87 

combined beams, determinate (with numerical data) 

9.90,91 

9.89,92 

statically indeterminate beams (with numerical data) 

9.94 

9.93 

Combined bending and torsion of rods 

9.95.96 

9.97.98 

Using the moment-area method, determine the slope and/or deflection 
at specified points in 
cantilever beams 
with simple loadings 

9.99.100 

9.102,104 

9.101,103 

with numerical data 

9.105.107 

9.106,108 

with variable El 

9.109.110 

9.111.112 

simply supported beams 
with symmetric loadings 

9.114 

9.113 


9.116 

9.115 

with variable El 

9.118,119 

9.117,121 

with numerical data 

9.120,122 

*9.123 

*9.124 

special problems 

9.125.126 

9.727.128 

Simply supported and overhanging beams with unsymmetric loadings 
simply supported beams (easy problems) 

9.129,130 

9.737,132 

simply supported beams with numerical data 

9.133,7 34 


overhanging beams 

9.136,7 38 

9.135,137 

overhanging beams (with numerical data) 

9.139 

9.140 

simply supported beams with variable El 

9.747,142 


Find maximum deflection for: 
simply supported beams 

9.7 43 

9.144 

with numerical data 

9.145 

9.146 

overhanging beams 

9.147.150 

9.148.749 

Statically indeterminate beams (first degree) 
single span 

9.152 

9.757 

two span beams, find all reactions 

9.153 

9.154 

single span beams (with numerical data) 

9.155 

9.156 

simply supported beams with additional elastic support at midspan 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 

SI Units U.S. Units 

Problem description 

9.158,161 

9.157,759 

Review problems 

9.164,165 

9.160,762 


9.767,168 

9.163,166 


9.C1,C3 

9.C2,C5 

Computer problems 

9.C4,C8 

9.C6,C7 


10.1,2 

10.4,5 

CHAPTER 10: COLUMNS 

Stability of rigid-rod-and-spring systems: 
single spring 

10.3 

10.7 

10.6,5 

systems with two or more springs 

10.9 

10.10 

Application of Euler’s formula to the critical loading orpin-ended columns: 
short struts 

10.72,13 

lo.n 

comparison of critical loads for various cross sections 

10.14 

10.16,7(5 

10.15,17 

Allowable loading for pin-ended columns: 
rolled-steel shapes 

10.19,20 


multiple-member structures 

10.24,25 

10.21,22 

columns with various end conditions 

10.27,28 

10.23,26 


10.29,30 

10.32,34 

Application of the secant formula to the eccentric loading of columns: 
find er max and either deflection or e for a given load 

10.37,55 

10.36,37 

10.35,35 

find cr max and load for a given deflection an eccentricity 

10.39,40 

10.41,42 

temperature induced loading 

10.43,44 

10.45,46 

find for given e, and F.S. (using Fig. 10.24) 

10.47,50 

10.45,49 

Design problems 
find column length 

10.51,52 

10.53,54 

find cross section of column 

10.55,56 


find factor of safety of column 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


] 

SI Units 

Problem Number* 

U.S. Units 

Problem description 

10.57,59 

10.58 

Analysis of columns under centric load: 
columns with simple cross section: 
steel columns 

10.60 

10.67 

wood columns 

10.62 

10.65,64 

aluminum columns 

10.66,67 

10.65,68 

columns with built-up cross sections: 
steel columns 

10.69 


wood columns 

10.70 


aluminum column 

10.71,75 

10.72 

Design of columns under a centric load: 
wood columns 

10.75,76 

10.74 

aluminum columns 

10.77,80 

10.78,79 

steel columns 

10.83,84 

10.81,82 


*10.86 

*10.85 

Application ofLRFD formulas: 
analysis of columns under a centric loading 

*10.88 

*10.87 

design of columns under a centric loading 


10.89,90 


Analysis of columns under an eccentric load: 
steel columns, find allowable load 


10.91,92 

wood columns, find allowable load 

10.93 ,94 


aluminum columns, find allowable load 


10.95,96 

Design of columns under an eccentric load: 
find maximum allowable length or allowable eccentricity 
steel columns 

10.99,100 

10.97 ,98 

wood columns 

10.101,102 


aluminum columns 

10.103,104 


design cross section: 
steel columns, rectangular cross section 

10.105,106 


steel columns, tube 

10.107,705 


wood columns, rectangular or circular cross sections 


10.109,770 

aluminum columns 

10.775,116 

10.111,772 

10.113,114 

steel column, wide-flange shape 


10.118,779 

10.117,120 

Review problems 

10.121,724 

10.722,123 


10.125,126 

10.727,128 


10.C1,C3,C6 

10.C2,C4,C5 

Computer problems 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 


SI Units 

U.S. Units 

Problem description 


CHAPTER 11: ENERGY METHODS 

11.2,3 

11.1,4 

Modulus of resilience 

Modulus of resilience and modulus of toughness: 

11.6 

11.5 

from stress-strain diagram 

11.7 

11.8 

from load-deflection diagram of a tensile test 

Strain energy under axial loads: 

11.10 

11.9,11 

strain energy under a given load 

11.12,73 


maximum allowable strain energy 

11.74,15 


factor of safety 

11.16 

11.17 

strain energy by integration of approximate methods 

11.79,20 

11.18 

strain energy of trusses 

11.21 



11.22 

11.23 

with numerical data 

11.24,27 

11.25 ,26 

Strain energy in bending: 

11.30,31 

11.28,29 

with numerical data 

11.32 


derivation of formulas 

11.33 

11.34 

Strain energy in torsion: 

11.35 


by integration 

11.36,37 

11.38,39 

Maximum-distortion-energy criterion for 3-dimensional state of stress 

11.40 

11.*41 

Special problems 




Impact loading: 

11.42 

11.43,44 

of rods (horizontal impact) 

11.45 ,46 
11.47 


of rods (vertical impact) 

11.50,51 

11.48,49 

of beams (horizontal impact) 

11.52,53 

11.54,55 

of beams (vertical impact) 

11.56,57 


problems on theory 

Use of work-energy method to determine deflection or slope of: 

11.58,61 

11.59 .60 

prismatic beams 

11.62,65 

11.63 ,64 

nonprismatic beams 

11.66 ,69 

11.67, 68 

angle of twist of shafts 

11.70 


angle of twist of a thin-walled hollow shaft 

11.77,72 

11.74,76 

11.73,75 

deflection of a joint of a truss 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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TABLE II: CLASSIFICATION AND DESCRIPTION OF PROBLEMS 
Mechanics of Materials Seventh Edition (CONTINUED) 


Problem Number* 

SI Units U.S. Units 

Problem description 

11.77,78 

11 .79,81 

11.80,82 

Work of several loads applied to a beam 

Determinate structures. Use Castl'diano’s theorem to determine: 

11.83,86 

11.54,85 

deflection and/or slope of beams 

11.88,89 

11.57,90 


11.93,94 

11.91,92 

deflection and/of slope of beams (with numerical data) 

11.95,96 

11.97,95 


11.99,700 

11.103,704 

11.101,102 

deflection of a given joint in a truss 

11.105.106 

11.. 108,110 

11.107.109 

deflection and/or slope at a given point in a bent or curved rod 

Indeterminate structures (first degree). Use Castigliano’s theorem to determine: 

11.113,114 

11.111.112 

11.115,116 

reaction at roller support and draw bending-moment diagram 


11.117,118 

force in member)s) of a truss 

11.119,121 

11.120,122 



11.123,126 

11.124,725 

Review problems 

11.727,129 

11.128,737 


11.130.733 

11.132.134 


ll.C3,C4,C5 

ll.Cl,C2,C6 

Computer problems 


* Problems that do not involve any specific system of units have been indicated by underlining their number. 
Answers are not given to problems with a number set in italic type. 
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PROBLEM 1.1 

Two solid cylindrical rods AB and BC are 
welded together at B and loaded as shown. 
Knowing that c/j =30 mm and d 2 =50 mm, 
find the average normal stress at the 
midsection of ( a) rod AB, (b) rod BC. 


SOLUTION 




(a) 

Rod AB: 





Force: 

P = 

60 x 1 0 ’ N tension 



Area: 

A = 

—, d 2 = —(30 x 10" 3 ) 2 = 706.86 x 10“ 6 m 2 

4 1 4 



Normal stress: 

II 

b 

P = 60X1 ° 3 = 84.882 xlO^Pa 

A 706.86 xl0“ 6 

a AB = 84.9 MPa ◄ 

(b) 

Rod BC: 





Force: 

p = 

60 x 10 3 - (2)(125 x 10 3 ) = -190 x 10 3 N 



Area: 

A = 

—d\ = —(50 x 10 -3 ) 2 = 1.96350 x 10“ 3 m 2 

4 4 



Normal stress: 

a BC = 

P -190 x 10 3 ... in6 _, 

= = 96.766 x 10 6 Pa 

A 1.96350 xlO -3 

g bc = “96.8 MPa A 
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PROBLEM 1.2 

Two solid cylindrical rods AB and BC are 
welded together at B and loaded as shown. 
Knowing that the average normal stress must 
not exceed 150 MPa in either rod, determine 
the smallest allowable values of the diameters 
d\ and d 2 . 


SOLUTION 

(a) Rod AB: 

Force: 

Stress: 

Area: 


0 b ) Rod BC: 

Force: 

Stress: 

Area: 


P 

a AB 

A 


di 

d x 


60 x 10 3 N 
150 x 10 6 Pa 



a AB 


AP _ (4)(60 x 10 3 ) 
na AB ;r(150xl0 6 ) 

22.568 x 10 -3 m 


= 509.30 xl0“ 6 m 2 


P 

a BC 

A 


a BC 


d\ 

d 2 


60 x 10 3 - (2)(125 x 10 3 ) = -190 x 10 3 N 
-150 x 10 6 Pa 


P _ AP 

A 7id\ 

AP _ (4)(—190 x IQ 3 ) 
na BC tt(— 150 x 10 6 ) 
40.159 x 10 -3 m 


= 1.61277 x 10“ 3 m 2 


d x = 22.6 mm A 


d 2 = 40.2 mm A 
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PROBLEM 1.3 

Two solid cylindrical rods AB and BC are welded together at B and loaded as 
shown. Knowing that P = 10 kips, find the average normal stress at the 
midsection of (a) rod AB, (b) rod BC. 


25 in. 


12 kips 


- 0.75 i 



SOLUTION 

(a) Rod AB: 

P = 12 + 10 = 22 kips 

A = —c/, 2 = —(1.25) 2 = 1.22718 in 2 
4 1 4 

p 22 

<7 4r = — =-= 17.927 ksi a 4R = 17.93 ksi 4 

A 1.22718 AB 

(. b) Rod BC: 

P = 10 kips 

A = -dl = —(0.75) 2 = 0.44179 in 2 
4 4 

P 10 

a, R = — =-= 22.635 ksi a 4R = 22.6 ksi 4 

A 0.44179 
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PROBLEM 1.4 

Two solid cylindrical rods AB and BC are welded together at B and loaded as 
shown. Determine the magnitude of the force P for which the tensile stresses in 
rods AB and BC are equal. 


25 in. 


12 kips 


- 0.75 in. 



SOLUTION 

(a) Rod AB: 


0 b ) Rod BC: 


P 

A 

A 

°AB 


P + 12 kips 

71d 77 

- = -(1.25 in. 
4 4 

1.22718 in 2 

P + 12 kips 

1.22718 in 2 


2 


P = P 

A = -d 2 = -(0.75 in.) 2 
4 4 

^ = 0.44179 in 2 

P 

BC ~ T 

0.44179 in" 

a AB = a BC 

P + 12 kips _ P 
1.22718 in 2 " 0.44179 in 2 
5.3015 = 0.78539P 


P = 6.75 kips A 
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PROBLEM 1.5 

A strain gage located at C on the surface of bone AB indicates that the average normal stress 
in the bone is 3.80 MPa when the bone is subjected to two 1200-N forces as shown. 
Assuming the cross section of the bone at C to be annular and knowing that its outer diameter 
is 25 mm, determine the inner diameter of the bone’s cross section at C. 


SOLUTION 


P A P 
a = — .. A = — 

A a 


Geometry: 


A = j(d 2 - d\) 


d\ = d? - — = d{ - — 
k na 

d 2 = (25 x 10 -3 ) 2 - ■ ^ 12 °°) 


tt(3M xlO 6 ) 


= 222.92 xl0 _6 m 2 


d 2 = 14.93 x 10“ 3 m 


d 1 = 14.93 mm -4 
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PROBLEM 1.6 

Two brass rods AB and BC, each of uniform diameter, will be brazed together 
at B to form a nonuniform rod of total length 100 m, which will be suspended 
from a support at A as shown. Knowing that the density of brass is 8470 kg/m 3 , 
determine (a) the length of rod AB for which the maximum normal stress in 
ABC is minimum, ( b ) the corresponding value of the maximum normal stress. 


SOLUTION 


Areas: 


From geometry. 
Weights: 

Normal stresses: 


A ab = ^(15 mm) 2 = 176.715 mm 2 = 176.715 x 10“ 6 m 2 
A bc = ^(10 mm) 2 = 78.54 mm 2 = 78.54 x 10 _6 m 2 
b = 100 - a 

W AB = pgA AB £ AB = (8470)(9.81)(176.715 x 10“ 6 )a = 14.683a 

W BC = pg A BC £ BC = (8470X9.81)(78.54 x 10“ 6 )(100 - a) = 652.59 - 6.526 a 


At A, P A = W AB + W BC = 652.59 + 8.157a 

a A = L = 3.6930 x 10 6 + 46.160 x 10 3 a 
A 

a AB 

At B, P B = W BC = 652.59 - 6.526a 

(7 d = = 8.3090 X 10 6 - 83.090 x 10 3 a 

A 

a BC 

(a) Length of rod AB . The maximum stress in ABC is minimum when a A = a B or 

4.6160 xlO 6 - 129.25 xl0 3 a = 0 


( 1 ) 

( 2 ) 


a = 35.71 m 


£ AB = a = 35.7 m A 


(b) Maximum normal stress . 

o' A = 3.6930 x 10 6 + (46.160 x 10 3 )(35.71) 
a B = 8.3090 x 10 6 - (83.090 x 10 3 )(35.71) 

a A = ct b = 5.34 x 10 6 Pa cr = 5.34 MPa ◄ 
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SOLUTION 

Use bar ABC as a free body. 




E M c = 0 


(0.040) F bd - (0.025 + 0.040)(20 x 10 3 ) = 0 


F bd = 32.5 x 10 j N 


Link BD is in tension. 


E M b = 0 : -(0.040) F CE - (0.025)(20 x 10 2 ) = 0 

F ce = -12.5 x 10 1 N Link CE is in compression. 

Net area of one link for tension = (0.008)(0.036 - 0.016)= 160 x 10“ 6 m 2 
For two parallel links, A, 


(«) 


F, 


net 

-\3 


= 320 x 10 -6 m 2 


a BD ~ 


BD 


32.5 x HI =101 _ 563 x 10 6 


A net 320 x 10" 


Area for one link in compression = (0.008)(0.036) = 288 x 10 6 m 2 
For two parallel links, 


A = 576 x 10 _6 m 2 


(b) 


F, 


a CE ~ 


CE 


12.5x10 = _ 2L7Q1x10 -6 
576 xlO" 6 


a BD = 101.6 MPa ◄ 


a CE = -21.7 MPa ◄ 
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PROBLEM 1.8 

Link AC has a uniform rectangular cross section j in. thick and 1 in. wide. 
Determine the normal stress in the central portion of the link. 


SOLUTION 

Use the plate together with two pulleys as a free body. Note that the cable tension causes at 1200 lb-in. 
clockwise couple to act on the body. 



A 


%M B = 0: - (12 + 4)(i^ c cos30°) + (10)(i^ c sin30°) - 1200 lb = 0 
1200 lb 


Fac = ~ 


16 cos 30° - 10 sin30° 


= -135.500 lb 


Area of link AC: 

Stress in link AC: 


A = 1 in. x — in. = 0.125 in 
8 


2 



- 135 ' 50 = 1084 psi = 1.084 ksi 
0.125 


◄ 
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0.100 in 



PROBLEM 1.9 

Three forces, each of magnitude P = 4 kN, are applied to the mechanism 
shown. Determine the cross-sectional area of the uniform portion of rod 
BE for which the normal stress in that portion is +100 MPa. 


SOLUTION 

Draw free body diagrams of AC and CD. 





fO.loo 


«k 


iL 


ISO* 


f> 


Free Body CD : 

Free Body AC : 

Required area of BE : 


+)XM D =0: 0.150R - 0.250C = 0 
C = 0.6 P 

+)M a = 0: 0.150F b£ - 0.350P - 0.450R - 0.450C = 0 


Fbe ~ 


1.07 

0.150 


P = 7.1333 P = (7.133)(4kN) = 28.533 kN 


F, 


a BE ~ 


BE 


^BE 


A - Fre 

^ BE ~ 


'BE 


28.533 xlO 3 ooc „ in _ 6 2 

-t— = 285.33 x 10 m 

100 xlO 6 


A be = 285 mm 2 A 
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PROBLEM 1.10 

Link BD consists of a single bar 1 in. wide and 
■y in. thick. Knowing that each pin has a -in. 

diameter, determine the maximum value of the 
average nonnal stress in link BD if (a) 0=0, 
(. b) 0 = 90°. 
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PROBLEM 1.12 

The frame shown consists of four wooden members, ABC, 
DBF, BE, and CF. Knowing that each member has a 2 x 4-in. 
rectangular cross section and that each pin has a 2-in. 
diameter, determine the maximum value of the average 
normal stress (a) in member BE, (b) in member CF. 


SOLUTION 



Add support reactions to figure as shown. 

Using entire frame as free body, 

ZM a = 0: 40 D x - (45 + 30)(480) = 0 
D x = 900 lb 

Use member DEF as free body. 



Stress in tension member CF: 


Reaction at D must be parallel to F BE and F ( 


CF- 


D v =-D= 12001b 
y 3 


Y,M F =0: - (30) 


F be = -2250 lb 


F be - (30 + 15)T> r = 0 


™ E = 0: (30)^-F C£ l - (15)Z) y = 0 
F ce = 750 lb 

Stress in compression member BE: 


Area: A = 2 in. x 4 in. = 8 in" 


. . F re -2250 . 

(a) a BE = -f- = —— cr BE = -281 psi ◄ 

A 8 

Minimum section area occurs at pin. 

A mm =(2)(4.0-0.5) = 7.0in 2 


(b) 


_ F cf _ 750 
CF A min 7.0 


a CF =107.1 psi -4 
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PROBLEM 1.13 

An aircraft tow bar is positioned by means of a single 
hydraulic cylinder connected by a 25-mm-diameter steel 
rod to two identical arm-and-wheel units DEF. The mass 
of the entire tow bar is 200 kg, and its center of gravity 
is located at G. For the position shown, determine the 
normal stress in the rod. 


SOLUTION 



FREE BODY - ENTIRE TOW BAR : 

W = (200 kg)(9.81 m/s 2 ) = 1962.00 N 
+ :'ZM a = 0: 850R - 1150(1962.00 N) = 0 
R = 2654.5 N 

FREE BODY - BOTH ARM & WHEEL UNITS: 


100 

tan« =- 


a = 8.4270° 


A 




F 


CD 


a CD 


675 

0: (F co cos«)(550) - R(500) = 0 


500 

550 cos 8.4270° 


(2654.5 N) 


2439.5 N (comp.) 

F cd _ 2439.5 N 

A cd ^-(0.0125 m) 2 


= -4.9697 x 10 6 Pa a CD = -4.97 MPa ◄ 
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150 mm 



150 mm 200 mm 


PROBLEM 1.14 

Two hydraulic cylinders are used to control the position 
of the robotic arm ABC. Knowing that the control rods 
attached at A and D each have a 20-mm diameter and 
happen to be parallel in the position shown, determine the 
average normal stress in (a) member AE, (b) member DG. 


SOLUTION 

Use member ABC as free body. 



V 


Fae = 4x10 N 

Area of rod in member AE is A =—d 2 = — (20 x 10 -3 ) 2 = 314.16 x 10 -6 m 2 

4 4 


Stress in rod AE: 


cr ap — 


F 


AE 


4 x 10 


AE A 314.16 xlO -6 


= 12.7324 xlO 6 Pa 


(a) a AE = 12.73 MPa ◄ 


Use combined members ABC and BFD as free body. 



+ )Y.M f = 0: (0.150)1 -F ae I - (0.200)1 -F DG I - (1.050 - 0.350)(800) = 0 


Area of rod DG: 

Stress in rod DG: 


F dg = -1500 N 


A = —d 2 = —(20 x 10“ 3 ) 2 = 314.16 x 10“ 6 m 2 
4 4 


F, 


a DG ~ 


DG 


l: '' m = -4.7746 xlO 6 Pa 


3.1416x10" 


(b) 


a DG = -4.77 MPa ◄ 
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PROBLEM 1.15 

Determine the diameter of the largest circular hole that can be punched into a sheet of polystyrene 6 mm 
thick, knowing that the force exerted by the punch is 45 kN and that a 55-MPa average shearing stress is 
required to cause the material to fail. 


SOLUTION 

For cylindrical failure surface: 

A = it dt 


Shearing stress: 

P A P 

r = — or A = — 


Therefore, 

A T 

P 

— = ndt 


Finally, 

T 

d = — 


7TtT 

45 x 10 3 N 

~ ^-(0.006 m)(55xl0 6 Pa) 

= 43.406 xl0“ 3 m 

d = 43.4 mm A 
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PROBLEM 1.16 

Two wooden planks, each j in. thick and 9 in. 
wide, are joined by the dry mortise joint shown. 
Knowing that the wood used shears off along its 
grain when the average shearing stress reaches 
1.20 ksi, determine the magnitude P of the axial 
load that will cause the joint to fail. 


SOLUTION 

Six areas must be sheared off when the joint fails. Each of these areas has dimensions in. x T in., its area 
being 

5 1 5 o , 

A = -x- = — in 2 = 0.3125 in 2 
8 2 16 

At failure, the force carried by each area is 

F = zA = (1.20 ksi)(0.3125 in 2 ) = 0.375 kips 
Since there are six failure areas, 

P = 6F = (6)(0.375) P = 2.25 kips ◄ 
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oein PROBLEM 1.17 

/ — 

> 

'h P When the force P reached 1600 lb, the wooden specimen shown failed 

◄ — 1 x r — 

_ J > in shear along the surface indicated by the dashed line. Determine the 

/ 


\ average shearing stress along that surface at the time of failure. 

Steel 

3 in. 

Wood 


SOLUTION 



Area being sheared: 

A = 3 in. x 0.6 in. = 1.8 in 2 


Force: 

P = 1600 lb 


Shearing stress: 

t = P 1600 ^ = 8.8889 xl0 2 psi 

A 1.8 in 2 

t = 889 psi 4 
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1 

-*—40 mm—► 

PROBLEM 1.18 

10 mm 

t 



1 A load P is applied to a steel rod supported as shown by an aluminum 

—r plate into which a 12-mm-diameter hole has been drilled. Knowing that 

12 mm —► 

f 

the shearing stress must not exceed 180 MPa in the steel rod and 70 MPa 
in the aluminum plate, determine the largest load P that can be applied to 
the rod. 


SOLUTION 


For steel: 

A x = jzdt = ;r(0.012 m)(0.010 m) 


= 376.99 xl0 _6 m 2 


t x = — P = A x r x = (376.99 x 10“ 6 m 2 )(180 x 10 6 Pa) 

A 


= 67.858 x 10 3 N 

For aluminum: 

A 2 = ndt = ;r(0.040 m)(0.008 m) = 1.00531 x 10“ 3 m 2 


r 2 = — :.P = A 7 t 2 = (1.00531 x 10“ 3 m 2 )(70 x 10 6 Pa) = 70.372 x 10 3 N 

A 2 

Limiting value of P is the smaller value, so P = 67.9 kN A 
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SOLUTION 




Bearing area: A b = Lw 





P 

P 



07 = — = 

— 



4 

Lw 



p 

20 x 10 3 lb 



L - 

- 8.33 in. 

L = 8.33 in. ◄ 


(T h W 

(400 psi)(6 in.) 
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PROBLEM 1.20 

Three wooden planks are fastened together by a series of bolts to form 
a column. The diameter of each bolt is 12 mm and the inner diameter 
of each washer is 16 mm, which is slightly larger than the diameter of 
the holes in the planks. Determine the smallest allowable outer 
diameter d of the washers, knowing that the average normal stress in 
the bolts is 36 MPa and that the bearing stress between the washers 
and the planks must not exceed 8.5 MPa. 


SOLUTION 


Bolt: 

Tensile force in bolt: 


^Bolt 


C7 = 


^( 0-012 m ) 2 =U3097 xlQ - 4m2 


P = a A 


= (36 x 10 6 Pa)(l. 13097 x 10" 4 m 2 ) 


Bearing area for washer: 
and 


= 4.0715 x 10 3 N 

< - — 


'BRG 


Therefore, equating the two expressions for A w gives 

P 


El; 2 

4 




' BRG 


dl = —- + dl 


no, 


BRG 


d 2 _ 4 (4.0715 x 10 j N) 
°~ n (8.5 x 10 6 Pa) 

dl = 8.6588 x 10“ 4 m 2 


+ (0.016 m) 2 


d„ = 29.426 x 10“ 3 m 


d 0 = 29.4 mm A 
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PROBLEM 1.21 

A 40-kN axial load is applied to a short wooden post that is 
supported by a concrete footing resting on undisturbed soil. 
Determine (a) the maximum bearing stress on the concrete 
footing, ( b ) the size of the footing for which the average bearing 
stress in the soil is 145 kPa. 


SOLUTION 


(a) 

Bearing stress on concrete footing. 



P = 40kN = 40 x 10 3 N 

A = (100)(120) = 12 x 1 0 3 mm 2 = 12 x 10“ 3 m 2 



P 40 x 10 3 , ,,,, in6n 

a = — = - 5 - = 3.3333 x 10 Pa 

A 12 x 10 -3 

3.33 MPa ◄ 

(b) 

Footing area. P = 40 x 10 3 N cr = 145 kPa = 45 x 10 3 Pa 



a = P A = P = 40 X 10 = 0.27586 m 2 

A cr 145 xlO 3 



Since the area is square, A = b 2 



b = ^A= V0.27586 = 0.525 m 

b = 525 mm A 
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PROBLEM 1.22 

An axial load P is supported by a short W 8 x 40 column of cross- 
sectional area A = 11.7 in 2 and is distributed to a concrete foundation 
by a square plate as shown. Knowing that the average normal stress in 
the column must not exceed 30 ksi and that the bearing stress on the 
concrete foundation must not exceed 3.0 ksi, determine the side a of 
the plate that will provide the most economical and safe design. 


SOLUTION 



p 

For the column, a = — or 

A 

p = a A = (30)(11.7) = 351 kips 


For the a x a plate, a = 3.0 ksi 

, P 351 11q . 2 

A = — =-= 117 m“ 

cr 3.0 


Since the plate is square, A = a 2 

u = 4a = Vn7 

a = 10.82 in. A 
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PROBLEM 1.23 


Link AB, of width b = 2 in. and thickness t = A in., is used to support the end of a 
horizontal beam. Knowing that the average normal stress in the link is -20 ksi and 
that the average shearing stress in each of the two pins is 12 ksi, determine (a) the 
diameter d of the pins, ( b ) the average bearing stress in the link. 


SOLUTION 

Rod AB is in compression. 


Pin: 

and 

(a) d = 


4A P 


n 


A = bt where b = 2 in. and t = — in. 

4 


P = -aA = —(—20)(2) | -| = 10 kips 


T P = 


A P = -d 2 
P 4 


4 P 


7TT p 


(4)(10) 

7t(12) 


= 1.03006 in. 


(b) cr b = — = 


10 


dt (1.03006)(0.25) 


= 38.833 ksi 


d = 1.030 in. -4 


a h = 38.8 ksi 4 
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16 mm 



PROBLEM 1.24 

Determine the largest load P which may be applied at A when 
0= 60°, knowing that the average shearing stress in the 10-mm- 
diameter pin at B must not exceed 120 MPa and that the average 
bearing stress in member AB and in the bracket at B must not 
exceed 90 MPa. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


26 












Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 1.24 (Continued) 

If shearing stress in pin at B is critical, 

A = —d 2 = —(0.010 ) 2 = 78.54 x 10“ 6 m 2 
4 4 

F ab = 2At = (2)(78.54 x 10“ 6 )(120 x 10 6 ) = 18.850 x 10 3 N 
If bearing stress in member AB at bracket at A is critical, 

A b =td = (0.016X0.010) = 160 x 10“ 6 m 2 
F ab = A h a b = (160 x 10“ 6 )(90 x 10 6 ) = 14.40 x 10 3 N 
If bearing stress in the bracket at B is critical, 

A b = ltd = (2)(0.012)(0.010) = 240 x 10“ 6 m 2 
Fab = A b°b = ( 240 x 10 _6 )(90 x 10 6 ) = 21.6 x 10 3 N 
Allowable F AB is the smallest, i.e., 14.40 x 10 3 N 

Then from statics, i^ llow = (0.57735)(14.40 x 10 3 ) 

= 8.31 x 10 3 N 8.31 kN A 
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16 


PROBLEM 1.25 

Knowing that 9 = 40° and P = 9 kN, determine (a) the smallest 
allowable diameter of the pin at B if the average shearing stress in 
the pin is not to exceed 120 MPa, ( b ) the corresponding average 
bearing stress in member AB at B, (c) the corresponding average 
bearing stress in each of the support brackets at B. 


SOLUTION 


Geometry: Triangle ABC is an isoseles triangle with angles shown here. 



Law of sines applied to force triangle: 


F 


AB 


F 


AC 


sin 20° 


Fab ~ 


sin 110° 

P sin 110° 
sin 20° 
(9) sin 110 C 
sin 20° 


sin 50° 


= 24.727 kN 
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PROBLEM 1.25 (Continued) 


(a) Allowable pin diameter . 


(b) Bearing stress in AB at A . 


F 


T = 


AB 


F 


AB 


2 A P l^d 2 7td 2 


IF , 

AB where F AB = 24.727 x 10 3 N 


rf2 = 2^ = (2)(24.727 x ;0^ = 13 U 81 xl Q - 6m2 


m 


tt(1 20 x 10 ) 


d = 11.4534 x 10“ 3 m 


A h = td = (0.016X11.4534 x 10“ 3 ) = 183.254 x 10“° m 


^-6 „ 2 


F 


cr h = 


AB 


24727 x10 = 134.933 xio 6 Pa 


183.254 x 10“ 


(c) Bearing stress in support brackets at B . 

td 

\F ab _ (0.5X24.727 x 10 3 ) 


A = td = (0.012X11.4534 xl0“ 3 ) = 137.441 x 10 “ 6 m 2 


cr h = 


137.441 x 10“ 


= 89.955 xlO 6 Pa 


11.45 mm ◄ 


134.9 MPa ◄ 


90.0 MPa ◄ 
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45 mm 


PROBLEM 1.26 

The hydraulic cylinder CF, which partially controls the position of rod 
DE, has been locked in the position shown. Member BD is 15 mm 
thick and is connected at C to the vertical rod by a 9-mm-diameter 
bolt. Knowing that P = 2 kN and 0 = 15°, determine (a) the average 
shearing stress in the bolt, ( b ) the bearing stress at C in member BD. 
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SOLUTION 

Use bar ABC as a free body. 


+)IM C = 0 : (0.040)F bd 
F bd = 32.5 x 10 3 N 


2q Mi t 


-0,01s 


o. 


A 

8 


c ' 


s 

( Fs d 

\( 


\f p _ 

I C£ 


(0.025 + 0.040)(20 x 10 3 ) = 0 


(a) Shear pin at B . 

where 


T = 


1 BD 

2 A 


for double shear 


A = —d 1 = — (0.016) 2 = 201.06 x 10“ 6 m 2 
4 4 


32.5 x 10" 


(2)(201.06 x 10 -6 ) 


80.822 xlO 6 Pa 


6.„2 


(b) Bearing: link BD . A = dt = (0.016)(0.008) = 128 x 10 m 

(0.5X32.5 xl0 3 ) = 126-95 xl()6pa 


128 x10" 


- 6 m 2 


(c) Bearing in ABC at B . A = dt = (0.016)(0.010) = 160 x 10 m 


CT h = 


F bd 32.5 XlO 3 


b A 160 xlO" 6 


= 203.12 xl0 6 Pa 


r = 80.8 MPa ◄ 


tr b = 127.0 MPa ◄ 


a h = 203 MPa ◄ 
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/ 

16 in. 16 in. 20 in. 


PROBLEM 1.28 

Two identical linkage-and-hydraulic-cylinder systems control the 
position of the forks of a fork-lift truck. The load supported by the one 
system shown is 1500 lb. Knowing that the thickness of member BD is 
| in., determine (a) the average shearing stress in the —in.-diameter 
pin at B, ( b ) the bearing stress at B in member BD. 


SOLUTION 

Use one fork as a free body. 

te, 




ISooJU, 

1 


+y.M B = 0: 24 E- (20)(1500) = 0 

E = 1250 lb — 

±JLF X =0: E + B x = 0 
B x = -E 
B x = 1250 lb — 

+| S F y = 0: B y - 1500 = 0 B y = 1500 lb 

B = ^B; + B; = V1250 2 + 1500 2 = 1952.56 lb 


(a) Shearing stress in pin at B . 


A = —d 1 = — 

pm ^ “pm ^ 


-I = 0.196350 in' 

v2. 


t = 


B 

4in 


1952.56 ... 1a3 . 

-= 9.94 x 10 psi 

0.196350 


( b ) Bearing stress at B . 

B 1952.56 


a = 


dt 


( 1 ) 0 ) 


= 6.25 x 10 J psi 


r = 9.94 ksi 4 


a = 6.25 ksi -4 
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PROBLEM 1.29 

Two wooden members of uniform rectangular cross section are joined 
by the simple glued scarf splice shown. Knowing that P = 11 kN, 
determine the normal and shearing stresses in the glued splice. 


SOLUTION 


0 = 90° - 45° = 45° 

P = 11 kN = 11 x 10 3 N 


A 0 = (150)(75) = 11.25 x IQ 3 mm 2 = 11.25 x 10“ 3 m 2 

<r - Pl:os20 , (Hx10 3 )c°s : 45° , 489xl0 3p a 
A 0 11.25 x 10" 3 

r= Psm2^ = (llxl0 3 )(sm90O) = 489 xl0 3 pa 
2A 0 (2)(11.25 x 10 -3 ) 


a = 489 kPa A 

t = 489 kPa ◄ 
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|^150^mm . 


% 

A\ 

f 

PROBLEM 1.30 


<0 

Two wooden members of uniform rectangular cross section are joined 
by the simple glued scarf splice shown. Knowing that the maximum 

75 

X, 45 ° 


allowable shearing stress in the glued splice is 620 kPa, determine 
(a) the largest load P that can be safely applied, ( b ) the corresponding 
tensile stress in the splice. 


SOLUTION 


0 = 90° - 45° = 45° 

A 0 = (150)(75) = 11.25 x 10 3 mm 2 = 11.25 x 10“ 3 m 2 
r = 620 kPa = 620 x 10 3 Pa 
P sin20 

T = - 


(a) 


P = 


2^4 0 r 
sin2 0 


(2)(11.25 x 10~ 3 )(620 x IQ 3 ) 
sin 90° 


= 13.95 x 10 3 N 


(b) 


a = 


P cos 2 # (13.95 x 10 3 )(cos45°) 2 


11.25 x 10 


i-3 


= 620 x 10" Pa 


P = 13.95 kN ◄ 


a = 620 kPa A 
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SOLUTION 

P 

= 1400 lb 

e = 90° - 60° = 30° 



A0 

= (5.0)(3.0) = 

15 in 2 




P cos 2 <9 

(1400)(cos30°) 2 

cr = 70.0 psi 4 



^0 

15 



PsinlO 

(1400) sin 60° 

t = 40.4 psi 4 



2A, 

(2)05) 
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SOLUTION 

A 0 = (5.0)(3.0) = 15 in 2 



II 

VO 

o 

o 

1 

C\ 

o 

o 

II 

o 

o 



P cos 2 6 * 

* 


(a) 

^ = (75)(15) = 15001b 
cos ~6 cos 2 30° 

P = 1.500 kips -4 

(b) 

Psin20 (1500)sin60° 

24 (2)(15) 

t = 43.3 psi A 
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1 

p 

PROBLEM 1.33 


A 


A centric load P is applied to the granite block shown. Knowing that the 




resulting maximum value of the shearing stress in the block is 2.5 ksi, determine 


;, 

'.'S; 

(a) the magnitude of P, (b) the orientation of the surface on which the maximum 




shearing stress occurs, (c) the normal stress exerted on that surface, (d) the 


j.. . 

m 

maximum value of the normal stress in the block. 

6 inT^' 

, - * . ■' 

- 

k 

6 in. 


SOLUTION 


(a) 

(b) 

(c) 

(d) 


A 0 = (6)(6) = 36 in 2 
W = 2-5 ksi 

0 = 45° for plane of r max 


““ 2A d 
sin 2 0 = 1 2 9 = 

cr 45 = —cos 2 45 


\P\ = 2A 0 r max = (2)(36)(2.5) 
90° 


2A (2)06) 


P_ _ -180 
Aq ~ 36 


P = 180.0 kips ◄ 
0 = 45.0° ◄ 
cr 45 = -2.50 ksi -4 

cr ma x = -5.00 ksi 4 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


37 












Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



r 

PROBLEM 1.34 



A 240-kip load P is applied to the granite block shown. Determine the resulting 



maximum value of (a) the normal stress, ( b) the shearing stress. Specify the 



orientation of the plane on which each of these maximum values occurs. 

6 inT^ - 


6 in. 


SOLUTION 


A 0 = (6)(6) = 36 in 2 

cr = —cos 2 0 = ———cos 2 0 = -6.67 cos 2 0 
Aq 36 


(a) 

(b) 


max tensile stress = 0 at 9 = 90.0° 
max. compressive stress = 6.67 ksi at 0 = 0° 
_ _P__ 240 

rmax ~2A^~ (2X36) 


◄ 

r max = 3 ‘ 33 ksi < 

at 9 = 45° 
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PROBLEM 1.35 

A steel pipe of 400-mm outer diameter is fabricated from 10-mm thick 
plate by welding along a helix that forms an angle of 20 ° with a plane 
perpendicular to the axis of the pipe. Knowing that a 300-kN axial 
force P is applied to the pipe, determine the normal and shearing 
stresses in directions respectively normal and tangential to the weld. 


SOLUTION 


d 0 = 0.400 m 

r = —d = 0.200 m 
2 


n 


e 

(7 


T 


= r 0 — t = 0.200 - 0.010 = 0.190 m 
= n(rl - rf) = ;r( 0 . 200 2 - 0.190 2 ) 

= 12.2522 x 10“ 3 m 2 
= 20 ° 

P 2 rt -300 x 10 3 cos 2 20° 

= - = COS 0 = -5- 

A 0 12.2522 xl0 “ 3 

P . ^ -300 x 10 3 sin40° 

=-= sm26 ) =- 5 - 

2 A 0 (2)(12.2522 xl0“ 3 ) 


= 21.621 x 10 6 Pa 
= 7.8695 x 10 6 Pa 


cr = -21.6 MPa ◄ 

t = 7.87 MPa ◄ 
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PROBLEM 1.36 

A steel pipe of 400-mm outer diameter is fabricated from 10-mm 
thick plate by welding along a helix that forms an angle of 20 ° with a 
plane perpendicular to the axis of the pipe. Knowing that the 
maximum allowable normal and shearing stresses in the directions 
respectively normal and tangential to the weld are cr = 60 MPa and 
t = 36 MPa, determine the magnitude P of the largest axial force that 
can be applied to the pipe. 


SOLUTION 


d a = 0.400 m 

r = —d = 0.200 m 
0 2 

}'i = r 0 - t = 0.200 - 0.010 = 0.190 m 
A 0 = n(r 2 - r 2 ) = ;r(0.200 2 - 0.190 2 ) 
= 12.2522 x 10“ 3 m 2 
0 = 20 ° 


Based on 


Based on 


cr|=60MPa: a =—cos 2 0 

A> 

P = ^ ^ 12 - 2522X 1 °" 3 X 60X1Q6 ) = 832.52 x!0 3 N 


cos 2 0 


cos 1 20 ° 


|r|=30MPa: r = —^— sm29 
24, 


sin 26 

Smaller value is the allowable value of P. 


p= 7^L = (2X12.2522 xlO- 3 )(36xlQ 6 ) = ^ x 1q3n 


sin 40° 


P = 833 kN ◄ 
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PROBLEM 1.37 

A steel loop ABCD of length 5 ft and of J--in. diameter is placed as 
shown around a 1-in.-diameter aluminum rod AC. Cables BE and DF, 
each of j -in. diameter, are used to apply the load Q. Knowing that the 
ultimate strength of the steel used for the loop and the cables is 70 ksi, 
and that the ultimate strength of the aluminum used for the rod is 38 ksi, 
determine the largest load Q that can be applied if an overall factor of 
safety of 3 is desired. 


SOLUTION 

iv Q 

5 * **3 



Using joint B as a free body and considering symmetry, 


2-^F ab -Q = 0 Q = \f ab 


Using joint A as a free body and considering symmetry, 

Fac = 0 


2 • —F 


AB 


rls-^c-o ■ q-\ Fac 


Based on strength of cable BE, 

n 


n 


Qu — cr t/^ — cry j d — (70) 


1 

v2y 


= 13.7445 kips 


Based on strength of steel loop, 

—f 

5 ABF- 5 


Qu - F^AB.U ~ ~ a U^ - ~ a u —d 


6 U' 

5 " 4 


= —(70)— 
5 4 


-| =9.2775 kips 


Based on strength of rod AC, 

Qu ~ ^ F ACt u - ^a u A- a v 

Actual ultimate load Qu is the smallest, .’. Q v = 
Allowable load: Q = 

F.S. 


= |(38)^(l.O) 2 =22.384 kips 

9.2775 kips 
9 2775 

= =3.0925 kips 

3 


Q = 3.09 kips ◄ 
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PROBLEM 1.38 

Link BC is 6 mm thick, has a width w = 25 mm, and is made of a steel with 
a 480-MPa ultimate strength in tension. What was the safety factor used if the 
structure shown was designed to support a 16-kN load P? 


'' 


p 
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PROBLEM 1.39 

Link BC is 6 mm thick and is made of a steel with a 450-MPa ultimate strength in 
tension. What should be its width w if the structure shown is being designed to 
support a 20-kN load P with a factor of safety of 3? 


fp 
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k. 

<—0.75 m^- 

A 

PROBLEM 1.40 




o 4 m Members AB and BC of the trass shown are made of the same alloy. It is known 




_i_ that a 20 -mm-square bar of the same alloy was tested to failure and that an 




B ultimate load of 120 kN was recorded. If a factor of safety of 3.2 is to be 

1.4 m 


achieved for both bars, determine the required cross-sectional area of (a) bar 



// ’ 

AB, (b) bar AC. 


- m 




SOLUTION 

Length of member AB: 


l AB = Vo.75 2 + 0.4 2 = 0.85 m 


Use entire trass as a free body. 

+y.M c = 0: 1.44 - (0.75)(28) = 0 

4 = 15 kN 


+ 


| Z F v = 0 : 4 - 28 = 0 


4 , = 28 kN 



Use Joints as free body. 



^4 = 0 : —F ab ~A x = 0 


0.85 


F ab = (0 -85)( 15) _ 17 kN 


h|zF v = 0: A - F ac - 


0.75 
0.4 


0.85 


Fab ~ 0 


For the test bar, 
For the material, 


F ac = 28 - ( °' 4)(17) = 20 kN 
c 0.85 


A = (0.020 ) 2 = 400 x 10“ 6 m 2 P u = 120 x 10 3 N 

a u =^ = 120 xl ° 3 = 300 x 10 6 Pa 
A 400 xlO -6 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


44 




















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 





PROBLEM 1.40 (Continued) 


(a) 

For member AB: 

F.S. 

F U _ a U A AB 




f ab f ab 




A AB 

_ (¥.S.)F ab _ (3.2)(17 x 10 3 ) _ 181 333 x 10 “ 6 m 2 

A ab = 181.3 mm 2 4 



<t v 300 x 10 6 

0 b ) 

For member AC: 

F.S. 

P U a U A AC 




f ac f ac 




A AC 

= (F.S.)F, C= (3.2X20 x10 3 ) = 213 33 xl0 - 6m2 

A ac = 213 mm 2 4 



<J V 300 xlO 6 
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k. 

<—0.75 m—>- 

A 

PROBLEM 1.41 




o i m Members AB and BC of the truss shown are made of the same alloy. It is known 




_i_ that a 20-mm-square bar of the same alloy was tested to failure and that an 




B ultimate load of 120 kN was recorded. If bar AB has a cross-sectional area of 

1.4 m 


225 mm 2 , determine (a) the factor of safety for bar AB and (b) the cross- 



// ' 

sectional area of bar A C if it is to have the same factor of safety as bar AB. 


- m 
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PROBLEM 

1.41 (Continued) 


(a) 

For bar AB: 

F.S. 

_ Fu . 

a U^AB 

(300 x 10 6 )(225 x 10 -6 ) 




Fab 

Fab 

17 x 10 3 








F.S. = 3.97 ◄ 

(b) 

For bar AC: 

F.S. 

F v 

a U^AC 





F AC 

Fac 





A AC 

(F.S )F ac (3 

. 97 X 2 ° x 1° 3 ) _ 264 67 x 10 _6 m 2 

A ac = 265 mm 2 A 





300 xlO 6 
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PROBLEM 1.42 

Link AB is to be made of a steel for which the ultimate nonnal stress is 
65 ksi. Detennine the cross-sectional area of AB for which the factor 
of safety will be 3.20. Assume that the link will be adequately 
reinforced around the pins at A and B. 


SOLUTION 



P = (4.2)(0.6) = 2.52 kips 

+)e M d = 0 : -(2.8)(F ab sin 35°) 

+(0.7)(2.52) + (1.4)(5) = 0 


F ab = 5.4570 kips 


F 


a AB ~ 


AAB ~ 


AB 


^AB 


Ailt 

F.S. 


(F.S.)F ah (3.20)(5.4570 kips) 


Alt 


65 ksi 


= 0.26854 in 


A ab = 0.268 in 2 ◄ 
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PROBLEM 1.43 

Two wooden members are joined by plywood splice plates that are fully glued on 
the contact surfaces. Knowing that the clearance between the ends of the members 
is 6 mm and that the ultimate shearing stress in the glued joint is 2.5 MPa, 
determine the length L for which the factor of safety is 2.75 for the loading shown. 


SOLUTION 


T = 2 ' 5 MPa = 0.90909 MPa 
a11 2.75 


On one face of the upper contact surface, 


A- L ~ 0m m (0 . 125m) 


Since there are 2 contact surfaces, 


P 

r *" = U 


0.90909 xl0 6 = 16x10 

(I- 0.006)(0.125) 


L = 0.14680 m 

146.8 mm A 
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PROBLEM 1.44 

For the joint and loading of Prob. 1.43, determine the factor of safety when 
L = 180 mm. 

PROBLEM 1.43 Two wooden members are joined by plywood splice plates that 
are fully glued on the contact surfaces. Knowing that the clearance between the 
ends of the members is 6 mm and that the ultimate shearing stress in the glued 
joint is 2.5 MPa, determine the length L for which the factor of safety is 2.75 for 
the loading shown. 


SOLUTION 


Area of one face of upper contact surface: 

0.180 m - 0.006 m 
A = - 


(0.125 m) 


Since there are two surfaces. 


A = 10.8750 x 10“ 3 m 2 


16 x 10 N 


r all ~ 


2^4 2(10.8750 x 10 m ) 

r all = 0.73563 MPa 

F.S. = !*-= 2-5 MPa = 3.40 

r a u 0.73563 MPa 


◄ 
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PROBLEM 1.45 

Three j -in.-diameter steel bolts are to be used to attach the steel plate shown to 
a wooden beam. Knowing that the plate will support a load P = 24 kips and that 
the ultimate shearing stress for the steel used is 52 ksi, determine the factor of 
safety for this design. 


SOLUTION 


For each bolt, 


For the three bolts, 


A = -d 2 = -(-} = 0.44179 in 2 
4 4{4) 

P v = At v = (0.44179)(52) 

= 22.973 kips 


P v = (3)(22.973) = 68.919 kips 


Factor of safety: 

ks =Sl= 68 - 919 

P 24 


F.S. = 2.87 ◄ 
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PROBLEM 1.46 

Three steel bolts are to be used to attach the steel plate shown to a wooden beam. 
Knowing that the plate will support a load P = 28 kips, that the ultimate shearing 
stress for the steel used is 52 ksi, and that a factor of safety of 3.25 is desired, 
determine the required diameter of the bolts. 


SOLUTION 

For each bolt, 


P 


— = 8 kips 
3 


Required: P v = ( F.S.)P = (3.25)(8.0) = 26.0 kips 

r p u p u 4p u 

U A fd 2 xd 2 

IMW „ 0.79789 in. 
]] TCTjj \ k(52) 


d = 0.798 in. ◄ 
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PROBLEM 1.47 

A load P is supported as shown by a steel pin that has been inserted in a 
short wooden member hanging from the ceiling. The ultimate strength of 
the wood used is 60 MPa in tension and 7.5 MPa in shear, while the 
ultimate strength of the steel is 145 MPa in shear. Knowing that 
b = 40 mm, c = 55 mm, and d = 12 mm, determine the load P if an 
overall factor of safety of 3.2 is desired. 


SOLUTION 

Based on double shear in pin, 


Based on tension in wood, 


P LJ = 2At v = 2 T ^d 1 T u 

= ^(2)(0.012) 2 (145 x 10 6 ) = 32.80 x 10 3 N 


P u = AcTjj = w(b - d)<J v 

= (0.040)(0.040 - 0.012)(60 x 10 6 ) 
= 67.2 x 10 3 N 


Based on double shear in the wood. 


P b , = 2 At v = 2wctjj = (2)(0.040)(0.055)(7.5 x 10 6 ) 
= 33.0 x 10 3 N 


Use smallest 
Allowable: 


P v = 32.8 x 10 N 

P = = 318 X 103 = 10.25 x 10 3 N 

F.S. 3.2 


10.25 kN ◄ 
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PROBLEM 1.48 

For the support of Prob. 1.47, knowing that the diameter of the pin is 
d =16 mm and that the magnitude of the load is P = 20 1<N, determine 
(a) the factor of safety for the pin, (b) the required values of b and c if the 
factor of safety for the wooden members is the same as that found in part a 
for the pin. 

PROBLEM 1.47 A load P is supported as shown by a steel pin that has 
been inserted in a short wooden member hanging from the ceiling. The 
ultimate strength of the wood used is 60 MPa in tension and 7.5 MPa in 
shear, while the ultimate strength of the steel is 145 MPa in shear. 
Knowing that b = 40 mm, c = 55 mm, and d = 12 mm, determine the 
load P if an overall factor of safety of 3.2 is desired. 


SOLUTION 

(a) Pin: 

Double shear: 


P = 20 kN = 20 x 10 N 

A = —d 2 = — (0.016) 2 = 2.01.06 x 10“ 6 m 2 
4 4 


T = 


2 A 


rv / — 


2^4 


P u = 2At v = (2)(201.16 x 10“ 6 )(145 x 10 6 ) = 58.336 x 10 3 N 
Pu 58.336 xlO 3 

r .o. = -= 


20 x 10 3 


F.S. = 2.92 ◄ 


(b) Tension in wood: 


Py = 58.336 x 10 2 N forsameF.S. 


C= 


Pu 


A w(b - d) 


b = d + 


= 0.016 + 


wa. 


58.336 x 10 
(0.040)(60 x 10 b ) 


where w = 40 mm = 0.040 m 


= 40.3 x 10“ 3 m 


b = 40.3 mm -4 


Shear in wood: 


Pi, = 58.336 x 10 3 N forsameF.S. 


Double shear: each area is A = wc 


c = 


58.336 xlO 3 


r = 3l = 3j_ 

U 2 A 2wc 


= 97.2 x 10 -3 m 


2 wry (2X0.040)(7.5 x 10 b ) 


c = 97.2 mm 4 
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PROBLEM 1.49 



A steel plate j in. thick is embedded in a 
concrete wall to anchor a high-strength cable 
as shown. The diameter of the hole in the plate 
is j in., the ultimate strength of the steel used is 
36 ksi, and the ultimate bonding stress between 
plate and concrete is 300 psi. Knowing that a 
factor of safety of 3.60 is desired when 
P = 2.5 kips, determine (a) the required width a 
of the plate, ( b ) the minimum depth b to which a 
plate of that width should be embedded in the 
concrete slab. (Neglect the normal stresses 
between the concrete and the end of the plate.) 


SOLUTION 

Based on tension in plate, 

A = (a - d)t 
p u = °u A 

2 ..S ^ _ P v _ gy (a - d)t 

P P 



Solving for a. 


a = d + 


(F.S.)P 


3 , (3.60X2.5) 

4 (36) (j) 


Based on shear between plate and concrete slab, 

A = perimeter x depth = 2{a + t)b t u = 0.300 ksi 


Solving for b , 


p u = Tu A = 2 T v (a + t)b F.S. = 

b (, F.S.)P (3.6)(2.5) 

2{a + t)r u (2) (1.75 + 1) (0.300) 


(i a ) a = 1.750 in. A 


(b ) b = 7.50 in. A 
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PROBLEM 1.50 

Determine the factor of safety for the cable 
anchor in Prob. 1.49 when P = 2.5 kips, knowing 
that a = 2 in. and b = 6 in. 

PROBLEM 1.49 A steel plate -k in. thick is 
embedded in a concrete wall to anchor a high- 
strength cable as shown. The diameter of the hole 
in the plate is in., the ultimate strength of the 
steel used is 36 ksi, and the ultimate bonding 
stress between plate and concrete is 300 psi. 
Knowing that a factor of safety of 3.60 is desired 
when P = 2.5 kips, determine (a) the required 
width a of the plate, ( b ) the minimum depth b to 
which a plate of that width should be embedded 
in the concrete slab. (Neglect the normal stresses 
between the concrete and the end of the plate.) 


SOLUTION 

Based on tension in plate, 


A = (a - d)t 



V 2 4 


= (36X0.31250) 

Pu 
P 


P u _ 11.2500 


3.5 


0.31250 in 2 


11.2500 kips 
4.50 


Based on shear between plate and concrete slab, 

A = perimeter x depth = 2 (a + t)b = 2^2 

A = 27.0 in 2 z v = 0.300 ksi 
p u = Tu a = (0.300X27.0) = 8.10 kips 

F.S. = %L = — = 3.240 
P 2.5 

Actual factor of safety is the smaller value. 


( 6 . 0 ) 


F.S. = 3.24 ◄ 
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PROBLEM 1.51 

Link AC is made of a steel with a 65-ksi ultimate normal stress and has 
a j x L -i n . uniform rectangular cross section. It is connected to a 
support at A and to member BCD at C by j -in.-diameter pins, while 
member BCD is connected to its support at B by a A -in.-diameter pin. 
All of the pins are made of a steel with a 25-ksi ultimate shearing stress 
and are in single shear. Knowing that a factor of safety of 3.25 is 
desired, determine the largest load P that can be applied at D. Note that 
link AC is not reinforced around the pin holes. 


SOLUTION 

Use free body BCD. 




)M b = 0 : ( 6 ) 


10 


f ac I -1 o .P = 0 



P = 0.48F 


AC 


± -£F x = 0: B x -—F ac = 0 


B x = -F AC = 1-255 
* 10 L 


+)M C = 0: - 6B y - 4P = 0 


B = —P 
y 3 


i.e. 


B = -P\ 
y 3 


B = JBl + B; = yi.25 2 + P = 1.416675 P = 0.705885 
Shear in pins at A and C . 


F — t A — Tu K d 2 — 
P AC ~ TA ’p'm ~ a - 


F.S. 4 


Tension on net section of A and C. 


F = rr a = A = 

r AC ^^net g ^net 

Smaller value of F AC is 0.625 kips. 

From (1), P = (0.48)(0.625) = 0.300 kips 

f 25 


( 25 ] 

f *1 

f3? 

V 3.25 J 

UJ 

UJ 

( 65 I 

rnr 

1 3 1 

U.25 J 

UJl 

2 8 J 


= 0.625 kips 


Shear in pin at B . 


B = r A pm = -^F-d 2 = 


3.25 


n 5 


F.S. 4 

From (2), P = (0.70588)(0.58999) = 0.416 kips 

Allowable value of P is the smaller value. P = 0.300 kips 


— | = 0.58999 kips 

v 16 , 


( 1 ) 


( 2 ) 


or P = 300 lb ◄ 
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PROBLEM 1.52 



Solve Prob. 1.51, assuming that the structure has been redesigned to use 
-jj -in-diameter pins at A and C as well as at B and that no other changes 
have been made. 

PROBLEM 1.51 Link AC is made of a steel with a 65-ksi ultimate 
normal stress and has ajxj -in. uniform rectangular cross section. It is 
connected to a support at A and to member BCD at C by -in.-diameter 
pins, while member BCD is connected to its support at B by a -in.- 
diameter pin. All of the pins are made of a steel with a 25-ksi ultimate 
shearing stress and are in single shear. Knowing that a factor of safety of 
3.25 is desired, determine the largest load P that can be applied at D. 
Note that link AC is not reinforced around the pin holes. 


SOLUTION 

Use free body BCD. 


+>« = 0 : ( 6 )^ 


-5^1-105 = 0 



P = 0.48F 


AC 


+|ZF V =0: B x - ^F ac = 0 

B x = ±F AC = 1 . 25 /- — 
4>M c = 0: -65,-45 = 0 


B = —P 
y 3 


i.e. B=-P 1 
y 3 


B = ^B 2 + B) = y 1.25 2 + 
Shear in pins at A and C . 


- \P = 1.416675 

v3 


P = 0.705835 


p - t A - Tu K d 2 - 

r AC ~ r ^pin _ a - 


F.S. 4 


Tension on net section of A and C. 


f ac = = 


- ADD a = 

^net 


" 25 
,3.25 

f 65 


— | = 0.58999 kips 

v 16 . 


F.S. 


3.25 


4 1V i 5 

1 - - — I = 0.9375 kips 


16 


Smaller value of F AC is 0.58999 kips. 

From (1), P = (0.48)(0.58999) = 0.283 kips 


Shear in pin at B . 


B = rA j = -^F-d 2 = 
pin F.S. 4 


25 

3.25 


— | = 0.58999 kips 

v. 16 , 


From (2), P = (0.70588)(0.58999) = 0.416 kips 

Allowable value of P is the smaller value. P = 0.283 kips 


( 1 ) 


( 2 ) 


or P = 283 lb ◄ 
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PROBLEM 1.53 

Each of the two vertical links CF connecting the two horizontal 
members AD and EG has a 10 X 40-mm uniform rectangular cross 
section and is made of a steel with an ultimate strength in tension of 
400 MPa, while each of the pins at C and F has a 20-mm diameter and 
are made of a steel with an ultimate strength in shear of 150 MPa. 
Determine the overall factor of safety for the links CF and the pins 
connecting them to the horizontal members. 


SOLUTION 


Use m 




A 




1^1 


s 


OAo 


->U— 0.2S-- 


V 

m n 


+ ;XM e = 0 : 0.40F cf - (0.65)(24 x 10 3 ) = 0 


1 CF 

F cp = 39 x 10 3 N 


Based on tension in links CF, 

A = (b - d)t = (0.040 - 0.02X0.010) = 200 x 10“ 6 m 2 (one link) 
F u = 2a v A = (2)(400 x 10 6 )(200 x 10“ 6 ) = 160.0 x 10 3 N 


Based on double shear in pins, 

A = —d 2 = — (0.020 ) 2 = 314.16 x 10 _ 6 m 2 
4 4 

F lf = 2 t v A = (2)(150 x 10 6 )(314.16 x 10“ 6 ) = 94.248 x 10 3 N 
Actual Fy is smaller value, i.e. F v = 94.248 x 10 3 N 

Factor of safety: F.S. = = 94-248 X 10 F.S. = 2.42 ◄ 

F cf 39 x 10 3 
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PROBLEM 1.54 

Solve Prob. 1.53, assuming that the pins at C and F have been replaced 
by pins with a 30-mm diameter. 

PROBLEM 1.53 Each of the two vertical links CF connecting the two 
horizontal members AD and EG has a 10 X 40- mm uniform rectangular 
cross section and is made of a steel with an ultimate strength in tension of 
400 MPa, while each of the pins at C and F has a 20-mm diameter and 
are made of a steel with an ultimate strength in shear of 150 MPa. 
Determine the overall factor of safety for the links CF and the pins 
connecting them to the horizontal members. 


SOLUTION 

Use member EFG as free body. 

Use on 


ember fsFG fyeeWy. 


i 






s 


C>Ao 


->U— 6.2S'- 


y 

mN 


+y.M E = 0 : OAOF cf - (0.65)(24 x 10 3 ) = 0 
F cf = 39 x 10 3 N 

Based on tension in links CF , 

A = (b - d)t = (0.040 - 0.030)(0.010) = 100 x 10“ 6 m 2 (one link) 
F u = 2a v A = (2)(400 x 10 6 )(100 x 10“ 6 ) = 80.0 x 10 3 N 


Based on double shear in pins, 


A = -d 2 = —(0.030) 2 = 706.86 x 10“ 6 m 2 
4 4 

F v = 2r v A = (2)(150 x 10 6 )(706.86 x 10“ 6 ) = 212.06 x 10 3 N 

Actual Fy is smaller value, i.e. F v = 80.0 x 10 3 N 

Factor of safety: F.S. = = 8 °'° X ^ 

F cf 39 x 10 3 


F.S. = 2.05 ◄ 
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Top view 


PROBLEM 1.55 


8 mm 





8 mm -► 


8 mm 



Side view 


In the structure shown, an 8 -mm-diameter pin 
is used at A, and 12-ium-diameter pins are 
used at B and D. Knowing that the ultimate 
shearing stress is 100 MPa at all connections 
and that the ultimate normal stress is 250 MPa 
in each of the two links joining B and D, 
determine the allowable load P if an overall 
factor of safety of 3.0 is desired. 


SOLUTION 


Statics: Use ABC as free body. 

+J.M k = 0 : 0.20 F a - 0.18P = 0 

A = o : 0.20 F bd - 0.38 P = 0 


A 


£ 


P=™F 


P = —F, 


-e— 0.20 —*■ 


-OJ8 


19 


BD 


F* 


'60 


Based on double shear in pin A, A = — d 2 = — (0.008) 2 = 50.266 x 10 6 m 2 

4 4 

F _ 2 t u A _ CM 00 x 10 6 )(50.266 x 10~ 6 ) _ 3Jgl y 1q3n 


F.S. 
10 


3.0 


P = -—F a = 3.72 x 10 N 


Based on double shear in pins ati? and D, A = —d 2 = — (0.012 ) 2 =113.10x10 6 m 2 

4 4 


Fbd ~ 


2 t v A (2)(100 x 10 6 )(113.10 x 10 -6 ) 


F.S. 


3.0 


= 7.54 x 10 J N 


P = —F Rn = 3.97 x 10 3 N 
19 BD 


-6 


Based on compression in links BD, for one link, A = (0.020)(0.008) = 160 x 10 m 
Fbd= ^uA = (2X250 x 10 6 )(160 x IQ" 6 ) = ^ x ^ 


F.S. 


3.0 


10 


P = —F bd = 14.04 x 10 N 


19 


V p 


Allowable value of P is smallest, .’. P = 3.72 x 10 3 N 


P = 3.72 kN ◄ 
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Top view 




h B 


8 mm 


12 mm 



Side view 


PROBLEM 1.56 

In an alternative design for the structure of 
Prob. 1.55, a pin of 10-mm-diameter is to be 
used at A. Assuming that all other 
specifications remain unchanged, determine 
the allowable load P if an overall factor of 
safety of 3.0 is desired. 

PROBLEM 1.55 In the structure shown, an 8- 
mm-diameter pin is used at A, and 12-mm- 
diameter pins are used at B and D. Knowing 
that the ultimate shearing stress is 100 MPa at 
all connections and that the ultimate normal 
stress is 250 MPa in each of the two links 
joining B and D, determine the allowable load 
P if an overall factor of safety of 3.0 is 
desired. 


SOLUTION 


Statics: Use ABC as free body. 

+y,M B =0: 0.20 F a - 0.18P = 0 P = y. F A 

+yM A = 0: 0.20F Bn - 0.38P = 0 p = ^ f bd 


6 


^— 0.20 —*■ 


V 

Ft. 


■O.I8 —> 


V p 


'so 


Based on double shear in pin A, A = —d 2 = —(0.010) 2 = 78.54 x 10 6 m 2 

4 4 

^ = (2)(100xl0 6 )(78.54 xl0- 6 ) = 5 236 xi0 3 N 

F.S. 3.0 

10 , 

P = — F 4 = 5.82 x 10 3 N 
9 A 

Based on double shear in pins at B and D, A = —d 2 = — (0.012) 2 = 113.10 x 10 -6 m 2 

4 4 

F BD =^= i2)m X 106)(113 - 1Q X 10 " 6) = 7-54 x 1Q 3 N 
F.S. 3.0 

p = —F bd = 3.97 x 10 3 N 


19 


-6 m 2 


Based on compression in links BD, for one link, A = (0.020)(0.008) = 160 x 10 m 
Fbd = ^vA = (2X250 x 10 6 )(160 x 10^) = J x 1Q 3 N 


F.S. 


3.0 


P = — F fin = 14.04 x 10 3 N 
19 

Allowable value of P is smallest, .'. P = 3.97 x 10' 1 N 


P = 3.97 kN ◄ 
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1.8 m 


PROBLEM 1.57 

A 40-kg platform is attached to the end B of a 50-kg wooden beam AB, 
which is supported as shown by a pin at A and by a slender steel rod BC 
with a 12-kN ultimate load, (a) Using the Load and Resistance Factor 
Design method with a resistance factor (j) = 0.90 and load factors 
y D = 1.25 and y L = 1.6, determine the largest load that can be safely 
placed on the platform. ( b ) What is the corresponding conventional 
factor of safety for rod BC? 


SOLUTION 



: ;ZM a = 0 : (2.4)—P - 2.4 IF, - 1.204, 


P = -w, +-w 2 

3 1 6 2 


For dead loading, W x = (40)(9.81) = 392.4 N, W 2 = (50)(9.81) = 490.5 N 


P D = 




v-v 


(392.4) + 






(490.5) = 1.0628 x!0 j N 


For live loading, 


From which 


W x = mg W 2 = 0 P L = — mg 


m = 


5 g 


Design criterion: y D P D + Yl.Pl = $P<J 


r, _ </>Pu ~ Yd p d _ (0.90)02 x 10 3 ) - (1.25)(1.0628 x 10“ 3 ) 

‘L ~ 


(a) Allowable load . 


Yl 

= 5.920 x 10 3 N 

3 5.92 x 10 3 

m =- 

5 9.81 


1.6 


Conventional factor of safety: 


C b) 


p = P D + P L = 1.0628 x 10 3 + 5.920 x 10 3 = 6.983 x 10 3 N 

F ' S . = 5l= 12x1 ° 3 


6.983 x 10 3 


m = 362 kg 4 


F.S. = 1.718 ◄ 
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PROBLEM 1.58 

The Load and Resistance Factor Design method is to be used to select 
the two cables that will raise and lower a platform supporting two 
window washers. The platform weighs 160 lb and each of the window 
washers is assumed to weigh 195 lb with equipment. Since these 
workers are free to move on the platform, 75% of their total weight and 
the weight of their equipment will be used as the design live load of each 
cable, (a) Assuming a resistance factor (p = 0.85 and load factors 
y D = 1.2 and y L = 1.5, determine the required minimum ultimate load of 
one cable, (b) What is the corresponding conventional factor of safety 
for the selected cables? 


SOLUTION 


Yd^d + Yl^l = 


(«> Pu = r ° PD t 7lPl 

<p 


(1.2) [ - x 160 | + (1.5) f - x 2 x 195 | 


V2 ) ^4 ) 

0.85 

P u = 629 lb ◄ 

Conventional factor of safety: 


p = P D + P L = 1 x 160 + 0.75 x 2 x 195 = 372.5 lb 


(b) F.S. = Pu = 629 

P 372.5 

F.S. = 1.689 ◄ 
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PROBLEM 1.59 

In the marine crane shown, link CD is known to have a 
uniform cross section of 50 x 150 mm. For the loading 
shown, determine" the normal stress in the central portion 
of that link. 
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0.5 in. 



PROBLEM 1.61 

For the assembly and loading of Prob. 1.60, determine (a) the average 
shearing stress in the pin at C, ( b ) the average bearing stress at C in 
member BC, (c) the average bearing stress at B in member BC. 

PROBLEM 1.60 Two horizontal 5-kip forces are applied to pin B of the 
assembly shown. Knowing that a pin of 0.8-in. diameter is used at each 
connection, determine the maximum value of the average nonnal stress 
(a) in link AB, (b) in link BC. 


SOLUTION 


Use joint B as free body. 


66 



1 0 k'fs 
—>- 





Law of Sines: 


Fab _ F bc _ 


10 


sin 45° sin 60° sin 95° 


lo 

F ores ■hri'eo'i^e. 


F bc = 8.9658 kips 


(a) Shearing stress in pin at C . r = 


F, 


BC 


2A P 


K ,2 n tr\ o\2 


A P = -d z = ——(0.8) = 0.5026 hr 


T = 


4 4 

L9658 
(2)(0.5026) 


= 8.92 


r = 8.92 ksi A 
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PROBLEM 1.61 (Continued) 


(b) 

Bearing stress at C in member BC. 

a ~ Fbc 




A = td = (0.5)(0.8) = 0.4 in 2 




8-9658 „„ „ 

a h = -= 22.4 

0.4 

<r h = 22.4 ksi A 

(c) 

Bearing stress at B in member BC. 

£ 

ii 

V tT 1 




A = ltd = 2(0.5)(0.8) = 0.8 in 2 




8 - 9658 1191 

cr h =-= 11.21 

b 0.8 

a h = 11 .2 1 ksi A 
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PROBLEM 1.62 



Two steel plates are to be held together by means of 16-mm- 
diameter high-strength steel bolts fitting snugly inside cylindrical 
brass spacers. Knowing that the average normal stress must not 
exceed 200 MPa in the bolts and 130 MPa in the spacers, 
determine the outer diameter of the spacers that yields the most 
economical and safe design. 


SOLUTION 

At each bolt location the upper plate is pulled down by the tensile force P b of the bolt. At the same time, the 
spacer pushes that plate upward with a compressive force P s in order to maintain equilibrium. 


P b = Ps 


For the bolt, 

For the spacer, 


cr h = 


F b _ 4 P b 


h A 7rdl 


4 R 


<d 2 s - d \) 


or 


or 


Pb = 


Ps = J°s(ds - dl) 


Equating P h and P s , 


ft ,2 It t r2 ,2s 

~ a b d b - ~^ <J s (d s ~ d b ) 


d. = 


( „ 5 

d b = I 

(i 200 ) 

1 + -ft 


V a s > 


l 130 J 


d, = 25.2 mm A 
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SOLUTION 

Use member CEF as a free body. 


F 



+)EM C = 0 : - 12 F de - (8)(60 sin<9) - (16)(60 cos<9) = 0 


F de = -40 sin 9 - 80 cos 9 lb 


Ade = (1) 77 = 0-125 in 


F, 


a DE ~ 


DE 


ADE 


(a) 9 = 0 : F de = -80 lb 

_ -80 
GdE ~ 0.125 


(b) 9 = 90° : F de = -40 lb 


a DE ~ 


-40 

0.125 


o DE = -640 psi 4 


a DE = -320 psi -4 
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750 lb„. 

1 in 

t 

1500 lb 

PROBLEM 1.65 

A | -in.-diameter steel rod AB is fitted to a round hole near end C of 

A cf 


4 in. 

D / 

the wooden member CD. For the loading shown, determine (a) the 

c 


; 1 p 

ig? ■- — 'b 

f 1501b 

maximum average normal stress in the wood, ( b ) the distance b for 
which the average shearing stress is 100 psi on the surfaces indicated 
by the dashed lines, (c) the average bearing stress on the wood. 


SOLUTION 

(a) Maximum normal stress in the wood . 


^„e< = CD 


<J ~ 


net 


4 - - = 3.375 hr 


= 444 psi 


1500 

3.375 


( b ) Distance b for r = 100 psi . 

For sheared area see dotted lines. 


_ p _ p 
T ~^L~2bt 


b = 


1500 


2 tr (2)(1)(100) 

(c) Average bearing stress on the wood . 


= 7.50 in. 


1500 


<Th = 


A b dt 


= 2400 psi 


( 1 ) 


cr = 444 psi A 


b = 7.50 in. 4 


cr b = 2400 psi A 
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Front view 



-18 mm 



A 


a 

Top view 


|= 5 = 

c 



- 6 mm 


C IB 
Side view 


PROBLEM 1.66 

In the steel structure shown, a 6-mm- 
diameter pin is used at C and 10-mm- 
diameter pins are used at B and D. The 
ultimate shearing stress is 150 MPa at all 
connections, and the ultimate normal 
stress is 400 MPa in link BD. Knowing 
that a factor of safety of 3.0 is desired, 
determine the largest load P that can be 
applied at A. Note that link BD is not 
reinforced around the pin holes. 


SOLUTION 

Use free body ABC. 


Fk 


P u 




/CM c = 0 : 0.2S0P - 0.\20F BD = 0 


t 


P = —F, 


BD 


+)IM b =0: 0.160P - 0.120C = 0 


P = -C 

4 


Tension on net section of link BD: 


P - fjA - u A - 

r BD ~ a/1 net ~ pg ^net ~~ 


^400 x 10 6 ^ 


Shear in pins at B and D\ 


F bd = rA„ : „ = ^--d 2 = 


150 xlO 6 


pin F.S. 4 

\ 

Smaller value of F B d is 3.92 70 x 10 3 N. 
From (1), 


y 


(6 x 10“ 3 )(18 - 10)(10“ 3 ) = 6.40 x 10 3 N 


^|(10xl0“ 3 ) 2 = 3.9270 xl0 3 N 


P = | y 1(3.9270 x 10 3 ) = 1.683 x 10 3 N 


Shear in pin at C: C = 2tA ■ = 2 -^-—<7 2 = (2) 

p F.S. 4 


150 xlO 6 


(1) 


(2) 


j |(6 x 10“ 3 ) 2 = 2.8274 x 10'N 


From (2), 

Smaller value of P is allowable value. 


P = | F |(2.8274 x 10 3 ) = 2.12 x 10 3 N 


P = 1.683 x 10 N 


P = 1.683 kN ◄ 
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0.6 m 



PROBLEM 1.67 

Member ABC, which is supported by a pin and bracket at C and a cable 
BD, was designed to support the 16-kN load P as shown. Knowing that 
the ultimate load for cable BD is 100 kN, determine the factor of safety 
with respect to cable failure. 


SOLUTION 


Use member ABC as a free body, and note that member BD is a two-force member. 


+': ZM C . = 0 : (Pcos40°)(1.2) + (Psin40°)(0.6) 

- (F BZ)C os30 o )(0.6) 

- (F j5£ ,sin30°)(0.4) = 0 
1.30493^- 0.71962^ = 0 


F bd = 1.81335P = (1.813359(16 x 10 3 ) = 29.014 x 10 3 N 
F v = 100 x 10 3 N 
Fs _ J\j_ _ 100 xio 3 
F bd 29.014 xio 3 



F.S. = 3.45 ◄ 
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PROBLEM 1.68 

A force P is applied as shown to a steel reinforcing bar that has 
been embedded in a block of concrete. Determine the smallest 
length L for which the full allowable normal stress in the bar can be 
developed. Express the result in terms of the diameter d of the bar, 
the allowable normal stress cr a u in the steel, and the average 
allowable bond stress r aU between the concrete and the cylindrical 
surface of the bar. (Neglect the normal stresses between the 
concrete and the end of the bar.) 
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PROBLEM 1.69 

The two portions of member AB are glued together along a plane 
forming an angle 0 with the horizontal. Knowing that the ultimate stress 
for the glued joint is 2.5 ksi in tension and 1.3 ksi in shear, determine 
(a) the value of 9 for which the factor of safety of the member is 
maximum, (b) the corresponding value of the factor of safety. (Hint: 
Equate the expressions obtained for the factors of safety with respect to the 
normal and shearing stresses.) 


SOLUTION 


At the optimum angle, 


A o = (2.0X1.25) = 2.50 in 2 
(F.S.) a = (F.S.\ 


P , 

Normal stress: a = —cos-6 1 
An 


Pu,a ~ 


a U A 0 
cos 2 0 


0 F.S.) a = 


1 U,a 


a,, A 


o 


Pcos-9 


Shearing stress: r = —sin^ cos# .'. P Ur = — 


T u A o 


(F.S\ = 


l U,T 


sin 9 cos 9 

t U A 0 

Psin# cos# 


Equating, 


(7,, A. 


0 


r u A o 


Pcos-# / > sin#cos# 


Solving 

(b) 


sin# r v 1.3 

-= tan # = — 1 — = - 

cos# a,, 2.5 


= 0.520 


(12-5X2-50) = 7 94 kips 


cos 2 # 


cos 27.5° 


F.S. = 

p 


7.94 

2.4 


(a) # opt = 27.5° ◄ 


F.S. = 3.31 ◄ 
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SOLUTION 


Based on tensile stress, 


A 0 = (2.0)(1.25) = 2.50 in. 2 
P = 2.4 kips 
P u = ( F.S.)P = 12 kips 


cr L , = —cos 2 9 

A 

cos 2 9 = ^2 = ( 2 -5)(2.50) = 0 _ 86806 


l u 


12 


cos6» = 0.93169 


9 = 21.3 C 


9> 21.3° 


Based on shearing stress, 


P, P 

T,, = —sin 0 cos 9 = —^sin2^ 


A 


2A 


sin2 , = ^ = (2X2-50)(1.3) = 090278 
Pu 12 


29 = 64.52° 


9 = 32.3° 9 < 32.3° 


Hence, 


21.3° <9< 32.3° ◄ 
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PROBLEM 1.C1 

A solid steel rod consisting of n cylindrical elements welded together is subjected to the 
loading shown. The diameter of element i is denoted by d , and the load applied to its 
lower end by P, with the magnitude P, of this load being assumed positive if P, is 
directed downward as shown and negative otherwise, (a) Write a computer program 
that can be used with either SI or U.S. customary units to detennine the average stress 
in each element of the rod. (b) Use this program to solve Problems 1.1 and 1.3. 


SOLUTION 


Force in element / ; 

It is the sum of the forces applied to that element and all lower ones: 

Ft= 

k =1 


Average stress in element i : 


Program outputs : 


Area = A, = 


F 

Ave. stress = — 

A, 


—nd 2 

4 


Problem 1.1 Problem 1.3 


Element 

Stress (MPa) 

Element 

Stress (ksi) 

1 

84.883 

1 

22.635 

2 

-96.766 

2 

17.927 
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PROBLEM 1.C2 



20 


A 20-kN load is applied as shown to the horizontal member ABC. 
Member ABC has a 10x50-mm uniform rectangular cross section 
and is supported by four vertical links, each of 8x36-mm uniform 
rectangular cross section. Each of the four pins at A, B, C, and D has the 
same diameter d and is in double shear, (a) Write a computer program 
to calculate for values of d from 10 to 30 mm, using 1-mm increments, 
(i) the maximum value of the average normal stress in the links 
connecting pins B and D, (ii) the average normal stress in the links 
connecting pins C and E, (iii) the average shearing stress in pin B , 
(iv) the average shearing stress in pin C, (v) the average bearing stress 
at B in member ABC, and (vi) the average bearing stress at C in member 
ABC. ( b ) Check your program by comparing the values obtained for 
d = 16 mm with the answers given for Probs. 1.7 and 1.27. (c) Use this 
program to find the permissible values of the diameter d of the pins, 
knowing that the allowable values of the normal, shearing, and bearing 
stresses for the steel used are, respectively, 150 MPa, 90 MPa, and 
230 MPa. (d) Solve Part c, assuming that the thickness of member ABC 
has been reduced from 10 to 8 mm. 


SOLUTION 

Forces in links . 

F.B. diagram of ABC: 


(i) Link BD . 

Thickness = t, 


A BD ~ C( w l d) 


(iii) 

(v) 

(Vi) 


BD 

T BD 

Pin B. 


l L V VV L 

p bd! 


P = 20 kN 

{h 




M c =0: 2F bd (BC) - P(AC) = 0 
F bd = P(AC)/2(BC) (tension) 
+£M b = 0: 2 F ce ( BC ) - P(AB) = 0 
F ce = P(AB)/2 (BC) (comp.) 


A 


0,25 y 


C 4> 


— O, £f in 


+3 



t b = Fbd l(nd 1 IA) 

Bearing stress at B . 

Thickness of member AC = t 
Sig Bear B = F BD /(dt AC ) 
Bearing stress at C . 

Sig Bear C = F CE /(dt AC ) 


AC 


(ii) Link CE . 

Thickness = t, 


a ce =t L W L 


'CE 


Fce^ a ce 


2F y = 0 : 


OF _ O f 
z.r B — 


2 F, 


T AC - ' 


BD 


i 




cc 






(iv) PinC . 

T c =F CE /(xd 2 /4) 

Shearing stress in ABC under Pin B . 

Fb = T ac*ac( w aF'F) 
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PROBLEM 1.C2 (Continued) 


Program Outputs 

Input data for Parts (a), (b), (c): 


10.00 
11.00 
12.00 
13.00 
14.00 
15.00 


P = 20kN, AB = 0.25 m, BC= 0.40 m, AC = 0.65 m, 
TL = 8 mm, WL = 36 mm, TAC= 10 mm, WAC = 50 mm 


Sigma BD Sigma CE Tau B Tau C SigBear B SigBear C 


78.13 
81.25 
84.64 

88.32 

92.33 
96.73 


-21.70 
-21.70 
-21.70 
■21.70 
-21.70 
-21.70 



79.58 
65.77 
55.26 
47.09 
40.60 
35.37 



125.00 
113.64 
104.17 
96.15 
89.29 
83.33 


16 

00 

101 

56 

-21 

70 

80 

CM 

CO 

31 

.08 

203 

12 

78 

.13 

1 / 

0 0 

106 

9l 

- Z i. 

70 

71 

753 

— 2~T 

754 

— r^T- 

~TS— 

—rr 

“ST 

18 

00 

112 

85 

-21 

.70 

63 

86 

24 

56 

180 

56 

69 

44 

19 

00 

119 

49 

-21 

70 

57 

31 

22 

04 

171 

05 

65 

79 

20 

00 

126 

95 

-21 

70 

51 

73 

19 

89 

162 

50 

62 

50 

21 

00 

135 

42 

-21 

70 

46 

92 

18 

04 

154 

76 

59 

52 

22 

00 

145 

09 

-21 

70 

42 

75 

16 

44 

147 

73 

56 

82 

23 

00 



-21 

70 

39 

11 

15 

04 

141 

30 

54 

35 

24 

00 


r'ij/ 

-21 

70 

35 

92 

13 

82 

135 

42 

52 

08 

25 

00 



-21 

70 

33 

10 

12 

73 

130 

00 

50 

00 

26 

00 



-21 

70 

30 

61 

11 

77 

125 

00 

48 

08 

27 

00 



-21 

70 

28 

38 

10 

92 

120 

37 

46 

30 

28 

00 



-21 

70 

26 

39 

10 

15 

116 

07 

44 

64 

29 

30 

00 

00 

Azyy:\z,. 
'53 8C54''' 

-21 

-21 

70 

70 

24 

22 

60 

99 

9 

8 

46 

84 

112 

108 

07 

33 

43 

41 

10 

67 


(b) 


(c) Answer: 16 mm < d <22 mm (c) 


Check: For d= 22 mm, Tau AC = 65 MPa < 90 MPa O.K. 
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PROBLEM 1.C2 (Continued) 


Input data for Part (</): P = 20 kN, 


AB = 0.25 m, BC = 0.40 m, 

AC = 0.65 m, TL = 8 mm, WL = 36 mm, 
TAC = 8 mm, WAC = 50 mm 


d 

10.00 
11 . 00 
12.00 
13.00 
14.00 
15.00 
16.00 
17.00 
18.00 
19.00 
20.00 
21 . 00 
22.00 
23.00 
24.00 
25.00 
26.00 
27.00 
28.00 
29.00 
30.00 


Sigma BD Sigma CE Tau B Tau C SigBear B SigBear C 


78 

. 13 

-21 

. 70 

81 

.25 

-21 

. 70 

84 

. 64 

-21 

. 70 

88 

. 32 

-21 

. 70 

92 

.33 

-21 

70 

96 

. 73 

-21 

70 

101 

. 56 

-21 

70 

106 

91 

-21 

.70 

112 

85 

-21 

70 

119 

.49 

-21 

70 

126 

95 

-21 

70 

135 

42 

-21 

70 

145 

09 

-21 

70 


y 2p 

-21 

70 



-21 

70 


"tV 

-21 

70 



-21 

70 



-21 

70 


<1 8s ■* 

-21 . 
-21 . 

70 

70 

•^ 2 - 8 . 

-sV 

-21 . 

70 


79.58 
65.77 
55.26 
47.09 
40.60 
35.37 


80 

. 82 

31 

. 08 

71 

. 59 

27 

. 54 

63 

.86 

24 

. 56 

57 

.31 

22 

. 04 

51 

.73 

19 

.89 

46 

. 92 

18 

. 04 

42 . 

. 75 

16 . 

.44 

39 . 

. 11 

15 . 

. 04 

35 . 

. 92 

13 . 

. 82 

33 . 

, 10 

12 . 

73 

30 . 

61 

11 . 

77 

28 . 

38 

10 . 

92 

26 . 

39 

10 . 

15 

24 . 

60 

9 . 

46 

22 . 

99 

8 . 

84 




156 

.25 



142 

. 05 



130 

. 21 


120 

. 19 



111 

. 61 



104 

17 



97 

91 

66 

91 

225 

. 69 

86 

81 

213 

. 82 

82 

24 

203 

12 

78 

13 

193 

.45 

74 

40 

184 

66 

71 

02 

176 

63 

67 

93 

169 

27 

65 

10 

162 

50 

62 

50 

156 

25 

60 

10 

150 

46 

57 . 

87 

145 

09 

55 . 

80 

140 

09 

53 . 

88 

135 

42 

52 . 

08 



(d) Answer: 18 mm < d <22 mm A (d) 


Check: For d= 22 mm, Tau AC = 81.25 MPa < 90 MPa O.IC. 
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PROBLEM 1.C3 


0.5 in. 



Two horizontal 5-kip forces are applied to Pin B of the assembly 
shown. Each of the three pins at A, B, and C has the same diameter d 
and is double shear, (a) Write a computer program to calculate for 
values of d from 0.50 to 1.50 in., using 0.05-in. increments, (i) the 
maximum value of the average normal stress in member AB, (ii) the 
average normal stress in member BC, (iii) the average shearing stress 
in pin A, (iv) the average shearing stress in pin C, (v) the average 
bearing stress at A in member AB, (vi) the average bearing stress at C 
in member BC, and (vii) the average bearing stress at B in member BC. 
(b) Check your program by comparing the values obtained for 
d = 0.8 in. with the answers given for Problems 1.60 and 1.61. (c) Use 
this program to find the permissible values of the diameter d of the 
pins, knowing that the allowable values of the nonnal, shearing, and 
bearing stresses for the steel used are, respectively, 22 ksi, 13 ksi, and 
36 ksi. ( d) Solve Part c, assuming that a new design is being 
investigated in which the thickness and width of the two members are 
changed, respectively, from 0.5 to 0.3 in. and from 1.8 to 2.4 in. 
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PROBLEM 1.C3 (Continued) 


Program Outputs 


Input data 

for Parts (a), 

(b). 

(c): 


D 

SIGAB 

SIGBC 


in. 


ksi 

ksi 

0 

500 

11 

.262 

-9 

962 

0 

550 

11 

. 713 

-9 

962 

0 

600 

12 

.201 

-9 

. 962 

0 

650 

12 

. 731 

-9 

. 962 

0 

700 

13 

.310 

-9 

. 962 

0 

750 

13 

. 944 

-9 

. 962 

0 

800 

14 

. 641 

-9 

. 962 

0 

850 

15 

.412 

-9 

. 962 

0 

900 

16 

.268 

-9 

. 962 

0 

950 

17 

. 225 

-9 

. 962 

1 

000 

18 

.301 

-9 

. 962 

1 

050 

19 

. 521 

-9 

. 962 

1 

100 

20 

. 916 

-9 

. 962 


P = 5 kips, w- 1.8 in., t = 0.5 in. 


TAUA TAUC SIGBRGA SIGBRGC SIGBRGB 



8.285 
7.282 


10.147 
8.918 


1.150 
1.200 
1.250 
1.300 
1.350 
1.400 
1.450 
1.500 



962 
■9.962 
■9.962 
■9.962 
■9.962 
■9.962 
-9.962 
-9.962 


6 . 
5 . 
5 . 
4 . 
4 . 
3 . 
3 . 
3 . 
2 , 
2 . 
2 . 
2 
2 


450 

754 

164 

660 

227 

852 

524 

236 

983 

758 

557 

378 

217 


2.071 


7.900 
7.047 
6.324 
5.708 
5.177 
4.717 
.316 
. 964 
. 653 
.377 
.132 
912 
715 
. 537 


4 . 
3 . 
3 , 
3 , 
3 , 
2 
2 
2 


ksi 

ksi 

ksi 

29.282 

35.863 

17.932 

26.620 

32.603 

16.301 

24.402 

29.886 

14.943 

22.525 

27.587 

13.793 

20.916 

25.616 

12.808 

19.521 

23.. 909 

11.954 

18.301 

22.414 

11.207 

17.225 

21.096 

10.548 

16.268 

19.924 

9.962 

15.412 

18.875 

9.438 

14 . 641 

17.932 

8.966 

13.944 

17.078 

8.539 

13.310 

16.301 

8.151 

12.731 

15.593 

7.796 

12.201 

14.943 

7.471 

11.713 

14.345 

7.173 

11.262 

13.793 

6.897 

10.845 

13.283 

6.641 

10.458 

12.808 

6.404 

10.097 

12.367 

6.183 

9.761 

11.954 

5.977 


(b) 


(c) Answer: 0.70 in. < d< 1.10 in. A (c) 
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Input data for Part ( d ), 


PROBLEM 1.C3 (Continued) 


P = 5 kips, w = 2.4 in., t = 0.3 in. 


D 
in. 

0.500 
[).5 50 
0.600 


SIGAB SIGBC 
ksi 


14.789 
15.251 



-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 
-12.452 


TAUA TAUC 


SIGBRGA SIGBRGC SIGBRGB 

ksi 



6 

5 

5 

4 

4 

3 

3 

3 

2 

2 

2 

2 

2 

2 


450 

754 

164 

660 

227 

852 

524 

236 

983 

758 

557 

378 

217 

071 


7 

7 

6 

5 

5 

4 

4 

3 

3 

3 

3 

2 

2 

2 


900 

047 

324 

708 

177 

717 

316 

964 

653 

377 

132 

912 

715 

537 


28.708 
27.113 
25.686 
24.402 
23.240 


22 

21 

20 

19 

18 

18 

17 

16 

16 


. 183 
,219 
,335 
, 521 
, 771 
, 075 
,430 
, 829 
,268 


35 

33 

31 

29 

28 

27 

25 

24 

23 

22 

22 

21 

20 

19 


160 

206 

459 

886 

463 

169 

988 
905 
909 

989 
138 
347 
611 
924 


29.886 
27.169 
24.905 
22.989 
21.347 
19.924 
18.679 
17.580 
16.603 
15.729 
14.943 
14.231 
13.584 
12.994 
12.452 
11.954 
11.495 
11.069 
10.674 
10.305 
9.962 


(d) Answer: 0.85 in. < d < 1.25 in. 4 (d) 
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PROBLEM 1.C4 

A 4-kip force P forming an angle a with the vertical is applied as 
shown to member ABC, which is supported by a pin and bracket at C 
and by a cable BD forming an angle p with the horizontal, (a) Knowing 
that the ultimate load of the cable is 25 kips, write a computer program 
to construct a table of the values of the factor of safety of the cable for 
values of a and P from 0 to 45°, using increments in a and P 
corresponding to 0.1 increments in tan a and tan P. (b) Check that 
for any given value of a, the maximum value of the factor of safety is 
obtained for P = 38.66° and explain why. (c) Determine the smallest 
possible value of the factor of safety for y 6 = 38.66°, as well as the 
corresponding value of a, and explain the result obtained. 


SOLUTION 

(a) Draw F.B. diagram of ABC \ 

= 0: (P sin a){ 1.5 in.) + (P cos «)(30 in.) 

- ( F cos /?)(15 in.) - (F sin /?)( 12 in.) = 0 

„ „ 15 sin a + 30 cos a 

F = P - 

15 cos P + 12 sin P 

F.S. = FJF 

Output for P = 4 kips and F uh = 20 kips: 


VALUES OF FS 
BETA 



0 

5.71 

11.31 

16.70 

21.80 

26.56 

30.96 

34.99 

38.66 

41.99 

45.00 

ALPHA 












0.000 

3.125 

3.358 

3.555 

3.712 

3.830 

3.913 

3.966 

3.994 

4.002 

3 . 995 

3.977 

5.711 

2.991 

3.214 

3.402 

3.552 

3.666 

3.745 

3.796 

3.823 

3.830 

3.824 

3.807 

11.310 

2.897 

3.113 

3.295 

3.441 

3.551 

3.628 

3.677 

3.703 

3.710 

3.704 

3.687 

16.699 

2.837 

3.049 

3.227 

3.370 

3.477 

3.553 

3.600 

3.626 

3.633 

3 . 627 

3.611 

,21.801 

2.805 

3.014 

3.190 

3.331 

3.438 

3.512 

3.560 

3.585 

3.592 

3.586 

3.570 

26.565 

2.795 

3.004 

3.179 

3.320 

3.426 

3.500 

3.547 

3.572 

3.579 

3.573 

3.558 

30.964 

2.803 

3 . 013 

3.189 

3.330 

3.436 

3.510 

3.558 

3.583 

3.590 

3.584 

3 .3T8 

34.992 

2.826 

3 . 036 

3.214 

3.356 

3.463 

3.538 

3 . 586 

3.611 

3.619 

3.612 

3.596 

38.660 

2.859 

3 . 072 

3.252 

3.395 

3.503 

3.579 

3.628 

3.653 

3.661 

3.655 

3.638 

41.987 

2.899 

3.116 

3.298 

3.444 

3.554 

3.631 

3.680 

3.706 

3.713 

3.707 

3.690 

45.000 

2.946 

3.166 

3.351 

3.499 

3.611 

3.689 

3.739 

3.765 

3.773 

3.767 

3.750 


tew 


(b) When P = 38.66°, tan P = 0.8 and cable BD is perpendicular to the lever arm BC. 

(c) F.S. = 3.579 for a = 26.6°; P is perpendicular to the lever arm^4C. 

Note : The value F.S. = 3.579 is the smallest of the values of F.S. corresponding to P = 38.66° and the 
largest of those corresponding to a = 26.6°. The point a = 26.6°, P = 38.66° is a “saddle point,” or 
“minimax” of the function F.S. (a, /?). 
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PROBLEM 1.C5 

A load P is supported as shown by two wooden members of uniform rectangular cross 
section that are joined by a simple glued scarf splice. ( a ) Denoting by a v and r u , 
respectively, the ultimate strength of the joint in tension and in shear, write a 
computer program which, for given values of a, b, P, a v and r v , expressed in either 
SI or U.S. customary units, and for values of a from 5 to 85° at 5° intervals, can be 
used to calculate (i) the normal stress in the joint, (ii) the shearing stress in the joint, 

(iii) the factor of safety relative to failure in tension, (iv) the factor of safety relative 
to failure in shear, and (v) the overall factor of safety for the glued joint. ( b ) Apply 
this program, using the dimensions and loading of the members of Probs. 1.29 and 
1.31, knowing that a v =150 psi and % = 214 psi for the glue used in Prob. 1.29, and 
that cjjj = 1.26 MPa and x v = 1.50 MPa for the glue used in Prob. 1.31. (c) Verify in 
each of these two cases that the shearing stress is maximum for a = 45°. 


SOLUTION 

(i) and (ii) Draw the F.B. diagram of lower member: 

VzF v = 0: - V + P cos a = 0 V = P cos a 

+ flF y = 0: F-Psina = Q F = Psma 

Area = ah/sin a 


Normal stress: 

Shearing stress: 

(iii) F.S. for tension (normal stresses): 

(iv) F.S. for shear: 


(v) Overall F.S.: 

F.S. = The smaller of FSN and FSS. 


F 2 

cr =-= (P/ab) sura 

Area 

V 

r =-= (P/ab) sin a cos a 

Area 


FSN = cr u /a 


FSS =t v It 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


86 














Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 1.C5 (Continued) 


Program Outputs 

Problem 1.29 


a = 
b = 
P = 

a u = 

Ttj — 


150 mm 
75 mm 
11 kN 
1.26 MPa 
1.50 MPa 


ALPHA 

SIG (MPa) 

TAU (MPa) 

FSN 

FSS 

FS 

5 

0.007 

0.085 

169.644 

17.669 

17.669 

10 

0.029 

0.167 

42.736 

8.971 

8.971 

15 

0.065 

0.244 

19.237 

6.136 

6.136 

20 

0.114 

0.314 

11.016 

4.773 

4.773 

25 

0.175 

0.375 

7.215 

4.005 

4.005 

30 

0.244 

0.423 

5.155 

3.543 

3.543 

35 

0.322 

0.459 

3.917 

3.265 

3.265 

40 

0.404 

0.481 

3.119 

3.116 

3.116 

45 

0.489 

0.489 

2.577 

3.068 

2.577 

50 

0.574 

0.481 

2.196 

3.116 

2.196 

55 

0.656 

0.459 

1.920 

3.265 

1.920 

60 

0.733 

0.423 

1.718 

3.543 

1.718 

65 

0.803 

0.375 

1.569 

4.005 

1.569 

70 

0.863 

0.314 

1.459 

4.773 

1.459 

75 

0.912 

0.244 

1.381 

6.136 

1.381 

80 

0.948 

0.167 

1.329 

8.971 

1.329 

85 

0.970 

0.085 

1.298 

17.669 

1.298 


◄ (b), (c) 
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PROBLEM 1.C5 (Continued) 

Problem 1.31 

a = 5 in. 
b = 3 in. 

P = 1400 lb 
c7 V =150 psi 
z u =214 psi 


ALPHA 

SIG (psi) 

TAU (psi) 

FSN 

FSS 

FS 

5 

0.709 

8.104 

211.574 

26.408 

26.408 

10 

2.814 

15.961 

53.298 

13.408 

13.408 

15 

6.252 

23.333 

23.992 

9.171 

9.171 

20 

10.918 

29.997 

13.739 

7.134 

7.134 

25 

16.670 

35.749 

8.998 

5.986 

5.986 

30 

23.333 

40.415 

6.429 

5.295 

5.295 

35 

30.706 

43.852 

4.885 

4.880 

4.880 

40 

38.563 

45.958 

3.890 

4.656 

3.890 

45 

46.667 

46.667 

3.214 

4.586 

3.214 

50 

54.770 

45.958 

2.739 

4.656 

2.739 

55 

62.628 

43.852 

2.395 

4.880 

2.395 

60 

70.000 

40.415 

2.143 

5.295 

2.143 

65 

76.663 

35.749 

1.957 

5.986 

1.957 

70 

82.415 

29.997 

1.820 

7.134 

1.820 

75 

87.081 

23.333 

1.723 

9.171 

1.723 

80 

90.519 

15.961 

1.657 

13.408 

1.657 

85 

92.624 

8.104 

1.619 

26.408 

1.619 
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PROBLEM 1.C6 


8 mm 


Top view 




8 mm 


12 mm 



Side view 


Member ABC is supported by a pin and 
bracket at A and by two links, which are pin- 
connected to the member at B and to a fixed 
support at D. (a) Write a computer program to 
calculate the allowable load ^,i for any given 
values of (i) the diameter d x of the pin at A, 
(ii) the common diameter d 2 of the pins at B 
and D, (iii) the ultimate normal stress ay/ in 
each of the two links, (iv) the ultimate shearing 
stress t v in each of the three pins, and (v) the 
desired overall factor of safety F. .S', (b) Your 
program should also indicate which of the 
following three stresses is critical: the normal 
stress in the links, the shearing stress in the pin 
at A, or the shearing stress in the pins at B and 
D. (c) Check your program by using the data 
of Probs. 1.55 and 1.56, respectively, and 
comparing the answers obtained for P. dXX with 
those given in the text. ( d ) Use your program to 
determine the allowable load P d \\, as well as 
which of the stresses is critical, when d x = 
d 2 = 15 mm, a v =110 MPa for aluminum links, 
x v =100 MPa for steel pins, and F.S. = 3.2. 


SOLUTION 

(a) F.B. diagram of ABC '. 


HM a 


(i) For given d x of Pin A: 


(ii) For given d 2 of Pins B and D : 


(iii) For ultimate stress in links BD : 


= 0: P = —F bd 
380 

= 0 : P=™F A 
180 

F a = 2(r u /FS)(ird x /4), 
F bd =2(T u /FS){xd 2 /4), 



p x A a 

180 


p 2 = ™f bd 

380 


F bd =2(0^5X0.02X0.008), P 3 = ^ F BD 

3oU 


(iv) For ultimate shearing stress in pins : P 4 is the smaller of P x and/V 

(v) For desired overall F.S. : P 5 is the smaller of P 3 and P 4 . 


If P 3 < P 4 , stress is critical in links. 

If P 4 < P 3 and P x < P,, stress is critical in Pin A. 

If P A < P 3 and P 2 < P x , stress is critical in Pins B and D. 
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PROBLEM 1.C6 (Continued) 



Program Outputs 





(b) 

Problem 1.55. 

Data: 

d x = 8 mm, d 2 = 12 mm, cr ( . ,= 250 MPa, t v = 

100 MPa, F.S. = 3.0 





P M = 3.72 kN. Stress in Pin A is critical. 


◄ 

(c) 

Problem 1.56. 

Data: 

d l =10 mm, d 2 = 12 mm, a v = 250 MPa, t v = 

100 MPa, F.S. = 3.0 





P M = 3.97 kN. Stress in Pins B and D is critical. 


◄ 

(d) 

Data: 


d\ =d 2 =15 mm, a v =110 MPa, t v =100 MPa, 

F.S. = 3.2 





P a u = 5.79 kN. Stress in links is critical. 


◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


90 







Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


CHAPTER 2 
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PROBLEM 2.1 

A nylon thread is subjected to a 8.5-N tension force. Knowing that E = 3.3 GPa and that the length of the 
thread increases by 1.1%, determine (a) the diameter of the thread, (b ) the stress in the thread. 


SOLUTION 

(a) Strain: 
Stress: 


Area: 


£=- = — = 0.011 
L 100 

o- = Ee = (3.3 x 10 9 )(0.011) = 36.3 x 10 6 Pa 
P 

a = — 

A 


A=? = 


^' 5 = 234.16 xl0“ 9 m 2 


36.3 x 10 6 


4 A 

Diameter: d = — = 

V K 


(4X234.16 xlQ- 9 ) = 546 xlQ ^ m 


IT 


(b) Stress: 


d = 0.546 mm A 
a = 36.3 MPa ◄ 
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PROBLEM 2.2 

A 4.8-ft-long steel wire of j -in.-diameter is subjected to a 750-lb tensile load. Knowing that E = 29 x 10 (1 psi, 
determine (a) the elongation of the wire, (b) the corresponding normal stress. 


SOLUTION 




(a) Deformation: 

PL ltd 2 

5 = -; A = - 

AE 4 



Area: 

^=*0.25 ' n -> 2 _ 4 9 0 g 7 x ,o~ 2 i n 2 

4 




(750 lb)(4.8 ft x 12 in./ft) 

' ~ (4.9087 x 10^ 2 in 2 )(29xl0 6 psi) 




5= 3.0347 xlO^ 2 in. 

5 = 0.0303 in. 

◄ 

(. b ) Stress: 

P 

CT = — 

A 



Area: 

(7501b) 

CJ ~ (4.9087xlO^ 2 in 2 ) 




cr = 1.52790 x 10 4 psi 

cr= 15.28 ksi 

◄ 
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PROBLEM 2.3 

An 18-m-long steel wire of 5-mm diameter is to be used in the manufacture of a prestressed concrete beam. 
It is observed that the wire stretches 45 mm when a tensile force P is applied. Knowing that E = 200 GPa, 
determine (a) the magnitude of the force P, ( b ) the corresponding normal stress in the wire. 


SOLUTION 


(a) 



or 


P = 


5AE 

L 


with A = — nd 1 = -;r(0.005) 2 = 19.6350 x 10“ 6 m 2 
4 4 

p _ (0.045 m)(19.6350x 1Q~ 6 m 2 )(200x IQ 9 N/m 2 ) _ 
18 m 


(b) 



9817.5 N 
19.6350 x 10 6 m 2 


= 500 x 10 6 Pa 


P = 9.82 kN ◄ 
a = 500 MPa ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


95 







Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 2.4 

Two gage marks are placed exactly 250 mm apart on a 12-mm-diameter aluminum rod with E = 73 GPa and 
an ultimate strength of 140 MPa. Knowing that the distance between the gage marks is 250.28 mm after a load 
is applied, determine (a) the stress in the rod, (b) the factor of safety. 


SOLUTION 


(a) 5 — L — Lq 


(b) 


= 250.28 mm - 250 mm 
= 0.28 mm 
S 

6 =- 

4 

0.28 mm 
250 mm 

= 1.11643x10 
a = Ee 


-4 


= (73 x 10 9 Pa)(l.11643x10^) 


= 8.1760x10' Pa 


<j = 81.8 MPa ◄ 


F.S. = — 


140 MPa 
~ 81.760 MPa 

= 1.71233 


F.S. = 1.712 ◄ 
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PROBLEM 2.5 

An aluminum pipe must not stretch more than 0.05 in. when it is subjected to a tensile load. Knowing that 
E = 10.1 x 10 6 psi and that the maximum allowable normal stress is 14 ksi, determine (a) the maximum 
allowable length of the pipe, ( b ) the required area of the pipe if the tensile load is 127.5 kips. 


SOLUTION 


{a) 



Thus, 


EA5 _E5__ (10.1 x 10 6 ) (0.05) 
P ~ a 14 x 10 3 


(b) a = - 
A 

Thus, 


P _ 127.5 x 10 3 
cr “ 14 x 10 3 


1 = 36.1 in. ◄ 


,4 = 9.11 in 2 ◄ 
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PROBLEM 2.6 

A control rod made of yellow brass must not stretch more than 3 mm when the tension in the wire is 4 kN. 
Knowing that E = 105 GPa and that the maximum allowable normal stress is 180 MPa, determine (a) the 
smallest diameter rod that should be used, ( b ) the corresponding maximum length of the rod. 


SOLUTION 

P 


(a) 


o = - 


A = 


nd 


A 4 

Substituting, we have 
P 


o = 


( nd 


‘‘-J- 

V 071 


d = 


4(4 x 1Q J N) 
(180 x 10 6 Pa);r 


d = 5.3192 x 10 _3 m 


(b) o = Es ; 


£ = ■ 


L 


Substituting, we have 

r 8 T Ed 

o = E— => L = - 

L o 


L = 


(105 x 10 9 Pa)(3 x 10~ 3 m) 
(180 x 10 6 Pa) 


d = 5.32 mm -4 


L = 1.750m ◄ 
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PROBLEM 2.7 

A steel control rod is 5.5 ft long and must not stretch more than 0.04 in. when a 2-kip tensile load is applied to it. 
Knowing that E = 29 x 10 6 psi, determine (a) the smallest diameter rod that should be used, (b) the 
corresponding normal stress caused by the load. 


SOLUTION 



PL 

(a) 5 = - 

nnA . (2000 lb)(5.5x12 in.) 

0.04 in. =--- 


AE 

yf(29xl0psi) 



A = —nd 1 = 0.113793 in 2 



4 



d = 0.38063 in. 

d = 0.381 in. ◄ 

P 

2000 lb 


(b) a= — = 

, - 17575.8 psi 

a = 17.58 ksi 4 

A 

0.113793 in- 
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PROBLEM 2.8 

A cast-iron tube is used to support a compressive load. Knowing that E = 10 x 10 6 psi and that the maximum 
allowable change in length is 0.025%, determine (a) the maximum normal stress in the tube, ( b ) the minimum 
wall thickness for a load of 1600 lb if the outside diameter of the tube is 2.0 in. 


SOLUTION 

(a) - =-= 0.00025 

I 100 


a = Es ; £ = — 

L 


a = E- 


L 


cr= (10 x 10psi)(0.00025) 
cr = 2.50 x 10 3 psi 


(b) cr = —; 

A 


A = ^ = 


1600 1b A ,. . 2 
= 0.64 in 


a 2.50x10 psi 


df =d 2 0 ~ — 

K 

j 2 n ■ \ r> 4(0.64 in") , oc , . 2 

df = (2.0 in.)--- - = 3.1851 in 


TC 


d: =1.78469 in. 


t = ^(d 0 - d t ) = ^(2.0 in. - 1.78469 in.) 
t = 0.107655 in. 


a = 2.50 ksi A 


t = 0.1077 ◄ 
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PROBLEM 2.9 

A 4-m-long steel rod must not stretch more than 3 mm and the normal stress must not exceed 150 MPa when 
the rod is subjected to a 10-kN axial load. Knowing that E = 200 GPa, determine the required diameter of 
the rod. 


SOLUTION 

I=4m 

J = 3xl0 _J m, cr = 150xl0 6 Pa 
E = 200 x 10 9 Pa, P = 10 x10 3 N 


Stress: 


Deformation: 


P 

a = — 

A 

A = — = 10 X 10 , N = 66.667 x 10“ 6 m 2 = 66.667 mm 2 
cr 150 x 10 6 Pa 

PL 


8 = 

A = 


AE 

PL 


_ (10 x 10 3 )(4) 

E8 ~ (200 x 10 9 )(3 x 10 -3 ) 


= 66.667 x 10“ 6 m 2 = 66.667 mm 2 


The larger value of A governs: A = 66.667 mm' 


n 2 4A _ 1 4(66.667) 

A± — Cl Cl — . I — , 


n 


d = 9.21 mm -4 


n 
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PROBLEM 2.10 

A nylon thread is to be subjected to a 10-N tension. Knowing that E = 3.2 GPa, that the maximum allowable 
normal stress is 40 MPa, and that the length of the thread must not increase by more than 1 %, determine the 
required diameter of the thread. 


SOLUTION 

Stress criterion: 


Elongation criterion : 


cr = 40 MPa = 40 x 10 b Pa P = 10 N 


a = 


A=? = 


10 N 


40 x10 Pa 


= 250 x 10“V 2 


7T 


. n ,2 , „ M „ 1 250 x 10 9 , „_ 6 

A = — d": d = 2.1 — = 2.1 - = 564.19 x 10 6 m 


n 


d = 0.564 mm 


— = 1 % = 0.01 

L 


8 = 


A = 


PL 

AE' 

PIE 10 N/3.2 x 10 9 Pa 


8/L 


0.01 


= 312.5 xl0“ 9 m 2 


JA 312.5 x 10 -9 £onno in _ 6 2 

d = 2 — = 2. - = 630.78 x 10 m 

V k v k 


d = 0.631 mm 


The required diameter is the larger value: 


d = 0.631 mm -4 
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PROBLEM 2.11 

A block of 10-in. length and 1.8 x 1.6-in. cross section is to support a centric compressive load P. The 
material to be used is a bronze for which E = 14 x 10 6 psi. Determine the largest load that can be applied, 
knowing that the normal stress must not exceed 18 ksi and that the decrease in length of the block should be at 
most 0.12% of its original length. 


SOLUTION 


Considering allowable stress, a = 18 ksi or 18x10 psi 


Cross-sectional area: 


cr = - 


A = (1.8 in.)(1.6 in.) = 2.880 hr 


P = a A 


= (18x 10 3 psi)(2.880 in 2 ) 
= 5.1840x 10 4 lb 
or 51.840 kips 


Considering allowable deformation, — = 0.12% or 0.0012 in. 


5 = 


PL 

AE 


P = AE 


P= (2.880 in 2 )(14x 10 6 psi)(0.0012 in.) 
= 4.8384xlO 4 lb 
or 48.384 kips 

The smaller value for P resulting from the required defonnation criteria governs. 


48.4 kips ◄ 
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PROBLEM 2.12 

A square yellow-brass bar must not stretch more than 2.5 mm when it is subjected to a tensile load. Knowing 
that E = 105 GPa and that the allowable tensile strength is 180 MPa, determine (a) the maximum allowable 
length of the bar, ( b) the required dimensions of the cross section if the tensile load is 40 kN. 


SOLUTION 


cr = 180 x 10 6 Pa P = 40xl0 3 N 
is = 105 x 10 9 Pa £ = 2.5xl0“ 3 m 


O) 


5 

L 


PL 

AE 

E5_ 

a 


crL 


E 

(105xl0 9 )(2.5xlQ- 3 ) 

180xl0 6 


= 1.45833 m 


(b) a = - 
A 

A = — = 40xl °. = 222.22 x 10“ 6 m 2 = 222.22 mm 2 
<t 180 xlO 6 

A = a 2 a =yfA = V222.22 


1 = 1.458 m ◄ 


a = 14.91 mm A 
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r 

__ — 


P = 130 kips 


D 


= 5 = 


54 in. 


PROBLEM 2.13 

Rod BD is made of steel {E = 29xl0 6 psi) and is used to brace the axially 
compressed member ABC. The maximum force that can be developed in member 
BD is 0.02P. If the stress must not exceed 18 ksi and the maximum change in 
length of BD must not exceed 0.001 times the length of ABC, determine the 
smallest-diameter rod that can be used for member BD. 


SOLUTION 


F bd = 0.02 P = (0.02)(130) = 2.6 kips = 2.6 x 10 3 lb 


Considering stress, a = 18 ksi = 18 x 10 3 psi 


F, 


a = - 


BD 


A = ^- = — = 0.14444 in 2 
a 18 


Considering deformation, 5 = (0.001)(144) = 0.144 in. 

F BD L BD _ (2.6 x 10 3 )(54) 


F T 

g _ r BD^BD 

AE 


Larger area governs. A = 0.14444 in’ 


A = —d 2 


A = - 


E5 


(29xl0 b )(0.144) 


= 0.03362 in 2 


V n 


(4)(0.14444) 


n 


d = 0.429 in. ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


105 





















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 2.14 

The 4-mm-diameter cable BC is made of a steel with E = 200 GPa. Knowing 
that the maximum stress in the cable must not exceed 190 MPa and that the 
elongation of the cable must not exceed 6 mm, find the maximum load P that 
can be applied as shown. 


SOLUTION 


Use bar AB as a free body. 


I = V 6 2 + 4 2 =7.2111 


+)?.M a = 0: 3.5P-(6) 


m 


7.2111 


f bc l = o 


P = 0.9509 F, 


BC 


Considering allowable stress, a = 190 x 10 6 Pa 


\ 


Sc. 


P 5 — A* 

'A 


A = —d 2 = —(0.004) 2 = 12.566 x 10~ 6 m 2 
4 4 

a= ^jc_ . F =aA = (190 x10 6 )(12.566x 10 _6 ) = 2.388 xl0 3 N 
A 

-3 . 


Considering allowable elongation, S = 6 x 10 m 


s F bc L bc . . AES _ (12.566 x 1Q- O )(200 x 10*)(6 x 10") _ 2 Q91 x 1Q 3 N 


AE L b 

Smaller value governs. F BC = 2.091 x 10 j N 


-‘BC 


7.2111 


P = 0.9509 F bc = (0.9509)(2.09 lxl0 3 ) = 1.988xl0 3 N 


P = 1.988 kN ◄ 
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PROBLEM 2.15 

A single axial load of magnitude P = 15 kips is applied at end C of the steel 
rod ABC. Knowing that E = 30 x 10 6 psi, determine the diameter d of portion 
BC for which the deflection of point C will be 0.05 in. 


SOLUTION 


Substituting, we have 


-ab 


AB 



4 ft = 48 in.; L BC = 3 ft = 36 in. 


jzd 2 


;r(1.25 in.) 2 
4 


1.22718 in 2 


" 48 in. 36 in. ^ 

v 1.22718 in 2 A BC J 

A bc = 0.59127 in 2 



0.05 in. = 


15 x 10 lb 
30 x 10 6 nsi 


or 




d = 


4(0.59127 in 2 ) 


TC 


d = 0.86766 in. 


d = 0.868 in. A 
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PROBLEM 2.16 


36 mm 28 mm 


r= I 








1 i 1 

1 25 mm | 



250 mm 


lw\A 

^ A*/V 


A 250-mm-long aluminum tube (E = 70 GPa) of 36-mm outer 
diameter and 28-mm inner diameter can be closed at both ends by 
means of single-threaded screw-on covers of 1.5-mm pitch. With 
one cover screwed on tight, a solid brass rod (£’ = 105 GPa) of 
25-mm diameter is placed inside the tube and the second cover is 
screwed on. Since the rod is slightly longer than the tube, it is 
observed that the cover must be forced against the rod by rotating 
it one-quarter of a turn before it can be tightly closed. Determine 
(a) the average normal stress in the tube and in the rod, ( b ) the 
deformations of the tube and of the rod. 


SOLUTION 


(a) 


A lubc = j(d 2 -d 2 ) = ^(36 2 -28 2 ) = 402.12 mm 2 = 402.12x 10“ 6 m 2 
A md = ^d 2 = ^(25) 2 =490.87 mm 2 = 490.87 x 10“ 6 m 2 


^tube ~~ 


PL 


£(0.250) 


4,d = - 


^tubeAube (70 x 10 9 )(402.12 x 10 -6 ) 
PL £(0.250) 


sr = 


S tube=<5 +d md 


^rodAod (105xl0 b )(490.87xl0- 6 ) 

— turn I x 1.5 mm = 0.375 mm = 375 x 10° m 


= 8.8815 xl0“ 9 £ 


- =-4.8505 x10“ 9 £ 


or ^'tube - ^'rod = S 


1.8815 x 10“ 9 £ + 4.8505 x 10 9 £ = 375 x 10~ 6 


£ = - 


0.375 x 10“ 


^tube _ ' 


^rod ~~ " 


(8.8815 + 4.8505)(10 y ) 

27.308xlO 3 , n6n 

= 67.9x10 Pa 


■ = 27.308 xl0 3 N 


i tube 402.12x10“ 


27.308xl0 J ... , n6p 
= -55.6x10 Pa 


i md 490.87x10 


,-6 


(b) <7 tube =(8.8815 xl0“ 9 )(27.308x 10 J ) = 242.5 xl0“ b m 

S mA = -(4.85 05 x 10 9 )(27.308 x 10 3 ) = -132.5 x 10“ 6 m 


cx tube = 67.9 MPa ◄ 


cr rod = -55.6 MPa ◄ 


^tabe = °- 243 mm ^ 

J rod =-0.1325 mm A 
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B 0.4 in. C 


D 


P = 350 lb 


♦ 

1 in. 

_J _17“ 


* A 
lin. 

JL 


P = 350 lb 


►1.6 in.^^—2 in. 


►1.6 in.i 


PROBLEM 2.17 

The specimen shown has been cut from a j -in.-thick sheet 
of vinyl (E = 0.45 x 10 6 psi) and is subjected to a 350-lb 
tensile load. Determine (a) the total deformation of the 
specimen, (b) the deformation of its central portion BC. 


SOLUTION 


(a) 


s . PLab .. (350 lb)(l.6 in.) 

AB EA ab (0.45 x 10 6 psi)(l in.)(0.25 in.) 
g __ PL bc _ (350 lb)(2 in.) 

BC EA bc (0.45 x 10 6 psi)(0.4 in.)(0.25 in.) 

5 cd =S ab =4.9778 xl0~ 3 in. 

Total deformation: 


4.9778 x 10~ 3 in. 

= 15.5556 xl0~ 3 in. 


& ~ &AB + &BC + &CD 

5 = 25.51 lxl0~ 3 in. 


(b) Deformation of portion BC : 


S = 25.5 x 10~ 3 in. ◄ 
S BC =15.56 xlO^ 3 in. ◄ 
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PROBLEM 2.18 

The brass tube AB (E = 105 GPa) has a cross-sectional area of 
140 mm 2 and is fitted with a plug at A. The tube is attached at B to a 
rigid plate that is itself attached at C to the bottom of an aluminum 
cylinder (E = 72 GPa) with a cross-sectional area of 250 mm 2 . The 
cylinder is then hung from a support at D. In order to close the 
cylinder, the plug must move down through 1 mm. Determine the 
force P that must be applied to the cylinder. 


SOLUTION 


Shortening of brass tube AB: 


L ab = 375 + 1 = 376 mm = 0.376 m A ab = 140 mm 2 = 140 x 10“ 6 m 2 


E ab = 105 x 10 Pa 


8AB ~ 


PL 


'AB 


/’(0.376) 


E AB A AB (105 x 10 9 )(140 x 10 -6 ) 

Lengthening of aluminum cylinder CD: 


= 25.578 x 10 _9 P 


L cd = 0.375 m A cd =250 mm 2 =250x10~ 6 m 2 E CD = 72 x 10 9 Pa 


/’(0.375) 


Total deflection: 


§ = PL cd = 

C ° E cd A cd (72xlO y )(250xlO- b ) 

5 A = 8ah + 8 cd where S A = 0.001 in 
0.001 = (25.578 x 10“ 9 + 20.833 x 10“ 9 )P 
P = 21.547 x 10 3 N 


= 20.833x10 P 


P = 21.5 kN ◄ 
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0.4 m 


0.5 m 


20-mm diameter 


PROBLEM 2.19 

Both portions of the rod ABC are made of an aluminum for which E = 70 GPa. 
Knowing that the magnitude of P is 4 kN, determine ( a ) the value of Q so that 
the deflection at A is zero, (b) the corresponding deflection of B. 


60-mm diameter 


SOLUTION 

(a) A ab = 7 ^d\ B =^(0.020) 2 =314.16xl(T 6 m 2 
A rc = =^(0.060) 2 =2.8274 xl0~ 3 m 2 


Force in member AB is P tension. 
Elongation : 

PL 4 


&AB ~ ' 


-‘AB 


(4x 10 3 )(0.4) 


EA ab (70 x 10 9 )(314.16 x 10~ 6 ) 

Force in member BC is Q — P compression. 

Shortening : 

(Q-P)Lbc _ {Q~P){ 0-5) 


= 72.756 xl0~°m 


&BC ~ ' 


= 2.5263x10 \Q-P) 


EA bc (70x10 9 )(2.8274x10^ 3 ) 

For zero deflection at A, 5 BC = 5 AB 

2.5263 xIQ\Q-P) = 72.756 xlO^ 6 Q -P = 28.8 x 10 3 N 
Q = 28.3 x 10 3 + 4 x 10 3 =32.8xl0 3 N 
(b) 8 ab = S BC =S B = 72.756 x 10 _6 m 


Q = 32.8 kN ◄ 
S AB = 0.0728 mm i -4 
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p PROBLEM 2.20 

The rod ABC is made of an aluminum for which E = 70 GPa. Knowing that 
P = 6 kN and Q = 42 kN, determine the deflection of (a) point A, ( b ) point B. 


0.4 in 


0.5 in 


20-mm diameter 


60-mm diameter 



SOLUTION 



A ab =^ d lB =^(0.020) 2 =314.16xl0' 6 m 2 
A BC =^d 2 BC =^(0.060) 2 =2.8274 xl(T 3 m 2 


P AB = P = 6 x 10 3 N 

P BC = P-Q = 6xl0 3 -42xl0 3 =-36xl0 3 N 
L ab = 0.4 m L bc = 0.5 m 


P T 

X _ r AB^AB 
°AB ~ ' 


(6 x 10 3 )(0.4) 


A AB E a 


x _ Ebc^BC 

°BC ~ ' 


A B cE 


(314.16x 10“ 6 )(70x10 9 ) 
(-36x 10 3 )(0.5) 
(2.8274 x 1(T 3 )(70 x 10 9 ) 


= 109.135 x l(T 6 m 


= -90.947 xl(T 6 m 


(a) S A =S AB + S BC = 109.135xl(T 6 -90.947xl(r 6 m = 18.19xl(r 6 m 
(. b) S B = S BC = -90.9 x 1 (T 6 m = -0.0909 mm or 


S A =0.01819 mm T ◄ 
S B = 0.0909 mm l 4 
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228 kN 

PROBLEM 2.21 


b' 

< 

For the steel truss (F = 200 GPa) and loading shown, determine 

25 m the deformations of the members AB and AD, knowing that their 

A 


D 

C i cross-sectional areas are 2400 mm 2 and 1800 mm 2 , respectively. 


- -4.0 m-- 

--4.0 m-- 



SOLUTION 


Statics: Reactions are 114 kN upward at /! and C. 
Member BD is a zero force member. 


L ab = V4.0 2 +2.5 2 =4.717 m 


Use joints as a free body. 

+t ZF, =0:114 + F ar = 0 
4.717 AB 

F ab =-215.10 kN 


Member AB: 


Member AD: 


=0: F, n +- 


4.717 


-F ab = 0 


F ad = - (4)( ~ 215 - 10) = i 8 2. 4 kN 

AD Anll 


_ F ab L ab _ (-215.10xlQ 3 )(4.717) 
EA ab (200 x 10 9 )(2400 x 10 -6 ) 

= -2.11 x 10 _3 m 

_ F ad L ad _ (182.4x 10 3 )(4.0) 

EA ad (200 x 10 9 )(1800 x 10 -6 ) 


= 2.03 x 10 _3 m 



H4 


S AB = -2.11 mm 


S AD = 2.03 mm A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


113 



























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 




PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


114 




































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 2.23 

Members AB and BC are made of steel (E = 29 x 10 6 psi) with cross- 
sectional areas of 0.80 in 2 and 0.64 in’, respectively. For the loading 
shown, detennine the elongation of (a) member AB, (b) member BC. 
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p 



PROBLEM 2.24 

The steel frame (E = 200 GPa) shown has a diagonal brace BD with 
an area of 1920 mm 2 . Determine the largest allowable load P if the 
change in length of member BD is not to exceed 1.6 mm. 
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PROBLEM 2.25 

Link BD is made of brass (E = 105 GPa) and has a cross-sectional area of 
240 mm 2 . Link CE is made of aluminum (E = 72 GPa) and has a cross- 
sectional area of 300 mm 2 . Knowing that they support rigid member ABC, 
determine the maximum force P that can be applied vertically at point A if 
the deflection of A is not to exceed 0.35 mm. 


SOLUTION 

Free body member AC: 



F bd L bd _ (1.55556P)(0.225) 

E BD A BD (105 x 10 9 )(240 x 10~ 6 ) 
f ce l ce (0.55556P)(0.150) 
E ce A ce ~~ (72 x 10 9 )(300 x 10~ 6 ) " 


+)IM C =0: 0.350P-0.225F bd =0 

F bd = 1.55556/* 

+)ZM b = 0: 0.125P - 0.225F C£ = 0 

F ce = 0.55556 P 

13.8889 x 10 V 
.8581 xlO _ V 


Deformation Diagram : 

From the deformation diagram, 



Slope: 0 = 


S B +S C 17.7470x10 9 P noon ^., n - 9l 


L 


BC 


0.225 


■ = 78.876 xl0~LP 


& a ~ F b + Lab® 


= 13.8889 x 10~ 9 P + (0.125)(78.876 x 10 _9 P) 


= 23.748x10 T 


Apply displacement limit. S A = 0.35 x 10 3 m = 23.748 x 10 v P 


P = 14.7381 x 10 3 N 


= 14.74 kN ◄ 
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SOLUTION 

Free body diagram of Member ABC: 


t y 



r ^ 

r ^ 






7 

l © 

• 







! - ►» 


A 


- L —►-!— A 

\6> VH 






+ XM B =0: 

(0.26 m)(l 8 kN) - (0.18 m) F cf = 0 
F cf = 26.0 kN 

+—ZF V = 0: 

18 kN + F be + 26.0 kN = 0 
F be = -44.0 kN 


Area for link made of two plates: 

A = 2(0.025 m)(0.035 m) = 1.750 x 10~ 3 m 2 

_ F be L _ (-44.0 x 1Q 3 N)(0.240 m) 

BE ~ EA ~ (200xl0 9 Pa)(1.75xl0~ 3 m 2 ) 
= -30.171xl0' 6 m 


5be = -0.0302 mm A 

F bf L _ (26.0 x 10 3 N)(0.240 m) 

EA ~ (200 xlO 9 Pa)(l.75x10~ 3 m 2 ) 

= 17.8286 xl0~ 6 m 


S CF = 0.01783 mm A 
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PROBLEM 2.27 

Each of the links AB and CD is made of aluminum (E = 10.9 x 10 6 psi) 
and has a cross-sectional area of 0.2 in 2 . Knowing that they support the 
rigid member BC, determine the deflection of point E. 
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PROBLEM 2.28 

The length of the -7- -in.-diameter steel wire CD has been adjusted so that 
with no load applied, a gap of -L in. exists between the end B of the rigid 

lo _ f, ’ 

beam ACB and a contact point E. Knowing that £’ = 29x10 psi, 
determine where a 50-lb block should be placed on the beam in order to 
cause contact between B and E. 


SOLUTION 

Rigid beam ACB rotates through angle 9 to close gap. 

6> = — = 3.125 xl0~ 3 rad 
20 


Point C moves downward. 


S c = 40 = 4(3.125xlO ) = 12.5xlO -3 in. 
S CD =5 C = 12.5 xlO- 3 in. 


A cd =-d 2 =- 
CD d 4 

e _ FcD^CD 
°CD 


( 1 \ 


v32 j 


= 6.9029x10 J in 


3 -2 


Fcd ~ 


EA, 


CD 

EA cd S cd _ (29 x 10 6 )(6.9029 x 10 3 )(12.5 x 10 -3 ) 


L, 


CD 


12.5 


= 200.18 lb 


Free body ACB: 


7 



50 

1 _ 5 

' 


2.0 - % 

For contact. 


+ %M a = 0: 4 F cd - (50)(20 - jc) = 0 

20^= (4X20018) =i6 0144 

50 

x = 3.9856 in. 


v < 3.99 in. A 
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PROBLEM 2.29 

A homogeneous cable of length L and uniform cross section is suspended from one end. (a) Denoting by p the 
density (mass per unit volume) of the cable and by E its modulus of elasticity, determine the elongation of the 
cable due to its own weight. ( b ) Show that the same elongation would be obtained if the cable were horizontal 
and if a force equal to half of its weight were applied at each end. 


SOLUTION 

(a) For element at point identified by coordinate y. 


/////// 



P = weight of portion below the point 
=PgA(L-y) 

dS = ^dy_ = pgA(L - y)dy = pg(L-y) 


EA 


EA 


s=[ L £MlLzll dv = £K 

Jo E E 


T ' 2 

Ly--y 
V z 


pg 

E 


i} - — 




W = pgAL 


F = 


EA5 EA 1 pgL 1 1 

-=-—— = —pgAL 

L LIE 2 


5 


1 PgL 2 ^ 

2 E 


F = — W ◄ 
2 
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PROBLEM 2.30 

A vertical load P is applied at the center A of the upper section of a homogeneous 
frustum of a circular cone of height h, minimum radius a, and maximum radius b. 
Denoting by E the modulus of elasticity of the material and neglecting the effect 
of its weight, determine the deflection of point A. 
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PROBLEM 2.31 

Denoting by e the “engineering strain” in a tensile specimen, show that the true strain is s t = ln(l + e). 


SOLUTION 


L L 0 + 5 
e, = In— = In —-= In 


1+ A 

L o J 


ln(l + <?) 


Thus, 


s t =ln(l + f) 4 
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SOLUTION 


Therefore, 


Substituting, 


Now, 

(a) Brass-core: 


(b) Aluminum: 


8 a =8 b =8-, P = P a + P b 


p 4 l p b l 

8 = —-— and 8 = 


Pa^a 


P B A b 


Pa=(E A A a )\- 


Pb=(P B A b )\ — 



_ S__ P 

P (pjAj + E b A b ) 

_ _ (450 xlO 3 N) _ 

G ~ (70 x 10 9 Pa)(2)(0.06 m)(0.01 m) + (105 x 10 9 Pa)(0.06 m)(0.04 m) 

e= 1.33929 xlO -3 
a = Ee 

(T b = (105 x 10 9 Pa)(l.33929x 10 3 ) 

= 1.40625xlO 8 Pa 


<j A =(70xl0 9 Pa)( 1.33929 x 10~ 3 ) 
= 9.3750 xlO 7 Pa 


a B = 140.6 MPa ◄ 


a A = 93.8 MPa ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


125 

















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



300 mm 


h 

40 mm 

h 


Brass core 
(E = 105 GPa) 

Aluminum plates 
(E = 70 GPa) 


PROBLEM 2.34 

For the composite block shown in Prob. 2.33, determine 
(a) the value of h if the portion of the load carried by the 
aluminum plates is half the portion of the load carried by 
the brass core, ( b ) the total load if the stress in the brass is 
80 MPa. 

PROBLEM 2.33. An axial centric force of magnitude 
P = 450 kN is applied to the composite block shown by 
means of a rigid end plate. Knowing that h = 10 mm, 
determine the normal stress in (a) the brass core, (b) the 
aluminum plates. 


SOLUTION 


S=S a= S b’ P = P a +P h 

S = ^~ and S = -^~ 

EA E h A h 

a a b b 

Therefore, 

Pa = (E a A a ) f ; P b = f) 

(a) p a=\p h 



. 1 f 105 GPaV 

A - "2 [5ogp7 J 40ml ' l)(601 '“ n) 

A a =1800 mm 2 
1800 mm 2 = 2(60 mm)(/i) 


(b) 


cr b= 1 ~r^> p b = cr b A b an d P a = ].Pb 
A b 2 

P = Pa + P h 


h = 15.00 mm A 
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PROBLEM 2.34 (Continued) 


P = \(°b A b) + a b A b 

P = (o*4)l .5 

P = (80 x 10 6 Pa)(0.04 m)(0.06 m)( 1.5) 

P = 2.880 x 10 5 N 

P = 288 kN ◄ 
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SOLUTION 


Let P c = portion of axial force carried by concrete. 


portion carried by the six steel rods. 

S - P c L 

P w 

E C A C 

L 

5- P ° L 

n E s A s 5 

E.A 

s L 

P = P C +P S 

= (E C A C + EA) 

5 

£ = — = - 

-P 


L E C A C +E S A S 


A s =6-d* =—(1.125 in.) 2 =5.9641 in 2 
s 4 4 


A r = -dl - A = —(18 in.) 2 - 5.9641 in 2 

c 4 c 5 4 

= 248.51 in 2 


L = 4.5 ft = 54 in. 


_-35Qx 10 3 lb_ 

(4.2xlO 6 psi)(248.51 in 2 ) + (29xl0 6 psi)(5.9641 in 2 ) 


= -2.8767x10^ 


a s = £>' = (29 x 10 6 psi)(-2.8767 x 1(T 4 ) = -8.3424 x 10 3 psi a s = -8.34 ksi ◄ 

<j c = E c s = (4.2 x 10 6 psi)(-2.8767 x 10 -4 ) = 1.20821 x 10 3 psi a c = -1.208 ksi A 
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PROBLEM 2.36 



For the post of Prob. 2.35, determine the maximum centric force that can be applied if the 
allowable normal stress is 20 ksi in the steel and 2.4 ksi in the concrete. 

PROBLEM 2.35 The 4.5-ft concrete post is reinforced with six steel bars, each with 
a 1-f -in. diameter. Knowing that E s = 29 x 10 6 psi and E c = 4.2 x 10 6 psi, determine 
the normal stresses in the steel and in the concrete when a 350-kip axial centric force P 
is applied to the post. 


SOLUTION 


Allowable strain in each material: 
Steel: 

Concrete: 

Smaller value governs. 


8 


a s _ 20 x 10 3 psi 
E s 29xl0 6 psi 
a c _ 2.4 x 10 3 psi 
E c 4.2xl0 6 psi 

c 

- = 5.7143 xKT 4 
L 


= 6.8966x10^ 
= 5.7143x10^ 


Let P c 

P s 


= Portion of load carried by concrete. 

= Portion of load carried by 6 steel rods. 


8 = 


8 = 


P C L 

EA 

PL 


p c = ea\- 


8' 
~Lj 


= E A e 


EA 


7t 


s s s 


P. = EA. - = EA. e 


L 


6 K 


4=6 — \d; = —(1.125 in.)" =5.9641 in“ 


A. = 


'A 


v * J 


d]- A s =-(18 in.) 2 -5.9641 in 2 = 2.4851 x 10 2 in 2 


P = P C +P S = E c A c e + E s A s e 

P = [(4.2 x 10 6 psi)(2.4851 x 10 2 in 2 ) + (29 x 10 6 psi)(5.9641 in 2 )](5.7143 x 10^) 
P = 6.9526 xlO 5 lb 


P = 695 kips -4 
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25 mm 



60 mm 


PROBLEM 2.37 

An axial force of 200 kN is applied to the assembly shown by means of 
rigid end plates. Determine (a) the normal stress in the aluminum shell, 
( b ) the corresponding deformation of the assembly. 


SOLUTION 


Let P a = Portion of axial force carried by shell. 
Pi, = Portion of axial force carried by core. 

P,L 


8 = 


8 = 


E a A a 

P b L 

E b A b 


F A 

Or P n — — C 1 — 


or P,=^Als 


L 


Thus, 


P = P a+ P h =(E a A i 


+ E bA) 


5 _ 

L 


with A a = ^[(0.060) 2 - (0.025) 2 ] = 2.3366 x 10“ 3 m 2 

A b =^(0.025) 2 = 0.49087 x 10“ 3 m 2 

P = [(70 x 10 9 )(2.3366 x 10“ 3 ) + (105 x 10 9 )(0.49087 x 10 -3 )]^ 

c 

P = 215.10 x 10 6 — 

L 


„ . 8 P 200 xlO 3 

Strain: e = — =- T = - r 

L 215.10 xlO 6 215.10 x 10 6 

(a) <J a = E a s = (70x 10 9 ) (0.92980 x 10~ 3 ) = 65.1x 10 6 Pa 
C b ) 8 = eL = (0.92980 xl0~ 3 )(300 mm) 


0.92980 xl0“ 3 


cr a =65.1 MPa ◄ 
5 = 0.279 mm A 
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25 mm 



60 mm 


PROBLEM 2.38 

The length of the assembly shown decreases by 0.40 mm when an axial 
force is applied by means of rigid end plates. Determine (a) the magnitude 
of the applied force, ( b ) the corresponding stress in the brass core. 


SOLUTION 


Let P a = Portion of axial force carried by shell and Pb = Portion of axial force carried by core. 


S = 


PL 


E a A a 


F A 

or p=ss.S 
L 


s=- PhL 


E b A b 


or p=^Lg 
L 


Thus, 


P = 


E a + E b - ( E a A a + E b A b) 


5 _ 

L 


with 


with 

(a) 

(b) 


A a = ^[(0.060) 2 - (0.025) 2 ] = 2.3366 x 10“ 3 m 2 
A b = ^(0.025) 2 = 0.49087 x 10“ 3 m 2 

c 

P = [(70 x 10 9 )(2.3366 x 10“ 3 ) + (105 x 10 9 )(0.49087 x 10“ 3 )]y = 215.10 x 10 6 
5 = 0.40 mm, L = 300 mm 

P = (215.10 xl0 6 )^^ = 286.8 xl0 3 N 
300 

^=A = M = (^xi0 9 X0.40 x 10 - 3 )=i40xi06pa 
A b L 300 x 10 -3 


5 _ 

L 


P = 287 kN 
a b = 140.0 MPa 


◄ 

◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


131 






















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


25 in. 


15 in. 



PROBLEM 2.39 

A polystyrene rod consisting of two cylindrical portions AB and BC is restrained at 
both ends and supports two 6-kip loads as shown. Knowing that E = 0.45 x 10 6 psi, 
determine ( a ) the reactions at A and C, (b) the normal stress in each portion of 
the rod. 


SOLUTION 


(a) We express that the elongation of the rod is zero. 


1 


g _ ^AB^AB 


Pbc^bc _ 0 


6 

\ 

B 


ALA 2 F ALA 2 F 
4 U AB^ 4 U BC^ 


But 


Pab ~ +r a 


Pbc ~ R c 




Substituting and simplifying, 


r a r ab 

d 2 

U AB 


Pq^bc _ q 


d 


K 


From the free body diagram. 
Substituting (1) into (2), 

From (1), 


BC 


R r — —ABL 


f dBC 
\ d AB J 


Rr 


^BC 

: A2661R 


r a = 


25 

15 


f 2 

,F25 


R, 


R A +R C = 12 kips 


5.2661R A = 12 


R a = 2.2785 kips 

R c = 4.2661 (2.2785) = 9.7217 kips 


(b) 


a AB 


1 AB 


7 AB 


+R a _ 2.2785 


a BC ~ 


Pbc 


^BC 


.4B 


~Rr 


f(l-25)- 

-9.7217 


*BC 


:( 2) 2 


( 1 ) 

( 2 ) 

R a =2.28 kips t ◄ 

R c = 9.72 kips T ◄ 
ct AB =+1.857 ksi 4 

a BC = -3.09 ksi 4 
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PROBLEM 2.40 

Three steel rods (E = 29 x 10 6 psi) support an 8.5-kip load P. Each of the 
rods AB and CD has a 0.32-in 2 cross-sectional area and rod EF has a 1-in 2 
cross-sectional area. Neglecting the deformation of bar BED , determine 
(a) the change in length of rod EF, (b) the stress in each rod. 


SOLUTION 


Use member BED as a free body. 


Fas 


i 


Ur 




By symmetry, or by X M E = 0 : 


^CD ~ ^AB 


+ 


|XF v =0: P AB + P CD + P EF -P = 0 


P ~ ^Pab + ^ef 

X _ ^AB^AB 
°AB ~ ' 


EA 


x _ Fcd^cd 
°CD ~ ' 


AB 


EA, 


P T 

X _ r EF^EF 


CD 


EA 


EF 


Since 


L ab — L cd and A ab — A CD , S AB - 5, 


CD 


Since points A, C, and F are fixed, 5 B = S AB , 8 D = S CD , S E = S EF 


Since member BED is rigid, S E = S B = S c 


Pab^ab 

EA. 


^EF^EF 

EA C 


Pab ~ 


AB EF 

P = 2 P AB + P EF = 2(0.256 P EF ) + P FF =\.5\2P l 
P 8.5 


*AB 


Aef ^AB 


Prf ~ 


0.32 16 


1 


2Q Pef -0.256 P EF 


Pef - 


- = 5.6217 kips 


(a) 
0 b ) 


1.512 1.512 

p ab = p cd= 0-256(5.6217) = 1.43916 kips 
(5.6217)06) 


x _ Pef^ef 

°EF - 


EA 


■ef 


<J AB ~ ~ 


CD 


1 AB 


^AB 


(29 x 10 3 )(1) 
1.43916 


= 0.0031016 in. 


S EF =0.00310 in. ◄ 


0.32 


= 4.4974 ksi 


a AB ~ a ‘ 


CD 


= 4.50 ksi ◄ 


EF 


5.6217 

1 


= 5.6217 ksi 


a EF = 5.62 ksi A 
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Dimensions in mm 



PROBLEM 2.41 

Two cylindrical rods, one of steel and the other of brass, are joined at 
C and restrained by rigid supports at A and E. For the loading shown 
and knowing that E s =200 GPa and E h =105 GPa, determine 
(a) the reactions at A and E, (b) the deflection of point C. 


SOLUTION 

A to C : E = 200 x 10 9 Pa 

A = —( 40) 2 =1.25664 xlO 3 nun 2 =1.25664 xl0~ 3 m 2 
4 

EA = 251.327 x 10 6 N 

C to E : E = 105 x 10 9 Pa 

A = —(30) 2 = 706.86 mm 2 = 706.86 x 10~ 6 m 2 
4 

EA = 74.220 x 10 6 N 


> 

\ 8 c 

- 0 E 







I 




'jo k M 


A to B : P = R 4 

L = 180 mm = 0.180 m 
g _PL _ R A (0.180) 

AB ~ EA ~ 251.327 x 10 6 
= 716.20 x10^ 12 7? 4 

B to C : P = R a - 60 x 10 3 

L = 120 mm = 0.120 m 
_ PL_ _ (R a -60x1 0 3 )(0.120) 
BC ~ EA~ 251.327 xlO 6 

= 447.47 x 10~ 12 7T, -26.848 xlO^ 6 
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PROBLEM 2.41 (Continued) 


C to D : P = R a - 60 x 10 3 

L =100 mm = 0.100 m 

PL _ (R a - 60 x 10 3 )(Q, 100) 
bc ~EA~ 74.220 xio 6 

= 1.34735x10^ -80.841 xl0~ 6 

D to E : P = R a -IOOxIO 3 

L = 100 mm = 0.100 m 

PL (R a -100x1Q 3 )(0.100) 
de ~EA~ 74.220 xio 6 

= 1.34735 xlO -9 ^ -134.735 xlO -6 

AAoJL- §AE = 3AB + &BC + &CD + &DE 

= 3.85837x10^ -242.424xl0~ 6 
Since point E cannot move relative to &AE ~ 0 

(a) 3.85837x10^-242.424xl0~ 6 =0 R A = 62.831 x 10 3 N 
R e =R a - IOOxIO 3 =62.8xl0 3 - IOOxIO 3 =-37.2 x10 3 N 

(b) 5 C =8 ab = 1.16367x 10^ - 26.848 xlO -6 

= (1.163 69x 10 9 )(62.831 x 10 3 )-26.848x 10~ 6 
= 46.3x10 6 m 


R a = 62.8 kN <- ◄ 
R e = 37.2 kN <- ◄ 


S c = 46.3 //m —> -4 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


135 








Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


Dimensions in mm 



PROBLEM 2.42 

Solve Prob. 2.41, assuming that rod AC is made of brass and 
rod CE is made of steel. 

PROBLEM 2.41 Two cylindrical rods, one of steel and the 
other of brass, are joined at C and restrained by rigid supports at A 
and E. For the loading shown and knowing that E s = 200 GPa 
and E b =105 GPa, determine (a) the reactions at A and E, (b) the 
deflection of point C. 


SOLUTION 

A to C : E = 105 x 10 9 Pa 

A = —( 40) 2 =1.25664 xlO 3 mm 2 =1.25664 xl0~ 3 m 2 
4 

EA = 131.947 x 10 6 N 

C to E : E = 200 x 10 9 Pa 

A = —(30) 2 = 706.86 mm 2 = 706.86 x 10~ 6 m 2 
4 

EA = 141.372x 10 6 N 

A to B : P = R a A & C D g 


L = 180 mm = 0.180 m 




.,.>>■ 

5 PL 7?^ (0.180) 

AB EA 131 .947 x 10 6 

Ra 

-Inn , -uigs 



Gol^v 

‘jo kkJ 


= 1.36418 x 10 4 


B to C : P = R a -60x10 3 

L = 120 mm = 0.120 m 
_ PL_ _ (R a -60x1 0 3 )(0.120) 

BC ~ EA~ 131.947 xlO 6 

= 909.456 x 10 12 i? 4 - 54.567 x 10' 6 

C to D \ P = R a ~ 60x10 3 

L = 100 mm = 0.100 m 
_ PL_ _ (R a -60x10 3 )(0.10Q) 
CD ~~EA~ 141.372x10 6 

= 707.354 x 10 I2 i? 4 - 42.441 x 10^ 6 
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PROBLEM 2.42 (Continued) 

D to E : P = R a -IOOxIO 3 

L = 100 mm = 0.100 m 
_ PL _ (R a -100x10 3 )(0.100) 

DE ~ EA~ 141.372 xlO 6 

= 707.354 x KT 12 ^ - 70.735 x 1(T 6 

AtO_El §AE = &AB + &BC + 8CD + &DE 

= 3.68834x10^ -167.743xlO -6 

Since point E cannot move relative to A, S AE = 0 

(а) 3.68834x 10~ 9 R A -167.743 x 1(T 6 =0 R A = 45.479x 10 3 N I?,, =45.5 kN <- ◄ 

r e =r a -IOOxIO 3 = 45.479xlO 3 -IOOxIO 3 =-54.521 xlO 3 7? £ =54.5kN<- ◄ 

(б) 5 C = 8 ab + S BC = 2.27364 x KT 9 i^ - 54.567 x KT 6 

= (2.27364 x 10~ 9 )(45.479 x 10 3 ) - 54.567 x KT 6 

= 48.8xl(T 6 m <7 C = 48.8/mi —> A 
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/ 



75 mm 100 mm 


PROBLEM 2.43 

Each of the rods BD and CE is made of brass (E = 105 GPa) 
and has a cross-sectional area of 200 mm 2 . Determine the 
deflection of end A of the rigid member ABC caused by the 
2-kN load. 
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PROBLEM 2.44 

1 

8 in. 

t Tr 

The rigid bar AD is supported by two steel wires of -L -in. diameter 
■ {E = 29 x 10 6 psi) and a pin and bracket at A. Knowing that the 

wires were initially taut, determine (a) the additional tension in each 
\ c ▼ wire when a 220-lb load P is applied at D , ( b) the corresponding 

t 

10 in. 

1 ^ i 

\ B / 

w - 


D deflection of point D. 

12 in. ^ 

12 in. 

12 in. 



SOLUTION 


Let 9 be the notation of bar ABCD. 



Then S B = 12 9 


S c = 24 9 


P T 

X r BE 1 -'BE 

On =' 


AE 


_ eas be 

r BE ~ 


(29xl0 6 )- 

4 


10 


= 106.765 xlO J 9 
P,. L, 


5 1 _cfAAAL 
EA 


_ EA8 ce 

r CF ~ 


(29xl0 6 ) 


n 


16 


-‘CF 


18 


= 118.628 xlO J 9 


(12 9) 


2 

I (24 9) 


Using free body ABCD, 

= 0: 12 P BE + 24 P CF - 36P = 0 

(12)(106.765 x 10 3 9) + (24)(118.628 x 10 6 9) - (36)(220) = 0 
4.1283xlO 6 9 = (36)(220) 

0 = 1.91847 x 10 -3 rad^ 

(a) P BE =(106.765 x 10 3 )(1.91847 x 10^ 3 ) = 204.83 lb 
P cp = (118.628 x 10 3 )(1.91847 x 10^ 3 ) = 227.58 lb 

(b ) 5 d = 36 9 = (36)(1.91847 x 10 -3 ) = 69.1 x 10 -3 in. 


P BE = 205 lb ◄ 
P CF = 228 lb ◄ 

0.0691 in. )◄ 
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PROBLEM 2.45 

The rigid bar ABC is suspended from three wires of the same material. The cross- 
sectional area of the wire at B is equal to half of the cross-sectional area of the 
wires at A and C. Determine the tension in each wire caused by the load P shown. 
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PROBLEM 2.45 (Continued) 


'■-I'-KtI 

-“p 

40 

P A = 0.525 P ◄ 


=—p 

40 

P c = 0.275/* ◄ 

Check: 



P A + P B + P c =l.000P Ok 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


141 



Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 2.46 

The rigid bar AD is supported by two steel wires of -yb--in. diameter 
(E = 29 x 10 6 psi) and a pin and bracket at D. Knowing that the wires 
were initially taut, detennine (a) the additional tension in each wire when 
a 120-lb load P is applied at B , ( b ) the corresponding deflection of point B. 


SOLUTION 

Let 6 be the rotation of bar ABCD. 


Then S A =240 8 C = W 


C 4 T> 



ScX 

6 

e 



j _ ^ae^ae 
A AE 


EA5 a (29xlO°)f( 1 L) 2 (240) 


A* 


^ae ~ 


L 






i 


AE 


15 

= 142.353 x10 3 <9 




s p cf l cf 


AE 


Pcf - 


EAS C (29xl0 6 )f( 1 L) 2 ( 8 ^) 


-CF 


= 88.971 xlO J 6» 


Using free body ABCD, 
+)1M d = 0 : 


-24 P AE + 16 P- 8 P CF = 0 



-24(142.353 x 10 3 <9) + 16(120) - 8(88.971 x 10 3 6») = 0 



0 = 0.46510 x 10“ 3 radU 


(a) 

P AE =(142.353xl0 3 )(0.46510xl0^ 3 ) 

P AE = 66.2 lb 


P CF =(88.971 xl0 3 )(0.465 1 0xl0~ 3 ) 

P CF =41.4 lb 

(b) 

=166> = 16(0.46510x10 3 ) 

§ B =7.44x10~ 3 in. f 
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25 mm 




- 60 mm - 


Brass core 

E = 105 GPa 
a = 20.9 X l(r®/°C 


Aluminum shell 
E = 70 GPa 
a = 23.6 X 10~®/°C 


PROBLEM 2.47 

The aluminum shell is fully bonded to the brass core and the 
assembly is unstressed at a temperature of 15°C. Considering only 
axial deformations, determine the stress in the aluminum when the 
temperature reaches 195°C. 


SOLUTION 


Brass core: 

£■ = 105 GPa 
a = 20.9 x lCr 6 /°C 

Aluminum shell: 

E = 70 GPa 
a = 23.6 x 1(T 6 / °C 

Let L be the length of the assembly. 

Free thermal expansion : 

AT = 195 -15 = 180 °C 


Brass core: (& T ) b = La b {AT) 

Aluminum shell: (S T ) a = La a (AT) 

Net expansion of shell with respect to the core : 5 = L(a a - a b )(AT ) 

Let P be the tensile force in the core and the compressive force in the shell. 


Brass core: 


E h =105x1 (r Pa 


JT 


A b = —(25) = 490.87 mm 2 


= 490.87 xl0~ 6 m 2 


V P ) b = 


PL 



P Y 


? 
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PROBLEM 2.47 (Continued) 

Aluminum shell: 

, _ PL 

P ^ a E A 


E a =70x10 9 Pa 


Aa=j( 60 2 -25 2 ) 


= 2.3366 xl0 3 mm 2 

= 2.3366 xl0~ 3 m 2 


8 = (8 P ) b +(8p) a 


PL PL 

L( a b ci a )(AT) = + =KPL 

E b A b E a A a 

where 

K= 1 + 1 

E b A b E a A a 


1 1 

~ (105 x 10 9 )(490.87 x 10~ 6 ) (70x 10 9 )(2.3366x 10~ 3 ) 


= 25.516 xlO^hT 1 

Then 

p ( a b - a a )(AT) 

K 


(23.6x10~ 6 -20.9x10~ 6 )(180) 

25.516 x 10 -9 


= 19.047 x 10 3 N 

Stress in aluminum: 

P = 19.047x10 8T5 x 10 6 Pa o a = 8.15 MPa ◄ 

A a 2.3366 x 10 -3 
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25 mm 


PROBLEM 2.48 




Brass core Solve Prob. 2.47, assuming that the core is made of steel (E s = 200 GPa, 

E = 105 GPa a = 11.7 x 10^ 6 /°C) instead of brass. 

a = 20.9 X 1(T 6 /°C 



Aluminum shell 
E = 70 GPa 
a = 23.6 X 10- 6 /°C 


—— 60 mm —»- 


PROBLEM 2.47 The aluminum shell is fully bonded to the brass core 
and the assembly is unstressed at a temperature of 15°C. Considering 
only axial deformations, determine the stress in the aluminum when the 
temperature reaches 195°C. 


SOLUTION 

Aluminum shell: E = 10 GPa a = 23.6x 10~ 6 /°C 

Let L be the length of the assembly. 

Free thermal expansion : AT = 195 -15 = 180 °C 

Steel core: (8 r ) s = La s {AT) 

Aluminum shell: (S T ) a = La a (AT) 

Net expansion of shell with respect to the core : 5 = L{a a - a s )(A T) 

Let P be the tensile force in the core and the compressive force in the shell. 


? 


X 



p 


I 


Steel core: 


E s =200x10 9 Pa, A s = ^(25) 2 = 490.87 mm 2 = 490.87 x 10~ 6 m 2 


iS P \ = 


PL 

EA 


Aluminum shell: 


E„ = 70 x 10 Pa 




PL 


E a A a 


where 


A a =^(60 2 -25) 2 = 2.3366xlO 3 mm 2 = 2.3366 x 10 _3 m 2 
8 = {8 P X+{Sp)a 
PL PL 

L(a a - a s )(A T) = —— + —— = KPL 

E s A s E a A a 


K = ^ + - 1 


E s A s E a A a 


(200x 10 9 )(490.87 x 10 6 ) (70x 10 9 )(2.3366x 10^ 3 ) 

= 16.2999 xlO^N^ 1 
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PROBLEM 2.48 (Continued) 


Then 


(a a -g s )(AT) 

K 


(23.6 x 10 6 -11.7 x 10 6 )(180) 
16.2999 x 1CT 9 


= 131.412 x 10 3 N 


Stress in aluminum : o a 



131.412xlQ 3 
2.3366 x 10 3 


=-56.241 xl0 6 Pa 


cr a = -56.2 MPa ◄ 
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PROBLEM 2.49 

The brass shell (a b = 11.6 x 10~ 6 /°F) is fully bonded to the steel core 
(a s = 6.5 x 10~ 6 /°F). Determine the largest allowable increase in 
temperature if the stress in the steel core is not to exceed 8 ksi. 



SOLUTION 

Let P s = axial force developed in the steel core. 

For equilibrium with zero total force, the compressive force in the brass shell is P s . 


Strains: 


Matching: 


=■ 


E.A 

P 


- + a s (AT) 


£ h = — 


E b A b 


+ a b (AT) 


£ c 


P " + « S (A T) = ~~t~ + a b (AT) 


EA 


1 1 

- + - 


EA 


\ 


\E S A S E b A h j 


P=(a h -a)(AT) 


A b =( 1 ,5)(1.5) - (1.0)(1.0) = 1.25 in 2 
A s =(1.0)(l-0) = 1.0 in 2 
a b -a s =5.1xlO“ 6 /°F 

P s =<jA =(8x10 3 )(1.0) = 8x 10 3 lb 


1 1 

- + - 


1 


1 


- = 87.816xl0 _9 lb _1 


EA E b A h (29 x 10 6 )(1.0) (15 x 10 6 )(1.25) 

From (1), (87.816 x 10“ 9 )(8 x 10 3 ) = (5.1 x 10“ 6 )(AD 


( 1 ) 


AT = 137.8°F ◄ 
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6ft 


PROBLEM 2.50 

The concrete post (E c = 3.6 x 10 6 psi and a = 5.5 x 1(T 6 / 0 F) is reinforced with six steel 
bars, each of y-in. diameter ( E s =29xl0 6 psi and a s = 6.5 x 1(T 6 / 0 F). Determine the 
normal stresses induced in the steel and in the concrete by a temperature rise of 65°F. 



SOLUTION 


. r It r 7t 

A, = 6 —d = 6 — 


-I =3.6079 in 2 


4 4 

A c = 10 2 - A s = 10 z - 3.6079 = 96.392 in z 
Let P c = tensile force developed in the concrete. 

For equilibrium with zero total force, the compressive force in the six steel rods equals P c . 
P P 

Strains: s =--— vaAAT) s= — - — \-aAAT) 

E A E A 


Matching: e c = s s 


Try- + a c (AT) = - + a s (AT) 

E,,A„ E,A, 


' 1 [ 1 A 
\ E c A c + E sA J 

1 


P c =(a s -a c )(AT) 

1 


(3.6 x 10 6 )(96.392) (29 x 10 6 )(3.6079) 


P c =(1.0x10 6 )(65) 


P =5.2254x10' lb 


P 5.2254 x 10 


cr. = ■ 


cr, =■ 


96.392 


= 54.210 psi 


P, 5.2254 x 10 J 


3.6079 


= -1448.32 psi 


a c =54.2 psi 


a, = -1.448 ksi 
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PROBLEM 2.51 


250 mm 


300 mm 


- 30-mm diameter 


- 50-mm diameter 


A rod consisting of two cylindrical portions AB and BC is restrained at both 
ends. Portion AB is made of steel (E s = 200 GPa, a,. = 11.7 x 10 ' 6 / °C) and 
portion BC is made of brass (E h =105 GPa, a h = 20.9x 10 ’ 6 /°C). Knowing 
that the rod is initially unstressed, determine the compressive force induced in 
ABC when there is a temperature rise of 50 °C. 



SOLUTION 


A ab ~ ~^ab =^(30) 2 =706.86 mm 2 = 706.86 x 10~ 6 m 2 
A BC =^d 2 BC =^(50) 2 =1.9635xl0 3 mm 2 = 1.9635 x 10~ 3 m 2 
Free thermal expansion : 

= LAB a s (AT) + L BC a b ( AT) 

= (0.250)(11.7 x 10 6 )(50) + (0.300)(20.9 x 10~ 6 )(50) 

= 459.75 xl0~ 6 m 

Shortening due to induced compressive force P : 

s PL PL 
Bp —- 1 - 

P s^AB P b^BC 

0.250/* 0.300/* 

~ (200 x 10 9 )(706.86 x 10~ 6 ) (105x10 9 )(1.9635x10~ 3 ) 

= 3.2235 xl0~V 
For zero net deflection, 8 P = S T 

3.2235 xl0~V = 459.75 xl0~ 6 
P = 142.624 x10 3 N 




P = 142.6 kN ◄ 
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PROBLEM 2.52 

A rod consisting of two cylindrical portions AB and BC is restrained at both 
ends. Portion AB is made of steel (E s = 29 x 10 6 psi, a s = 6.5 x 1(T 6 / 0 F) and 
portion BC is made of aluminum (E a =10.4 x 10 6 psi, a a =13.3 x 10“ 6 /°F). 
2 , d | iameter i| -in. diameter Knowing that the rod is initially unstressed, determine (a) the normal stresses 

~ 4 induced in portions AB and BC by a temperature rise of 70°F, ( b ) the 

corresponding deflection of point B. 



SOLUTION 


A ab = ^(2.25) 2 =3.9761 in 2 A BC = ^(1.5) 2 =1.76715 in 2 


Free thermal expansion. 


Total: 


AT = 70°F 


(S T ) AB = L AB a s (AT) = (24)(6.5 xl0 _e )(70) = 10.92 x 10“ 3 in. 
(S T ) BC = L BC a a (AT) = (32)(13.3x 10 6 )(70) = 29.792x 10“ 3 in. 
S T = {S T ) AB + (S T ) BC = 40.712 x 10“ 3 in. 


Shortening due to induced compressive force P . 

/c \ _ PLab 

(^p)ab - 


24 P 


(^p)bc — 


E s A ab (29x10 6 )(3.9761) 
PL bc 32 P 


Total: 


For zero net deflection, S P = S T 


E a A BC (10.4xl0 6 )(l.76715) 

S P = (S p )ab + {d P ) BC =1949.32 x W 9 P 
1949.32 x 10“ 9 P = 40.712 x 10“ 3 


= 208.14x10 

= 1741.18 x 10“ 9 P 


(a) 


a AB ~ 


a BC ~ ' 


*AB 

P 

dBC 


20.885xlO 3 ,, . 

-= -5.25xl0 3 psi 

3.9761 

20.885 xlO 3 110 „ , . 

-= -11.82x10 psi 

1.76715 


P = 20.885x10" lb 


cr AB = -5.25 ksi 4 


a BC = -11.82 ksi 4 


(b) ( 5 p ) ab = (208.14 x 10 y )(20.885 x 10 3 ) = 4.3470 x 10“ 3 in. 


5 b =(S t ) 


T JAB 


■ + {5 P ) 


PJAB 


• = 10.92x10“ 


• + 4.3470x10“ 


5 r =6.57x 1 0“ 3 in. —» 4 


or 

(S P ) BC = (1741.18 x 10 9 )(20.885 x 10 3 ) = 36.365 x 10“ 3 in. 

S B ={S T ) BC <- + (S P ) BC -+ = 29.792 x 10“ 3 <— + 36.365 x 10“ 3 —» = 6.57 x 10“ 3 in. —» (checks) 
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PROBLEM 2.53 


24 in.-*- 

A 

—32 in.—*- 

B C 



/ 

\ 


2i -in. diameter 1 f-1°. diameter 

4 


Solve Prob. 2.52, assuming that portion AB of the composite rod is made of 
aluminum and portion BC is made of steel. 

PROBLEM 2.52 A rod consisting of two cylindrical portions AB and BC is 
restrained at both ends. Portion AB is made of steel (E s = 29 x 10 6 psi, 
a s = 6.5 x 1(T 6 / 0 F) and portion BC is made of aluminum (E a =10.4 x 10 6 psi, 
a a =13.3 x 10 6 /'°F). Knowing that the rod is initially unstressed, determine 
(a) the normal stresses induced in portions AB and BC by a temperature rise of 
70°F, (b) the corresponding deflection of point B. 


SOLUTION 



A ab =^(2.25) 2 =3.9761 in 2 A BC =^(1.5) 2 =1.76715 in 2 

Free thermal expansion. AJ = 70°F 

(S T ) AB = L AB a a (AT) = (24)(13.3x 10 6 )(70) = 22.344x 10~ 3 in. 
( S T ) BC = L BC a s (AT) = (32)(6.5 x 10~ 6 )(70) = 14.56 x 10 3 in. 

Total: S T = (S T ) AB + (S T ) BC = 36.904 x 10~ 3 in. 


Shortening due to induced compressive force P. 


Total: 

For zero net deflection, 5 P = S T 


(Sp)ab ~ 
(^p)bc = 


PL 


AB 


E„A 


AB 


PL 


BC 


EA 


BC 


24 P 

(10.4 x 10 6 )(3.9761) 
_32P_ 

(29x 10 6 )(1.76715) 


580.39 xlO'V 
624.42 xlO _9 P 


Sp ={S p )ab +{Sp)bc =1204.81 xlO- 9 P 


1204.81 xl0~V = 36.904xlO^ 3 P = 30.631 xlO 3 lb 


(a) 



30.631xl0 3 

3.9761 


-7.70xlO 3 psi 


P 

°BC-- — 
^BC 


30.63 lxlO 3 
1.76715 


-17.33xlO 3 psi 


cj ab = -7.70 ksi A 
a BC = -17.33 ksi 4 
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PROBLEM 2.53 (Continued) 

0 b ) (S P ) AB = (580.39 x! 0- 9 )(30.63 lx 10 3 ) = 17.77 79 x 10~ 3 in. 

= (S T ) AB -+ + (S P ) AB <^ = 22.344xl0~ 3 + 17.7779 xl0~ 3 <- S B = 4.57x 10~ 3 in. -> ◄ 

or (S P ) BC = (624.42 x 10~ 9 )(30.631 x 10 3 ) = 19.1266 x 10 3 in. 

S B = (^t)bc + (^p)bc = 14.56x 10~ 3 <— + 19.1266x 10 3 —>•= 4.57 x 10~ 3 in. —» (checks) 
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PROBLEM 2.54 

The steel rails of a railroad track (E s = 200 GPa, a s = 11.7 x 102 _6 /°C) were laid at a temperature of 6°C. 
Determine the normal stress in the rails when the temperature reaches 48°C, assuming that the rails (a) are 
welded to form a continuous track, ( b ) are 10 m long with 3-mm gaps between them. 


SOLUTION 


(a) 5 t =a(AT)L = (11.7xl0~ 6 )(48-6)(10) = 4.914xl0~ 3 m 


8 P = 


PL 

AE 


La 

E 


QOlrr 
200 xlO 9 


= 50 x 10~ 12 cr 


d = S T +S P =4.914 xl0~ 3 +50x10^ 12 ct = 0 
a = -98.3 x 10 6 Pa 

(. b ) 5 = S T + 5 P =4.914xl0~ 3 + 50 x 10^ 12 cr = 3 x 10^ 3 

3 x 10 -3 - 4.914 x 10~ 3 

<7 = -- 

50x 10 -12 

= -38.3 x 10 6 Pa 


cr = -98.3 MPa 


a = -38.3 MPa 
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Steel 

Brass 

Steel 


2 m 


15 mm 


PROBLEM 2.55 

Two steel bars (E s = 200 GPa and a s = 11.7 x 10~ 6 /°C) are used to 
reinforce a brass bar (E h = 105 GPa, a b = 20.9 x 10~ 6 /°C) that is subjected 
to a load P = 25 kN. When the steel bars were fabricated, the distance 
between the centers of the holes that were to fit on the pins was made 
0.5 mm smaller than the 2 m needed. The steel bars were then placed in 
an oven to increase their length so that they would just fit on the pins. 
Following fabrication, the temperature in the steel bars dropped back to 
room temperature. Determine ( a ) the increase in temperature that was 
required to fit the steel bars on the pins, ( b ) the stress in the brass bar 
after the load is applied to it. 


SOLUTION 


(a) Required temperature change for fabrication : 

S T = 0.5 mm = 0.5 x 10~ 3 m 

Temperature change required to expand steel bar by this amount: 

S T = La s AT, 0.5 x 10~ 3 = (2.00)(11.7 x 10~ 6 )(Ar), 

AJ = 0.5xl0~ 3 = (2)(11.7x 10 6 )(Ar) 

AT = 21.368°C 21.4 °C ◄ 


(b) Once assembled, a tensile force P develops in the steel, and a compressive force P develops in the 
brass, in order to elongate the steel and contract the brass. 

Elongation of steel: A s = (2)(5)(40) = 400 mm 2 = 400 x 10~ 6 m 2 


Vp\ = 


F L 


P (2.00) 


A S E S (400 x 10~ 6 )(200 x 10 9 ) 


- = 25 x 10~ 9 P* 


Contraction of brass: A b = (40)(15) = 600 mm 2 = 600 x 10 m 


( S p)b ~ 


P L 

4A 


P (2.00) 


(600 x 10~ 6 )(105 x 10 9 ) 


= 31.746x10 


But (^p)j + (S P ) h is equal to the initial amount of misfit: 

(S P ) s +{S P \ =0.5xl0~ 3 , 56.746x 10~ 9 P* = 0.5x 10~ 


P = 8.8112x 10 3 N 


Stresses due to fabrication : 

P* 8 8112x10 3 

Steel: cr* = — = —-— = 22.028 x 10 6 Pa = 22.028 MPa 

A s 400 x 10~ 6 
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PROBLEM 2.55 (Continued) 


P 8 8112x10 3 

Brass: ex* =-= —--— = -14.6853 x 10 6 Pa = -14.685 MPa 

A b 600 x 10" 6 


To these stresses must be added the stresses due to the 25-kN load. 


For the added load, the additional deformation is the same for both the steel and the brass. Let S' be the 
additional displacement. Also, let P s and Pb be the additional forces developed in the steel and brass, 
respectively. 


S'= 


P S L 

AE S 


3L 

AE b 


p =M^ S ' = 

s L 


p _ AE b gi _ 

b ~ L 


(400 x 10~ 6 )(200 x 10 9 ) c , 
- o 

2.00 

(600 x 10 -6 )(105 x 10 9 ) 
- o 

2.00 


= 40xl0V 

= 31.5x10 6 J' 


Total: 


p = p s +p b =25x10 3 N 


40 x 10 6 + 31.5 x 10 6 = 25 x 10 3 S' =349.65 xl0~ 6 m 


p s = (40 x 10 6 )(349.65 x 10^ 6 ) = 13.9860 x 10 3 N 
=(31.5 x 10 6 )(349.65 x 10~ 6 ) = 11.0140 x 10 3 N 


A 

A 

A 

A 


13.9860 xlO 3 
400 xlO^ 6 
11.0140 x 10 3 
600 x 10^ 6 


= 34.965 xl0 6 Pa 
= 18.3566 xl0 6 Pa 


Add stress due to fabrication. 
Total stresses: 


<r s = 34.965 x 10 6 + 22.028 x 10 6 = 56.991 x 10 6 Pa a s = 57.0 MPa 

<r h =18.3566x10 6 -14.6853x 10 6 = 3.6713x 10 6 Pa a b = 3.67 MPa ◄ 
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2 m 


15 mm 


PROBLEM 2.56 

Determine the maximum load P that may be applied to the brass bar of 
Prob. 2.55 if the allowable stress in the steel bars is 30 MPa and the 
allowable stress in the brass bar is 25 MPa. 

PROBLEM 2.55 Two steel bars (E s = 200 GPa and a s = 11.7 x 1 0 _6 /°C) 
are used to reinforce a brass bar (E h = 105 GPa, a h =20.9 x 10 6 /°C) 
that is subjected to a load P = 25 kN. When the steel bars were fabricated, 
the distance between the centers of the holes that were to fit on the pins 
was made 0.5 mm smaller than the 2 m needed. The steel bars were then 
placed in an oven to increase their length so that they would just fit on the 
pins. Following fabrication, the temperature in the steel bars dropped back 
to room temperature. Determine (a) the increase in temperature that was 
required to fit the steel bars on the pins, (b) the stress in the brass bar after 
the load is applied to it. 


SOLUTION 


See solution to Problem 2.55 to obtain the fabrication stresses. 

a] = 22.028 MPa 
cr* =14.6853 MPa 

Allowable stresses: a s all = 30 MPa, cr /) all = 25 MPa 

Available stress increase from load. 


Corresponding available strains . 


<r s = 30 - 22.028 = 7.9720 MPa 
a b =25 +14.6853 = 39.685MPa 



7.9720 x IQ 6 
200 xlO 9 


= 39.860 x10 6 


39.685 xlO 6 
105 xlO 9 


= 377.95x10^ 


Smaller value governs .'. s = 39.860 x 10 6 
Areas: A s = (2)(5)(40) = 400 mm 2 = 400 x 10~ 6 m 2 
A h = (15)(40) = 600 mm 2 = 600 x 10' 6 m 2 
Forces P s =E s A s e = (200 x 10 9 )(400 x 10^)(39.860 x 10 6 ) = 3.1888 x 10 3 N 
P b = E b A b £= (105 x 10 9 )(600 x 10~ 6 )(39.860 x 10 6 ) = 2.5112 x 10~ 3 N 
Total allowable additional force: 

P = P S +p b =3.1888x10 3 +2.5112x10 3 =5.70x10 3 N 


P = 5.70 kN ◄ 
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Dimensions in mm 
0.15 



PROBLEM 2.57 

An aluminum rod (E a = 70 GPa, a a = 23.6 x 10~ 6 /°C) and a steel link 
(E s x 200 GPa, a a = 11.7 x 10 6 /°C) have the dimensions shown at a 
temperature of 20°C. The steel link is heated until the aluminum rod 
can be fitted freely into the link. The temperature of the whole 
assembly is then raised to 150°C. Determine the final normal stress 
(a) in the rod, ( b ) in the link. 


SOLUTION 


AT = T f - T { = 150°C - 20°C = 130°C 
Unrestrained thermal expansion of each part: 


Aluminum rod: 


Steel link: 


(S T ) a = La a (AT) 

{S T ) a = (0.200 m)(23.6x 10 6 /°C)(130°C) 
= 6.1360 x 10 4 m 
(S T ) s = La s (AT) 

{S T ) s = (0.200 m)( 11.7 x 10~ 6 /°C)( 130°C) 


= 3.0420 x 10nn 

Let P be the compressive force developed in the aluminum rod. It is also the tensile force in the steel link. 

PL 


Aluminum rod: 


Vp)a = 


E a A a 


P( 0.200 m) 


(70 x 10 9 Pa)(w/4)(0.03 m) 2 


Steel link: 


(A‘h = 


= 4.0420 xlO-TP 
PL 


EA 


P( 0.200) 


(200 xlO 9 Pa)(2)(0.02 m) 2 


= 1.250 xl0 _9 P 

Setting the total deformed lengths in the link and rod equal gives 


(0.200) + (S T ) s + [S P ) s = (0.200) + (0.15x IQ- 3 ) + (S T ) a -(S P ) 
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PROBLEM 2.57 (Continued) 



(*/>), 

+ (&p)a = 0.15 x 10 -3 + (<5 T ) a - (S T ) s 



1.25 x 10 _9 P + 4.0420 

x 10 ~ 9 P = 0.15 x 10“ 3 + 6.1360 x 10 -4 - 3.0420 x 10“ 4 




P = 8.6810 x 10 4 N 


(a) 

Stress in rod: 

P 

a = — 

A 




-8.6810x 10 4 N 100011 in8n 

<7n= -— = — 1.22811x10 Pa 

(;r/4)(0.030 m) 2 

a R = -122.8 MPa ◄ 

(b) 

Stress in link: 

8.6810 x 10 4 N inocio , n8n 

a, = -r- = 1.08513 x 10 Pa 

(2)(0.020 m) 2 

<j l = 108.5 MPa ◄ 
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0.02 in. 











Bronze 
A = 2.4 in 2 
E = 15 X 10 6 psi 
a = 12 X 10~ 6 /°F 


Aluminum 
A = 2.8 in 2 
E = 10.6 X 10 6 psi 
a = 12.9 X 1(T 6 /°F 


PROBLEM 2.58 

Knowing that a 0.02-in. gap exists when the temperature is 75 °F, 
detennine (a) the temperature at which the normal stress in the 
aluminum bar will be equal to -11 ksi, ( b ) the corresponding exact 
length of the aluminum bar. 


SOLUTION 


Shortening due to P : 


o a = -11 ksi = -11 x 10 ’ psi 
P = -a a A a = (11 x 10 3 )(2.8) = 30.8 x 10 3 lb 



dp = -— +-— 

E b A b E a A a 

(30.8 x 1Q 3 )(14) (30.8 x 10 3 )(18) 

~ (15x 10 6 )(2.4) (10.6x 10 6 )(2.8) 

= 30.657 xl0~ 3 in. 

Available elongation for thermal expansion : 

5 t =0.02 + 30.657 xl0~ 3 = 50.657 xl0~ 3 in. 

But S T = L h a h (AT) + L a cc a (AT) 

= (14)(12x 10~ 6 )(Ar) + (18)(12.9 x lO^XAJ) = (400.2 x 10 _6 )Ar 
Equating, (400.2 x 10~ 6 )AJ = 50.657 x 10~ 3 AT = 126.6°F 

(a) T hot = r cold + AT = 75 + 126.6 = 201.6°F 

(b) S a =L a oc a (AT)-^f 

^a A a 

= (18X12.9 x 10 6 )(26.6) - ( 30 - 8xlQ X 18 ) = 10.712 x 10~ 3 in. 

(10.6x 10 6 )(2.8) 

L exac t =18 + 10.712x10 3 =18.0107 in. 


'hot 


201.6°F ◄ 


L = 18.0107 in. ◄ 
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0.02 in. 











Bronze 
A = 2.4 in 2 
E = 15 X 10 6 psi 
a = 12 X 1(T 6 /°F 


Aluminum 
A = 2.8 in 2 
E = 10.6 X 10 6 psi 
a = 12.9 X l(r e /°F 


PROBLEM 2.59 

Determine (a) the compressive force in the bars shown after a 
temperature rise of 180°F, (b) the corresponding change in length of 
the bronze bar. 


SOLUTION 

Thermal expansion if free of constraint : 

S T =L b a b (AT) + L a cc a (AT) 

= (14)(12 x 10 6 )(180) + (18)(12.9 x 10 6 )(180) 
= 72.036 xl(T 3 in. 

Constrained expansion : 5 = 0.02 in. 

Shortening due to induced compressive force P : 


But 


Equating, 



5 P = 72.036x 10~ 3 - 0.02 = 52.036 x 10~ 3 in. 




PL,, 


PL,, 


Lb^b E a A a 


\E b A b E a A a j 


r 


14 


- + - 


18 




v (15x 10 )(2.4) (10.6x10 X2-8) 

995.36 xl0^ 9 P = 52.036 xlO^ 3 
P = 52.279 xlO 3 lb 


P = 995.36 x 10 V 


(a) P = 52.3 kips A 
PL 

(b) S b =L h a h {AT)-—j- 

Lb A b 

= (14)(12x 10^)(180)- (52 ' 279x . 1Q )(14) = 9.91 x 10 3 in. 5 h = 9.91 x 10 _3 in. ◄ 

(15 x 10 6 )(2.4) 
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0.5 i 


- 300 mm - 


- 250 mm - 


Aluminum 
A = 2000 mm 2 
E = 75GPa 
a = 23 X 10~ 6 /°C 


Stainless steel 
A = 800 mm 2 
E = 190 GPa 
a = 17.3 X 1(T 6 /°C 


PROBLEM 2.60 

At room temperature (20°C) a 0.5-mm gap exists between the ends of 
the rods shown. At a later time when the temperature has reached 
140°C, determine (a) the normal stress in the aluminum rod, (b) the 
change in length of the aluminum rod. 


SOLUTION 


AT = 140 - 20 = 120°C 

Free thermal expansion : 

S r =L a a a (AT) + L s a s (AT) 

= (0.300)(23 x 10 6 )(120) + (0.250)(17.3 x 10 6 )(120) 
= 1.347 xl(T 3 m 


Shortening due to P to meet constraint : 


S P =1.347 x 10^-0.5 xltT* = 0.847 xl0~ J m 


Equating, 




PL„ PL, 
+ - 


E a A a E .A 


L„ L„ 
- + - 


\ E a A a E s A s J 


0.300 


- + - 


0.250 


(75 x 10 9 )(2000 x lO^ 6 ) (190xl0 9 )(800xl0~ 6 ) 


= 3.6447 x 10TP 
3.6447 xlO~ 9 P = 0.847 xl0~ 3 

P = 232.39 x10 3 N 

3 


P 232.39x10 , n 6 D 

(a) a =-=-— = -116.2x10 Pa 

A„ 2000 xlO^ 6 


(b) S a =L a cc a (AT) 


PL, 


E A 

= (0.300)(23 x 10~ 6 )(120) 


(232.39xl0 J )(0.300) 


(75x10 9 )(2000x10~ 6 ) 


= 363x10 m 


cr a =-116.2 MPa ◄ 


S a = 0.363 mm A 
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5.0 i 


• 4 in. diameter 


PROBLEM 2.61 

A standard tension test is used to determine the properties of an experimental plastic. 
The test specimen is a -in.-diameter rod and it is subjected to an 800-lb tensile 
force. Knowing that an elongation of 0.45 in. and a decrease in diameter of 0.025 in. 
are observed in a 5-in. gage length, detennine the modulus of elasticity, the modulus 
of rigidity, and Poisson’s ratio for the material. 



SOLUTION 


n 

n ( 5 

ii 

1 

li 

— - 

4 

4 v8. 

P = 800 lb 

P 

800 


° y A 0.306796 


= 0.306796 in 


= 2.6076 x 10 3 psi 


£■ = —= 


£. 2.6076 xlO 3 


0.090 


= $y_ = 045 = 0090 
7 L 5.0 

< 5 ^- 0025^0 
d 0.625 


= 28.973xlO 3 psi 


s x -0.040 

v = —- =-= 0.44444 

0.090 


cr = - 


28.973x 10 


2(1 + v) (2)(1 + 0.44444) 


= 10.0291 xlO 3 psi 


E = 29.0 x 10 3 psi ◄ 
v = 0.444 ◄ 

cr = 10.03 x 10 3 psi A 
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640 kN 



PROBLEM 2.62 

A 2-m length of an aluminum pipe of 240-mm outer diameter and 10-mm 
wall thickness is used as a short column to carry a 640-kN centric axial load. 
Knowing that E = 73 GPa and v = 0.33, determine (a) the change in length of 
the pipe, ( b ) the change in its outer diameter, (c) the change in its wall 
thickness. 



2 m 


SOLUTION 


d 0 = 0.240 t = 0.010 1 = 2.0 

d t =d a -2t = 0.240-2(0.010) = 0.220 m P = 640xl0 3 N 

A = -(d 2 a - d 2 ) =—(0.240 - 0.220) = 7.2257 x 10 3 m 2 


(a) S = -— = - 


(640x1Q 3 )(2.0) 

EA (73x 10 9 )(7.2257 x 10“ 3 ) 
=-2.4267 xl0“ 3 m 
S -2.4267 


s = — = 
L 


2.0 


■ = -1.21335x10“ 


s LAT =-v^ = -(0.33)(- 1 .2 1 335x 1 0“ 3 ) 

= 4.0041 xl0“ 4 

(b) A d a = d 0 s LAT = (240 mm)(4.0041x 10“ 4 ) = 9.6098 x 10“ 2 mm 


At = ts LAT =(10 mm)(4.0041x 10^) = 4.0041 xl0“ 3 mm 


S = -2.43 mm 


A d n =0.0961 mm A 


A? = 0.00400 mm ◄ 
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PROBLEM 2.63 

A line of slope 4:10 has been scribed on a cold-rolled yellow-brass 
plate, 150 mm wide and 6 mm thick. Knowing that E - 105 GPa and 
v = 0.34, determine the slope of the line when the plate is subjected to 
a 200-kN centric axial load as shown. 
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PROBLEM 2.64 


2.75 kN ■ 


50 mm 


J " 


B 


- 2.75 kN 


12 mm 


A 2.75-kN tensile load is 
applied to a test coupon 
made from 1.6-mm flat 
steel plate (E = 200 GPa, 
v = 0.30). Determine the 
resulting change (a) in the 
50-mm gage length, (b) in 
the width of portion AB 
of the test coupon, (c) in 
the thickness of portion 
AB, ( d) in the cross- 
sectional area of portion 
AB. 


SOLUTION 


A = (1.6)(12) = 19.20 mm 2 
= 19.20 xl0~ 6 m 2 
P = 2.75 x 10 3 N 

_P _ 2.75xlO 3 
x ~ A~ 19.20 x 10" 6 

= 143.229 xlO 6 Pa 


cr v 143.229 xlO 6 
E ~ 200xlO 9 


716.15 x 10 -6 


e y = £ z =-u8 x =-(0.30)(716.15xl0- 6 ) = -214.84xl0- 6 
(a) L = 0.050m 5 X = Le x = (0.50)(716.15 x 10^ 6 ) =35.808 xlO^ 6 m 


0 b ) w = 0.012 m S v =we v = (0.012)(-214.84xl0^ 6 ) = -2.5781 xl0^ 6 m 


(c) t = 0.0016 m 5 Z =te, = (0.0016)(-214.84x 10' 6 ) =-343.74 x 10' 9 m 


(d) A = w 0 ( 1 + E y )t Q (l + £ z ) = W 0 t 0 (l + £ y +£ z + £ y £ z ) Ag = W 0 t Q 

A A = A- Aq = w 0 t 0 ( £ + £, + negligible term) = 2w 0 t 0 £ 

= (2)(0.012)(0.0016)(—214.84 x 10 -6 ) = -8.25 x 10^ 9 m 2 


0.0358 mm A 

-0.00258 mm A 

-0.000344 mm ◄ 


-0.00825 mm 2 A 
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PROBLEM 2.65 

22-mm diameter 

75 kN / 

In a standard tensile test, a steel rod of 22-mm diameter is subjected to a 

* H- 

tension force of 75 kN. Knowing that v = 0.3 and E = 200 GPa, 

|»-200 mm-- 

determine (a) the elongation of the rod in a 200-mm gage length, (b) the 


change in diameter of the rod. 


SOLUTION 


P = 75 kN = 75 x 10 3 N A = —d 2 = -(0.022) 2 = 380.13 x 10“ 6 m 2 

4 4 


P 

a = — = 


75 x 10 3 


380.13 x 10“ 


= 197.301 x 10 6 Pa 


s = — = 1 97-30! x 1° _ 986 51 x 10~ 6 
E 200 x10 9 

S x = Ls x = (200 mm)(986.51 x 10“ 6 ) 


(a) 5 X = 0.1973 mm A 


£y = - V£x = -(0.3)(986.51 x 10“ 6 ) = -295.95 x 10“ 6 
8 y = ds y = (22 mmX-295.95 x 10“ 6 ) 

(b) S y = -0.00651 mm A 
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2.5 in. 


t 



PROBLEM 2.66 

The change in diameter of a large steel bolt is carefully measured as the 
nut is tightened. Knowing that E = 29 x 10 6 psi and v = 0.30, determine 
the internal force in the bolt if the diameter is observed to decrease by 
0.5 x 10 _3 in. 


SOLUTION 


5„ = -0.5 x 10 3 in. d = 2.5 in. 


£y d 


£ y 0.5x10 


-3 


2.5 


= -0.2 x 10“ 3 


-e v 0.2x10 


-3 


V = — 


= 


0.3 


= 0.66667 x 10 


-3 


<j x = Es x = (29 x 10 6 )(0.66667 x 10“ 3 ) = 19.3334 x 10 3 psi 

A = -d 1 = —(2.5) 2 = 4.9087 in 2 
4 4 

F = a x A = (19.3334 x 10 3 )(4.9087) = 94.902 x 10 3 lb 


F = 94.9 kips 4 
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PROBLEM 2.67 



240 mm 


600 mm 


The brass rod AD is fitted with a jacket that is used to apply a 
hydrostatic pressure of 48 MPa to the 240-mm portion BC of the rod. 
Knowing that E = 105 GPa and v = 0.33, determine (a) the change in 
the total length AD, (b) the change in diameter at the middle of the rod. 


Df J- 
50 mm 


SOLUTION 

<7 X = a z =-p = -48 x 10 6 Pa, a y = 0 

e x =-^(tr z -ua -ua,) 

E 

= - l - -[-48x 10 6 - (0.33)(0) - (0.33)(-48 x 10 6 )1 

105 x 10 9 L J 

= 306.29 xlO 6 

1 , 

£ v =-(-ua x -a y -ucr z ) 
h 

= ---[—(0.33)(—48 x 10 6 ) + 0 - (0.33)(—48 x 10 6 )1 

105 x 10 9 L V 1 

= 301.71x10^ 

(a) Change in length: only portion BC is strained. L = 240 mm 

S v =Ls y =(240)(-301.71xl0- 6 ) = -0.0724 mm ◄ 

(b) Change in diameter: d = 50 mm 

S x = S : = ds x = (50)(—306.29 x 10 6 ) = -0.01531 mm ◄ 
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PROBLEM 2.68 



A fabric used in air-inflated structures is subjected to a biaxial 
loading that results in normal stresses a x = 18 ksi and a. = 24 ksi. 
Knowing that the properties of the fabric can be approximated as 
E = 12.6 x 10 6 psi and v = 0.34, determine the change in length of 
(a) side AB, (b) side BC, (c) diagonal AC. 


SOLUTION 

cr x = 18 ksi a y =0 a, = 24 ksi 

e= — (<r„ - ua v — vo ) —--—-[18,000 - (0.34)(24,000)1 = 780.95 x 10~ 6 

x E x y * 12.6xl0 6 

e=-(-ua x - uc t v + cr.) =-- —t-[-( 0.34)(18,000) + 24,000] = 1.41905x 10^ 3 

E y 12.6xl0 6 

(a) S AB =(AB)e x = (4 in.)(780.95 x 10 -6 ) = 0.0031238 in. 

(, b ) S bc ={BC)s z = (3 in.)(1.41905xl0 _3 ) = 0.0042572 in. 


0.00312 in. ◄ 


0.00426 in. ◄ 



But a = 4 in. 


Label sides of right triangle ABC as a, b, c. 

Then c 2 =a 2 +b 2 

Obtain differentials by calculus. 

2 cdc =2ada +2bdb 

dc = —da + — db 
c c 

b = 3 in. c = \J 4 2 + 3 2 = 5 in. 


da = S AB = 0.0031238 in. 


db = 5 bc = 0.0042572 in. 


(c) S AC = dc = j(0.0031238) +1(0.0042572) 


0.00505 in. ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


169 










Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


cr.. = 6 ksi 



PROBLEM 2.69 

A 1-in. square was scribed on the side of a large steel pressure vessel. 
After pressurization the biaxial stress condition at the square is as 
shown. Knowing that E = 29 x 10 6 psi and v = 0.30, determine the 
change in length of (a) side AB, ( b) side BC, (c) diagonal AC. 
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PROBLEM 2.70 

The block shown is made of a magnesium alloy, for which 
£ = 45 GPa and v = 0.35. Knowing that cr v =-180 MPa, 
determine (a) the magnitude of a for which the change in 
the height of the block will be zero, ( b ) the corresponding 
change in the area of the face ABCD, (c) the corresponding 
change in the volume of the block. 


SOLUTION 


(a) S y = 0 e y = 0 a, = 0 
s y =-{a x -v(T y -va z ) 
cr y = va x = (0.35)(—180 x 10 6 ) 


= -63 x10 6 Pa 


er v = -63.0 MPa ◄ 


1 , . v, , (0.35)(—243x 10 6 ) 1 onn 1 , 

£ z =— (cr. - ver -vcr v ) = -(cr + cr ) =--- t -= +1.890x10 

E x y> E y 45 x 10 9 


1 , , <r x -va 

£ x = —^x~ va y ~va z ) = - y~ 


- 157 - 95x f =-3.510x10-3 
45 x 10 9 


(b) A o = L X L Z 

A = L x (i + e x )L Z (i + e s ) = L x L z (l + s x + s z + s x s z ) 
A A = A-A d = L X L Z (s x +£ z + s x £ z ) ~ L X L Z (s x + e s ) 


A^4 = (100 mm)(25 mm)(-3.510xl0 -3 +1.890xl0 _3 ) 


A ^4 = -4.05 mm 2 ◄ 


(c) 


V 0 =L x L y L z 

V = L x (l + £ x )L y (l + £ y )L z (l + £ z ) 

= L x L y L z0 + £ x + £ y+ E z + £ x S y + E y E z + 8 - E x + E x E y E z) 

AV = V - V 0 = L x L y L z (£ x + £ v + £ z + small terms) 

AV = ( 100 )( 40 )( 25 )(- 3.510 x 10~ 3 + 0 + 1.890 x 10~ 3 ) 


AV = -162.0 mnr 
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PROBLEM 2.71 




The homogeneous plate ABCD is subjected to a biaxial loading as 




shown. It is known that cr_ = a 0 and that the change in length of 
the plate in the x direction must be zero, that is, s x = 0. Denoting 



by E the modulus of elasticity and by v Poisson’s ratio, determine 



(a) the required magnitude of a x , (b) the ratio a 0 l s z . 


SOLUTION 


=cr 0’ <Ty= 0 , S z =0 

1 , , 1 , , 

= —(<T X - v(7 y - vc7 --) = —(<T X - V<7 0 ) 


(a) 

(b) 


1 , , 1 . 2 n , 1-v 

£ x = ~ (~ VCJ V - VCT v + °'z) = — (-V Ob - 0 + cr 0 ) = — 


o- v = va 0 ◄ 

_ E ^ 

1-v 2 
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PROBLEM 2.72 

For a member under axial loading, express the normal strain s' in a 
direction forming an angle of 45° with the axis of the load in terms of the 
axial strain s x by (a) comparing the hypotenuses of the triangles shown in 
Fig. 2.43, which represent, respectively, an element before and after 
deformation, ( b ) using the values of the corresponding stresses of cr'and 
a x shown in Fig. 1.38, and the generalized Flooke’s law. 
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PROBLEM 2.73 

In many situations, it is known that the normal stress in a given direction is zero. 
For example, cr. = 0 in the case of the thin plate shown. For this case, which is 

* 


i —* 

**— 


known as plane stress, show that if the strains £ x and £ y have been detennined 
experimentally, we can express a x , a y , and c, as follows: 


minn 


£ Y + V£ £ + V£ y 

< t *= E , 2 a y = E , 2 £ Z = , 

1-V l-v 1-V 


SOLUTION 


o- =0 


e x =—(er x -v(r) 

E 


£ y =-(~va x +cr y ) 


Multiplying (2) by v and adding to (1), 


l-v 2 

B x +VB y= — 


or <r = ■ 


Multiplying (1) by v and adding to (2), 


1 Z 

1 -v 

+vs r = — —a,. 


£ z=— (- vcr x - vcr v) = -( £ x + ve y + £y + V £ x ) 


1 

E -{-va x -vc y 
v(l + v) 


1 — V 




2 v * 


or o- v = 


y i 2 v r 

1 - v 


(£ v +V£ x ) 


V X 

X 1-V" 


(e x + e) = — - (e x +e) 

1 - v" 1 - V 


( 1 ) 

(2) 
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PROBLEM 2.74 



In many situations, physical constraints 
prevent strain from occurring in a given 
direction. For example, s z = 0 in the case 
shown, where longitudinal movement of 
the long prism is prevented at every point. 
Plane sections perpendicular to the 
longitudinal axis remain plane and the 
same distance apart. Show that for this 
situation, which is known as plane strain, 
we can express a., s x , and e v as follows: 

= V(<X V + <7 y ) 


•&'x = ^[0 - V 2 )CT X - V(1 + V)(7 ] 

E 

£ =E(\-v 2 )g — v(l + v)<7 ] 
E 


SOLUTION 

£ z = 0 = (-v&x - vcr y + cr z ) or cr_. = v(a x + a y ) 

◄ 


^=j(^x-^y~ V( T=) 

= —[<J x -V(Jy-V 2 (G x +(Jy)] 

= 7 r[(l-v 2 )cr Y -v(l + v)cr ] 

E 

◄ 


1 , 

S =-{-V(T x + G y -V(T z ) 

E 

= —[-va x + a y -v 2 (cT x + CTy)] 

= ^r[(l-v 2 )cr v -v(l + v)o-J 

◄ 
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PROBLEM 2.76 

What load P should be applied to the plate of Prob. 2.75 to produce a -^-in. 
deflection? 

PROBLEM 2.75 The plastic block shown is bonded to a rigid support and to a 
vertical plate to which a 55-kip load P is applied. Knowing that for the plastic 
used G = 150 ksi, determine the deflection of the plate. 


SOLUTION 



s = 


— in. = 0.0625 in. 
16 


h = 2 in. 



0.0625 

2 


G = 150 x 10 3 psi 


0.03125 


t = Gy = (150 x 10 3 )(0.03125) 


= 4687.5 psi 


A = (3.2)(4.8) = 15.36 in 2 
P = tA = (4687.5)(15.36) 
= 72.0 xlO 3 lb 


72.0 kips 4 
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PROBLEM 2.77 

Two blocks of rubber with a modulus of rigidity G = 12 MPa are 
bonded to rigid supports and to a plate AB. Knowing that c = 100 mm 
and P = 45 kN, determine the smallest allowable dimensions a and b of 
the blocks if the shearing stress in the rubber is not to exceed 1.4 MPa 
and the deflection of the plate is to be at least 5 mm. 


SOLUTION 


Shearing strain : 


Shearing stress : 



GS (12x10 6 Pa)(0.005 m) 
t 1.4 x 10 6 Pa 



2ct 


P 


45 x 10 3 N 

2(0.1 m)(1.4x 10 6 Pa) 


= 0.1607 m 


a = 42.9 mm A 


b = 160.7 mm -4 
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PROBLEM 2.79 

An elastomeric bearing (G = 130 psi) is used to support a bridge girder 
as shown to provide flexibility during earthquakes. The beam must not 
displace more than | in. when a 5-kip lateral load is applied as shown. 
Knowing that the maximum allowable shearing stress is 60 psi, 
detennine (a) the smallest allowable dimension b, (b) the smallest 
required thickness a. 


SOLUTION 

Shearing force: 
Shearing stress: 


P = 5 kips = 5000 lb 
t = 60 psi 

P P 5000 2 

r =—, or A = — = —— = 83.333 in 


A T 

and A = (8 in.)(h) 


60 



(a) 


, A 83.333 
b = — =-= 10.4166 in. 


b = 10.42 in. ◄ 


y = — = -^- = 461.54x10 3 rad 
CT 130 

s 5 0.375 in. 

(b) Butr = —, or a = — = -- 

a / 461.54 x 10 -3 


a = 0.813 in. A 
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SOLUTION 


h s _ I 





P 

Shearing strain: 
Shearing modulus: 


Shearing force: P = 5 kips = 5000 lb 


Area: A = (8 in.)(10 in.) = 80 in 2 

Shearing stress: 


P 5000 
T ~ A~ 80 


S 0.4 in. 
a 1 in. 


0.400 rad 


t 62.5 
y 0.400 


t = 62.5 psi 4 


G = 156.3 psi ◄ 
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PROBLEM 2.81 

A vibration isolation unit consists of two blocks of hard rubber bonded 
to a plate AB and to rigid supports as shown. Knowing that a force of 
magnitude P = 25 kN causes a deflection 8 = 1.5 mm of plate AB, 
determine the modulus of rigidity of the rubber used. 
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PROBLEM 2.82 

A vibration isolation unit consists of two blocks of hard rubber with a 
modulus of rigidity G = 19 MPa bonded to a plate AB and to rigid 
supports as shown. Denoting by P the magnitude of the force applied 
to the plate and by 5 the corresponding deflection, determine the 
effective spring constant, k = PI5, of the system. 


SOLUTION 



Shearing strain: 

Shearing stress: 

Force: 

Effective spring constant: 
with 



r G5 
t = Gy = - 


i P = Ar = ^ 

2 h 

_ P_ _ 2GA 
~ 5 ~ h 


A = (0.15)(0.1) = 


or 


P = 


2 GAS 
h 


0.015 m 2 h = 0.03 m 


_ 2(19 xlQ 6 Pa)(0.015 m 2 ) 
0.03 m 


= 19.00 x 10 6 N/m 


k = 19.00 x 10 3 kN/m ◄ 
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PROBLEM 2.83* 

A 6-in.-diameter solid steel sphere is lowered into the ocean to a point where the pressure is 7.1 ksi (about 
3 miles below the surface). Knowing that E = 29xl0 6 psi and v = 0.30, determine (a) the decrease in 
diameter of the sphere, ( b ) the decrease in volume of the sphere, (c) the percent increase in the density of the 
sphere. 


SOLUTION 


For a solid sphere, 


Likewise, 


V,=\d\ 

= —( 6 . 00) 3 
6 

= 113.097 in 3 
a x = a y = a z =-P 
= -7.1xl0 3 psi 

1 , , 
e x =—{<r x -v<r y -v(T z ) 

(1-2 v)p _ (0.4)(7.1 xIQ 3 ) 
E ~ 29 x 10 6 

= -97.93 xl0~ 6 

e y =8 Z =-91.93 x!0~ 6 


e = s x +s y + s 2 = -293.79x 10 6 

{a) -Ad = -d 0 s x = -(6.00)(-97.93 x 10“ 6 ) = 588 x 10^ 6 in. 

(b) -AV = -V 0 e = -(113.097X-293.79 x 10~ 6 ) = 33.2 x 10^ 3 in 3 

(c) Let m = mass of sphere. m = constant. 

m = p 0 V 0 = pV = pV 0 (l + e) 

P~Po P , m y v o !. 1 , 

Po Po F 0 (l + e) m 1 + e 

= (l-e + e 2 -e -\ — )-l = -e + e 2 -e — 

* —e = 293.79 x 10^ 6 


P ^ xlOOyo = (293.79 x 10 6 )(100%) 
Po 


-Ad = 588x 10 _6 in. ◄ 
-AV = 33.2xl0~ 3 in 3 ◄ 


0.0294% ◄ 
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PROBLEM 2.84* 

(a) For the axial loading shown, determine the change in height and the 
change in volume of the brass cylinder shown, (b) Solve part a, 
assuming that the loading is hydrostatic with <j x = cr x = a. = -70 MPa. 


SOLUTION 


h 0 =135 mm = 0.135 m 

A Q =^dl =^(85) 2 =5.6745xlO 3 mm 2 = 5.6745x 10“ 3 m 2 
V 0 = A 0 h 0 = 766.06 x 10 3 mm 3 = 766.06 x 10“ 6 m 3 


= -552.38x10“ 


(a) a x = 0, a v = -58 x 10 6 Pa, cr.=0 

1 , <r v 58 x 10 6 

£ v = — (-V<7, + a -vcr.) = — =- - 

y E x y E 105 x 10 9 

A h =h 0 £ = (135 mm)(- 552.38 x 10“ 6 ) 


1 -2v . (1 - 2 v)<t (0.34)(—58 x 10 6 ) 

e = -(cr + 0 + 0 '.) = -- = ------- = -187.81 x 10^ 

E x y zJ E 105 x 10 9 

AV = V 0 e = (766.06 x 10 3 mm 3 )(-187.81 x 10“ 6 ) 

(. b ) a x = cr v = cr, = -70 x 10 6 Pa a x +a v + a z =-210 xlO 6 Pa 

1 , 1 —2v (0.34)(-70xl0 6 ) 

£ =—{-vcr +cr -V(J,) =-cr =---= -226.67x10 f 

y E x y - E y 105 x 10 9 

Ah = h 0 £ v = (135 mm)( -226.67 x 10 6 ) 

1 -2v (0.34)(-210xl0 6 ) in _ 6 

e = -(cr x + <7 v +(T.) = ----^-- = -680x10 

E y x y 105x10 9 

AV = V 0 e = (766.06 x 10 3 mm 3 )(-680 x 10“ 6 ) 


Ah = -0.0746 mm -4 


AV = -143.9 mm 3 ◄ 


Ah = -0.0306 mm 4 


AV = -521 mm 3 4 
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^ 1 in. diameter 
/ 11 

PROBLEM 2.85* 


1 


Determine the dilatation e and the change in volume of the 8-in. length 
of the rod shown if (a) the rod is made of steel with E = 29 x 10 6 psi 
and v = 0.30, ( b ) the rod is made of aluminum with E = 10.6 x 10 6 psi 
and v = 0.35. 

|-*-8 in. -*- 



SOLUTION 


Stresses : 


A = —d 2 =-(l) 2 =0.78540 in 2 
4 4 

P = llxl0 3 lb 


cr,. = —= 11x10 =14.00 56x 10 3 psi 


A 0.78540 


°y = = 0 


(a) Steel . 


is = 29 x 10 6 psi 


v = 0.30 


1 N cr 14.0056xlO 3 in 

s r =—(cr - vcr - vcr.) = —— =--— = 482.95x10 

E y E 29xl0 6 


-6 


s v = — (-vff, + cr - va,) = - ^ = -ve x = -(0.30)(482.95x 10~ 6 ) 
E y E 

= -144.885 xl0~ 6 

£, =— (-vcr -vcr +<j z ) = -—^~ = £ v =-144.885xlO^ 6 

Z x A y 

e = £ r +£„ +£, = 193.2 xl0~ 6 


Av = ve = ALe= (0.78540)(8)(193.2x 10 6 ) = 1.214x 10~ 3 in 3 


( b ) Aluminum . E = 10.6 x 10 6 psi v = 0.35 


g = — = 14'0056 xlO 3 =1 . 32128 x 10 ~ 3 

E 10.6x 10 6 

e =~v£ x = -(0.35)(1.32128xl0 3 ) = -462.45x10^ 


£ z = £y — —462.45 x 10 


e= £ x + £ v + £, = 396 x 10 


Av = ve = ALe = (0.78540)(8)(396x 10 6 ) = 2.49 x 10~ 3 in 3 


◄ 

◄ 


◄ 

◄ 
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PROBLEM 2.86 


Determine the change in volume of the 50-mm gage length segment AB in Prob. 2.64 (a) by computing the 
dilatation of the material, (b) by subtracting the original volume of portion AB from its final volume. 


PROBLEM 2.64 A 2.75-kN tensile load is applied to a test coupon made from 1.6-mm flat steel plate 
(E = 200 GPa, v = 0.30). Determine the resulting change (a) in the 50-mm gage length, (b) in the width of 
portion AB of the test coupon, (c) in the thickness of portion AB, (d) in the cross-sectional area of portion AB. 


2.75 kN 



50 mm 




12 mm 


SOLUTION 


(a) 


(b) 


Aq = (12)(1.6) = 19.2 mm 2 =19.2xl0~ 6 m 2 
Volume V 0 = L 0 Aq = (50)(19.2) = 960 mm 3 
p 2 is x i n 3 

<T = — = ————= 143.229 xlO 6 Pa cr=cr,= 0 
Aq 19.2x10^ y 


1 , , <y x 

-(a x -ua y -ua : ) = — 


143.229 xlO 6 
200 xlO 9 


= 716.15 x 10~ 6 


e y =e z =-u£ x = —(0.30)(716.15x10 3 ) = -214.84x 10 -6 


e = s x + s v + e z = 286.46 x 10 6 

Av = v 0 e = (960)(286.46 x 10 6 ) = 0.275 mm 3 
From the solution to problem 2.64, 

8 X = 0.035808 mm 5 y = -0.0025781 


8. = -0.00034374 mm 


The dimensions when under the 2.75-kN load are 
Length: L = L 0 + 8 X = 50 + 0.035808 = 50.035808 mm 

Width: w = w 0 + S y =12-0.0025781 = 11.997422 mm 

Thickness: t = t 0 + 8 Z = 1.6 -0.00034374 = 1.599656 mm 
Volume: V = Lwt = (50.03581)(11.997422)(1.599656) = 960.275 mm 3 

AV = V-V 0 = 960.275-960 = 0.275 mm 3 


◄ 


◄ 
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PROBLEM 2.87* 

A vibration isolation support consists of a rod A of radius R { = 10 mm and 
a tube B of inner radius R 2 = 25 mm bonded to an 80-mm-long hollow 
rubber cylinder with a modulus of rigidity G = 12 MPa. Determine the 
largest allowable force P that can be applied to rod A if its deflection is not 
to exceed 2.50 mm. 
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PROBLEM 2.88 

A vibration isolation support consists of a rod A of radius R\ and a tube B of 
inner radius R 2 bonded to a 80-mm-long hollow rubber cylinder with a 
modulus of rigidity G = 10.93 MPa. Determine the required value of the ratio 
R 2 /R\ if a 10-kN force P is to cause a 2-mm deflection of rod A. 


SOLUTION 

Let r be a radial coordinate. Over the hollow rubber cylinder, R ] < r < R 2 . 
Shearing stress r acting on a cylindrical surface of radius r is 

P 


The shearing strain is 


_P _ 

A 2iirh 


_ T _ P 
^ G 2nGhr 


Shearing deformation over radial length dr : 

dS 

= r 


dr 

dS = ydr 

drS = ——— — 

2rcGh r 


Total deformation. 


S= dd = , 

2 nGh r 


27iGh 

P 


-In r 


R i dr 

P 

27iGh 


(In R 2 - In ) 


In — 

2nGh R, 


R 2 _ 2nGh8 _ (2^) (10.93 x 10 6 ) (0.080) (0.002) 



r 



In— = 

R x P 

— = exp (1.0988) = 3.00 
R \ 


10.10 J 


= 1.0988 


R 2 /R { =3.00 ◄ 
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PROBLEM 2.89* 

The material constants E, G, k, and v are related by Eqs. (2.33) and (2.43). Show that any one of these constants 
may be expressed in terms of any other two constants. For example, show that (a) k = GEK9G - 3 E) and 
(b)v = (3k-2G)/(6k+2G). 


SOLUTION 


k = 


E 

3(1-2v) 


and 


G = 


E 

2(1+ v) 


(a) 1 + v =- or v = -1 


2 G 


! = i(i±v)_ 

G 3(1-2v) 


2 G 
k = ■ 


2 EG 


2 EG 


1-2 


2 G 


-1 


3[2G-2E + 4G] 18G-6£ 


k = 


EG 

9G-6E 


◄ 


3k - 6kv = 2G + 2Gv 
3k-2G = 2G + 6k 


3k - 2G 
V ~ 6k+ 2G 


◄ 
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PROBLEM 2.90* 

Show that for any given material, the ratio GIE of the modulus of rigidity over the modulus of elasticity is 
always less than j but more than y. [Hint: Refer to Eq. (2.43) and to Sec. 2.13.] 


SOLUTION 


E 

E 

G = - or 

— = 2(l + v) 

2(1 + v) 

G 

Assume v > 0 for almost all materials, and v < j for a positive bulk modulus. 

E 

( 0 

Applying the bounds, 2 < — <2 

! + - = 3 

G 

v 2 J 

Taking the reciprocals, f > \ 



1 G 1 - 

or 

- < —<— ◄ 


3 E 2 
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PROBLEM 2.91* 

A composite cube with 40-mm sides and the properties shown is 
made with glass polymer fibers aligned in the x direction. The cube 
is constrained against deformations in the y and z directions and is 
subjected to a tensile load of 65 kN in the x direction. Determine 
(a) the change in the length of the cube in the x direction, (b) the 
stresses a x , a , and cr z . 

E x = 50 GPa v xz = 0.254 
E v = 15.2 GPa =0.254 
E, =15.2 GPa v zv = 0.428 


SOLUTION 

Stress-to-strain equations are 


=- 




V, v <r z 

£„ = - - - + — - -- 


y 

V yz (7 y 


= — 


y 


V V 

xy yx 


E 

E 

X 

y 

V 

17 

yz _ 

zy 

E, 

E 

y 

z 


V 

zx _ 

xz 


The constraint conditions are 


E z E x 

£ x , = 0 and £, = 0. 


Using (2) and (3) with the constraint conditions gives 

1 v. 


v r 


-cr -—a. = —cr 

E y y E z E x 


cr + 1 

£.v ' 


E, z E r x 


1 


15.2 

0.428 

15.2 


0.428^^0254^ Qr a 0 .428c7 z =0.077216^ 


■cr., +- 


15.2 

1 

15.2 


50 

0 254 

cr. =-- a r or -0.428cr,. + cr. = 0.077216a-.. 


50 


( 1 ) 

(2) 

(3) 

(4) 

(5) 

( 6 ) 


(7) 

( 8 ) 
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PROBLEM 2.91* (Continued) 


Solving simultaneously, a =cr z = 0.134993(7^ 


Using (4) and (5) in (1), 




(a) 


S x L x s x 


E x = — [1 - (0.254)(0.134993) - (0.254)(0.134993)] a x 

E x 

_ 0.931 42cj v 
“ K 

A = (40)(40) = 1600 mm 2 = 1600 x 10~ 6 m 2 


P 65 x 10 

<J = — = - 


■ = 40.625 xlO 6 Pa 


A 1600 x10“ 
(0.93142)(40.625xl0 3 ) =75 6 78xl0 - 6 
50 x 10 9 


(40 mm)(756.78x 10~ 6 ) 


(b) (7 V =40.625 xlO 6 Pa 

(7y = (7_ = (0.134993)(40.625 x 10 6 ) = 5.48 x 10 6 Pa 


S x = 0.0303 mm -4 
a x = 40.6 MPa ◄ 
<7 =(7 Z =5.48 MPa ◄ 
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PROBLEM 2.92* 

The composite cube of Prob. 2.91 is constrained against deformation in 
the z direction and elongated in the x direction by 0.035 mm due to a 
tensile load in the x direction. Determine (a) the stresses a x , a , and cx_ 
and ( b ) the change in the dimension in the y direction. 

E x = 50 GPa v xz = 0.254 
E y = 15.2 GPa v^, =0.254 
E z =15.2 GPa v v =0.428 


SOLUTION 


£ r = 


<J X V CT v 


e W t g.v V: 


Constraint condition : £ z =0 
Load condition : cr v =0 


From Equation (3), 


£= — 





V xy _ 

V 

yx 

E x 

X 

v yz _ 

V zy 

l 

E : 

1 

sl 

> I 

V xz 

>1 

N 

1 

E x 


0 = — —(J H-— CT„ 

E r E, 



(0.254)(15.2) 

50 


0.077216er v 


( 1 ) 

(2) 

(3) 

(4) 

(5) 

( 6 ) 
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PROBLEM 2.92* (Continued) 


From Equation (1) with a v = 0, 



= -^[a x - 0.254<rJ = -^[1 - (0.254)(0.077216)K 

E x E X 

0.98039 
=-=-cr 





0.98039 

But 


0.035 mm 




= 875x10 6 


4 

40 mm 


(a) 

(50 

G x — 

x 10 9 )(875 x 

10 

’ -44.625 xlO 3 Pa 


0.98039 



a = (0.077216)(44.625 x 10 6 ) = 3.446 x 10 6 Pa 


From (2), e = —cr +— cr - — cr 

y E x E ' E z 


(0.254)(44.625x 10^) _ (0.428)(3.446x 10 6 ) 


50x10" 


15.2x10" 


= -323.73 x 10~ 


(. b ) 5 V =L v e v =(40 mm)(- 323.73 xl0~ 6 ) 


cr x = 44.6 MPa ◄ 

o y = 0 -4 
cr. = 3.45 MPa ◄ 


S v = -0.0129 mm A 

y 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-HOl Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


196 









Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 2.93 

Knowing that, for the plate shown, the allowable stress is 125 MPa, determine 
the maximum allowable value of P when (a) r = 12 mm, (b) r = 18 mm. 


SOLUTION 


A = (60)(15) = 900 mm 2 = 900 x 10~ 6 m 2 


D 120 mm 


(i a ) r = 12 mm 


d 60 mm 
r 12 mm 


= 2.00 


= 0.2 


d 60 mm 
From Fig. 2.60b, K = 1.92 

Aa max (900xl0- 6 )(125xl0 6 ) 


P = 


K 


1.92 


’-hnax ^ . 

A 


= 58.6x10 3 N 


(b) r = 18 mm, 


18 mm 


d 60 mm 


= 0.30 


From Fig 2.60b, 


p - - ( 90Q X 10 6)(125 Xl ° 6 ) _ x 1Q 3 N 


K 


1.75 


K = 1.75 


= 58.3 kN ◄ 


= 64.3 kN ◄ 
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PROBLEM 2.94 

Knowing that P = 38 kN, detennine the maximum stress when (a) r= 10 mm, 
( b)r= 16 mm, (c) r = 18 mm. 


SOLUTION 



A = (60)05) = 900 mm 2 = 900 x 10~ 6 m 2 

D _\0 mm _ ^ oo 
d 60 mm 


( a ) 

, ~ r 10 mm „ . 

r = 10mm — =-= 0.1667 

d 60 mm 



KP 

From Fig. 2.60b, K = 2.06 cr max =- 

A 

(losxtsxio’) ^ 

900 xlO -6 

= 87.0 MPa ◄ 

(b) 

,, r 16 mm 

r - 16 mm — =-= 0.2667 

d 60 mm 



From Fig. 2.60b, ^ = 1.78 



^ = (1 ' 78)<38Xl 6 ° !) = 75.2xl0‘ra 

900 xlO -6 

= 75.2 MPa ◄ 

(c) 

.0 r 18 mm „ . „ 

r = 18mm, — =-= 0.30 

d 60 mm 

From Fig 2.60b, K=\.15 



^ = <1 ' 75X38X i° I) =73.9x,0‘ra 

900 xlO -6 

= 73.9 MPa ◄ 
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PROBLEM 2.95 

A hole is to be drilled in the plate at A. The diameters of the 
bits available to drill the hole range from j to 1V 2 in. in 
j-in. increments. If the allowable stress in the plate is 21 ksi, 
determine (a) the diameter d of the largest bit that can be 
used if the allowable load P at the hole is to exceed that at 
the fillets, ( b ) the corresponding allowable load P. 


SOLUTION 

At the fillets: 
From Fig. 2.60b, 


At the hole: 


with 


D 4.6875 r_ _ 0.375 _ 


d 3.125 
K = 2.10 


d 3.125 


A min = (3.125)(0.5) = 1.5625 in 2 


r all 

Arm 


_ v all _ ^ 

°max “ A “ “ °all 


F„, = = (15 f. 5 l (2 ° = 15.625 kips 


K 2.10 

A net = (D - 2r)t, K from Fig. 2.60a 


‘Tnax - K . - ^all 

^net 


^all - 


^net 0 ": 


all 


K 


D = 4.6875 in. t = 0.5 in. cr all = 21 ksi 


Hole diam. 

r 

d = D - 2r 

2 r/D 

K 

Aet 

An 

0.5 in. 

0.25 in. 

4.1875 in. 

0.107 

2.68 

2.0938 in 2 

16.41 kips 

0.75 in. 

0.375 in. 

3.9375 in. 

0.16 

2.58 

1.96875 in 2 

16.02 kips 

1 in. 

0.5 in. 

3.6875 in. 

0.213 

2.49 

1.84375 in 2 

15.55 kips 

1.25 in. 

0.625 in. 

3.4375 in. 

0.267 

2.41 

1.71875 in 2 

14.98 kips 

1.5 in. 

0.75 in. 

3.1875 in. 

0.32 

2.34 

1.59375 in 2 

14.30 kips 


(a) Largest hole with ^all > 15.625 kips is the |--in.-diameter hole. A 

( b ) Allowable load P aXX = 15.63 kips A 
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SOLUTION 


Maximum stress at hole: 

Use Fig. 2.60a for values of K. 


Maximum stress at fillets: 


2 r 
D 

Xiet 

^max 


0-5 = 0.017, K = 2.68 

4.6875 

(0.5)(4.6875 - 0.5) = 2.0938 in 2 
K-^— = (2-68)(13) _ 16 64ksi 
4et 2.0938 


Use Fig. 2.60b for values of K. 


r 

~d 


0.375 

3.125 


0.12 


D_ _ 4.6875 
d ~ 3.125 


^mii 


(0.5)(3.125) = 1.5625 in 2 



(2-10X13) 

1.5625 


17.47 ksi 


K = 2.10 


(a) With hole and fillets: 

(b) Without hole: 


17.47 ksi ◄ 
17.47 ksi ◄ 
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9 mm 



PROBLEM 2.97 

Knowing that the hole has a diameter of 9 mm, determine (a) the radius 
rf of the fillets for which the same maximum stress occurs at the hole A 
and at the fillets, ( b ) the corresponding maximum allowable load P if 
the allowable stress is 100 MPa. 


SOLUTION 

For the circular hole. 


From Fig. 2.60a, 


(a) For fillet, 


From Fig. 2.60b, 


r = | —J(9) = 4.5 mm 

2 r 2(4 51 

d = 96 - 9 = 87 mm — = = 0.09375 


D 


96 


P = 


A 

^net 

= dt = ( 

■^hole 

= 2.72 

(7 

-^Miole J 


Aet 

^net^max 

(783: 


1-6 2 


1-6 \ 


Ky 


hole 


2.72 


= 28.787 x 10 j N 


D = 96 mm, d = 60 mm 

— = — = L60 
d 60 

A mia = dt = (0.060 m)(0.009 m) = 540 x 10“ 6 m 2 

_ (5-40 x 1 Q-°)(l00 x 10°) 


An 


if 

-A- ~ 0.19 
d 


KmeA ■ is 

. . IV | 


fillet 


P 28.787 xl0 J 

= 1.876 


r f « 0A9d = 0.19(60) 


; y =11.4 mm A 
(b) P = 28.8 kN ◄ 
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SOLUTION 

At the hole: 

From Fig. 2.60a, 


At the fillet: 


From Fig. 2.60b, 


r A = 20 mm d A = 88 - 40 = 48 mm 


2 r A 2 ( 20 ) 

D, 88 


= 0.455 


K = 2.20 

KP KP 


4iet d A t 


t = 


KP 


ax 


(2.20)(100 x 10 3 N) , n _3 

= 36.7 x 10 m = 36.7 mm 


t = 

(0.048 m)(125 x 10° Pa) 
D = 88 mm, d B = 64 mm 
r a 15 


D 


d B 64 


= 1.375 


r B =15 mm 


d B 64 


= 0.2344 


K = 1.70 

KP KP 


A min d B t 


t = 


KP 


(1,70)(100 x 10' N) 


d B a max (0.064 m)(125 x 10° Pa) 

The larger value is the required minimum plate thickness. 


= 21.25 x 10 3 m = 21.25 mm 


t = 36.7 mm A 
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PROBLEM 2.99 

(a) Knowing that the allowable stress is 20 ksi, determine the maximum 
allowable magnitude of the centric load P. ( b ) Determine the percent 
change in the maximum allowable magnitude of P if the raised portions 
are removed at the ends of the specimen. 


SOLUTION 


d 2 

From Fig. 2.60b, 

A min =td = (0.625)(2) = 1.25 in' 

(a) <r m =^- P= Am in^max (1-25X20) = | 2 . 0 i 92 kips P = 12.02 kips ◄ 

A^ n K 2.08 

( b ) Without raised section, K = 1.00 

P = A min a m!lx = (1.25)(20) = 25 kips 

f 25-12 02^1 

% change = -— x 100% = 108.0% ◄ 

V 12.02 ) 


r 

d 


0.250 


= 0.125 


if = 2.08 
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SOLUTION 

At the hole: 


At the fillet 


r = 0.5 in. 
2 r 2(0.5) 


d 5 
Aet = td = (0.75)(4) = 3 in 
KP 


d = 5 -1 = 4 in. 

= 0.2 From Fig. 2.60a, 


P = 


Aet 

Aet^mi 

K 

D = 6.5 in., 

r = 0.5 in. 


(3)(20) 

2.51 


= 23.9 kips 


i r • D 6.5 

d = 5 in., — =-= 1.3 

d 5 

d 5 


From Fig. 2.60b, 

A™ =td = (0.75)(5) = 3.75 in 
KP 


K = 2.04 

2 


P = 


: 4 ™ 

Anin ^~it 

K 


(3.75)(20) 

2.04 


= 36.8 kips 


Smaller value for P controls. 


* = 2.51 


P = 23.9 kips ◄ 
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PROBLEM 2.101 

The cylindrical rod AB has a length L = 5 ft and a 0.75-in. diameter; it is made of a mild steel 
that is assumed to be elastoplastic with E = 29 x 10 6 psi and a Y = 36 ksi. A force P is applied 
to the bar and then removed to give it a permanent set 5 P . Determine the maximum value of 
the force P and the maximum amount S m by which the bar should be stretched if the desired 
value of 5 P is ( a) 0.1 in., ( b ) 0.2 in. 



SOLUTION 


A =—d z =—(0.75)“ =0.44179 in 2 
4 4 


L = 5 ft = 60 in. 


^ = (60X36xltf) =0074483in 
7 E 29xl0 3 

When S m exceeds S Y , thus causing pennanent stretch 8 , the maximum force is 
P m =Aa Y =(0.44179)(36x 10 3 ) = 15.9043 xlO 3 lb 

P = 15.90 kips ◄ 


5 P =5 m -5 =S m -S Y so that 8 m =S p +S Y 


(a) 

8 p =0.1 in. 

s m 

= 0.1 + 0.074483 = 0.1745 in. 

◄ 

(b) 

8 p = 0.2 in. 

dm 

= 0.2+ 0.074483 = 0.274 in. 

◄ 
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PROBLEM 2.102 

The cylindrical rod AB has a length L = 6 ft and a 1.25-in. diameter; it is made of a mild steel 
that is assumed to be elastoplastic with E = 29 x 10 6 psi and cr Y = 36ksi. A force P is 
applied to the bar until end A has moved down by an amount S m . Determine the maximum 
value of the force P and the permanent set of the bar after the force has been removed, 
knowing (a) S m = 0.125 in., ( b ) S m = 0.250 in. 



SOLUTION 


(a) 


(b) 



(1.25) 2 =1.22718 in 2 
4 


L = 6 ft = 72 in. 


Lo y _ (72)(36xIQ 3 ) 
E ~ 29 x 10 3 


= 0.089379 in. 


If S m > 5 y , P m = Act y = (1,22718)(36 x 10 3 ) 

= 44.179x 10 3 lb = 44.2 kips 
8 m = 0.125 in. >S Y so that P m = 44.2 kips 

S' = ^ = S Y = 0.089379 

AE E 

s p =S m -S' = 0.125 -0.089379 = 0.356 in. 

5 m = 0.250 in. >S Y so that P m = 44.2 kips 
S'= S Y 

S p =S m -S' = 0.250 -0.089379 = 0.1606 in. 


◄ 

◄ 

◄ 

◄ 
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PROBLEM 2.103 

Rod AB is made of a mild steel that is assumed to be elastoplastic 
with E = 200 GPa and a Y = 345 MPa . After the rod has been 
attached to the rigid lever CD, it is found that end C is 6 mm too 
high. A vertical force Q is then applied at C until this point has 
moved to position C '. Determine the required magnitude of Q and 
the deflection 5 X if the lever is to snap back to a horizontal position 
after Q is removed. 


SOLUTION 

A ab =~(9) 2 = 63.617 mm 2 =63.617 xl0~ 6 m 2 

Since rod AB is to be stretched permanently, 

(Fab)** = ^ab°y = (63.617 xl0~ 6 )(345xl0 6 ) 

= 21.948 x 10 3 N 

+)I\M d = 0: 1.10 - 0 JF ab = 0 

2max = yy (2:1.948 Xl0 3 ) = 13.9669 x 10“ 3 N 13.97kN ◄ 

^ (GA..G., (21.948x 1Q-X1.25) , 2 , 5625x , 0 -3 m 

EA ab (200 x 10 9 )(63.617 x 10 -6 ) 

c 

9' = = 3.0804 x 10 -3 rad 

0.7 

5 X = \A9' = 3.39 x 10“ 3 m 3.39mm ◄ 
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PROBLEM 2.104 

Solve Prob. 2.103, assuming that the yield point of the mild steel is 
250 MPa. 

PROBLEM 2.103 Rod AB is made of a mild steel that is assumed to 
be elastoplastic with E = 200 GPa and ay = 345 MPa . After the rod 
has been attached to the rigid lever CD, it is found that end C is 6 mm 
too high. A vertical force Q is then applied at C until this point has 
moved to position C '. Determine the required magnitude of Q and 
the deflection d\ if the lever is to snap back to a horizontal position 
after Q is removed. 


SOLUTION 


A ab = ^(9) 2 =63.617 mm 2 =63.617 xl0~ 6 m 2 

Since rod AB is to be stretched permanently, 

(^)max = Aab°y = (63-617 x 10 6 )(250 x 10 6 ) 

= 15.9043 x10 3 N 

+)HM d = 0: 1.10 - 0.7 F ab = 0 

2max = yj(15.9043 X 10 3 ) = 10.12 x 10 3 N 10.12 kN ◄ 


„ _(Fab \nax ^AB 

a ad — - 


EA 


AE 


(15.9043 x1Q 3 )(1.25) 
(200x10 9 )(63.617x10~ 6 ) 


1.5625 x 10~ 3 m 


O' = 2.2321 xl0~ 3 rad 
0.7 

§ x = l.ifl' = 2.46xl0“ 3 m 2.46 mm ◄ 
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40-mm 


1.2 m 


diameter 


0.8 m 


30-nun 

diameter 



PROBLEM 2.105 

Rod ABC consists of two cylindrical portions AB and BC; it is made of a mild 
steel that is assumed to be elastoplastic with E = 200 GPa and a Y =250 MPa. 
A force P is applied to the rod and then removed to give it a permanent set 
5 = 2 mm. Determine the maximum value of the force P and the maximum 
amount 8 m by which the rod should be stretched to give it the desired pennanent 
set. 


SOLUTION 

A ab = ^(30 f = 706.86 mm 2 = 706.86x 10~ 6 m 2 

A bc = -^(40) 2 = 1.25 6 64 x 10 3 mm 2 =1.25664 xl0~ 3 m 2 
P m ax = A mm a Y = (706.86 x 10~ 6 )(250 x 10 6 ) = 176.715 x 10 3 N 

P max =176.7 kN ◄ 

, P'L ab | P'L bc (176.715x 10 3 )(0.8) | (176.715x 10 3 )(1.2) 

~ EA ab EA bc ~ (200xl0 9 )(706.86xl0“ 6 ) (200 x 10 9 )(1.25664x 10~ 3 ) 

= 1.84375 xl0~ 3 m = 1.84375 mm 

8 p =S m - S' or S m =8 p + S' = 2 + 1.84375 S m = 3.84 mm ◄ 
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PROBLEM 2.106 


1.2 m 


40-mm 

diameter 


0.8 m 



30-mm 

diameter 



Rod ABC consists of two cylindrical portions AB and BC\ it is made of a mild 
steel that is assumed to be elastoplastic with E = 200 GPa and <r r = 250 MPa. 
A force P is applied to the rod until its end A has moved down by an amount 
8 m = 5 mm. Determine the maximum value of the force P and the permanent 
set of the rod after the force has been removed. 


SOLUTION 

A ab = ^(30) 2 = 706.86 mm 2 = 706.86x 10~ 6 m 2 

A bc = ^(40) 2 = 1.25664 xlO 3 mm 2 =1.25644 xl0~ 3 m 2 
^ax = 4mn°V = (706.86 x 1 0 6 )(250 X10 6 ) = 176.715 x 10 3 N 

P max =176.7 kN ◄ 

, _ P'L ab | P'L bc _ (176.715 xl0 3 )(0,8) | (176.715 x 10 3 )(1.2) 

~ EA ab EA bc ~ (200x10 9 )(706.68x 10~ 6 ) (200x 10 9 )(1.25664x 10~ 3 ) 

= 1.84375 xl0~ 3 m = 1.84375 mm 

8 p = = 5 -1.84375 = 3.16 mm <5^ =3.16 mm A 
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190 

mm 

c 

A 

190 

mm 

11 




p 





B 


PROBLEM 2.107 

Rod AB consists of two cylindrical portions AC and BC, each with a cross-sectional 
area of 1750 min". Portion AC is made of a mild steel with is = 200 GPa and 
a Y = 250 MPa, and portion CB is made of a high-strength steel with E = 200 GPa 
and cry = 345 MPa. A load P is applied at C as shown. Assuming both steels to be 
elastoplastic, determine (a) the maximum deflection of C if P is gradually increased 
from zero to 975 kN and then reduced back to zero, (b) the maximum stress in each 
portion of the rod, (c) the permanent deflection of C. 


SOLUTION 

Displacement at C to cause yielding of AC . 

LAC a Y,AC (0.190)(250 xlO 6 ) 


°C,Y - Lac £ Y,AC 


Corresponding force . 


200x10 

-6\ 


= 0.2375 xl0“ 3 m 


F ac =Aa YAC = (1750x10~ o )(250x 10 6 ) = 437.5 X 10 3 N 


F<cb ~ 


EAdr 


L, 


'CB 


(200 x 10*)(1750 xlQ- b X0.2375xlQ- J ) 
0.190 


For equilibrium of element at C, 

Fac ~ (Fcb + ) = 0 


Fy = F ac - F cb = 875 x 10 N 


Since applied load P = 975 x 10 J N > 875 x 10 3 N, portion AC yields. 


F cb =F ac -P = A7,1.5 x\^ -975x10 3 N =-537.5x10 3 N 


(a) 


Sr = ' FcbLcD 


EA 


(53 7.5x 10 3 )(0.190) = Q _ 29179x 1q -3 m 


(200 x 10 9 )(1750 x 10 -6 ) 


(b) Maximum stresses : a AC = a Y AC = 250 MPa 


F, 


a BC ~ ' 


BC 


537.5 xlO 3 


A 1750x10“ 
(c) Deflection and forces for unloading . 


P' j 

g _ r AC L ‘AC 


EA 


P' J 

r CB^CB 

EA 


= -307.14x 10 6 Pa = -307 MPa 


D r — D r ^AC _ 
r CB ~ r AC T ~ r AC 


L 


AB 


P' = 975 x 10 3 = P' AC - Pc B = 2P' AC P AC = 487.5 x 10 “ 3 N 


S'= 


(487.5x 10 3 X 0. 1 90) . = Q _ 26464x 1q3 m 


(200xl0 9 )(1750x 10“ 6 ) 

S p = 5 m - S' = 0.29179 X 10“ 3 - 0.26464 x 10 “ 
= 0.02715 xl0“ 3 m 


Fac 

1 




0.292 mm A 
250 MPa ◄ 

-307 MPa ◄ 


0.0272 mm A 
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PROBLEM 2.108 

For the composite rod of Prob. 2.107, if P is gradually increased from zero until the 
deflection of point C reaches a maximum value of 8 m = 0.3 mm and then decreased 
back to zero, detennine (a) the maximum value of P, ( b ) the maximum stress in each 
portion of the rod, (c) the permanent deflection of C after the load is removed. 

PROBLEM 2.107 Rod AB consists of two cylindrical portions AC and BC, each with a 
cross-sectional area of 1750 mm 2 . Portion AC is made of a mild steel with E = 200 GPa 
and a Y =250 MPa, and portion CB is made of a high-strength steel with E = 200 GPa 
and cjy = 345 MPa. A load P is applied at C as shown. Assuming both steels to be 
elastoplastic, determine (a) the maximum deflection of C if P is gradually increased 
from zero to 975 kN and then reduced back to zero, (b) the maximum stress in each 
portion of the rod, (c) the permanent deflection of C. 


SOLUTION 

Displacement at C is 5 m =0.30 mm. The corresponding strains are 


6 AC ~ ' 


°' 30 =1.5789*10-’ 


L ac 190 mm 


£ cb ~ ' 


L, 


CB 


0.30 mm _ _i 5 7 g9 x iq- 3 
190 mm 


Strains at initial yielding: 


'Y,AC 


'Y,CB 


t y, ac — 250 x 10 6 _ j 25 x j 0 _ 3 


E 200 x 10 

^£- 345xl ° 6 =-1.725x10-3 


(yielding) 

(elastic) 


E 200 x 10 

(a) Forces : F AC = Aa Y = (1750 x 10~ 6 )(250x 10 6 ) = 437.5 x 10“ 3 N 

F cb = EAs cb = (200 x 10 9 )(1750 x 10 6 )(-1.5789 x 10~ 3 ) = -552.6 x 10~ 3 N 
For equilibrium of element at C, F AC - F CB - P = 0 

p = f ac - F cd = 43 7.5 x 10 3 + 552.6 x 10 3 = 990.1 x 10 3 N 


(. b) Stresses : AC : cr AC = a Y AC 


F r 


CB, C7 CB =^ 


552.6x 10 3 * 

-= = -316xl0 6 Pa 

1750X1Q- 6 


990 kN ◄ 
250 MPa ◄ 

-316 MPa ◄ 
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PROBLEM 2.108 (Continued) 


(cl Deflection and forces for unloading. 


X' _ PaC^AC _ PcB^CB . d’ _ d’ L ac _ D 

° n a ~ n A • ■ r CB - r AC T - r AC 

EA EA L ab 


P' = P ac -Pc B =2Pj c =990.1 x10 3 N .-. P' AC = 495.05xl0 3 N 


S'= ( 495 - 05 xl ° X°- 19 °) = 0.26874 xl(T 3 m = 0.26874 mm 
(200 x 10 9 )(1750x 10~ 6 ) 


5 p = 5 m - S' = 0.30 mm - 0.26874 mm 

0.0313 mm A 
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PROBLEM 2.109 

Each cable has a cross-sectional area of 100 mm 2 and is made of an 
elastoplastic material for which a Y = 345 MPa and E = 200 GPa. A force 
Q is applied at C to the rigid bar ABC and is gradually increased from 0 to 
50 kN and then reduced to zero. Knowing that the cables were initially taut, 
determine (a) the maximum stress that occurs in cable BD , (b) the 
maximum deflection of point C, (c) the final displacement of point C. 
{Hint: In part c, cable CE is not taut.) 


SOLUTION 


Elongation constraints for taut cables . 

Let 0 = rotation angle of rigid bar ABC. 



A - 0: L ab F bd + L ac F ce L ac Q - 0 

Q = f C e+t s -f bd =f ce + \f bd 
l ac 1 

Assume cable CE is yielded. F CE = Act y = (100x 10 6 )(345 x 10 6 ) = 34.5 x 10 3 N 
From (2), F BD = 2{Q -F CE ) = (2)(50 x 10 3 -34.5x 10 3 ) =31.0 x 10 3 N 

Since F m < Aa Y = 34.5 x 10 ’ N, cable BD is elastic when 2 = 50 kN. 


( 1 ) 


( 2 ) 
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PROBLEM 2.109 (Continued) 


(a) Maximum stresses. a CE =a Y = 345 MPa 


<J bd = Fbd = 3L0X10 =310xl0 6 Pa 

A 100 xl(T 6 

a BD =310 MPa 4 

(b) Maximum of deflection of point C. 


S BD = F *° L ™= (31.0x 10 3 )(2) =31xl0 -3 m 

EA (200 x 10 9 )(100 x 10^ 6 ) 


From(l), 8 C = 8 CE = 2S BD = 6.2 x 10~ J m 

6.20 mm -l A 

. o v r 

Permanent elongation of cable CE: (o CE ) D = (o CE ) -— 

y E 


{8 CE ) P =(8 CE ) m ax -^^ 

E 

= 6.20xl0 -3 - ( 345x1 ° 6 )( 2 ) =2.75xl0 _3 m 
200xlO 9 


(cl Unloading. Cable CE is slack =0) at 0 = 0. 


From (2), F BD = 2(0 - F CE ) = 2(0 - 0) = 0 


F L 

Since cable BD remained elastic, 8 Rn = BD BD = 0. 

BD EA 

0 ◄ 
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PROBLEM 2.110 

Solve Prob. 2.109, assuming that the cables are replaced by rods of the 
same cross-sectional area and material. Further assume that the rods are 
braced so that they can carry compressive forces. 

PROBLEM 2.109 Each cable has a cross-sectional area of 100 mm 2 
and is made of an elastoplastic material for which a Y = 345 MPa and 
E = 200 GPa. A force Q is applied at C to the rigid bar ABC and is 
gradually increased from 0 to 50 kN and then reduced to zero. Knowing 
that the cables were initially taut, determine (a) the maximum stress 
that occurs in cable BD , (b) the maximum deflection of point C, (c) the 
final displacement of point C. (Hint: In part c, cable CE is not taut.) 


SOLUTION 


Elongation constraints . 

Let 9 = rotation angle of rigid bar ABC. 


Equilibrium of bar ABC . 


9 = 

&BD = 


J BC 


L 


•AB 


-‘AB 


L 


'AC 










+)^ a ~ 0: L ab F bd + L ac F ce L ac Q - 0 

Q = Fce + T —FbD = Fce + ~Z^BD 
l ac z 

Assume cable CE is yielded. F CE = Aa Y = (100 x 10 6 )(345 x 10 6 ) = 34.5 x 10 J N 
From (2), F BD = 2(Q -F CE ) = (2)(50 x 10 3 -34.5x10 3 ) = 31.0 x 10 3 N 

Since F BD < Aa Y = 34.5 x 10 3 N, cable BD is elastic when Q = 50 kN. 


( 1 ) 


( 2 ) 
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PROBLEM 2.110 (Continued) 


(a) Maximum stresses . 


a CE = a Y = 345 MPa 


F r 


a BD = -^- = 3L0x10 ^ =310xl0 6 Pa 


100xl(r 


(b) Maximum of deflection of point C . 

r. 

°BD = ' 


EA 


(31.0x1Q 3 )(2) 

(200 x 10 9 )(100 x 10~ 6 ) 


= 3.1x10 m 


From (1), 

Unloading . O'= 50xl0 3 N, S' CE =S\ 
From (1), 


8 C = S CE = 2 5 bd = 6.2x 10 m 


o;,„=K 


Elastic F' d - . (200x 1 Q’)C°°x 1 0")(^c) ^ 


U BD 


F' - 
r CE ~ 


EAS' ce (200 X1 o 9 )(100 X IQ " 6 )(<%■) 


-ce 


From (2), 


2 

Q' = F^ e+ \F' bd =\2.5x\0 6 8' c 
6 < 


= ioxio°<£ 


6 

V 


Equating expressions for Q', 12.5 x 1 0S' C = 50 x 10 


S' c = 4x10 3 m 


a BD =310 MPa 


6.20 mm X A 


(c) Final displacement . 


8 = (8 c ) m - S’ = 6.2 xl0~ 3 -4xlO~ J = 2.2 x 10~ 3 m 


2.20 mm -l A 
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PROBLEM 2.111 

Two tempered-steel bars, each yf in. thick, are bonded to a 4--in. mild-steel 
bar. This composite bar is subjected as shown to a centric axial load of 
magnitude P. Both steels are elastoplastic with £ = 29 x 10 ft psi and with 
yield strengths equal to 100 ksi and 50 ksi, respectively, for the tempered 
and mild steel. The load P is gradually increased from zero until the 
deformation of the bar reaches a maximum value 5 m = 0.04 in. and then 
decreased back to zero. Determine (a) the maximum value of P, (b) the 
maximum stress in the tempered-steel bars, (c) the permanent set after the 
load is removed. 


SOLUTION 


For the mild steel, A 1 = — (2) = 1.00 in 


1^= (14X50x10-) =oQ24i38m 
E 29xl0 6 


For the tempered steel, A 2 =2\ — (2) = 0.75 in 


04X100x10*) =0 04 8 2 76 ln 
E 29 x 10 3 


Total area: A = A x + A 2 =1.75 in^ 

< An < &Y2 ■ The mild steel yields. Tempered steel is elastic. 

(a) Forces : P x = A x a yx = (1.00)(50x 10 3 ) = 50 x 10 3 lb 

^ = (29xl0 3 )(0.75)(0.04) =62 1 4xl0 3 lb 
L 14 

P = P X +P 2 = 112.14x 10 3 lb = 112.1 kips 


(. b ) Stresses : a x = — = a rx = 50 x 10 3 psi = 50 ksi 

A 


cr 2 



62.14 x IQ 3 
0.75 


82.86 x 10 3 psi = 82.86 ksi 


(c) 


Unloading : 

Permanent set: 


S'=^ 

EA 

5 p = An 


(112.14x 10 3 )(14) 
(29 x 10 6 )(1.75) 


= 0.03094 in. 


-S'= 0.04 - 0.03094 = 0.00906 in. 


P = 112.1 kips -4 


82.86 ksi ◄ 


0.00906 in. ◄ 
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PROBLEM 2.112 

For the composite bar of Prob. 2.111, if P is gradually increased from zero 
to 98 kips and then decreased back to zero, determine (a) the maximum 
deformation of the bar, (b) the maximum stress in the tempered-steel bars, 
(c) the permanent set after the load is removed. 

PROBLEM 2.111 Two tempered-steel bars, each ^ in. thick, are bonded to 
a y-in. mild-steel bar. This composite bar is subjected as shown to a centric 
axial load of magnitude P. Both steels are elastoplastic with E = 29 x 10 6 psi 
and with yield strengths equal to 100 ksi and 50 ksi, respectively, for the 
tempered and mild steel. The load P is gradually increased from zero until 
the deformation of the bar reaches a maximum value S m = 0.04 in. and 
then decreased back to zero. Determine ( a ) the maximum value of P, (b) the 
maximum stress in the tempered-steel bars, (c) the permanent set after the 
load is removed. 


SOLUTION 


Areas: Mild steel: 

Tempered steel: 

Total: 

Total force to yield the mild steel: 



A= (02) = 1.00 in 2 

4=20j(2) = O.75 in 2 
A = A ] +A 2 =1.75 in 2 

.-. P Y = Aa yl = (1,75)(50 x 10 3 ) = 87.50 x 10 3 lb 


P>Py, therefore, mild steel yields. 

Let P x = force carried by mild steel. 

P 2 = force carried by tempered steel. 

P l = A 1 tr l =(1.00)(50xl0 3 ) = 50xl0 3 lb 

Pj +P 2 =P, P 2 =P-P l =98xl0 3 -50x 10 3 = 48x 10 3 lb 


(a) 


(48x10 3 )(14) 
EA 2 (29x10 6 )(0.75) 


* = P > L 


(b) c 2 = —p- = 


48 x 10 
0.75 


= 64 x 10 ’ psi 


Unloading : S' 


PL 

EA 


(98 x 10 3 )(14) 
(29 x 10 6 )(1.75) 


= 0.02703 in. 


(c) S P = 5 m -S' = 0.03090-0.02703 = 0.003870 in. 


0.0309 in. ◄ 

64.0 ksi ◄ 

0.00387 in. ◄ 
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PROBLEM 2.113 

The rigid bar ABC is supported by two links, AD and BE, of uniform 
37.5 x 6-mm rectangular cross section and made of a mild steel that is 
assumed to be elastoplastic with E = 200 GPa and cr y = 250 MPa. 
The magnitude of the force Q applied at B is gradually increased 
from zero to 260 kN. Knowing that a = 0.640 m, determine ( a ) the 
value of the normal stress in each link, ( b ) the maximum deflection 
of point B. 


SOLUTION 


Statics: 


SM C = 0: 0.640(0 -P BE )-2.64 P AD = 0 


Deformation : S A = 2.649 , S B =a0 = 0.640 9 

Elastic analysis : 

A = (37.5)(6) = 225 mm 2 = 225 x 10~ 6 m 2 
„ EA s (200xl0 9 )(225xl0~ 6 ) 

P AD =~ 5 A = - - - 5 A = 26 ' 47 Xl0 O a 

l ad 1 • 1 

= (26.47 X 10 6 )(2.646») = 69.88 x 10 6 6» 


[ AD 


= 310.6x 10 0 


= M (200 x i Q 9 )(225 x i Q~ 6 ) = 45 x 1q6 

BE L be b 1.0 B B 

= (45 X 10 6 )(0.6406») = 28.80 x 10 6 6» 

<t r * =^ = 128x10 9 9 



2.64 

From statics, Q = P BE + —tzPad = p be + 4 - 125 P AD 
U.04U 

= [28.80 x 10 6 + (4.125)(69.88 x 10 6 )]6» = 317.06 x 10 6 6> 

9y at yielding of link AD\ a AD =a Y = 250 x 10 6 = 310.6x lO 9 ^ 

9 y = 804.89 xlO -6 

Q y = (317.06 x 10 6 )(804.89 x 1 O' 6 ) = 255.2 x 10 3 N 
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PROBLEM 2.113 (Continued) 


(a) 

Since Q = 260 x 10 3 > Q Y , \mkAD yields. 

Pad = Aa Y = (225 x 10 6 )(250 x 10~ 6 ) = 56.25 x 10 3 N 

From statics, P BE = Q - 4.125^ = 260 x 10 3 - (4.125)(56.25 x 10 3 ) 

cr AD = 250 MPa ◄ 


P BE =27.97 x10 3 N 



a BE = Pbe = 27 31X103 = 124.3 x 10 6 Pa 

A 225 x 10~ 6 

a BE =124.3 MPa ◄ 

(b) 

8 b = P * eL **= (27- 9 7 x 1 0 3 )(1.0) =621 53x10 - V 

EA (200xl0 9 )(225xl0~ 6 ) 

5 b = 0.622 mm ^ 4 
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PROBLEM 2.114 

Solve Prob. 2.113, knowing that a = 1.76 m and that the magnitude of 
the force Q applied at B is gradually increased from zero to 135 kN. 

PROBLEM 2.113 The rigid bar ABC is supported by two links, AD 
and BE, of uniform 37.5 x 6-mm rectangular cross section and made 
of a mild steel that is assumed to be elastoplastic with E = 200 GPa 
and (J Y = 250 MPa. The magnitude of the force Q applied at B is 
gradually increased from zero to 260 kN. Knowing that a = 0.640 m, 
determine (a) the value of the normal stress in each link, (b) the 
maximum deflection of point B. 


SOLUTION 


Statics: 


Deformation: 


ZM c =0: \.16(Q-P be )-2.64P ad =0 


5 A = 2.640, S B =1.760 


Elastic Analysis : 


A = (37.5)(6) = 225 mm 2 = 225 x 10~ 6 m 2 

„ EA s ( 200 x 10 9 )( 225 x 10 ~ 6 ) ^ An ^ 6s 
P AiD = o A =- o A =26.47x10 b A 


L 


'AD 


1.7 


= (26.47 x 10 6 )(2.646>) = 69.88 x 10 6 6> 


[ AD 


= 310.6x 10 0 


P BE =™ S , = O°0xl0’)(225xl0-) ^ =45x i 0% 


BE 


1.0 


= (45 x 10 6 )(1.766 i ) = 79.2 x 10 6 6* 


a BE ~ 


^ = 352x10 9 6» 


From statics, Q — Pbe + 


2.64 

T76 


Pad - Pbe + 1 - 500 P 4Z) 



= [73.8 x 10 6 + (1.500)(69.88 x 10 6 )]6> = 178.62 x lO 6 ^ 

0 Y at yielding of \mkBE\ a BE =a Y = 250 x 10 6 = 352 x 10 9 # y 

9 y =710.23 xl0~ 6 

Qy = (178.62X 10 6 )(7 1 0.23 x 10 6 ) = 126.86x 10 3 N 
(a) Since Q = 135 x 10 3 N > Q y , \\rikBE yields. 

P BE =Aa Y =(225 x10“ 6 X250x10 6 ) = 56.25 xl0 3 N 


a be =o Y = 250 MPa A 
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PROBLEM 2.114 (Continued) 


From statics, P, n =—-—(() 
AD 1.500 

-Pbe) = 52.5x10 3 N 



= 52.5*10’ 3xl()( , 

A 225 x 10~ 6 

a AD =233 MPa ◄ 

From elastic analysis of AD, 

0 = Pad = 751.29 xlO -3 rad 

69.88 xlO 6 


0 b ) 

S B = \.166 = 1.322 x 10 -3 m 

5 b =1.322 mm -l -4 
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PROBLEM 2.115* 



Solve Prob. 2.113, assuming that the magnitude of the force Q 
applied at B is gradually increased from zero to 260 lcN and then 
decreased back to zero. Knowing that a = 0.640 m, determine (a) the 
residual stress in each link, ( b ) the final deflection of point B. 
Assume that the links are braced so that they can carry compressive 
forces without buckling. 

PROBLEM 2.113 The rigid bar ABC is supported by two links, AD 
and BE, of uniform 37.5 x 6-mm rectangular cross section and made 
of a mild steel that is assumed to be elastoplastic with E = 200 GPa 
and a Y =250 MPa. The magnitude of the force Q applied at B is 
gradually increased from zero to 260 lcN. Knowing that 
a = 0.640 m, determine (a) the value of the normal stress in each 
link, ( b ) the maximum deflection of point B. 


SOLUTION 


See solution to Problem 2.113 for the normal stresses in each link and the deflection of Point B after loading. 

a AD =250xl0 6 Pa 
a be =124.3 xlO 6 Pa 
S B = 621.53 xl0“ 6 m 

The elastic analysis given in the solution to Problem 2.113 applies to the unloading. 


0' = 317.O6xlO 6 <9' 
Q'= Q 


317.06x10 

,9 


260 xlO 3 
317.06x10 

^9 


= 820.03x10- 


a' AD = 310.6 x W0 = (310.6 x 10^X820.03 x 10~ b ) = 254.70 x 10 b Pa 
CJ ' BE = 128 X 10 9 6» = (128 x 10 9 )(820.03 x 10 -6 ) = 104.96 x 10 6 Pa 
5' b = 0.6400' = 524.82 x 10~ 6 m 


(a) Residual stresses . 

cr AIh res = cr AD - a' AD = 250 x 10 6 - 254.70 x 10~ 6 = -4.70 x 10 6 Pa 
<j be, res = °re ~ °'be = 1243 x 10® -104.96 x 10 6 = 19.34 X 10 6 Pa 
(. b ) S BP = 8 b -5' b = 621.53 xl0~ 6 -524.82 x10~ 6 =96.71xl0’ 6 m 


= -4.70 MPa ◄ 
= 19.34 MPa ◄ 
= 0.0967 mm i A 
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PROBLEM 2.116 

A uniform steel rod of cross-sectional area A is attached to rigid supports and is 
unstressed at a temperature of 45°F. The steel is assumed to be elastoplastic 
with a Y =36 ksi and E = 29 x 10 6 psi. Knowing that a = 6.5 x 10 6 /°F, 
determine the stress in the bar (a) when the temperature is raised to 320°F, 
(b) after the temperature has returned to 45°F. 


SOLUTION 

Let P be the compressive force in the rod. 
Determine temperature change to cause yielding . 


8 = -— + L a(AT) = + La(AT) Y = 0 

AE E 


(A T) Y =- 


36x 10 


= 190.98°F 


Ea (29xl0 6 )(6.5xl0~ 6 ) 

But AT = 320 - 45 = 275°F > (A T y ) 

(, a ) Yielding occurs. 

Cooling : (AT)' = 275°F 

P'L 

S’ = S’ p = 5’ t = - + La(AT)' = 0 

AE 

P' 

<j' = — = -Ea(AT)' 

= -(29 x 10 6 )(6.5 x 10 6 )(275) = -51.83 75 x 10 3 psi 


(b) Residual stress : 


cr = -(Ty =-36.0 ksi 4 


o- res =-cr r -o-' = -36xlO J +51.8375x10 =15.84xl0psi 


15.84 ksi A 
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-<— 150 mm 


250 mm 


PROBLEM 2.117 

The steel rod ABC is attached to rigid supports and is unstressed 
at a temperature of 25°C. The steel is assumed elastoplastic, with 
E = 200 GPa and a v = 250 MPa. The temperature of both 
portions of the rod is then raised to 150°C. Knowing that 
a =11.7 xlO~ 6 /°C, determine ( a ) the stress in both portions of the 
rod, ( b ) the deflection of point C. 


SOLUTION 


A ac = 500 x 10~ 6 m 2 
A cb = 300 x 10~ 6 m 2 


L ac = 0.150 m 
L cb = 0.250 m 


Constraint; 


S P + S T = 0 


Determine AT to cause yielding in portion CB. 


PL 


AC 


PL, 


CB 


EA 


AC 


EA, 


= L AB a{AT) 


AT =■ 


L AB E a 


Lac ! L cb 


\ A AC 


ACB 7 


At yielding, P = P Y = Ap-^y = (300x 10~ 6 )(2.50x 10 6 ) = 75 x 10 3 N 


(A T) y = Py 


L AB Ea 


Lac + Lcb 


\ a ac 


A 

75x10 


CB J 
3 


0.150 


0.250 


Actual AT: 


(0.400)(200 x 10 v )(l 1.7 x 10^°) V500 x 10^° 300 x 10 

150°C - 25°C = 125°C > (A T) r 


-6 


Yielding occurs . For AT > (AT) Y , P = P Y = 75 x 10 3 N 


(a) 


75xlO j 


a AC ~ ~ 


a CB ~ 


^AC 


500x10 


-6 


= -150x10 Pa 


- = -<J v 


(b) 


a cb 

For AT > (AT) y , portion AC remains elastic. 
PvL,, 


x — _ J y^AC 
°C/A ~ 


EA 


+ L ac oc(AT) 


AC 


(75 x 10 J )(0.150) 
(200 x 10 9 )(500 x 10 -6 ) 


A C 

B 






r 


= 90.812°C 


a AC =-150.0 MPa ◄ 


a CB = -250 MPa A 


+ (0.150)(11.7 x 10 6 )(125) = 106.9 x 10 6 m 


Since Points is stationary, S c = 8 CIA = 106.9 xl0 _b m 


8 C = 0.1069 mm- 


PROPRIETARYMATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


226 













































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 2.118* 


A = 500 mm 2 A= 300 mm 2 


A \ C 

\ B I 


■ 






Solve Prob. 2.117, assuming that the temperature of the rod is raised to 
150°C and then returned to 25°C. 

PROBLEM 2.117 The steel rod ABC is attached to rigid supports and is 
unstressed at a temperature of 25°C. The steel is assumed elastoplastic, 
with E = 200 GPa and a Y = 250 MPa. The temperature of both portions 
of the rod is then raised to 150°C. Knowing that a = 11.7 x 10~ 6 /°C, 
determine ( a ) the stress in both portions of the rod, ( b ) the deflection 
of point C. 


SOLUTION 


Constraint: 


A ac =500x 1 (T 6 m 2 
S P + S T = 0 


L ac = 0.150 m 


Determine AT to cause yielding in portion CB. 

PLaC PLcb =LaMAT) 


A cb = 300xl(T 6 m 2 


A 


L cb = 0.250 m 


Ed ac LA CB 


AT = - 


L AB Ea 


Lac + Lcb 


V ^AC 


1 CB y 


At yielding, P = P Y = A CB a y = (300 x 10 _6 )(250x 10 6 ) = 75 x 10 3 N 


(A T) r = Py 


L AB Ea 


Lac ! L cb 


V a ac 


75 x 10 J 


’cs 7 


(0.400)(200 x 10 y )(11.7 x 10^) i, 500 x 10^° 300 x 10 


0.150 


0.250 


= 90.812 °C 

Actual AT: 150°C - 25°C = 125°C > (A T) Y 


P = P Y = 75 x 10 N 


P' 


Yielding occurs . For AT > (A T)y, 

Cooling: 

{AT)' = i25°C P' = EL ^Ly = (200xl0^)(0.400)(11.7xl0")(125) = 1Q3 235x 1Q 3 N 


| L A c _ j _ L cb \ 
\ A ac ^cb ) 


0.150 _j_ 0.250 

500 xlO -6 300 xlO -6 


Residual force: P res =P'-P Y = 103.235x 10 3 -75x 10 3 =28.235xl0 3 N (tension) 


B 


8 


r 
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PROBLEM 2.118’ (Continued) 



(a) 

Residual stresses. 

P KS 28.235 xlO 3 
aAC ~ A 4 c 500 xl(T 6 

i t ac = 56.5 MPa 

◄ 



P Ies 28.235 xlO 3 

CT CR — — A 

A cb 300x10“® 

cr CB =9.41 MPa 

◄ 

C b ) 

p p 

Permanent deflection of point C. 8 r = res AC 

S c = 0.0424 mm — >• 

◄ 
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PROBLEM 2.119* 

For the composite bar of Prob. 2.111, determine the residual stresses in 
the tempered-steel bars if P is gradually increased from zero to 
98 kips and then decreased back to zero. 

PROBLEM 2.111 Two tempered-steel bars, each in. thick, are 
bonded to a T-in. mild-steel bar. This composite bar is subjected as 
shown to a centric axial load of magnitude P. Both steels are 
elastoplastic with E = 29 x 10 6 psi and with yield strengths equal to 
100 ksi and 50 ksi, respectively, for the tempered and mild steel. The 
load P is gradually increased from zero until the deformation of the bar 
reaches a maximum value S m =0.04 in. and then decreased back to 
zero. Determine (a) the maximum value of P, ( b ) the maximum stress 
in the tempered-steel bars, (c) the permanent set after the load is 
removed. 


SOLUTION 


Areas. 


Mild steel: A, = 


j |(2) = 1.00 in 2 


Tempered steel: A 2 =( 2) — (2) = 0.75 in" 

U6J 

Total: A = A x + A^ = 1.75 in 2 

Total force to yield the mild steel: cr n = — P Y = Aa Yl = (1.75)(50 x 10 3 ) = 87.50 x 10Tb 

A 

P > Py, therefore, mild steel yields. 

Let P l = force carried by mild steel 

P 2 = force carried by tempered steel 

p x = A 1 a n =(1.00)(50xl0 3 ) = 50xl0 3 lb 

P l +P 2 =P, P 2 = P-P l =98xl0 3 -50xl0 3 =48xl0 3 lb 

P 2 48 x 10 3 1a3 

a-, = —^ =-= 64 x 10 psi 

A 2 0.75 

IT1 , P 98 x 10 3 . 

Unloading, a = — =-= 56x10 psi 

- A 1.75 


Residual stresses. 


Mild steel: 


crj res =g x -<j' = 50 x 10 J - 56 x 10 J =-6x10 'psi = -6 ksi 


Tempered steel: cr 2 = cr 2 - <r 1 = 64 x 10 3 - 56 x 10 3 = 8 x 10 3 psi 


LOO ksi ◄ 
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PROBLEM 2.120* 

For the composite bar in Prob. 2.111, determine the residual stresses in 
the tempered-steel bars if P is gradually increased from zero until the 
deformation of the bar reaches a maximum value 8 m = 0.04 in. and is 
then decreased back to zero. 

PROBLEM 2.111 Two tempered-steel bars, each -4- in. thick, are bonded 
to a -f-in. mild-steel bar. This composite bar is subjected as shown to a 
centric axial load of magnitude P. Both steels are elastoplastic 
with E = 29 x 10 6 psi and with yield strengths equal to 100 ksi and 50 ksi, 
respectively, for the tempered and mild steel. The load P is gradually 
increased from zero until the deformation of the bar reaches a maximum 
value 8 m = 0.04 in. and then decreased back to zero. Determine (a) the 
maximum value of P, ( b ) the maximum stress in the tempered-steel bars, 
(c) the permanent set after the load is removed. 


SOLUTION 

For the mild steel, 


A = 


l ](2) = 1.00 in z 8 n = 


L8 n (14)(50 x 1 Q 3 ) 

E ~ 29 x 10 6 


= 0.024138 in. 


For the tempered steel, A 2 = 2| — 1(2) = 0.75 in" 5 Y2 = ^ 


_. 2 LS Y2 _ (14)(100x 1Q J ) 

29xl0 6 


= 0.048276 in. 


Total area: 


A = A l + A 2 =l.75 in 2 


$Y\ < < &Y2 


The mild steel yields. Tempered steel is elastic. 

Forces : P { = A x S n = (1.00)(50 x 10 3 ) = 50 x 10 3 lb 

EAjS m (29 x 10 6 )(0.75)(0.04) 


Pi=- 


L 


14 


Stresses: 


Unloading: 


P\ , cn ,o3 ■ P 2 62.14 xl0 J 

<7j = —- = o YI = 50x 10 psi a 2 = — = - 


A 


0.75 


a' = — = 112-14 = 64.08 x 10 3 psi 
A 1.75 


= 62.14 x 10 lb 


= 82.86 xlO 3 psi 


Residual stresses . cr lires = <j x -a' = 50x 10 -64.08x 10 = -14.08x 10 psi = -14.08 ksi 
cr 2 re s = cr 2 - er' = 82.86x 10 3 -64.08x 10 3 =18.78x 10 'psi = 18.78 ksi 
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PROBLEM 2.121* 

Narrow bars of aluminum are bonded to the two sides of a thick steel plate as 
shown. Initially, at 7] = 70°F, all stresses are zero. Knowing that the 
temperature will be slowly raised to T 2 and then reduced to T\, determine 
(a) the highest temperature T 2 that does not result in residual stresses, (b) the 
temperature 77 that will result in a residual stress in the aluminum equal to 
58 ksi. Assume a a = 12.8 x 10 6 /°F for the aluminum and a s = 6.5 x 10 6 /°F 
for the steel. Further assume that the aluminum is elastoplastic, with 
E = 10.9 x I 0 6 psi and a Y =58 ksi. (Hint: Neglect the small stresses in the 
plate.) 


SOLUTION 


Determine temperature change to cause yielding . 

PI 

S = — + La a (AT) Y =La s (AT) Y 
EA 

— = cr = ~E(a - a s )(A T) Y = -a Y 
A 


(A T) y = 


58x10 


E(a a - a s ) (10.9 x 10 6 )(12.8 - 6.5)(10~ 6 ) 

(a) T 2Y = T x + (A T) Y = 70 + 844.62 = 915°F 
After yielding, 


= 844.62°F 


Cooling : 


The residual stress is 


8 = — 7 — + La a (AT) = La s (AT) 
E 


P'T 

S' = — + La a (AT)' = La s (AT)' 
AE 


O'res =<j y - — = <t y - E(a a - a s )(A T) 

A 


Set 


-ay = <j y - E(a a -a s )(AT) 

2<j y (2)(58 x 10 3 ) 


AT = ■ 


■ = 1689°F 


E(a a -a s ) (10.9 x 10 6 )(12.8 - 6.5)(10 6 ) 

(b) T 2 =r i + Ar = 70 + 1689 = 1759°F 

IfT, > 1759°F, the aluminum bar will most likely yield in compression. 


915°F ◄ 


1759°F ◄ 
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PROBLEM 2.122* 


AC B 



■ » F 

Bareli? has a cross-sectional area of 1200 mm' and is made of a steel 




that is assumed to be elastoplastic with E = 200 GPa and <j y = 250 MPa. 


a = 120 mm 


Knowing that the force F increases from 0 to 520 kN and then 




decreases to zero, determine (a) the permanent deflection of point C, 



(b) the residual stress in the bar. 


SOLUTION 


A = 1200 mm 2 = 1200x1 (T 6 m 2 

Force to yield portion AC : P AC = Ac r y = (1200x 1CT 6 )(250 x 10 6 ) 

= 300 x 10 3 N 


Pac. 



«-P 


For equilibrium, F + p cb p ac ~ 0 - 

p cb = p ac - F = 300 x 1q3 - 520 x 10 3 
= -220 x 10 3 N 

P cb L cb _ (220Xl0 3 )(0.440 - 0.120) 
C ~ EA (200xl0 9 )(1200xl(T 6 ) 
= 0.29333 xl0~ 3 m 
P CB 220 xlO 3 

& CR — — P 

A 1200 xlO 6 
= -183.333 x 10 6 Pa 
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PROBLEM 2.122* (Continued) 


Unloading : 


P' T 

S' = ACAC 


EA 


P CB P CB _ ( P P AC ) P CB 

EA 


EA 


P' 

r AC 


L 


L b 


AC | ^BC 

EA EA 


FL, 


•CB 


EA 


FT 

w _ rj "CB 

AC ~ L +L 

^AC ' ^CB 


(520x^)(0.440-0. 12 Q) = 0 3 N 

0.440 


P CB = P AC -^ = 378.18xl0 3 -520xl0 3 = -141.820xl0 3 N 


a AC ~ 


P' AC 378.18 xlO 3 
A 
P' 


1200x10“ 


= 315.150x10 Pa 


a BC ~' 


BC 


141.820x 10 3 
1200x 10~ 6 


= -118.183 x 10 6 Pa 


(378.18x10^(0.120) s0 189090xl0 -, m 
(200x10 9 )(1200x10“ 6 ) 

(a) 5 C p =8 C -5’ C = 0.29333 x 10“ 3 - 0.189090 x 10“ 3 = 0.104240 x 10“ 3 m 

(Z>) a AC res = oy -a' AC = 250 xlO 6 -315.150 xlO 6 =-65.150 x 10 6 Pa 


ct cb res = = -183.333 x 10 6 + 118.183 x 10 6 = -65.150 x 10 6 Pa 


= 0.1042 mm ◄ 
= -65.2 MPa ◄ 
= -65.2 MPa ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


233 

















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


A C 

B 


» F 


a = 120 mm 







PROBLEM 2.123* 

Solve Prob. 2.122, assuming that a = 180 mm. 

PROBLEM 2.122 Bar AB has a cross-sectional area of 1200 mm 2 and 
is made of a steel that is assumed to be elastoplastic with E = 200 GPa 
and (T y = 250 MPa. Knowing that the force F increases from 0 to 
520 kN and then decreases to zero, determine (a) the permanent 
deflection of point C, ( b ) the residual stress in the bar. 


SOLUTION 


A = 1200 mm 2 =1200xl0~ 6 m 2 

Force to yield portion AC : P AC = Aa y = (1200x10~ 6 )(250x 10 6 ) 

= 300 x 10 3 N 

For equilibrium, F + p cb p ac ~ 0 - 


Pftc 




p cb = p ac ~ F = 300 x 10 3 -520 x 10 3 
= -220xl0 3 N 


p cb l cb (220 x1Q 3 )(0.440-0.180) 
EA ~ (200x 10 9 )(1200x 10 -6 ) 
= 0.23833 xl0“ 3 m 


_P CB _ 220xlO 3 

A 1200 xlO^ 6 
= -183.333 x 10 6 Pa 
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PROBLEM 2.123* (Continued) 


Unloading : 


P' I 

S' = ACAC 


p cb^ cn _ ( p PacV^cb 


EA 


EA 


EA 


- p' 
~ r AC 


-‘AC _ + ±J -BC 


EA EA 


FL, 


'CB 


EA 


p' _ PL CB 

Lac + L cb 


(52Qx10 J XQ-440-0-180) =307 27x10 3 n 
0.440 


p cb= p ac - F = 307.27xlO 3 - 520 xlO 3 =-212.73 xl0 3 N 
(307.27 x 10 3 )(0.180) = Q 23Q45 x1Q -3 m 
(200 x 10 9 )(1200 x 10~ 6 ) 

<j' ac = = 30727 X10 = 256.058 x 10 6 Pa 


g cb ~~ 


1 CB 


1200 x10~ 

-212.73 x IQ 3 _ _ 177 275 x IQ 6 Pa 
1200 x 10~ 6 


(a) S Cp =S c -S' c = 0.23833x10^ -0.23045x10^ =0.00788x10 

(b) a AC res = c AC - a' AC = 250 x 10 6 -256.058 x 10 6 = -6.0580 x 10 6 Pa 


a CB res = °CB ~ <Kcb = -183.333 X 10 6 + 177.275 x 10 6 = -6.0580 x 10 6 Pa 


= 0.00788 mm ◄ 
= -6.06 MPa ◄ 
= -6.06 MPa ◄ 
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PROBLEM 2.124 



The uniform wire ABC, of unstretched length 21, is attached to the 
supports shown and a vertical load P is applied at the midpoint B. 
Denoting by A the cross-sectional area of the wire and by E the 
modulus of elasticity, show that, for 5 <K /, the deflection at the 
midpoint B is 
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28 kips 

I 


12 in. 


18 in. 


1.5 in. 


- 2.25 in. 


28 kips 



PROBLEM 2.125 

The aluminum rod ABC (E = 10.1 x 10 6 psi), which consists of two 
cylindrical portions AB and BC, is to be replaced with a cylindrical steel 
rod DE (E = 29 x 10 6 psi) of the same overall length. Determine the 
minimum required diameter d of the steel rod if its vertical deformation is 
not to exceed the deformation of the aluminum rod under the same load 
and if the allowable stress in the steel rod is not to exceed 24 ksi. 


E 


SOLUTION 

Deformation of aluminum rod. 


Steel rod. 


S A = 


PL 


AB 


PL 


'BC 


^abE 


^bcE 


p 

E 


L 


'AB 


L 


'BC 


A 

\ a AB 


28x10 


r 


10.1 x 10 6 


7 BC 

12 


18 


v f(l-5r 5(2.25 Y 
= 0.031376 in. 


S = 0.031376 in. 


S= — 
EA 


(7 = ■ 


A = 


PL (28 x 10 3 )(30) 
ES~ (29x10 6 )(0.031376) 


= 0.92317 in 2 


Required area is the larger value. 
Diameter: 


. P 28 x 10 , . 2 

A = — =-- = 1.16667 in 2 

cr 24 x 10 3 


A = 1.16667 in 2 


d= — = 

V it 


(4)(1.16667) 


r: 


d = 1.219 in. ◄ 
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SOLUTION 

Portion AB: 


P AB =40xl0 J lb 
L ab = 40 in. 
d = 2 in. 


71 


71 


A ab =-d z = —(2)" = 3.1416 in 


E ab = 29x10 psi 

X _ ^AB^AB _ 
°AB ~ ' 


(40x 10 3 )(40) 


Eab *ab (29 x 10 b )(3.1416) 


■ = 17.5619 xl0~ 3 in. 


Portion BC\ 


P BC =-20xl0 3 lb 
L bc =30 in. 
d = 3 in. 


4 = -d 2 = — (3) 2 = 7.0686 in 2 

BC 4 4 


E bc = 15 x 10 6 psi 
a _ Pbc^bc _ 

°BC ~ 


(-20xl0 3 X30) . = _ 5 6588xl0 3 i n 


E bc A bc (15 x 10 )(7.0686) 


(a) 

8 — S AB + Si 

(b) 

bn = —S BC 


<5" = 11.90 x 10 _3 in. >1 ◄ 
5 b =5.66xlO _3 in.T ◄ 
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Brass strip: 



PROBLEM 2.127 

The brass strip AB has been attached to a fixed 
support at A and rests on a rough support at B. 
Knowing that the coefficient of friction is 0.60 
between the strip and the support at B, determine 
the decrease in temperature for which slipping 
will impend. 


SOLUTION 

Brass strip: 

£■ = 105 GPa 



w 

1 


P 




-^- 



J 

a = 20x 1(T 6 / 0 C 


MV f N 


+ 

M 

II 

o 

1 

II 

o 

N = W 




± +ZF x = 0: P-/uN = 0 

P = /jW = /umg 




PI 

S = - \-La(AT) = 

EA 

0 AT = p ="”« 

EAa EAa 




Data: fu = 0.60 





A = (20)(3) = 60 mm 2 = 60 x 10~ 6 m 2 
m = 100 kg 
g = 9.81 m/s 2 
£ = 105x 10 9 Pa 





AT (0.60)(100X9.81) 

(105 x 10 9 )(60 x 10~ 6 )(20 x 10 6 ) 


AT = 4.67°C ◄ 
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PROBLEM 2.128 

The specimen shown is made from a l-in.-diameter cylindrical steel rod 
with two 1.5-in.-outer-diameter sleeves bonded to the rod as shown. 
Knowing that E = 29 x 10 6 psi, determine (a) the load P so that the 
total deformation is 0.002 in., ( b ) the corresponding deformation of the 
central portion BC. 


SOLUTION 


(a) 8 = Z^ = -Z^- 

A,E, E 4 


P = E5 


Z — 

v 4j 


\-i 




L, in. 

d, in. 

A, in 2 

LI A, in 1 

AB 

2 

1.5 

1.7671 

1.1318 

BC 

3 

1.0 

0.7854 

3.8197 

CD 

2 

1.5 

1.7671 

1.1318 


6.083 


P = (29 x 10 6 )(0.002)(6.083) 1 = 9.353 x 10 3 lb 


<— sum 


(b) 


pl bc _ P l bc 
A B cE E A bc 


9.535 xlQ 3 
29xl0 6 


(3.8197) 


P = 9.53 kips A 
8 = 1.254xl0~ 3 in. ◄ 
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PROBLEM 2.129 

Each of the four vertical links connecting the 
two rigid horizontal members is made of 
aluminum (E = 70 GPa) and has a unifonn 
rectangular cross section of 10 x 40 mm. For 
the loading shown, determine the deflection 
of (a) point E, ( b ) point F, (c) point G. 


SOLUTION 

Statics . Free body EFG: 






A 2. Pep 


‘ioo 




750 




v M M 


+)IM f = 0: - (400X2 F BE ) - (250)(24) = 0 
F be =-7.5 kN = -7.5x10 3 N 

+)IM e = 0: (400)(2F cf ) - (650)(24) = 0 
F cf = 19.5 kN = 19.5 x 10 3 N 

Area of one link: 

A = (10)(40) = 400 mm 2 
= 400 x lO^m 2 


Length: L = 300 mm = 0.300 m 
Deformations. 


F T 

S = BE 

U BE „ . 

EA 


§ = F cf l 

CF EA 


(-7.5 x 10 3 )(0.300) 
(70 x 10 9 )(400 x 10 -6 ) 


= -80.357 xl0^ 6 m 


(19.5x10 3 )(0.3 00) 
(70x10 9 )(400x10~ 6 ) 


= 208.93 xl0 _6 m 
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PROBLEM 2.129 (Continued) 


(a) 

Deflection of Point is. 

Jl 

II 

5 e = 80.4 /jm T A 

(b) 

Deflection of Point F. 

Geometry change. 

II 

S F = 209 //m i A 



Let 6 be the small change in slope angle. 

_ S e +5 f _ 80.357 x 10° + 208.93 x 10“ 


0.400 


= 723.22x10 radians 


(c) Deflection of Point G . 


~ + Lfc 0 


S G =8 f +L fg 6 = 208.93 xl0~°+ (0.250)(723.22x10^) 


= 389.73 xl0~ 6 m 


5 g = 390 jum i A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


242 
















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



8 in. 


8 in. 


PROBLEM 2.130 


A 4-ft concrete post is reinforced with four steel bars, each with a 2--in. diameter. 
Knowing that E s =29xl0 6 psi and E c =3.6xl0 6 psi, determine the normal 
stresses in the steel and in the concrete when a 150-kip axial centric force P is 
applied to the post. 


SOLUTION 


A =4 


71 

'3> 

2" 

~4 

,4; 



= 1.76715 in 2 


4, = 8 2 -4 =62.233 in 2 


*,= 
5 = 


P s ( 48) 


P S L .. , . . 

A S E S (1.76715)(29 x 10 6 ) 

PgL _ ^ (48) 

A C E C (62.233)(3.6 xlO 6 ) 

But S s = S c : 0.93663x10 6 P S . =0.21425x10 ^ 

P = 0.22875 P 


= 0.93663x10~ 6 P 


= 0.21425 xl0~ 6 P 


Also, P s + P c = P = 150 kips 

Substituting (1) into (2), 1.228757^ = 150 kips 

P c = 122.075 kips 


( 1 ) 

( 2 ) 


From (1), 


P s = 0.22875(122.075) = 27.925 kips 

P s _ 27.925 

CTs ~ A s ~ 1.76715 

P c _ 122.075 
CTc _ A c ~ 62.233 


ct s =-15.80 ksi 4 
a c = -1.962 ksi 4 
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PROBLEM 2.131 

The steel rods BE and CD each have a 16-mm diameter 
(E = 200 GPa); the ends of the rods are single-threaded with a 
pitch of 2.5 mm. Knowing that after being snugly fitted, the nut at 
C is tightened one full turn, determine (a) the tension in rod CD, 
( b ) the deflection of point C of the rigid member ABC. 
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PROBLEM 2.132 

The assembly shown consists of an aluminum shell (E a =10.6 x 10 6 psi, 
a a = 12.9 x 10 6 /°F) fully bonded to a steel core (E s =29 x 10' 1 psi, 
a s = 6.5 x 10 6 /°F) and is unstressed. Determine {a) the largest allowable 
change in temperature if the stress in the aluminum shell is not to exceed 
6 ksi, (6) the corresponding change in length of the assembly. 


SOLUTION 


Since a a > a s , the shell is in compression for a positive temperature rise. 

Let a a = -6 ksi = -6 x 10 J psi 

A a =^d 2 o = 1.25 2 -0.75 2 ) = 0.78540 in 2 


A s =—d 2 =—(0.75) 2 =0.44179 in 2 
5 4 4 


P = -°a A a = 

where P is the tensile force in the steel core. 


07 , 4 , 

A 


(6x10 3 )(0.78540) 

0.44179 


10.667 xlO 3 psi 


s = ^ + a s (AT) = ^ + a a (AT) 

^s &a 


(aa -a s )(AT) 
(6.4 x 10 _6 )(Ar) 



10.667 xlO 3 6 x 10 3 
29xl0 6 10.6x 10 6 


0.93385 x 10 -3 


(a) AT = 145.91°F 

e = 10.667x10 + 5 x 10 -6) (145 91) = 1.3163 x 10 3 

29xl0 6 


AT = 145.9°F ◄ 


6x10 - + (12.9x 10~ 6 )(145.91) = 1.3163x 10^ 3 
10.6xl0 6 


8 = Ls = (8.0)(1.3163 x 10~ 3 ) = 0.01053 in. 


8 = 0.01053 in. ◄ 
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PROBLEM 2.133 

The plastic block shown is bonded to a fixed base and to a horizontal 
rigid plate to which a force P is applied. Knowing that for the 
plastic used G = 55 ksi, determine the deflection of the plate 
when P = 9 kips. 


2.2 in. 


SOLUTION 


Consider the plastic block. The shearing force carried is P = 9 x 10 3 lb 
The area is A = (3.5)(5.5) = 19.25 in 2 


Shearing stress : 

Shearing strain : 

But 


_P_ _ 9 x 1(T 
r ~ A ~ 19.25 

_ r_ _ 467.52 
7 ~ G ~ 55 x 10 3 " 

Y = — .'. 5 = hy 
h 


467.52 psi 

0.0085006 

= (2.2)(0.0085006) 



8 = 0.01870 in. ◄ 
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Dimensions in mm 


PROBLEM 2.134 

The aluminum test specimen shown is subjected to two equal and opposite 
centric axial forces of magnitude P. (a) Knowing that E = 70 GPa 
and cr all = 200 MPa, determine the maximum allowable value of P and the 
corresponding total elongation of the specimen. ( b ) Solve part a, assuming that 
the specimen has been replaced by an aluminum bar of the same length and a 
uniform 60 x 15-mm rectangular cross section. 


SOLUTION 


(a) Test specimen . 


cr all =200x10 6 Pa £’ = 70xl0 9 Pa 
A mm = (60 mm)(15 mm) = 900 mm 2 = 900 x 10~ 6 m 2 
D = 75 mm, d = 60 mm, r = 6 mm 

—=—=i,25 r = A =0 , 10 

d 60 d 60 


From Fig. 2.60b, 


= K L 

A 


K = 1.95 

p _Aa ma x _(900xlQ- 6 )(200xl0 6 ) 


K 1.95 

Wide area A* = (75 mm)(15 mm) = 1125 mm 2 =1.125 x 10~ 3 m 2 


= 92.308 x10 3 N 


j v PjL,- . P z Lj .. 92.308xlQ 3 


0.150 


0.300 


0.150 


1.125x 10 -3 900x10^ 1.125x10' 


* A E A i 70xl0 9 

= 7.91 x 10' 6 m 

(b) Uniform bar . 

P = Aa M = (900 x 10' 6 )(200 x 10 6 ) = 180 x 10 3 N 

S = ^= d 8 0 x 10 3 )(0.600) =L714xl0 -3 m 
AE (900 x 10' 6 )(70 x 10 9 ) 


P = 92.3 kN ◄ 


S = 0.791 mm A 

P = 180.0 kN ◄ 
5 = 1.714 mm -4 
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PROBLEM 2.135 



The uniform rod BC has a cross-sectional area A and is made of a 
mild steel that can be assumed to be elastoplastic with a modulus of 
elasticity E and a yield strength a Y . Using the block-and-spring 
system shown, it is desired to simulate the deflection of end C of the 
rod as the axial force P is gradually applied and removed, that is, the 
deflection of points C and C' should be the same for all values of P. 
Denoting by u the coefficient of friction between the block and the 
horizontal surface, derive an expression for (a) the required mass m 
of the block, ( b ) the required constant k of the spring. 
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PROBLEM 2.Cl 


Element n Element 1 




A rod consisting of n elements, each of which is homogeneous and 
of uniform cross section, is subjected to the loading shown. The length 
of element i is denoted by L t , its cross-sectional area by A t , modulus of 
elasticity by is, , and the load applied to its right end by P,, the magnitude 
Pi of this load being assumed to be positive if P, is directed to the right 
and negative otherwise, (a) Write a computer program that can be used 
to determine the average normal stress in each element, the deformation 
of each element, and the total deformation of the rod. ( b ) Use this 
program to solve Probs. 2.20 and 2.126. 


SOLUTION 


For each element, enter 

Compute deformation 

Update axial load 
Compute for each element 


Total deformation: 

Update through n elements 


A > A ’ e, 

p = p + p i 

c = PI A, 

A = PL i /A i E i 


5 = S + 8i 


Program Outputs 

Problem 2.20 


Problem 2.126 


Element 

Stress (MPa) 

Deformation (mm) 

1 

19.0986 

0.1091 

2 

-12.7324 

-0.0909 

Total Deformation = 

0.0182 mm 

6 

Element 

Stress (ksi) 

Deformation (in.) 

1 

12.7324 

0.0176 

2 

-2.8294 

-0.0057 

Total Deformation = 

0.01190 in. 
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PROBLEM 2.C2 



, Element n 

Element 1 

A 

/ 



\ R 


u 













p 2 


Rod AB is horizontal with both ends fixed; it consists of n elements, each 
of which is homogeneous and of uniform cross section, and is subjected to 
the loading shown. The length of element i is denoted by L ; , its cross- 
sectional area by A i , its modulus of elasticity by E i , and the load applied 
to its right end by P , the magnitude P } of this load being assumed to be 
positive if P, is directed to the right and negative otherwise. (Note that 
P i = 0.) (a) Write a computer program which can be used to determine the 
reactions at A and B, the average nonnal stress in each element, and the 
deformation of each element, (b) Use this program to solve Probs. 2.41 
and 2.42. 


SOLUTION 


We Consider the reaction at B redundant and release the rod at B 

Compute 5 b with R ls = 0 


For each element, enter 

L o 4* E t 

Update axial load 

P = P + P i 

Compute for each element 

°7 = P/Aj 

S t = PL i /A i E i 

Update total deformation 

Sb = S B + 8 t 

Compute 5 b due to unit load at B 



Unit cr, = XIA i 

Unit S i =L i /A i E i 

Update total unit deformation 

Unit 8 b = Unit S B + Unit <5) 

Superposition 

For total displacement at 

8 B + 

o o 

II II 

*s 

Solving: 

R b = - Jg/Unit 5 b 

Then: 

R-a = ^ + E b 
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For each element 


PROBLEM 2.C2 (Continued) 


a = a l ■ + R b Unit cr ( 
S = S,+R B Unit 


Program Outputs 

Problem 2.41 

RA =-62.809 kN 
RB =-37.191 kN 

Element Stress (MPa) Deformation (mm) 


1 


-52.615 

-0.05011 

2 


3.974 

0.00378 

3 


2.235 

0.00134 

4 


49.982 

0.04498 

Problem 2.42 

RA 

RB 

Element Stress (MPa) Deformation (mm) 

1 

= -45.479 kN 

= -54.521 kN 

-77.131 

-0.03857 

2 


-20.542 

-0.01027 

3 


-11.555 

-0.01321 

4 


36.191 

0.06204 
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PROBLEM 2.C3 



Rod AB consists of n elements, each of which is homogeneous and of 
uniform cross section. End A is fixed, while initially there is a gap 8q 
between end B and the fixed vertical surface on the right. The length of 
element i is denoted by L t , its cross-sectional area by A i , its modulus of 
elasticity by E t , and its coefficient of thermal expansion by a r After the 
temperature of the rod has been increased by AT, the gap at B is closed 
and the vertical surfaces exert equal and opposite forces on the rod. 
(a) Write a computer program which can be used to determine the 
magnitude of the reactions at A and B , the normal stress in each element, 
and the deformation of each element. ( b ) Use this program to solve 
Probs. 2.59 and 2.60. 


SOLUTION 

We compute the displacements at B. 

Assuming there is no support at B, 

enter 

A ’ 4 ’ A ’ 

Enter temperature change T. Compute for each element. 


3 =a,L,T 

Update total deformation. 

&B = &B + & i 

Compute 8 b due to unit load at B. 

Unit 8 i =L i /A i E i 

Update total unit deformation. 

Unit 5 b = Unit 5 B + Unit 8 i 

Compute reactions. 

From superposition. 

R b = {S B — c> 0 )/Unit 8 b 

Then 

= 

For each element. 

<*■> =- r b /a 

8 i =a i L i T + R B L i /A i E i 
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PROBLEM 2.C3 (Continued) 


Program Outputs 

Problem 2.59. 


Problem 2.60. 


R = 52.279 kips 


Element 

Stress (ksi) 

Deformation (10*-3 in.) 

1 

-21.783 

9.909 

2 

-18.671 

10.091 

R = 232.390 kN 

Element 

Stress (MPa) 

Deformation (microm) 

1 

-116.195 

363.220 

2 

-290.487 

136.780 
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PROBLEM 2.C4 



Bar AB has a length L and is made of two different materials of given 
cross-sectional area, modulus of elasticity, and yield strength. The bar is 
subjected as shown to a load P that is gradually increased from zero until 
the deformation of the bar has reached a maximum value 5 m and then 
decreased back to zero, (a) Write a computer program that, for each of 25 
values of S m equally spaced over a range extending from 0 to a value 
equal to 120% of the deformation causing both materials to yield, can be 
used to determine the maximum value/},,of the load, the maximum 
normal stress in each material, the permanent deformation 5 p of the bar, 
and the residual stress in each material. ( b ) Use this program to solve 
Probs. 2.111 and 2.112. 


SOLUTION 


Note: The following assumes ( °V)i < (°v) 2 


Displacement increment 


Displacements at yielding 


For each displacement 


8 m =M5{a Y ) 2 LIE 2 

S A = (cry )| L! 5 B = (p Y ) 2 L!E 2 

If 5 m < 5 A : 

a x =5 m E x !L 
°2 = 2 ^ 

Pm={SJL)(A l E l+ A 2 E 2 ) 

If 8 A < 5 m < 5 B : 

Cq =(<T y ) 1 
a 2 = 

= i + (dm/L)A 2 E 2 

If S m > S B : 

a l =(a Y \ 

&2 = ( cr y) 2 

P m = A, a, + A 2 g 2 
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PROBLEM 2.C4 (Continued) 


Permanent deformations, residual stresses 

Slope of first (elastic) segment 

Slope = (A X E X + A 2 E 2 )/L 
dp = S m - (/y Slope) 

(O’l)res = <*\ -( E l P ml( L Slope)) 
( Cr 2)r CS = Cr 2-( E 2 P m / ( L Slope)) 

Program Outputs 

Problems 2.111 and 2.112 



DM 

10**-3 in. 

PM 

kips 

SIGM(l) 

ksi 

SIGM (2) 
ksi 

DP 

10** -3 in. 

SIGR(l) 

ksi 

SIG (2) 
ksi 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

2.414 

8.750 

5.000 

5.000 

0.000 

0.000 

0.000 

4.828 

17.500 

10.000 

10.000 

0.000 

0.000 

0.000 

7.241 

26.250 

15.000 

15.000 

0.000 

0.000 

0.000 

9.655 

35.000 

20.000 

20.000 

0.000 

0.000 

0.000 

12.069 

43.750 

25.000 

25.000 

0.000 

0.000 

0.000 

14.483 

52.500 

30.000 

30.000 

0.000 

0.000 

0.000 

16.897 

61.250 

35.000 

35.000 

0.000 

0.000 

0.000 

19.310 

70.000 

40.000 

40.000 

0.000 

0.000 

0.000 

21.724 

78.750 

45.000 

45.000 

0.000 

0.000 

0.000 

24.138 

87.500 

50.000 

50.000 

0.000 

0.000 

0.000 

26.552 

91.250 

50.000 

55.000 

1.379 

-2.143 

2.857 

28.966 

95.000 

50.000 

60.000 

2.759 

-4.286 

5.714 

31.379 

98.750 

50.000 

65.000 

4.138 

-6.429 

8.571 

33.793 

102.500 

50.000 

70.000 

5.517 

-8.571 

11.429 

36.207 

106.250 

50.000 

75.000 

6.897 

-10.714 

14.286 

38.621 

110.000 

50.000 

80.000 

8.276 

-12.857 

17.143 

41.034 

113.750 

50.000 

85.000 

9.655 

-15.000 

20.000 

43.448 

117.500 

50.000 

90.000 

11.034 

-17.143 

22.857 

45.862 

121.250 

50.000 

95.000 

12.414 

-19.286 

25.714 

48.276 

125.000 

50.000 

100.000 

13.793 

-21.429 

28.571 

50.690 

125.000 

50.000 

100.000 

16.207 

-21.429 

28.571 

53.103 

125.000 

50.000 

100.000 

18.621 

-21.429 

28.571 

55.517 

125.000 

50.000 

100.000 

21.034 

-21.429 

28.571 

57.931 

125.000 

50.000 

100.000 

23.448 

-21.429 

28.571 
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PROBLEM 2.C5 

The plate has a hole centered across the width. The stress concentration factor 
for a flat bar under axial loading with a centric hole is 


P' 

l d $— ry s r t 
0 D - 
1 



( 2r\ 

to 

2 

1 

1 ^ 

p 

K = 3.00 - 3.13 

— +3.66 

-1.53 





{Dj 


{DJ 


where r is the radius of the hole and D is the width of the bar. Write a computer 
program to determine the allowable load P for the given values of r, D, the 
thickness t of the bar, and the allowable stress a aU of the material. Knowing 
that t = j in., D = 3.0 in., and a all =16 ksi, determine the allowable load P for 
values of r from 0.125 in. to 0.75 in., using 0.125 in. increments. 


SOLUTION 


Enter 


r, D, t, <r all 


Compute K 


RD = 2.0 r/D 


Compute average stress 


Allowable load 


K = 3.00 - 3.1 3RD + 3 MRD 2 - 1 ,53RD i 

°ave = a J K 


Program Output 


^all = cr ave(' D - 2 - 0r )^ 


Radius 

(in.) 

Allowable Load 
(kips) 

0.1250 

3.9802 

0.2500 

3.8866 

0.3750 

3.7154 

0.5000 

3.4682 

0.6250 

3.1523 

0.7500 

2.7794 
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PROBLEM 3.1 

Determine the torque T that causes a maximum shearing stress of 70 MPa in the steel 
cylindrical shaft shown. 


SOLUTION 

Tc 71 4 

'C may ? 6- 

max J 2 



T = | c 3 r max 



= y (0.018 m) 3 (70xl0 6 Pa) 



= 641.26 N • m 

T = 641N-m ◄ 
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SOLUTION 

Tc T 7T 4 

T|nq v 9 J C 

max j 2 



IT 

^"max — T 

nc 



2(800 N • m) 



^■(0.018 m) 3 
= 87.328 xlO 6 Pa 

W = 87 - 3 MPa ^ 
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PROBLEM 3.3 

(a) Determine the torque T that causes a maximum shearing stress of 
45 MPa in the hollow cylindrical steel shaft shown. ( b ) Determine the 
maximum shearing stress caused by the same torque T in a solid cylindrical 
shaft of the same cross-sectional area. 


SOLUTION 

(a) Given shaft: 


7 = §(<* - G 4 ) 

J = —(45 4 - 30 4 ) = 5.1689 x 10 6 mm 4 = 5.1689 x 10“ 6 m 4 
2 


T = 


Tc_ 

J 


T= * 


T = (^ xl0- 6 X45xl0 6 ) =5 i689 xi() 3 N m 
45 x 10“ 3 


(b) Solid shaft of same area: 


A = n(c\ -q 2 ) = ;r(45 2 - 30 2 ) 


= 3.5343 x 10 3 mm 2 


kc = A or c = — = 33.541 mm 
V Tt 

T n 4 Tc 2T 

r = y = v 

f _ (2X5.1689x.oy _ 8? 2x|o6 pa 

^•(0.033541) 3 


T = 5.17 kN-m ◄ 


t = 812 MPa ◄ 
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PROBLEM 3.4 

(a) Determine the maximum shearing stress caused by a 40-kip • in. torque T in 
the 3-in.-diameter solid aluminum shaft shown, (b) Solve part a, assuming that 
the solid shaft has been replaced by a hollow shaft of the same outer diameter 
and of 1-in. inner diameter. 


SOLUTION 



(a) 

Tc 

T = - 

J 



(40 kip ■ in.)(l .5 in.) 






= 7.5451 ksi 

t = 7.55 ksi 4 

(b) 

Tc 

T = - 

J 



(40 kip ■ in.)(1.5 in.) 



y[(l-5 in.) 4 - (0.5 in.) 4 ] 



= 7.6394 ksi 

z = 7.64 ksi 4 
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T = 40 kip • in. 

(a) 


T' 


PROBLEM 3.5 

T 

'2f 

(a) For the 3-in.-diameter solid cylinder and loading shown, determine the 
maximum shearing stress, (b) Determine the inner diameter of the 4-in.- 
diameter hollow cylinder shown, for which the maximum stress is the 
same as in part a. 

4 in. ^ 


T = 40 kip • in. 

(b) 


SOLUTION 

(a) Solid shaft : 


c 


= —d = —(3.0 in.) = 1.5 in. 
2 2 


J 



c 


4 


Tc 
J 
2 T 

3 " 

nc 

2(40 kip • in.) 

n( 1.5 in.) 3 
7.5451 ksi 


( b ) Hollow shaft : 


c n = —d = —(4.0 in.) = 2.0 in. 
0 2 2 


J_ 

c„ 


( 4 - 4 ) 


4 „4 

C, = C' - 


2Tc„ 


JIT 

max 

= (2 0 in) 4 - 2(40 ki P ' in -)( 2 -° in -) 
1 ’ ’ ^(7.5451 ksi) 

c,- = 1.74395 in. 


= 9.2500 in 4 


and d: = 2c,• = 3.4879 in. 


W = 7 - 55 ksi < 


d t = 3.49 in. ◄ 
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60 mm 



PROBLEM 3.6 

A torque T = 3 kN • m is applied to the solid bronze cylinder shown. 
Determine (a) the maximum shearing stress, (b) the shearing stress at point D 
which lies on a 15-mm-radius circle drawn on the end of the cylinder, (c) the 
percent of the torque carried by the portion of the cylinder within the 15-mm 
radius. 


SOLUTION 


(a) 


c 


— d = 30 mm = 30 x 10 3 m 
2 


J = —c 4 = —(30 x 10“ 3 ) 4 = 1.27235 x 10“ 6 m 4 
2 2 

T = 3kN = 3 x 10 3 N 


r = — = (3 x 10 3 )(30 x 10~ 3 ) _ yQ ?36 x 10 6 Pa 


J 


1.27235 x 10 


-6 


(b) p D = 15 mm = 15 x 10 ’m 





(15 x 10~ 3 )(70.736 x 10~ 6 ) 
(30 x 10 -3 ) 


(c) 


TpPp 

Jn 


T 1 _ J P T P 

1 D ~ 

Pp 


n 3 

_ 2 Pp t p 


T d = ^(15 x 10“ 3 ) 3 (35.368 x 10 6 ) = 187.5 N • m 
T 1 R7 S 

-P- X 100% =-=4(100%) = 6.25% 

T 3 x 10 3 


T m = 70.7 MPa ◄ 


t d = 35.4 MPa ◄ 


6.25% ◄ 
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PROBLEM 3.7 

The solid spindle AB is made of a steel with an allowable shearing stress of 
12 ksi, and sleeve CD is made of a brass with an allowable shearing stress 
of 7 ksi. Determine (a) the largest torque T that can be applied at A if the 
allowable shearing stress is not to be exceeded in sleeve CD, ( b ) the 
corresponding required value of the diameter d s of spindle AB. 


SOLUTION 



(a) Analysis of sleeve CD: 

c 2 = —d = —(3) = 1.5 in. 

2 2 



Ci = c 2 - t = 1.5 - 0.25 = 1.25 in. 



J = f(4-c?) = y (1.5 4 - 1.25 4 ) = 4.1172 in 4 

T= jT = (4-1172)(7 x 10 3 ) =19 21x10 3 lb , in 
c 2 1.5 



T 

= 19.21 kip • in. ◄ 

(b) Analysis of solid spindle AB: 

_ T c 

X J 



J n 3 T 19.21 xlO 3 .... 3 

— = — c = — = -3— = 1.601 in 

c 2 t 12 x 10 3 

c= 3|( 2 )( L601 ) = 1,006in. d s = 2c 

d = 2.01 in. ◄ 
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8 in. 


4 in. 


D 


C A ^ 


- 3 in. 


-t = i m - 


PROBLEM 3.8 

The solid spindle AB has a diameter d s = 1.5 in. and is made of a steel with an 
allowable shearing stress of 12 ksi, while sleeve CD is made of a brass with 
an allowable shearing stress of 7 ksi. Determine the largest torque T that can 
be applied at A. 


SOLUTION 

Analysis of solid spindle AB: 


Analysis of sleeve CD: 


The smaller torque governs. 


c = — d. = 0.75 in. 

2 * 

Tc T Jr n 3 
J c 2 


T = y (12 X 10 3 )(0.75) 3 = 7.95 x 10 3 lb • in. 

c 2 = -d=- (3) = 1.5 in. 

2 2 

c, = Cn - t = 1.5 - 0.25 = 1.25 in. 


J = * 


(c| -q 4 ) = -(1.5 4 -1.25 4 ) = 4.1172 in 4 


T = — = (4-1172)(7 x 10 3 ) _ 19 21 x 1Q 3 lb . in 
c, 1.5 


T = 7.95 xlO 3 lb • in. 


T = 7.95 kip • in. ◄ 
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SOLUTION 

(a) Shaft AB : 


(, b ) Shaft BC : 


Tab 

c 

J 


T 

max 


r 

‘'max 


3.6 x 10 3 lb in. 


-d = —(1.3) = 0.65 in. 
2 2 


—c 
2 

Tc _ 2 T 
J nc 3 

(2)(3.6 x IQ 3 ) 
;r(0.65) 3 


8.35 x 10 3 psi 


Tnc 

c 

J 


6.8 x 10 3 lb • in. 

-d = -(1.8) = 0.9 in. 
2 2 

71 4 

— C 

2 

2 T bc _ (2)(6.8 x IQ 3 ) 

KC* 7T( 0.9) 3 


5.94 x 10 3 psi 


W = 8 - 35 ksi < 


W = 5 -94 ksi ◄ 
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SOLUTION 

(a) Shaft AB : 


c b ) Shaft BC : 


T ab = 3.6 x 10 lb • in. 


J=*c 4 


.5 ksi = 8.5 x 10 J psi 

_Tc _ 2 T 

n , ^"max — T ~ T 

2 J 7TC 


C = 3 


'2 T 


AB 


= 3 


I 7ZT 


l (2)(3.6xlQ J ) 
^■(8.5 xlO 3 ) 


= 0.646 in. 


T bc = 6.8 x 10 J lb • in. 

r max = 8 - 5 X !° 3 psi 


C = 3 ■ 


1 2T, 


BC 


= 3 


' 7tT 


(2)(6.8 x 1Q J ) 
^■(8.5 x 10 3 ) 


= 0.7985 in. 


d AB =2c = 1.292 in. A 


d BC =2c = 1.597 in. A 
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PROBLEM 3.11 

Knowing that each portion of the shafts AB , BC, 
and CD consist of a solid circular rod, determine 
(a) the shaft in which the maximum shearing 
stress occurs, ( b ) the magnitude of that stress. 


SOLUTION 

Shaft AB\ 


Shaft BC: 


Shaft CD: 


Answers: 


T = 48 N • m 

c = —d = 7.5 mm = 0.0075 m 
2 

_ Tc _ 2 T 

nax T t. 

J nc 
(2)(48) 


;r(0.0075) 3 


= 72.433 MPa 


T =- 48 + 144 =96N ■ m 


Tc IT 


c = -d =9 mm r QV = — = 


(2)(96) 


J nc' 40.009 ) 3 


= 83.835 MPa 


T = - 48 + 144 + 60 = 156 N- m 


L , nr Tc IT (2x156) 

c=—d = 10.5 mm =—=— 5 -= - - T = 85.79 MPa 

2 max J kJ >r(0.0105) 3 


(a) Shaft CD (b) 85.8 MPa ◄ 
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PROBLEM 3.12 

Knowing that an 8 -mm-diameter hole has been 
drilled through each of the shafts AB, BC, and CD, 
determine ( a ) the shaft in which the maximum 
shearing stress occurs, ( b ) the magnitude of that 
stress. 


SOLUTION 

Hole: 

1 j a 

c. = —a, = 4 mm 

1 2 1 

T = 48N • m 


Shaft AB: 


Shaft BC: 

c, = — 1/ 2 =7.5 mm 

J = J (cl - q 4 ) = y (0.0075 4 - 0.004 4 ) = 4.5679 x KT* m 4 

rc 2 = (4 8 )(0.0075) 8 810Mpa 

J 4.5679 xlO ” 9 

T = - 48 + 144 = 96 N • m c 2 = ^d 2 = 9 mm 


Shaft CD: 

J = -c-, J ) = -j(0.009 4 - 0.004 4 ) =9.904 x 10"’ m 4 

r , 2 = (96X0.009, 7 239Mpa 

/ 9.904 xl0 “ 9 

T = - 48 + 144 + 60 =156 N • m c 2 = d 2 =10.5 mm 


Answers: 

J = Dei _c *) = -|(0.0105 4 - 0.004 4 ) =18.691 x 10"’ m 4 

<156X0.0105) =g7636Mpa 
max J 18.691 x 10 “ 9 

(a) Shaft CD 

(b) 87.6 MPa ◄ 
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PROBLEM 3.13 

Under normal operating conditions, 
the electric motor exerts a torque of 
2.4 kN • m on shaft AB. Knowing 
that each shaft is solid, determine the 
maximum shearing stress in (a) shaft 
AB, (b) shaft BC, (c) shaft CD. 


SOLUTION 




(a) 

Shaft AB: 

Tab 

= 2.4 x 10 3 N • m, c = —d = 0.027 m 

2 




t ab 

= rc = 2r ,= 2 ^ 4 x 10 3 3 )= 77.625 xlO^Pa 

J nc 3 ;r(0.027) 3 

11.6 MPa ◄ 

(b) 

Shaft BC: 

Tbc 

= 2.4 kN • m - 1.2 kN • m = 1.2 kN • m, c = —d = 0.023 m 

2 




t bc 

= rc = 2 T ( 2 )( 1 . 2 xl 0 3 ) = 62 788 xi06pa 

J nc 3 ;r(0.023) 3 

62.8 MPa ◄ 

(c) 

Shaft CD: 

T(:d 

= 0.4 x 10 3 N • m c = —d = 0.023 m 

2 




t cd 

_Tc _ 2T _ (2)(0.4 x 10 3 ) _ 2Q 929 x 10 6 Pa 

J nc 3 ^(0.023) 3 

20.9 MPa ◄ 
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PROBLEM 3.14 



In order to reduce the total mass of 
the assembly of Prob. 3.13, a new 
design is being considered in which 
the diameter of shaft BC will be 
smaller. Determine the smallest 
diameter of shaft BC for which the 
maximum value of the shearing 
stress in the assembly will not be 
increased. 

PROBLEM 3.13 Under normal 
operating conditions, the electric 
motor exerts a torque of 2.4 kN • m 
on shaft AB. Knowing that each shaft 
is solid, determine the maximum 
shearing stress in (a) shaft AB, 
(b) shaft BC, (c) shaft CD. 


SOLUTION 


See solution to Problem 3.13 for maximum shearing stresses in portions AB, BC, and CD of the shaft. The 
largest maximum shearing value is r max = 77.625 x 10 6 Pa occurring in AB. 

Adjust diameter of BC to obtain the same value of stress. 

_Tc _ 2 T 

J TIC 3 


3 


C 


2 T 

JTT 


(2)(1.2 x 10 3 ) 
tt{11.625 x 10 6 ) 


= 9.8415 x 10“ 6 m 3 


c = 21.43xl0 3 m d = 2c = 42.8 x 10 3 m 


42.8 mm ◄ 
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PROBLEM 3.15 

The allowable shearing stress is 15 ksi in the 1.5-in.-diameter steel rod AB and 8 ksi in 
the 1.8-in.-diameter brass rod BC. Neglecting the effect of stress concentrations, 
determine the largest torque that can be applied at A. 


SOLUTION 

Tc ;r 4 ;r 3 

^"max — j ’ ^ ’ * ~ ^"max 


Rod AB: 

r max = 15 ksi c = —d = 0.75 in. 



T = y(0.75) 3 (15) = 9.94 kip-in. 


Rod BC: 

r max = 8 ksi c = ~d = 0.90 in. 



T = ^(0.90) 3 (8) = 9.16 kip • in. 


The allowable torque is the smaller value. 

T = 9.16 kip • in. A 
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SOLUTION 


(a) Rod AB : 


C b ) Rod BC : 


Tc 


7T 


T — - J — - C = 

L max j ’ u 2 5 


2 T 


TXT 


T = 10 kip • in. r max = 15 ksi 


c 3 = (2>(IQ) = 0.4244 in 3 


*( 15 ) 
c = 0.7515 in. 


T = 10 kip • in. r max = 8 ksi 


c 3 = (2)(10) = 0.79577 in 2 


*( 8 ) 
c = 0.9267 in. 


d = 2c = 1.503 in. A 


d = 2c = 1.853 in. A 
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PROBLEM 3.17 

The solid shaft shown is formed of a brass for which the 
allowable shearing stress is 55 MPa. Neglecting the effect of 
stress concentrations, determine the smallest diameters d^B and 
dHe for which the allowable shearing stress is not exceeded. 


SOLUTION 


Shaft AS: 


Shaft BC: 


r max = 55 MPa = 55 x 10 6 Pa 
Tc 2T I IT 

r max ~~ ~~T ~ J C ~ ? 

J TIC ]j KT ma 


T ab = 1200 - 400 = 800 N • m 


c = 3 ■ 


(2X800) 

1 tt(55 x 10 6 ) 


= 21.00 x 10“ 3 m = 21.0 m 


minimum d AB = 2c = 42.0 mm 4 


T bc = 400 N • m 


c = 3 


(2)(400) = 16 . 667 x 10 - 3 m = 16 . 67 mm 


;r(55 x 10 b ) 


mininuun d HC = 2c = 33.3 mm A 
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PROBLEM 3.18 

Solve Prob. 3.17, assuming that the direction of Tc is reversed. 

PROBLEM 3.17 The solid shaft shown is formed of a brass for 
which the allowable shearing stress is 55 MPa. Neglecting the effect 
of stress concentrations, determine the smallest diameters d AB and d B c 
for which the allowable shearing stress is not exceeded. 


SOLUTION 

Note that the direction of Tc has been reversed in the figure. 


Shafts 


Shaft BC: 


Tg = 1200 N • m 

T r = 100 N • in 


r max = 55 MPa = 55x10° Pa 


Tc 2 T IT 

W = — = — C = 3 - 

J 7TC V ^T.n. lx 


T ab = 1200 + 400 = 1600 N • m 



600 mm 


C = 3 


(2)(1600) 
455 xlO 6 ) 


T bc = 400 N • m 

c = 3 


= 26.46 x 10 3 m = 26.46 mm 


minimum d AB = 2 c = 52.9 miu 4 


(2)(400) = i 6 . 667 x 10 -3 m = 16 . 67 mm 


455 x 10°) 


minimum d BC = 2c = 33.3 mm 4 
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PROBLEM 3.19 

The solid rod AB has a diameter Bab = 60 mm and is made of a steel for 
which the allowable shearing stress is 85 MPa. The pipe CD, which has 
an outer diameter of 90 min and a wall thickness of 6 mm, is made of an 
aluminum for which the allowable shearing stress is 54 MPa. Determine 
the largest torque T that can be applied at A. 


SOLUTION 

Rod AB: 


r aii = 85 x 10 6 Pa c = = 0.030 m 


Till _ 


Jr. 


all 


n 3 

= 5T C Till 
c 2 


= y(0.030) 3 (85 x 10 6 ) = 3.605 x 10 3 N • m 


Pine CD : 


r aii = 54 x 10 6 Pa c 2 = ^d 2 = 0.045 m 


c, = c 2 -t = 0.045 - 0.006 = 0.039 m 


J = 


* - c, 4 ) = - (0.045 4 - 0.039 4 ) 


= 2.8073 x 10 “ 6 m 4 


= J hL = (2.8073 xl0-»)(54xl0») = x 10 3 N • m 
a11 c, 0.045 


Allowable torque is the smaller value. 


T all = 3.369 x 10 3 N • m 


3.37 kN • m ◄ 
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PROBLEM 3.20 

The solid rod AB has a diameter d A n = 60 mm. The pipe CD has an outer 
diameter of 90 mm and a wall thickness of 6 mm. Knowing that both the 
rod and the pipe are made of a steel for which the allowable shearing 
stress is 75 MPa, determine the largest torque T that can be applied at A. 


SOLUTION 


6 T>„ -r _ -7Till 


r aI1 = 75x10° Pa T M = 


Rod AB: 


c = -d = 0.030 m J = -c 4 
2 2 

T m = |c 3 r all = |(0.030) 3 (75 x 10 6 ) 
= 3.181 x 10 3 N • m 


Pipe CD \ 


c 2 = —d 2 = 0.045 m c x =c 2 -t = 0.045 - 0.006 = 0.039 m 


(c 4 - C[ 4 ) = — (0.045 4 - 0.039 4 ) 


= 2.8073 x 10“ 6 m 4 


= ( 2 - 8073 x iQ^X 75 x 10 s ) _ 4 679 „ 10 i N . m 


0.045 


Allowable torque is the smaller value. 


J all = 3.18 x 10 N • m 


3.18 kN • m ◄ 
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c 

40 mm 

PROBLEM 3.21 





__ ^ T = iooo n • m A torc l ue of magnitude T = 1000 N • m is applied 


A 

A 


at D as shown. Knowing that the allowable 




' s -10(Tmm 1 

r J ’d shearing stress is 60 MPa in each shaft, determine 



the required diameter of ( a ) shaft AB, ( b ) shaft CD. 


SOLUTION 


T cd = 1000 N • m 

r i nn 

T m = —T cd = — (1000) = 2500 N • m 
r r 40 


(i a ) Shaft AB : 


r all = 60 x 10 Pa 

r=^=^ c 3 = — = ^ 25 °°? = 26.526 x 10^ m 3 


J nc ttt ^-(60x10°) 

c =29.82 x 10 “ 3 =29.82 mm 


d =2c = 59.6 mm A 


(,b) Shaft CD : 


r all = 60 x 10 Pa 

r=^=^ c 3 = —— = (2)(10QQ ? =10.610 xlQ-V 3 


J KC 


7TT ;r(60 X 10 ) 


c =21.97 x 10 3 m =21.97 mm 


d = 2c = 43.9 mm A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


281 










Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 3.22 

A torque of magnitude T = 1000 N • m is applied 
at D as shown. Knowing that the diameter of shaft 
AB is 56 mm and that the diameter of shaft CD is 
42 mm, determine the maximum shearing stress 
in (a) shaft AB, (b) shaft CD. 


SOLUTION 

fa) Shaft AB: 

T cd = 1000 N • m 

r 100 

Tab =-T CD =-rr ( 1000 ) = 2500 N • m 
r c 40 

c = —d = 0.028 m 


2 

t = Tc = (2)(2500) _ 72 50 x io 6 

J n c 3 ;r(0.028) 3 

c = —d = 0.020 m 

72.5 MPa ◄ 

(b) Shaft CD: 


2 

r= Tc __2T _( 2 ) ( 1 000 ) ) 87x10 6 

68.7 MPa ◄ 


J tic’ tt(0.020) 3 
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PROBLEM 3.23 

Under normal operating conditions, a motor 
exerts a torque of magnitude T F at F. The 
shafts are made of a steel for which the 
allowable shearing stress is 12 ksi and have 
diameters d C DE = 0.900 in. and (Iron = 0.800 in. 
Knowing that r D = 6.5 in. and r G = 4.5 in., 
determine the largest allowable value of T F . 


SOLUTION 


Un = 12 ksi 


Shaft FG: 


c = —d = 0.400 in. 
2 


^Ull _ n 3 

~FT C 'all 

c 2 


'F.all 


Shaft DE: 


= ^(0.400) 3 (12) =1.206 kip • in. 

c = —d = 0.450 in. 

2 


T — — c 3 r 

1 E, all _ n c T all 


= y(0.450) 3 (12) =1.7177kip-in. 

T f =^T e T f all = ~~(1-7177) =1.189 kip ■ in. 
r D 6.5 


Allowable value of T F is the smaller. 


T F =1.189 kip • in. 4 
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PROBLEM 3.24 

Under normal operating conditions, a motor 
exerts a torque of magnitude T F = 1200 lb • in. 
at F. Knowing that r D = 8 in., r G = 3 in., and 
the allowable shearing stress is 10.5 ksi in 
each shaft, determine the required diameter of 
(a) shaft CDE , (b) shaft FGH. 


SOLUTION 

T f = 1200 lb • in. 




T E =^_T F =~ (1200) = 3200 lb ■ in. 

r G 3 



r all =10.5 ksi = 10,500 psi 



Tc 2 T 

J nc 3 

3 2 T 

or c = — 

TIT 


(a) Shaft CDE: 

.3 (2)(3200) 

*(10,500) 

= 0.194012 in 3 



c = 0.5789 in. 

d de = 

d DE = 1.158 in. A 

(b ) Shaft FGH: 

3 ( 2 )( 1200 ) 
*(10,500) 

0.012757 in 3 



c = 0.4174 in. 

d pQ — 2 c 

d FG = 0.835 in. A 
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SOLUTION 

r max = 7000 psi = 7.0 ksi 


Shaft BC\ 

d BC = 1.6 in. 



c = —d = 0.8 in. 

2 



T — T^max _ ^ „ 3 

l C - - ~ z max c 

C 2 



= y(7.0)(0.8 ) 3 = 5.63 kip - in. 


Shaft EF: 

d EF = 1.25 in. 



c = —d = 0.625 in. 

2 



F _ 7c max _ 2T 3 

1 F ~ L max c 

c 2 



= y (7.0)(0.625) 3 = 2.684 kip • in. 


By statics, 

T C = ^-T F = —(2.684) = 4.30 kip • in. 

>D 2 - 5 


Allowable value of T c 

is the smaller. 

T c = 4.30 kip • in. A 
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PROBLEM 3.26 

The two solid shafts are connected by gears as shown and are made of a 
steel for which the allowable shearing stress is 8500 psi. Knowing that a 
torque of magnitude T c = 5 kip • in. is applied at C and that the assembly 
c is in equilibrium, determine the required diameter of (a) shaft BC, 
(b) shaft EF. 


SOLUTION 


(a) Shaft BC . 


o b ) Shaft EF : 


r max = 8500 psi = 8.5 ksi 


T c = 5 kip • in. 
Tc 2 T 


Tnax . 3 c ? 

J nc 


IT 


JIT 


C = 3 


(2X5) 

;r(8.5) 


= 0.7208 in. 



^-(5) = 3.125 kip • in. 


(2X3.125) 

^■(8.5) 


0.6163 in. 


d BC = 2c = 1.442 in. -4 


d EF =2c = 1.233 in. 4 
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PROBLEM 3.27 

For the gear train shown, the diameters of the three 
solid shafts are: 

d AB = 20 mm d CD = 25 mm d EF = 40 mm 

Knowing that for each shaft the allowable shearing 
stress is 60 MPa, determine the largest torque T that 
can be applied. 


SOLUTION 

Statics: 

Tab = T 


T'cD ^AB F _ ft 7- 25 ~ 

_ 1 CD ~ 1 AB ~ “ A -~ >1 

r C r B r B 30 

— = — T ef = -7 —T cd = ^(2.570 = 1.5T 

r F r D r D 30 

Determine the magnitude of T so that the stress is 60 MPa = 60x10 6 Pa. 


Shaft /15: 

Tc Jr n 3 

^ ~ T ^shaft — — 0 

J c 2 

c = ~d AB = 10 mm = 0.010 m 


Shaft CD: 

T ab = T = ^(60 X 10 6 )(0.010) 3 T = 94.2 N • m 

c = ^dcD = 12-5 mm = 0.0125 m 


Shaft EF: 

T cd = 2.5 T = ^(60 x 10 6 )(0.0125) 3 T = 73.6 N • m 

c = ~d EF = 20 mm = 0.020 m 


T ef = 7.5 T = y(60 x 10 6 )(0.020) 3 T = 100.5 N • m 

The smallest value of T is the largest torque that can be applied. 

T = 73.6 N • m ◄ 
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SOLUTION 

From statics, 


(a) Shaft AB : 


0 b ) Shaft CD : 


(c) Shaft EF : 


Tab ~ 
Tcd = 


Tef ~ 


T A b = T = 900 N • m 


= T 


~ r c t 

75 mm 

1 AB 
r B 

30 mm 

r E T 

90 mm 

1 BC 

r D 

30 mm 


T = 2.5 T 


(2.5 T) = 1ST 


r all _ 


Tc Tc 


J Sc 


2 T 


c = — 
n r. 


all 


2 T 


c = 


AB 


n r. 


all 


2 900 N • m 
n 80 MPa 


T cd = 2.5 T = 2.5(900 N • m) 


L CD 

c 3 = 


2 T cd _ 2 2250 N • m 


n r. 


all 


k 80 MPa 


T ef = 1ST = 7.5(900 N • m) 


l EF 
C 3 = 


2 T ef _ 2 6750 N • m 


n r. 


all 


k 80 MPa 


c = 19.2757 mm —» d AB = 38.6 mm A 


c = 26.161 mm —» d CD = 52.3 mm -4 


c = 37.731 mm -» d EF = 75.5 mm -4 
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SOLUTION 


For a hollow shaft, 

Tc 2 2 Tc 2 2 Tc 2 ^Tc 2 

r "“ = ~T ’ 44 - cf) = - <f)f 2 2 + *?) ' A(d + c?) 

T 2 T 

By definition, r n =-=- 

Ar m A(c 2 + Cj) 


Dividing, 


W = C 2( g 2 + C l) = 1 + ( g l /c 2) 

r 0 c| + q 2 1 + (cj/c 2 )“ 


◄ 


C\lc 2 

1.0 

0.95 

0.75 

0.5 

0.0 

^max / *0 

1.0 

1.025 

1.120 

1.200 

1.0 
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PROBLEM 3.30 


(a) For a given allowable shearing stress, determine the ratio T/w of the 
maximum allowable torque T and the weight per unit length w for the 


hollow shaft shown. ( b ) Denoting by ( T/w) 0 the value of this ratio for a 
solid shaft of the same radius c 2 , express the ratio T/w for the hollow shaft 
in terms of ( T/w) 0 and q/c 2 . 


SOLUTION 


w = weight per unit length 
pg = specific weight 
W = total weight 
L = length 

W _ pgLA 


w = 


Till _ 


Jr, 


all 


4 4 

TC C'y C i TC 

-"-— r a ii = — 

2 2 


= PgJ = Pgn(c\ - c, 2 ) 

(c 2 + c 2 )(c 2 -c 2 )_ 


(«) — = (ci 2 +cf)r aD 

Cj = 0 for solid shaft 


(6) <Iifk , 1 + fL 


T 

w 


(c 2 + c 2 )1 
2/OgCo 


all 


^70 


2/Og 


(hollow shaft) -4 


(solid shaft) 


(7Vw) 0 


^ c 2 ^ 

1 + % 
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PROBLEM 3.31 

Determine the largest allowable diameter of a 3-m-long steel rod (G = 77.2 GPa) if the rod is to be twisted 
through 30° without exceeding a shearing stress of 80 MPa. 


SOLUTION 


L = 3 m, 
TL 


<p = = 523.6 x 10 3 rad, 


cp = 


GJ 


T = 


180 

GJcp 


T = 


C = 


(80 x 10 6 )(3.0) 


(77.2 x 10 y )(523.6 x 10 -3 ) 


Tc _ GJ(pc 
J ~ JL 

= 5.9374 x 10 


r = 80 x 10 6 Pa 

Grnc tL 

= ——, c = - 

L Gcp 

“ 3 m = 5.9374 mm 


d = 2c = 11.87 ◄ 
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PROBLEM 3.32 

The ship at A has just started to drill for oil on the ocean floor at a depth of 5000 ft. 
Knowing that the top of the 8-in.-diameter steel drill pipe (G = 11.2 x 10 6 psi) 
rotates through two complete revolutions before the drill bit at B starts to operate, 
determine the maximum shearing stress caused in the pipe by torsion. 


SOLUTION 


TL _ GJcp 


_ Tc _ GJcpc _ Gcpc 
J JL ~ L 

cp = 2rev = (2)(2n) = 12.566 rad, c = —d = 4.0 in. 

L = 5000 ft = 60,000 in. 

(11.2 x 10 6 )(12.566)(4.0) in3 . 

t = -—-——- = 9.3826 x 10 psi 

60,000 


x = 9.38 ksi ◄ 
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PROBLEM 3.33 

(a) For the solid steel shaft shown, determine the angle of twist 
at A. Use G = 11.5 x 10 6 psi. ( b ) Solve part a, assuming that the 
steel shaft is hollow with a 1.5-in. outer radius and a 0.75-in. 
inner radius. 


SOLUTION 



(a) 

c = 1.5 in. / = —(1.5 in.) 4 = 7.9522 in 4 

2 

TL (60 kip • in.)(36 in.) 

~ GJ ~ (11,200 kips/in 2 )(7.9522 in 4 ) 

(j) = 0.024252 radians 

<f) = 1.390° ◄ 

(b) 

J = y[(1.5 in.) 4 - (0.75 in.) 4 ] = 7.4552 in 4 

(60 kip ■ in.)(36 in.) 

~ (11,200 kips/in 2 )(7.4552 in 4 ) 

(/> = 0.025869 radians 

<j) = 1.482° ◄ 
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40 mm 



PROBLEM 3.34 

(a) For the aluminum pipe shown (G = 27 GPa), determine the torque T 0 
causing an angle of twist of 2°. ( b) Determine the angle of twist if the 
same torque To is applied to a solid cylindrical shaft of the same length 
and cross-sectional area. 


SOLUTION 

(a) 


c a = 50 mm = 0.050 m, c ; = 40 mm = 0.040 m 
J = y(c 4 - c 4 ) = y (0.050 4 - 0.040 4 ) 


5.7962 xl0“ 6 m 4 


<p = 2° = 34.907 x 10“ 3 rad L = 2.5 m 
G = 27 x 10 9 Pa 


(p = 


TL 

GJ 


T n = 


GJcp _ (27 X 10 9 )(5.7962 x 10“ 6 )(34.907 x 10“ 3 ) 


L 


2.5 


= 2.1851 x 10 3 N • m 


Area of pipe : 


A = 


Kiel - cf ) = ^(0.050 2 - 0.040 2 ) = 2.8274 m 2 


(, b ) Radius of solid of same area : 


c s = . — = 0.030 m 
V x 

J s = yc 4 = y(0.030) 4 = 1.27235 x 10“ 6 m 2 


<P S = 


TqL 


(2.1851 x 10 3 )(2.5) 

GJ ~ (27 x 10 9 )(1.27235 x 10“ 6 ) 


T n = 2.19 kN • m ◄ 


= 0.15902 rad 


^ = 9.11° ◄ 
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PROBLEM 3.35 

The electric motor exerts a 500-N • m torque on 
the aluminum shaft ABCD when it is rotating at a 
constant speed. Knowing that G = 27 GPa and that 
the torques exerted on pulleys B and C are as shown, 
determine the angle of twist between (a) B and C, 
(b) B and D. 


SOLUTION 


(a) Angle of twist between B and C . 


T bc = 200 N • m, L bc = 1.2 m 

c = —d = 0.022 m, G = 27 x 10 9 Pa 
2 

J BC = | c 4 = 367.97 x 10“ 9 m 


Vbic - 


TL 


(200)(1.2) 


= 24.157 x 10 -3 rad 


GJ (27 x 10 9 )(367.97 x 10 9 ) 

(b) Angle of twist between B and D . 

T cd = 500 N • m, L cd = 0.9 m, c =-d = 0.024 m, G = 27xl0 9 Pa 


9b, c = 1 - 384 ° ◄ 


J CD = -c 4 = —(0.024) 4 = 521.153 x 10“ y m 


-9 4 


PC/D ~ 


2 2 

(500)(0.9) 

(27 x 10 9 )(521.153 x 10 9 ) 


= 31.980 xl0“ 3 rad 


Vbid = Vbic + Pern = 24.157 x 10 3 + 31.980 x 10 3 = 56.137 x 10 3 rad 


Vbid ~ 3.22° A 
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SOLUTION 


(a) T ab = 300 N • m, L AB = 0.9 m, C AB = —d = 0.015 m 
J AB = y (0.015) 4 = 79.522 x 10“ 9 m 4 


Vab ~ 


Tab^ab 


(300)(0.9) 


GJ (77.2 x 10 y )(79.522 x 10 -9 ) 


= 43.980 x 10 -3 rad 


<Pab = 2 - 52 ° ◄ 


( b ) T bc = 300 + 400 = 700 N • m, L BC = 0.75 m, C BC = —d = 0.023 m 

J BC = y(0.023) 4 = 439.57 x 10“ 9 m 4 


Vbc 


^BC^BC 


(700)(0.75) 


GJ bc (77.2 x 10 )(439.57 x 10" v ) 

9bc = °- 89 ° 

Vac = Vab + Vbc = 2 - 52 ° + 0 . 89 ° 


= 15.4708 x 10 -3 rad 


fAC 


3.41° ◄ 
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SOLUTION 

Both portions: 


Rod AB : 

( a ) Vb = Vab = 

Rod BC: 


1 

c = — d = 6 mm = 6 x 10 m 
2 

J = ^ c 4 = —(6 x 10“ 3 ) 4 = 2.03575 x 10“V 4 
2 2 

T = 100 N • m 


G ab = 39 x 10 y Pa, L ab = 0.200 m 


TL 


AB 


( 100 )( 0 . 200 ) 


G ab J (39 x 10 9 )(2.03575 x 10 -9 ) 

, c =0.30' 
(100)(0.300) 


= 0.25191 rad 


G bc = 26 x 10 y Pa, L bc = 0.300 m 


TL nr 

(Pec = - 


G bc J (26 x 10 y )(2.03575 x 10 _y ) 
( b ) <p c = <p B + cp BC = 0.25191 + 0.56679 = 0.81870 rad 


= 0.56679 rad 


cp B = 14.43° ◄ 


cp c = 46.9° ◄ 
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PROBLEM 3.38 

The aluminum rod AB (G = 27 GPa) is bonded to the brass 
rod BD (G = 39 GPa). Knowing that portion CD of the 
brass rod is hollow and has an inner diameter of 40 mm, 
determine the angle of twist at A. 


SOLUTION 

RodGR: 


G = 27 x 10 9 Pa, L = 0.400 m 

T = 800 N • m c — —d = 0.018 ra 
2 


J = -c 4 = -(0.018) 4 = 164.896 x 10 Gn 
2 2 


Paw ~ 


TL 


(800)(0.400) 


GJ (27 xl0 y )(l64.896 xl0“ 9 ) 


= 71.875 xl0“ 3 rad 


Part BC\ 


G = 39 x 10 9 Pa L = 0.375 m, c = -d = 0.030 m 


T = 800 + 1600 = 2400 N • m, J = ^c 4 = y(0.030) 4 = 1.27234 x 10“ 6 m 4 


TL 

Pbic ~ 777 - 


(2400)(0.375) 


GJ (39 xl0 y )(l-27234 xl0“ 6 ) 


= 18.137 x 10 -3 rad 


Part CD: 


c, = —d, = 0.020 m 
1 2 1 


c 2 = —d 2 = 0.030 m, L = 0.250 m 


J 

PdD 


?L(c a 2 - c = —(0.030 4 - 0.020 4 ) = 1.02102 x 10 


2 

TL 


“ 6 m 4 


(24001(0.250) 


GJ (39 x 10 y )(l.02102 x 10 -6 ) 


= 15.068 x 10 -3 rad 


Angle of twist at A . 


Pa ~ Paw + Pbic + Pcid 
= 105.080 xl0“ 3 rad 


<p A = 6.02° ◄ 
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PROBLEM 3.39 

The solid spindle AB has a diameter d s = 1.75 in. and is made of a steel with 
G = 11.2 x 10 6 psi and r all = 12ksi, while sleeve CD is made of a brass 
with G = 5.6 x 10 6 psi and r all = 7 ksi. Determine (a) the largest torque T 
that can be applied at A if the given allowable stresses are not to be exceeded 
and if the angle of twist of sleeve CD is not to exceed 0.375°, ( b ) the 
corresponding angle through which end A rotates. 


SOLUTION 

Spindle AB: c = —(1.75 in.) = 0.875 in. Z = 12in, r all =12 ksi, G = 11.2 x 10 6 psi 

/ = -c 4 = —(0.875) 4 = 0.92077 in 4 
2 2 


Sleeve CD: c t = 1.25 in., c 2 =1.5 in., L = 8 in., r. M = 7 ksi 

/ = y(c 4 -c 4 ) =4.1172 in 4 , G =5.6xl0 6 psi 
(a) Largest allowable torque T. 


Ciriterion: Stress in spindle AB. 


Critrion: Stress in sleeve CD. 


T = 


T = 


— T = — 


J c 

(0.92077)(12) 
0.875 


12.63 kip in. 


Jr 4.1172 in 4 

— =-(7 ksi) 

c 2 1.5 in. 


T =19.21 kip • in. 


Criterion: Angle of twist of sleeve CD . (p = 0.375° = 6.545 x 10 3 rad 


The largest allowable torque is 
(i b ) Angle of rotation of end A. 


TL_ t = JG (4-1172X5.6x10°) 

JG L 8 


T =18.86 kip • in. 


T = 12.63 kip • in. A 


t.T I 

h = 4 >A,D = + tc/D = Ittt = T 

J Di J,G, 


= (12.63 X 10 3 ) 


12 


(0.92077)(11.2 x 10 6 ) (4.1172)(5.6 x 10 6 ) 


= 0.01908 radians 


cp A =1.093° ◄ 
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SOLUTION 

Stress analysis of solid spindle AB: 


Stress analysis of sleeve CD: 


The smaller torque governs. 
Deformation of spindle AB: 


Deformation of sleeve CD: 


Total angle of twist: 


c = —d„ = 0.75 in. 

2 s 

Tc Jt 71 3 

T = - T = - = — TC 

J c 2 

T = ^(12 x 10 3 )(0.75) 3 = 7.95 x 10 3 lb • in. 

c 2 = -d„ = -(3) = 1.5 in. 

2 2 

q = c 2 - t = 1.5 - 0.25 = 1.25 in. 

J = y(c 2 4 - C[ 4 ) = ^(1.5 4 - 1.25 4 ) = 4.1172 in 4 

r = /r = ( 4-1172X7 xl0- 3 ) =i92ixl0 3 lb . m 
c 2 1.5 

T = 7.95 x 10 3 lb • in. 

c = 0.75 in. 


/ = ^c 4 = 0.49701 in 4 , I = 12 in., G = 11.2 x 10 6 psi 


Vab ~ 


TL_ _ (7.95 x 10 3 )(12) 

GJ ~ (11.2 x 10 6 )(0.49701) 


= 0.017138 radians 


7 = 4.1172 in 4 , L = 8in., G=5.6xl0 6 psi 


(Pcd ~ 


TL 


(7.95 x 10 3 )(8) 


GJ (5.6 x 10 6 )(4.1172) 

<Pad = Vab + Vcd = 0-019896 radians 


= 0.002758 radians 

<Pad = 1 - 140 ° ◄ 
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PROBLEM 3.41 


Two shafts, each of 3 -in. diameter, are 
connected by the gears shown. Knowing that 
G = 11.2 x 10 6 psi and that the shaft at F is 
fixed, determine the angle through which end 
A rotates when a 1.2-lcip • in. torque is applied 
at A. 


SOLUTION 

Calculation of torques . 


T T r 

Circumferential contact force between gears B and E\ F = T EF = —T AB 

r B r r r a 


Twist in shaft FE. 


T ab =1.2 kip ■ in. = 1200 lb • in. 
T ef = -^-(1200) = 1600 lb-in. 


L = 12 in., c = — d = — in., G = 11.2 x 10 6 psi 
2 16 


_ TC a TC 
J = — C = — 
2 2 

TL 

Veif ~ 777 - 


— I = 57.548 x 10“ 3 in 4 

v 16. 


(1600)(12) 


-3, 


GJ (11.2 x 10 b )(57.548 x 10 -3 ) 


Rotation at E. 


= 29.789 x 10 rad 


cp E = (p E / F = 29.789 x 10 3 rad 


Tangential displacement at gear circle: 5 = r E cp E = r B cp B 

Rotation at B. 


(p B = r -F(p E = A(29.789 x 10“ 3 ) = 39.718 x 10“ 3 rad 


Twist in shaft BA. 


Rotation at A. 


L = 8 + 6 = 14 in. J = 57.548 x 10“ 3 in 4 


Vaib ~ 


TL 


(1200)(14) 


GJ (11.2 x 10 b )(57.548 x 10 -3 ) 


= 26.065 xl0“ 3 rad 


q) A = <Pb + Vaib = 65.783 x 10 3 rad 


cp A = 3.77° ◄ 
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SOLUTION 

Calculation of torques . 

Circumferential contact force between gears B and D: F = 


L AB 


B 


L DE 


Twist in shaft DE. 


y Of) 

T de =~T ab = —( 200 ) = 300 N-m 

r B 60 

J DE = -c A = — (0.015) 4 = 79.522 x 10“ 9 m 4 


l de = °- 5 m 


Vde ~ 


^DE^DE 

GJDE 


(300)(0.5) 


Rotation at D. 


(77.2 x 10 9 )(79.522 x 10 -9 ) 

1-3. 


= 24.434 xl0“ 3 rad 


<Pd = (p DE = 24.434 xlO- rad 
Circumferential displacement at gear circles: 5 = r D (p D = r B cp B 


Rotation at B. 


Twist in shaft AB. 


Rotation at A. 


<p B = ^<p D = —(24.434 x 10“ 3 ) = 36.651 x 10“ 3 rad 
r R 60 


-9_4 


L ab = 0.1 + 0.2 + 0.4 + 0.2 = 0.9 m, J AB = 79.522 x 10“' m 


Vab ~ 


^AB^AB 

GJ ab 


(200X0.9) 


(77.2 x 10 9 )(79.522 x 10 -9 ) 


= 29.320 xl0“ 3 rad 


*Pa ~ Vb + Vab 

= 36.651 x 10“ J + 29.320 x 10“ J rad 

= 65.971 x 10~ 3 rad 


3.78° ◄ 
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PROBLEM 3.43 

A coder F, used to record in digital form the 
rotation of shaft A, is connected to the shaft by 
means of the gear train shown, which consists of 
four gears and three solid steel shafts each of 
diameter d. Two of the gears have a radius r and the 
other two a radius nr. If the rotation of the coder F 
is prevented, determine in terms of T, /, G, J, and n 
the angle through which end A rotates. 
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PROBLEM 3.44 

For the gear train described in Prob. 3.43, 
determine the angle through which end A rotates 
when T = 5 lb • in., / = 2.4 in., d = 1/16 in., 
G = 11.2 x 10 6 psi, and n = 2. 

PROBLEM 3.43 A coder F, used to record in 
digital form the rotation of shaft A, is connected to 
the shaft by means of the gear train shown, which 
consists of four gears and three solid steel shafts 
each of diameter d. Two of the gears have a radius r 
and the other two a radius nr. If the rotation of the 
coder F is prevented, determine in terms of T, l, G, 
J, and n the angle through which end A rotates. 


SOLUTION 

See solution to Prob. 3.43 for development of equation for <p A . 


(Pa = 


Tl ( 1 1 

— 1 + — + — 
\ n n 


GJ 


Data: T = 5 lb ■ in., I = 2.4 in., c = —d = — in., G = 11.2 x 10 6 psi 

2 32 


O T K 4 ^ 

n = 2, J = —c = — 

2 2 


!-6 • 4 


(Pa = 


(5)(2.4) 


— = 1.49803 x lO -0 in 

v 32 J 

1 1 > 


(11.2 xl0 6 )(l-49803 xl0“ 6 ) 


1 + - + — 

4 16 j 


= 938.73 x 10“ 3 rad 


<p A = 53.8° ◄ 
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PROBLEM 3.45 

The design specifications of a 1.2-m-long solid circular transmission shaft require that the angle of twist of 
the shaft not exceed 4° when a torque of 750 N • m is applied. Determine the required diameter of the shaft, 
knowing that the shaft is made of a steel with an allowable shearing stress of 90 MPa and a modulus of 
rigidity of 77.2 GPa. 


SOLUTION 


Based on angle of twist . 


T = 750 N • m, cp = 4° = 69.813 x 10“ 3 rad, L=1.2m, J = ^c 4 

z = 90 MPa = 90 x 10 6 Pa 
G = 112 GPa = 77.2 x 10 9 Pa 
TL 2 TL 


Based on shearing stress . 


Use larger value. 


cp = 


GJ ttGc 4 

C = 41- 


2 TL 


= 4 ' 


(2)(750)(1.2) 


nGcp V^(77.2x 10 y )(69.813x 10“ 3 ) 


Tc IT 


= 18.0569 xl0 _3 m 


t = 

J nc 
Si T 

C = 3 - = 3 

V 7TZ 


(2 ) (750) = 17.441 xl0- 3 m 


^■(90 x 10°) 


c = 18.0569 x 10 3 m = 18.0569 mm 


d = 2c = 36.1 mm -4 
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PROBLEM 3.46 

The solid cylindrical rod BC of length L = 24 in. is attached to the rigid 
lever AB of length a = 15 in. and to the support at C. Design specifications 
require that the displacement of A not exceed 1 in. when a 100-lb force P is 
applied at A. For the material indicated, determine the required diameter of 
the rod. 


Steel : r a ii =15 ksi, G= 11.2 x 10 6 psi. 


SOLUTION 

At the allowable twist angle, 


Based on twist. 


Based on stress. 


Use larger value for design. 


<P 

T 

(p 


4 


C 


T 


C 


— = — = 0.06667 
a 15 

3.8226° = 0.066716 rad. 


Pa cos (p = (100)(15)cos 3.8226° = 1496.7 lb • in. 
TL _ 2TL . 4 _ 2TL 

GJ ttGc a JtGcp 


(2)(1496.7)(24) 

7t(l 1.2x10 e )(0.066716) 


30.603 x 10 
Tc _ 2 T 
J tu? 
2(1496.7) 
tt(1 5,000) " 


“ 3 in 4 c = 0.418 


3 


C 


2 T 
m 


= 63.522 xl0“ 3 in 3 


(r = 15,000 psi) 
c = 0.399 in. 


0.399 in. 


d = 2c = 0.837 in. A 
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PROBLEM 3.47 

The solid cylindrical rod BC of length L = 24 in. is attached to the rigid 
lever AB of length a = 15 in. and to the support at C. Design specifications 
require that the displacement of A not exceed 1 in. when a 100-lb force P is 
applied at A. For the material indicated, determine the required diameter of 
the rod. 


Aluminum: r a u =10 ksi, G = 3.9 x 10 6 psi. 


SOLUTION 

At the allowable twist angle, 


Based on twist. 


Based on stress. 


Use larger value for design. 


sirup = — = — = 0.06667 
a 15 

<p = 3.8226° = 0.066716 rad 
T = Pa cos cp = (100)(15)cos3.8226° = 1496.7 lb ■ in. 
TL 2 TL 4 2 TL 

GJ 7tGc a nG(p 

4 _ (2)(1496.7X24) 

~ ;r(3.9 x 10 6 )(0.066716) 

= 87.888 x 10“ 3 in 4 c = 0.544 in. 


T 


Tc _ 2 T 
J nc? 
2(1496.7) 
^■( 10 , 000 ) 


IT 


m 

= 95.283 xl0“ 3 in 3 


(r = 10,000 psi) 


c = 0.457 in. 


c = 0.544 in. 


d = 2c = 1.089 in. A 
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40 mm 


PROBLEM 3.48 

The design of the gear-and-shaft system shown 
requires that steel shafts of the same diameter be 
used for both AB and CD. It is further required 
that r max < 60 MPa, and that the angle <j) D through 
which end D of shaft CD rotates not exceed 1.5°. 
Knowing that G = 77.2 GPa, determine the 
required diameter of the shafts. 


SOLUTION 


r CD =T d = 1000 N • m T ab = !^-T cd = —(1000) = 2500N • m 

r c 40 


For design based on stress, use larger torque. 

Tc 


T ab = 2500 N • m 


Design based on rotation angle. 
Shafts#: 


Shaft CD: 


T = 


c 3 = 


J 
2 T 

JTT 


2 T 

KC 3 

(2)(2500) 


= 26.526 x 10 -6 nr 


;r(60 x 10 ) 

c = 29.82 x 10 _3 m = 29.82 mm, d = 2c = 59.6 mm 
(p D = 1.5° = 26.18 x 10~ 3 rad 

L = 0.4 m 
1000 


T ab = 2500 N • m. 


TL (2500)(0.4) 

(Par — — 

GJ GJ 


1000 


GJ 


Gears < 


Vb ~ Vab ~ 


GJ 


<Pc = —Vb = 


f 100) 

r iooo') 

2500 

° 

l GJ ) 

GJ 


T cd = 1000 N • m, L = 0.6 m 
TL (1000)(0.6) _ 600 
~ ~GJ 


VCD ~ 


GJ 


GJ 


2500 600 

<Pd=<Pc+<Pcd = — + — 


3100 3100 


4 (2)(3100) 

c = 


GJ 
(2)(3100) 


Gfc« 


7r{ll .2 x 10 9 )(26.18 x 10 -3 ) 


nGcpo 

c = 31.435 x 10 _3 m = 31.435 mm. 


= 976.46 x 10 m 


Design must use larger value for d. 


d = 2c = 62.9 mm 

d = 62.9 mm A 
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PROBLEM 3.49 

The electric motor exerts a 
torque of 800 N • m on the 
steel shaft ABCD when it is 
rotating at constant speed. 
Design specifications require 
that the diameter of the shaft 
be uniform from A to D and 
that the angle of twist between 
A to D not exceed 1.5°. 
Knowing that r max < 60 MPa 
and G = 77.2 GPa, determine 
the minimum diameter shaft 
that can be used. 


SOLUTION 

Torques: 

Design based on stress. 

T = 


T ab = 300 + 500 = 800 N • m 
T bc = 500 N • m, 


Tcd ~ 0 


Tc 2 T 


J 


c 3 = 


r = 60 x 10° Pa 
IT (2)(800) 


n c 


tit ;r(60 x 10°) 


= 8.488 x 10“ 6 m 3 


c = 20.40 x 10 3 m = 20.40 mm, d = 2c = 40.8 mm 


Design based on deformation. 

Vd/c = 0 


<p DjA = 1.5° = 26.18 x 10 3 rad 


_ T bc L bc _ (500X0.6) _ 300 
PaH GJ GJ GJ 

T ab L ab _ (800)(0.4) _ 320 


<PwA GJ GJ 

Vdia = Vdic + Vc/b + 9bia = 
(2)(620) 


c 4 = 


GJ 

620 _ 620 
GJ ~ 

(2)(620) 


Gfc ' 1 


(2X620) 

ttGc 4 


= 195.292 xl0“ 9 m 4 


TrG<p DIA n(n.2 x 10 9 )(26.18 x 10“ 3 ) 
c = 21.022 x 10 _3 m = 21.022 mm, d = 2c = 42.0 mm 
Design must use larger value of d. 


d = 42.0 mm A 
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PROBLEM 3.50 

A hole is punched at A in a plastic sheet by applying a 600-N 
force P to end D of lever CD, which is rigidly attached to the 
solid cylindrical shaft BC. Design specifications require that 
the displacement of D should not exceed 15 mm from the 
time the punch first touches the plastic sheet to the time it 
actually penetrates it. Determine the required diameter of 
shaft BC if the shaft is made of a steel with G = 77.2 GPa 
and r all =80 MPa. 


SOLUTION 

Torque : T = rP = (0.300 m)(600 N) = 180 N • m 

Shaft diameter based on displacement limit . 

5 15 mm 

cp = — = -= 0.005 rad 

r 300 mm 

TL 2 TL 


9 GJ kGc 4 

c 4 _ 2TL _ (2)(180X0.500) 


= 14.843 x 10“ 9 m 4 


nGcp ;r(77.2xl0 y )(0.05) 
c = 11.038 x 10 -3 m = 11.038 m d = 2c = 22.1 mm 
Shaft diameter based on stress. 


r = 80 x 10 6 Pa T = — = 2T 


J Tt(? 

c 3 = — = (2)(l 80) = 1.43239 x 10“ 6 m 3 

tit ^(80xl0 6 ) 

c = 11.273 x 10~ 3 m = 11.273 mm d = 2c = 22.5 mm 
Use the larger value to meet both limits. 


d = 22.5 mm A 
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PROBLEM 3.51 

The solid cylinders AB and BC are bonded together at B and are 
attached to fixed supports at A and C. Knowing that the modulus of 
rigidity is 3.7 x 10 6 psi for aluminum and 5.6 x 10 h psi for brass, 
determine the maximum shearing stress (a) in cylinder AB, (b) in 
cylinder BC. 


SOLUTION 

The torques in cylinders AB and BC are statically indeterminate. Match the rotation <p B for each cylinder. 


Cylinder^? : 


c = —d = 0.75 in. 

2 

J = -c 4 = 0.49701 in 4 


L = 12 in. 


9b = 


IabL 

GJ 


T ab ( 12 ) 


Cylinder BC : 


(3.7 x 10 6 )(0.49701) 
L = 18 in. 


= 6.5255 x 10 ~ b T 


AB 


c = —d = 1.0 in. 
2 


J = -c 4 = —(1.0) 4 = 1.5708 in 4 
2 2 


T bc L T bc ( 18) 

B GJ (5.6 xl0 6 )(l.5708) 


= 2.0463 x 10 _6 r, 


BC 


Matching expressions for <p B : 6.5255 x 10 6 T AB = 2.0463 x 10 ( T } 


BC 


t bc = 3.1889 7^ 


Equilibrium of connection at B : 


Tab + T bc T - 0 


T = 12.5 x 10 lb • in. 


Tab + T bc = 12-5 x 10 J 


(1) 


( 2 ) 
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PROBLEM 3.51 (Continued) 


Substituting (1) into (2), 


4.1889 T ab = 12.5 xlO j 


T ab = 2.9841 x 10 3 lb ■ in. T BC = 9.5159 x 10 3 lb • in. 


(a) Maximum stress in cylinder AB . 


J 

(b) Maximum stress in cylinder BC . 


Tab = %= ( 2-9841 ^0;X0.75) = 4 50 xl0 3 psi 


0.49701 


^ = 7^=(9. 515 9x^)(1.0)= 606 x 1Q 3 psi 


J 


1.5708 


t ab = 4.50 ksi 4 


t bc = 6.06 ksi 4 
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PROBLEM 3.52 

Solve Prob. 3.51, assuming that cylinder AB is made of steel, for 
which G = 11.2 x 10 6 psi. 

PROBLEM 3.51 The solid cylinders AB and BC are bonded together 
at B and are attached to fixed supports at A and C. Knowing that the 
modulus of rigidity is 3.7 x 10 h psi for aluminum and 5.6 x 10 6 psi for 
brass, determine the maximum shearing stress (a) in cylinder AB, 
(b) in cylinder BC. 


SOLUTION 

The torques in cylinders AB and BC are statically indeterminate. Match the rotation cp B for each cylinder. 
Cylinder AB : c = = 0.75 in. L = 12 in. J = ^-c 4 = 0.49701 in 4 


•Pb = 


TabL 


Tab( 12 ) 


GJ (11.2 x 10 6 )(0.49701) 


= 2.1557 x 10“ b r 


AB 


Cylinder BC : c = ^d= 1.0 in. I = 18 in. / = ^c 4 = ^(l.O) 4 = 1.5708 in 4 


(Pb = 


T bc L 


V;0 8 ) 


GJ (5.6 x 10 b )(l .5708) 


= 2.0463 x 10“ 6 r, 


BC 


Matching expressions for cp B \ 2.1557 x 10 °T AB = 2.0463 x 10 6 T BC T BC = 1.0535T 


AB 


Equilibrium of connection at B : T AB + T BC - T = 0 T AB + T gc = 12.5 x 10 


Substituting (1) into (2), 


2.0535T ab = 12.5 x 10 3 


T ab = 6.0872 x 10 lb ■ in. 


T bc = 6.4128 x 10 lb • in. 


(a) Maximum stress in cylinder AB . 


r ^%£= (6-0872 x^)(075) =919xl()3psi 


(1) 

( 2 ) 


J 


0.49701 


(b) Maximum stress in cylinder BC . 


Tbc = %= (6 - 4i28 :i 0 ; )(i - 0) =4.08x103 p Si 


J 


1.5708 


r AB = 9.19 ksi A 


t bc = 4-08 ksi 4 
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PROBLEM 3.53 

The composite shaft shown consists of a 0.2-in.-thick brass 
jacket (G = 5.6 x 10 6 psi) bonded to a 1.2-in.-diameter steel core 
(Gsteei = 11.2 x 10 6 psi). Knowing that the shaft is subjected to 
5-kip • in. torques, determine (a) the maximum shearing stress in 
the brass jacket, ( b ) the maximum shearing stress in the steel 
core, (c) the angle of twist of end B relative to end A. 


SOLUTION 

Steel core: 


c, = —d = 0.6 in. 

2 

J = - c , 4 = —(0.6) 4 = 0.20358 in 4 
1 2 1 2 

Gj/, = (11.2 x 10 6 )(0.20358) = 2.2801 x 10 6 lb • in 2 


Torque carried by steel core . 

Brass jacket: 


7j = G,/, 


£ 

L 


Torque carried by brass jacket . 


Total torque: 


c 2 = c x + t = 0.6 + 0.2 = 0.8 in. 

J 2 = y (c 2 4 - c/) = y(0.8 4 - 0.6 4 ) = 0.43982 in 4 
G 2 J 2 = (5.6 x 10 6 )(0.43982) = 2.4630 x 10 6 lb • in 2 

t 2 = g 2 jX 

T =T l+ T 2 = (G,J, + G 2 .J 2 ) y 

cp__ T _ 5 x 10 3 

L 


G\J \ + G 2 J 2 


2.2801 xlO 6 + 2.4630 xlO 6 


= 1.05416 x 10 3 rad/in. 

(a) Maximum shearing stress in brass jacket . 

W = G 2 >w = G 2 c 2 y = (5.6 X 10 6 )(0.8)(1.05416 x 10“ 3 ) 

= 4.72 xlO 3 psi 

(b) Maximum shearing stress in steel core . 

W = G,y max = G,C| y = (11.2 x 10 6 )(0.6)(1.05416 x 10“ 3 ) 

= 7.08 x 10 3 psi 

(c) Angle of twist . (Z, = 6 ft = 72 in.) 

<p = Zy = (72X1.0542 x 10“ 3 ) = 75.9 x 10“ 3 rad 

= 4.35° 


4.72 ksi ◄ 


7.08 ksi ◄ 


◄ 
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PROBLEM 3.54 

The composite shaft shown consists of a 0.2-in.-thick brass 
jacket (G = 5.6 x 10 6 psi) bonded to a 1.2-in.-diameter steel 
core (G s teei = 11.2 x 10 6 psi). Knowing that the shaft is being 
subjected to the torques shown, determine the largest angle 
through which it can be twisted if the following allowable 
stresses are not to be exceeded: r ste ei = 15 ksi and Zbrass = 8 ksi. 


SOLUTION 


Steel core: 


Brass jacket: 


Smaller value governs. 
Allowable angle of twist: 


T — (jY = Gc — 
‘'max / max max ^ 


L 


‘all 


Gc„ 


for each material. 


r a n = 15 ksi = 15,000 psi, c max = —d =0.6 in. 


Pall 


15,000 


= 2.2321 x 10 3 rad/in. 


L (11.2 x 10 )(0.6) 
r a n = 8 ksi = 8000 psi, c max = 0.6 + 0.2 = 0.8 in. 


Pall 


8000 


(5.6 x 10 6 )(0.8) 


= 1.78571 x 10“ 3 rad/in. 


^ = 1.78571 x 10“ 3 rad/in. 

L 

L = 6 ft = 72 in. 

%n = = (72X1.78571 x 10“ 3 ) = 128.571 x 10“ 3 rad 


= 7.37° 


◄ 
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PROBLEM 3.55 

Two solid steel shafts {G = 77.2 GPa) are connected to a coupling diski? and 
to fixed supports at A and C. For the loading shown, determine (a) the 
reaction at each support, ( b ) the maximum shearing stress in shaft AB, (c) the 
maximum shearing stress in shaft BC. 


SOLUTION 

Shaft AS: 


T = T ab , L ab = 0.200 m, c = —d = 25 mm = 0.025 m 

J AB = -c 4 = —(0.025) 4 = 613.59 x 10“ 9 m 4 cp B = Ta » Lab 
2 2 GJ ab 


Tab ~ 


GJ 


AB 


L 


(PB = 


AB 


{112 x 10 )(613.59 x 10 ) 

0.200 


(p B = 236.847 x \ v (p B 


Shaft BC: 


T = T bc , L bc = 0.250 m, c = —d = 19 mm = 0.019 m 

J BC = — C A = —(0.019) 4 = 204.71 x 10 -9 m 4 cp B = 

2 2 GJ bc 


Tbc ~ 


GJ 


BC 


L 


<Pb = 


{112 x 10 y )(204.71 x 10 -9 ) 


'BC 


0.250 


= 63.214 xl0> s 


Equilibrium of coupling disk. T = T iP + T, 


AB T 1 BC 

1.4 x 10 3 = 236.847 x 10 3 ^ + 63.214 x 10 3 ^ cp B = 4.6657 x 10“ 3 rad 
T ab = (236.847 x 10 3 )(4.6657 x 10“ 3 ) = 1.10506 x 10 3 N • m 
T bc = (63.2 14 x 10 3 )(4.66 57 x 10“ 3 ) = 294.94 N • m 
{a) Reactions at supports . 


T a = T ab = 1105N-m ◄ 


(i b ) Maximum shearing stress in AB . 


t ab ~ 


T ab c _ (1.10506 x 10 3 )(0.025) 


J AB 613.59x10 

(c) Maximum shearing stress in BC . 

T bc c _ (294.94X0.019) 


-9 


= 45.0 x 10 6 Pa 


r BC - 


J 


BC 


204.71 x 10" 


= 27.4 x 10 s Pa 


T c = T bc = 295 N • m ◄ 


t ab = 45.0 MPa ◄ 


t bc = 27.4 MPa ◄ 
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PROBLEM 3.56 

Solve Prob. 3.55, assuming that the shafts# is replaced by a hollow shaft 
of the same outer diameter and 25-mm inner diameter. 

PROBLEM 3.55 Two solid steel shafts (G = 77.2 GPa) are connected to 
a coupling disk B and to fixed supports at A and C. For the loading 
shown, determine (a) the reaction at each support, ( b ) the maximum 
shearing stress in shaft AB, (c) the maximum shearing stress in shaft BC. 


SOLUTION 

Shafts 


c, = 


Jab - 


Jab ~ 


Shaft BC: 


Jbc ~ 


Jbc ~ 


~ J AB-' 

Jab ~ 

= 12.5 mm = 0 

= ^ 

-<t) 

2 V 

GJab 

<Pb = - 


Jab 

G 

X? 

II 

Jbc = 

71 4 

n ,,, 

= — C - 

= -( 0 . 

2 

2 

_ J’JISC 

Jbc 

■9b = ' 


(77.2 x 10 9 )(575.24 x 10" 9 ) „„„ , ft3 

v A - ’-(p B = 222.04 x \tf<p B 


0.200 


1 

— < 
2 


(77.2 x 10 v )(204.71 xl0“ 9 ) ^ 01/1 in3 

- cp R = 63.214 x 10 (p R 

0.250 


Equilibrium of coupling disk : T = T AB + Jbc 

1.4 x 10 3 = 222.04 x 10 3 <p B + 63.2 14 x 10 3 ^ g 


cp B = 4.9079 xl0 “ 3 rad 
T ab = (222.04 x 10 3 )(4.9079 x 10“ 3 ) = 1.08975 x 10 3 N • m 


T bc = (63.214 x 10 3 )(4.9079 x 10“ 3 ) = 310.25 N • m 


(a) Reactions at supports : 


T a = T ab = 1090 N • m ◄ 
T c =T bc =310N-m4 


(b) Maximum shearing stress in AB : 


t ab ~ 


T ab c 2 _ (1.08975 xl0 3 )(0.025) 


J 


AB 


575.243 x 10“ 


= 47.4 x 10 6 Pa 


(c) Maximum shearing stress in BC : 

T bc c _ (310.25X0.019) 


t bc ~ 


J 


BC 


204.71 x 10" 


= 28.8 x 10 Pa 


t ab = 47.4 MPa ◄ 


r BC = 28.8 MPa A 
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PROBLEM 3.57 

Two solid steel shafts are fitted with flanges that are then 
connected by bolts as shown. The bolts are slightly 
undersized and permit a 1.5° rotation of one flange with 
respect to the other before the flanges begin to rotate as a 
single unit. Knowing that G = 77.2 GPa, determine the 
maximum shearing stress in each shaft when a torque of T 
of magnitude 500 N • m is applied to the flange indicated. 

The torque T is applied to flange B. 


SOLUTION 


Shaft zfg: 


Shaft CD: 


T 


J 


AB 


<P B 


l AB 


J, 


CD 


L CD 


T ab , L = 0.6 m, c = d = 0.015 m 

yc 4 = y(0.015) 4 = 79.522 x 10“ 9 m 4 

Tab^ab 

Gab^ab 

G ab J A b (77.2 x 10 9 )(79.522 x 10 -9 ) 
10.2318 x 10 V 


T cd , L cd = 0.9 m, c = ^d = 0.018 m, J CD = ^c 4 = y(0.018) 4 
164.896 xlO -9 m 4 


= (77.2 x 10 9 )(16 4 .896 xl0-^ c = 14 1444 x ^ 


-CD 


0.9 


Clearance rotation for flange B: <p' B = 1.5° = 26.178 x 10 3 rad 

Torque to remove clearance: T' AB = (10.2318 x 10 _3 )(26.178 x 10 -3 ) = 267.85 N • m 

Torque T" to cause additional rotation cp" : T" = 500 - 267.85 = 232.15 N • m 

t" = r AB + r CD 

232.15 = (10.2318 xlO 3 + 14.1444 xl0 3 V" V" = 9.5236 x 10“ 3 rad 

T" AB = (10.2318 x 10 3 )(9.5236 x 10“ 3 ) = 97.444 N • m 
r CD = (14.1444 x 10 3 )(9.5236 x 10 -3 ) = 134.706 N • m 
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PROBLEM 3.57 ( Continued ) 


Maximum shearing stress in AB : 


t ab 


TV = (267.85 + 97.444X0.015) = 6g 9 x 1Q « Pa 
J AB 79.522 xlO -9 


Maximum shearing stress in CD '. 


t cd 


Tcd c 

^CD 


(134.706X0.018) = 14 7QxlQ6pa 
164.896 x 10“ 9 


68.9 MPa ◄ 


14.70 MPa ◄ 
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PROBLEM 3.58 

Two solid steel shafts are fitted with flanges that are then 
connected by bolts as shown. The bolts are slightly 
undersized and permit a 1.5° rotation of one flange with 
respect to the other before the flanges begin to rotate as a 
single unit. Knowing that G = 77.2 GPa, determine the 
maximum shearing stress in each shaft when a torque of T 
of magnitude 500 N • m is applied to the flange indicated. 

The torque T is applied to flange C. 


SOLUTION 

Shaft zf 8 : 


T = T ab , L ab = 0.6 m, c = —d = 0.015 m 


71 4 71 


-9 4 


J AB = -c 4 = —(0.015) = 79.522 x 10'm 


<Pb = 


TarLab 

Gab^ab 


t _ G ab J ab 

1 AB - 


(77.2 x 10 y )(79.522 x 10 -9 ) 

<Pb ~ T7 Vb 


-‘AB 


= 10.2318 x 10>5 


Shaft CD: 


0.6 


7Z 4 7Z 


T = T cd , L cd = 0.9 m, c = —d = 0.018 m J CD = —c = —(0.018) 


J CD = 164.896 xl0 _ 9 m 4 


t _ G cd J cd 

1 CD J 


(77.2 xl0 9 )(l 64.896 xl0" y ) 1a3 

(Pc = - -^- ~(Pc = 14 -1 444 x 10 9c 

CD U -" 

r-3. 


Clearance rotation for flange C: (p' c = 1.5° = 26.178 x 10 rad 

Torque to remove clearance: T' CD = (14.1444 x 10 3 )(26.178 x 10 -3 ) = 370.27 N • m 

Torque T" to cause additional rotation cp" : T" = 500 - 370.27 = 129.730 N • m 


t" = r AB + r CD 


129.730 = (10.2318 x 10 3 + 14.1444 x 10 3 )/ cp" = 5.3220 x 10 _3 rad 

T" ab = (10.2318 x 10 3 )(5.3220 x 10“ 3 ) = 54.454 N • m 
r cD = (14.1444 x 10 3 )(5.3220 x 10 -3 ) = 75.277 N • m 
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PROBLEM 3.58 ( Continued ) 


Maximum shearing stress in AB . 


t ab 


7^c = (54,454X0.015) = 1027 xlQ6pa 
J AB 79.522 xl0“ 9 


10.27 MPa ◄ 


Maximum shearing stress in CD . 


t cd 


ho c 

•hi) 


(370.27 + 75.277X0.018) 
164.896 xl0“ 9 


= 48.6 x 10 6 Pa = 48.6 MPa 


◄ 
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D 


PROBLEM 3.59 


\C 

The steel jacket CD has been attached to the 40-mm-diameter steel 
shaft AE by means of rigid flanges welded to the jacket and to the 
rod. The outer diameter of the jacket is 80 mm and its wall thickness 
is 4 mm. If 500-N • m torques are applied as shown, determine the 





T 

maximum shearing stress in the jacket. 


SOLUTION 


Solid shaft: 


Jacket: 


c = — d = 0.020 m 
2 

J s = yc 4 = ^(0.020) 4 = 251.33 x 10“ 9 m 4 

c, = — d = 0.040 m 
2 2 

c, = c 2 - t = 0.040 - 0.004 = 0.036 m 
Jj = f(4 - 4) = |(0.040 4 - 0.036 4 ) 

= 1.3829 x 1 0 -6 m 4 


Torque carried by shaft . 

Torque carried by jacket . 


T s = GJ s <p/L 
Tj = GJj(plL 


Total torque . T = T s + Tj = ( J s + Jj)G<p!L = ‘ 


L Js + Jj 


Tj = 


J, 


Js + Jj 


-T = 


(1.3829 xl0~°)(500) 
1.3829 xlO -6 + 251.33 xl0 “ 6 


= 423.1 N • m 


Maximum shearing stress in jacket . 

TjC 2 _ (423.1X0.040) 


r = 


Jr 


1.3829 x 10 


-6 


= 12.24x10° Pa 


12.24 MPa ◄ 
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PROBLEM 3.60 

A torque T is applied as shown to a solid tapered shaft AB. Show by 
integration that the angle of twist at A is 


1TL 


IIttGc 4 


SOLUTION 


Introduce coordinate y as shown. 


Twist in length dy : 


r 


cy_ 

L 


, Tdv Tdv 2 TL 4 dv 

dm = —— =-=— =- 

GJ G— r A xGc 4 y 

2 


riL 2TL 4 dy 

2TL r 2 L dy 

L tiGc 4 y 4 

7tG C 4 L / 

2TL 4 | 

r i ^ 

1 21 2TL 4 [ 

nGc 4 

l 3 /. 

J L nGc 4 l 

2TL 4 \ 

r ^ i 

1TL 

kGc 4 1 

[ 24T 3 j 

12 tiGc 4 




◄ 
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♦ 

PROBLEM 3.61 



The mass moment of inertia of a gear is to be determined experimentally by 
using a torsional pendulum consisting of a 6 -ft steel wire. Knowing that 

G = 11.2 x 1 0 6 psi, determine the diameter of the wire for which the torsional 
spring constant will be 4.27 lb • ft/rad. 

A- 




SOLUTION 


Torsion spring constant K 

= 4.27 lb • ft/rad = 51.24 lb • in./rad 

_T _ T _ GJ _ ttGc a 
~ (p~ TL/GJ L 2L 

c4 = = (2X72X51.24) = 2097xl0 _ 6m4 

nG ;r(l 1.2 x 10 6 ) 

c = 0.1203 in. d = 2c = 0.241 in. A 
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PROBLEM 3.62 

A solid shaft and a hollow shaft are made of the same material 
and are of the same weight and length. Denoting by n the ratio 
Cj/c 2 , show that the ratio TJT h of the torque T s in the so lid shaft 
to the torque 7), in the hollow shaft is ( a ) S{ 1 -n 2 )/(l + n 2 ) 
if the maximum shearing stress is the same in each shaft, 
(b) (1 - «)/(! + n 2 ) if the angle of twist is the same for each shaft. 


SOLUTION 

For equal weight and length, the areas are equal. 

■(cj - cl) = nc\(1 - n 2 ) 


TCCr\ — TC I 


c 0 = c 2 (l - n ) 


2x1/2 


T 7T 4 7T 4 2x2 

J s = ~c 0 = — c 2 (1 - n ) 


J,, = ~ 


*(c 4 -c 4 \ - -c\\ -n 4 ) 
\ c 2 c i ) - » c 2n n ) 


(a) For equal stresses, 


t = 


T s c o = 
■Js 

J s C 2 


J'h C 2 

J , 


L h ” 2 

(b) For equal angles of twist. 


fc 4 (l - n 2 ) 2 c 2 
J h c o fc 4 (l - « 4 )c 2 (1 - n 2 ) V2 


i 2\l/2 

(1 + n )(1 — n ) 


(1 - n 2 ) vl 
1 + n 2 


(p = 


TL 


T h L 


GJ. GJl 


T s _J S _ ~fc 2 (l - n 2 ) 2 _ (1 - n 2 ) 2 


Ju 


TC 4/-i 4\ i 4 

f c 2 (l - n ) 1 - n 


1 - nT 
1 + n 2 


◄ 


◄ 
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PROBLEM 3.63 


An annular plate of thickness t and modulus G is used to 
connect shaft AB of radius r\ to tube CD of radius r 2 . Knowing 
that a torque T is applied to end A of shaft AB and that end D 
of tube CD is fixed, (a) determine the magnitude and location 
of the maximum shearing stress in the annular plate, (b) show 
that the angle through which end B of the shaft rotates with 
respect to end C of the tube is 


Vbc ~ 


4xGt 


1 1 


'2 
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PROBLEM 3.64 

Determine the maximum shearing stress in a solid shaft of 1.5-in. diameter as it transmits 75 hp at a speed of 
(, a ) 750 rpm, ( b ) 1500 rpm. 


SOLUTION 


c = —d = 0.75 in. 
2 


P = 75 hp = (75)(6600) = 495 x 10 3 lb • in./s 


750 

(a) f = — = 12.5 Hz 
60 


T = 


495 x 10 


2nf 2^(12.5) 


= 6.3025 xl0 3 lb-in. 


r = 


Tc _ 2T (2)(6.3025 x 10 3 ) 


J KC 


k(0.75) j 


= 9.51 x 10 3 psi 


,l\ f 1500 

(b) f = -= 25 Hz 

60 


T = 495 x 10 = 3.1513 xl0 3 lb- in. 
2^(25) 


t = 9.51 ksi A 


(2)(3.1513 x 10 3 ) . „ in3 

t = — - 5 - - = 4.76 x 10 3 psi 

^■(0.75) 3 


t = 4.76 ksi A 
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PROBLEM 3.65 

Determine the maximum shearing stress in a solid shaft of 12-mm diameter as it transmits 2.5 kW at a 
frequency of (a) 25 Hz, (b) 50 Hz. 


SOLUTION 


(a) f = 25 Hz. 


(b) f = 50 Hz. 


c = -d = 6 mm = 0.006 m P = 2.5 kW = 2500 W 
2 

rr, P 2500 
T = -=-= 15.9155 N • m 


r = 


T = 


T = 


2nf 2n(25) 

Tc_ _ 2T_ _ 2(15.9155) 
J ~ it<?~ ;r(0.006) 3 

2500 

= 7.9577 N • m 


= 46.9 x 10 6 Pa 


t = 46.9 MPa ◄ 


2^(50) 

2(7.9577) 

^(0.006) 3 


= 23.5 x 10 6 Pa 


t = 23.5 MPa ◄ 
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PROBLEM 3.66 

Using an allowable shearing stress of 4.5 ksi, design a solid steel shaft to transmit 12 hp at a speed of 
(a) 1200 rpm, ( b ) 2400 rpm. 


SOLUTION 


r all = 4.5 ksi = 4500 psi P = 12 hp = (12)(6600) = 79.2 x 10 j lb • in./s 


(a) f = = 20 Hz 


T = 


60 

P 


79.2 x 10 


r = 


2af 2zr(20) 

Tc 2 T 


= 630.25 lb • in. 


J acf 
- 3 W - 

V 7tT 


(2)(630.25) 

44500) 


= 0.44675 in. 


d = 2c = 0.893 in. -4 


, 2400 

( b ) / =-= 40 Hz 

60 


T = 


79.2 x 10 J 


2 nf 2440) 


= 315.13 lb • in. 


c = 3 


(2)(315.13) 

44500) 


= 0.35458 in. 


d = 2c = 0.709 in. A 
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PROBLEM 3.67 

Using an allowable shearing stress of 50 MPa, design a solid steel shaft to transmit 15 kW at a frequency of 
(a) 30 Hz, (b) 60 Hz. 


SOLUTION 


(a) / = 30 Hz: 


r all = 50 MPa = 50 x 10 6 Pa P = 15 kW = 15 x 10 3 W 


T = 


P 15x10 


T = 


2n f 2^(30) 

Tc 2 T 


= 79.577 N • m 


J KC 


c = 3 — = 3 f (2)(79.577) = 10 _ 0438 x 10 -3 m = 10 0438 mm 


m V ^(50x10°) 


(b ) / = 60 Hz: 


T = 


P 15 x 10 


2 jif 2^(60) 


= 39.789 N • m 


c = 3 / ( 2 X 39 - 78 p = 7 . 97 I 8 xl0“ 3 m = 7.9718 mm 
' ;r(50 x 10 6 ) 


d = 2c = 20.1 mm A 


d = 2c = 15.94 mm -4 
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30 mm 75 mm 


PROBLEM 3.68 

While a steel shaft of the cross section shown rotates at 120 rpm, 
a stroboscopic measurement indicates that the angle of twist is 
2° in a 4-m length. Using G = 77.2 GPa, determine the power 
being transmitted. 


SOLUTION 

Twist angle: 


<p = 2° = 34.907 x 1 0 -3 rad 


c, = 


Ci = 


J = 


— d, = 0.015 m 
2 

-d, = 0.0375 m 
2 


f(c2-c 1 4 ) = |(0-0375 4 - 0.015 4 ) 
i = 4m 


J = 3.0268 xl0“ 6 m 4 , 

TL „ GJcp (77.2 x 10 9 )(3.0268 x 10 _6 )(34.907 x 10 -3 ) 


<p = - T = 

GJ L 4 

T = 2.0392 x 10 3 N • m 

120 

/ = 120 rpm =-Hz = 2 Hz 

60 

P = ( 2nf)T = 2^(2)(2.0392 x 10 3 ) = 25.6 x 10 3 W = 25.6 kW 
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PROBLEM 3.69 

Determine the required thickness of the 50-mm tubular shaft of Concept Application 3.7 if it is to transmit the 
same power while rotating at a frequency of 30 Hz. 


SOLUTION 


From Example 3.07, P = lOOkW = 100 x 10 3 W 


r all = 60 MPa = 60 x 10 6 Pa 


Co = — d = 25 mm = 0.025 m 


/ = 30 Hz 
P 


T = 


2 nf 


= 530.52 N • m 




2 Tc, 


J 


( c 2 c l ) 


n 


Ci = Co - 


4 2 % = 0 _ 0254 _ (2X530.52X0 025) = 249 _ 9Q x 10 _ 9 


TIT 


^■(60 x 10 ) 


c 1 = 22.358 x 10 3 m = 22.358 mm 


t = c 2 - Cj =25 mm - 22.358 mm = 2.642 mm 


t = 2.64 mm M 
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PROBLEM 3.70 

A steel drive shaft is 6 ft long and its outer and inner diameters are respectively equal to 2.25 in. and 1.75 in. 
Knowing that the shaft transmits 240 hp while rotating at 1800 rpm, determine (a) the maximum shearing 
stress, ( b ) the angle of twist of the shaft (G = 11.2 x 10 6 psi). 


SOLUTION 


L = 6 ft = 72 in. 


(a) 


G = llxl Q 6 psi 
r all = 7500 psi 

P = 240 hp 


6600 lb ■ in./s „ , „ 6 


hp 


= 1.584 xlO 6 lb-in./s 


/ = 1800 rpm 1 Hz = 30 Hz 


60 rpm 


P = T(2nf)\ T = 
Tc 


1.584 xlO 6 lb-in./s 


r = 


2nf 2;r(30 Hz) 

(8403.4 lb ■ in.)(l. 125 in.) 


= 8403.4 lb • in. 


J f [(1.125 in.) 4 - (0.875 in.) 4 ] 


(b) <p = 


TL 

~GJ 


(8403.4 lb • in.)(72 in.) 


(11 x 10 6 psi)f [(1.125 in.) 4 - (0.875 in 4 )] 


= 34.48 x 10 3 radians 


180° 


k radians 


r m = 5930 psi A 


q> = 1.98° ◄ 
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SOLUTION 


c 2 

G 

J 


r 


T 


m 


m 


—do = 30 mm 
2 “ 

— d, = 12.5 mm 
2 

~( c 2 - c i) = ~[(30) 4 - (12.5) 4 ] 

1.234 x 10 6 mm 4 = 1.234 x 10“ 6 m 4 
50 x 10 6 Pa 

7c y _ ImL = (50 x 10 6 )(l-234 x 10~ 6 ) _ 2056.1 N • m 
J c 30 x 10 -3 


Angular speed: 

(a) Power being transmitted . 


(b) Angle of twist . 


/ = 240 rpm = 4 rev/sec = 4 Hz 
P = 2nfT = 2^(4)(2056.7) = 51.7 x 10 

TL _ (2056.7X5) 

GJ (77.2 x 10 9 )(1.234 xlO -6 ) 


3 W 


0.1078 rad 


P = 51.7 kW ◄ 


q> = 6.17° ◄ 
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PROBLEM 3.72 

A steel pipe of 3.5-in. outer diameter is to be used to transmit a torque of 
3000 lb • ft without exceeding an allowable shearing stress of 8 ksi. A series 
of 3.5-in.-outer-diameter pipes is available for use. Knowing that the wall 
thickness of the available pipes varies from 0.25 in. to 0.50 in. in 0.0625-in. 
increments, choose the lightest pipe that can be used. 


SOLUTION 

r = 3000 lb ■ ft = 36 x 10 3 lb in. 
c 2 =-«*„ = 1-75 in. 

7c, 2 Tc, 

t= — = 4^T) 

4 4 _ 27V* = L754 _ (2)(36 x 10 3 )(1.75) = 4 3655 m 4 

Tir Ji(8 xlO 3 ) 

q =1.4455 in. 

Required minimum thickness: t = c 2 — Cj 
t = 1.75 -1.4455 = 0.3045 in. 

Available thicknesses: 0.25 in., 0.3125 in., 0.375 in., etc. 

Use 1 = 0.3125 in. A 
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PROBLEM 3.73 


40 

/ 

mm 


f The design of a machine element calls for a 40-mm-outer-diameter 
j f h shaft to transmit 45 kW. ( a ) If the speed of rotation is 720 rpm, 

| determine the maximum shearing stress in shaft a. ( b) If the speed of 





rotation can be increased 50% to 1080 rpm, determine the largest inner 
diameter of shaft b for which the maximum shearing stress will be the 
same in each shaft. 

(a) 



(b) 


SOLUTION 


720 

(a) / = — = 12 Hz 

60 


P = 45 kW = 45 x 10 3 W 


T = 


45 x 10 3 


2k f 2zr(12) 

1 


= 596.83 N • m 


c = —d = 20 mm = 0.020 m 
2 


Tc 2T (2)(596.83) An An . , a6ti 

r = — = — r / = 47.494 x 10 b Pa 

J kc 3 zr(0.020) 3 

1080 = i 8 Hz 

60 


T = 


T = 


45 x 10 3 
2zr(18) 
Tc , 


= 397.89 N • m 


27b, 


J 


( c 2 c \ ) 


n 


27b, 


c, = c, - ■ 


KT 


cj = 0.020 4 - (2)(397.89X0.020) 
^•(47.494 x 10 6 ) 


= 53.333 x 10 


-9 


Cj = 15.20 x 10 3 m = 15.20 mm 


W = 47.5 MPa ◄ 


d 2 = 2c'| = 30.4 mm -4 
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150 mm 


150 mm 


60 mm 


PROBLEM 3.74 

Three shafts and four gears are used to form a gear train that will 
transmit power from the motor at A to a machine tool at F. (Bearings for 
the shafts are omitted in the sketch.) The diameter of each shaft is as 
follows: d A/j = 16 mm, d CD =20 mm, d EF = 28mm. Knowing that the 
frequency of the motor is 24 Hz and that the allowable shearing stress 
for each shaft is 75 MPa, determine the maximum power that can be 
transmitted. 


SOLUTION 


Shaft zf8: 


Shaft CD\ 


Shaft EF: 


r all =75 MPa =75 x 10° Pa 


7c, 


-ab 


= -d AB = 0.008 m r = ‘~ AB 


2 T 


J 


AB 


TIC 


AB 


= | C 3 AB r all = |(0.008) 3 (75 x 10 6 ) = 60.319 N • m 
Lb = 24 Hz P all = 2nf ab T &xx =2zr(24)(60.319) = 9.10 x 10 3 W 


c cd ~ 2 d cd ~ 0.010 m 


r _ Tc go _ 2 T 


J, 


CD 


TCC. 


CD 


••• r all =|c 3 D r all =|(0.010) 3 (75xl0 6 ) =117.81N-m 


fco = ~fAB ~ (24)=9.6 Hz P all =2nf CD T &xx = 2zr(9.6)(l 17.81) = 7.11 x 10 3 W 
r r 150 


c ef - 0.014 m 


T aX i = |c 3 f r all = | (0.014) 3 (75 x 10 6 ) = 323.27 N • m 

fEF=—fcD~( 9.6)=3.84Hz 
r E 150 

P all = 2 nf EF T AX =2^(3.84)(323.27)=7.80xl0 3 W 


Maximum allowable power is the smallest value. 


i^jj =7.1 lx 10 3 W = 7.1 lkW ◄ 
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150 mm 



60 mm 


PROBLEM 3.75 

Three shafts and four gears are used to form a gear train that will 
transmit 7.5 kW from the motor at A to a machine tool at F. (Bearings 
for the shafts are omitted in the sketch.) Knowing that the frequency of 
the motor is 30 Hz and that the allowable stress for each shaft is 60 
MPa, determine the required diameter of each shaft. 


SOLUTION 


Shaft AB: 


Shaft CD: 


Shaft EF: 


P 

f AB ~~ 


■■ 7.5 kW = 7.5 X 10 3 W r aI1 = 60 MPa = 60 x 10 6 Pa 


30 Hz T ab = 


7.5 x 10 J 


2 nf AB 2tt(30) 


= 39.789 N • m 


r = - 


Tc 


AB 


2 T 


2 T 


J 


AB 


nc 


C AB 


AB 


TIT 


C AB ~ 


(2)(39.789) _ 422 17 x 10 ~ 9 m 3 
ti( 60 xlO 6 ) 


c ab = 2-50 x 10 3 m = 7.50 mm 

y 

fen = -Lb = — (30) = 12 Hz T CD = 


d AR =2 c ab = 15.00 mm A 


t cd ~' 


Tc, 


CD 


150 
2 T 


J CD nc CD 


3 _ 2 T cd 

c CD - 


P _ 7.5 x 10 
2 nfeo 2 te ( 12 ) 

2(99.472) 


AB 

3 


■ = 99.472 N • m 


TIT 71(60x10°) 


= 1.05543 x 10 “ 6 m 3 


c cd =10.18x10 3 m = 10.18 mm 


f EF ~ 


60 


—fen = -(12) = 4.8 Hz T FF = - 

r E 150 2nf EF 2tt(4.8) 


d CD = 2c CD = 20.4 mm -4 
7.5 x 10 3 


= 248.68 N • m 


r = 


Tc 


EF 


2 T 


J 


EF 


TIC 


EF 


4 (2)(248.68) =26886 xl0 - 6m 3 

7i(60 xlO 6 ) 


= 13.82 xl0“ 3 m =13.82 mm 


-EF 


d EF = 2 c EF = 21.6 mm 4 
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PROBLEM 3.76 


The two solid shafts and gears shown are used to 
transmit 16 hp from the motor at A operating at a speed 
of 1260 rpm to a machine tool at D. Knowing that each 
shaft has a diameter of 1 in., determine the maximum 
shearing stress (a) in shaft A 5, (b) in shaft CD. 


SOLUTION 

(a) Shaft AB : 


(b) Shaft CD : 


P = 16 hp = (16)(6600) = 105.6 x 10 3 lb • in./sec 
/ = ^ = 21Hz 


Tab ~ 


60 

P 


105.6 x 10 


3 


2 nf 2 >r( 21 ) 

1 


= 800.32 lb • in. 


c = —d = 0.5 in. 
2 


Tc _ 2 T 
J 7TC 3 

(2)(800.32) 


r = 


;r(0.5X 
r r „ _5 

3 


= 4.08 x 10 J psi 


T cd = T ab = ^(800.32) = 1.33387 x 10 J lb • in. 


B 


IT (2)(1.33387 x 10 ) , „ 1a3 

t = — T = —- 5 - - = 6.79 x 10 psi 

nc 7, ^(0.5 ) 3 


t ab = 4.08 ksi A 


t cd = 6.79 ksi A 
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PROBLEM 3.77 

The two solid shafts and gears shown are used to 
transmit 16 hp from the motor at A, operating at a speed 
of 1260 rpm, to a machine tool at D. Knowing that the 
maximum allowable shearing stress is 8 ksi, determine 
the required diameter (a) of shaft AB, ( b ) of shaft CD. 


SOLUTION 

(a) Shaft AB : 


(. b ) Shaft CD : 


P = 16 hp = (16)(6600) = 105.6 x 10 3 lb • in./sec 

_ J760 _ 2i Hz 
60 

r = 8 ksi = 8 x 10 3 psi 


Tab ~ 


105.6 xlO 3 


2nf 2^(21) 


= 800.32 lb • in. 


Tc 2 T 

T = - = -T- C = 3/ 

J KC 


C = 3 


'(2X800.32) 

^■(8 x 10 3 ) 


= 0.399 in. 


d AB =2c = 0.799 in. 


T cd =A-T ab = -(800.32) = 1.33387 x 10 3 lb • in. 
l'n 3 


c = 


= 3 . 


= 3 


(2)(1.33387 X 10 3 ) 


^(8 x 10 3 ) 


= 0.473 in. 


d CD = 2c = 0.947 in. 


d AB = 0.799 in. A 


d CD = 0.947 in. A 
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r = 1 ' in. 

PROBLEM 3.78 

fin \ 

A 


The shaft-disk-belt arrangement shown is used to transmit 3 hp from point A to 
point D. (a) Using an allowable shearing stress of 9500 psi, determine the required 
speed of shaft AB. (b) Solve part a, assuming that the diameters of shafts AB and 
CD are, respectively, 0.75 in. and 0.625 in. 

A 


c 1 l 



A 

r = 4 1 in. 
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PROBLEM 3.79 

A 5-ft-long solid steel shaft of 0.875-in. diameter is to transmit 18 hp between a motor and a machine tool. 
Determine the lowest speed at which the shaft can rotate, knowing that G= 11.2 x 10 6 psi, that the maximum 
shearing stress must not exceed 4.5 ksi, and the angle of twist must not exceed 3.5°. 


SOLUTION 

L = 5 ft = 60 in. c = -d = 0.4375 in. P = 18 hp = 118.8 x 10 3 lb • in./s 
2 

„ • . ,, . . , , -3 Tc 2T 

Stress requirement . r = 4.5 ksi = 4.5 x 10 psi r = — = —j 

J TIC 

T = ^rc 3 = j(4.5 x 10 3 )(0.4375 ) 3 = 591.92 lb • in. 

TL 

Twist angle requirement . (p = 3.5°= 61.087 x 10 _3 rad (p = - 

GJ 

_ GJcp_ _ TtGc A (p _ t:(\\2 x 10 6 )(0.4375) 4 (6 1.087 x 10~ 3 ) 

L ~ 2L (2X60) 

= 656.21 lb • in. 

Maximum allowable torque is the smaller value. T = 591.92 lb • in. 

P = 2xfT / = —= 118 - 8xl ° = 31.943 Hz / = 1917rpm<4 

2 jtT 2^(591.92) 
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PROBLEM 3.80 

A 2.5-m-long steel shaft of 30-mm diameter rotates at a frequency of 30 Hz. Determine the maximum power 
that the shaft can transmit, knowing that G = 77.2 GPa, that the allowable shearing stress is 50 MPa, and that 
the angle of twist must not exceed 7.5°. 


SOLUTION 

c = —d = 15 mm = 0.015 m L = 2.5 m 

2 

Stress requirement. 

t = 50 x 10 6 Pa t = — 

J 


r = — = - rc 3 = —(50 X 10 6 )(0.015) 3 = 265.07 N • m 
c 2 2 

Twist angle requirement. 

cp = 7 . 5 ° = 130.90 x 1 0 -3 rad G = 77.2 x 10 9 Pa 

TL 2 TL 

(P ~ GJ~ kGc a 


T = jGc 4 <p = y(77.2 x 10 9 )(0.015) 4 (130.90 x 10“ 3 ) = 803.60 N • m 

Smaller value of T is the maximum allowable torque. 


T = 265.07 N • m 

Power transmitted at f = 30 Hz. 


p = 2k fT = 2^(30)(265.07) = 49.96 x 10 3 W P = 50.0 kW ◄ 
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PROBLEM 3.81 

The design specifications of a 1.2-m-long solid transmission shaft require that the angle of twist of the shaft 
not exceed 4° when a torque of 750 N • m is applied. Detennine the required diameter of the shaft, knowing 
that the shaft is made of a steel with an allowable shearing stress of 90 MPa and a modulus of rigidity of 
77.2 GPa. 


SOLUTION 


T = 750 N • m, <p = 4° = 69.813 x 10“ 3 rad 


2, = 1.2 m, J = —c 4 
2 

t = 90 MPa = 90 x 10 6 Pa G = 77.2 GPa = 77.2 x 10 9 Pa 


Based on angle of twist , cp = 


TL 2TL 


GJ nGc 


2TL 

C = 4- = 4i 


(2)(750)(1.2) 


nGcp V 7t(ll.2 x 10 y )(69.813 x 10“ 3 ) 


= 18.06 x 10“ 3 m 


Based on shearing stress , r = — = —r- 


Tc 2 T 
J KC 1 ’ 


2 T (2)(750) 


c = 3— = 3 


JTT V ^-(90x10°) 


= 17.44 x 10“ 3 m 


Use larger value. 


c = 18.06 x 10 3 m = 18.06 mm 


d = 2c = 36.1 mm A 
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SOLUTION 


L = 1.5 m, cp = 3° = 52.360 x 10 3 rad 

c 2 = ~^d 0 = 19 mm = 0.019 m, q = = 15 mm = 0.015 m 


J = - q 4 ) = y(0.019 4 - 0.015 4 ) = 125.186 x 10“ 9 m 4 

Stress requirement . r = 60 x 10 6 Pa r = 

r = = (125.186 xl0- 9 )(60x 10^) = 395 32N m 

c 2 0.019 

TL 

Twist angle requirement , cp =- 

GJ 

_ GJq>_ _ (11.2 x 10 9 )(125.186 x 10~ 9 )(52.360 x 10 ~ 3 ) 
L 1.5 


337.35 N • m 


Maximum allowable torque is the smaller value. T = 337.35 N • m 
Power transmitted : P = 100 kW = 100 x 10 3 W P = 2k fT 

Frequency: f = — = x ^ — = 47.2 FIz f = 47.2 Hz 4 

2 kT 2zr(337.35) 
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SOLUTION 


L = 1.5 m c, = —d. = 19 mm = 0.019 m 
2 2 0 

r = 65 x 10 6 Pa <p = 4° = 69.813 x 10“ 3 rad 


J = — 


( C 2 - C 1 ) 


71 ( 4 
2 


Stress requirement . 


J 


2 Tc 7 


T = 


Cl = ? C-, - 


( C 2 - ) 




27c, 


= 4 0.019 4 - 


(2)(600)(0.019) 


TL 

Twist angle requirement , cp =-= 


tit \( ;r(65 x 10 ) 

= 11.6889 x 10“ 3 m = 11.6889 mm 
2 TL 


GJ ttG[c a 2 - q 4 ) 


4 2 TL 

'■2 


(2)(600)(1.5) 


nG(p ]j tt( 77.2x10 v )(69.813x10“ 3 ) 

c, = 12.448 x 10 3 m = 12.4482 mm 

Use smaller value of ci. q = 11.6889 mm of, = 2cj = 23.4 mm M 
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SOLUTION 

Angular speed: 

Power: 

Torque: 


/ = (720 rpm) 


' 1 Hz 
x 60 rpm 


= 12 Hz 


P = 40 x 10 J W 


T = 


40 x 10 3 


= 530.52 N • m 


2nf 2^(12) 

In the smaller shaft, d = 45 nun, c = 22.5 mm = 0.0225 m 

y = 7 fc = ^ = gX 530 - 5 ^ = 29.65 xiQ 6 Pa 
J ttc 3 ;t(0.0225) 3 

Using r max =36 MPa = 36 x 10 6 Pa results in 


K = 


36 x 10 
29.65 xlO 6 


= 1.214 


From Fig 3.32 with — = 90 ^ = 2, — = 0.24 
d 45 mm d 


r = 0.24d = (0.24)(45 mm) 


r = 10.8 mm 4 
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1 c~ 

-^ 

j PROBLEM 3.85 

5 in. 

g 

6 in. 



The stepped shaft shown rotates at 450 rpm. Knowing that r - 0.5 m., 



-- determine the maximum power that can be transmitted without 



exceeding an allowable shearing stress of 7500 psi. 


SOLUTION 


d = 5 in. 

D = 6 in. 
r = 0.5 in. 


D 

~d 

r 

~d 


- = 1.20 

5 


0.5 


= 0.10 


From Fig. 3.32, 
For smaller side, 


Power. 


K = 1.33 

c = —d = 2.5 in. 
2 

KTc 2KT 


T = 


T = 


J 

nc^r 


nc 


;r(2.5r(7500) 1a3i . . 

v 7 v 7 = 138.404 x 10 lb • in. 


2 K (2)(1.33) 

/ = 450 rpm = 7.5 FIz 

P = IxfT = 2zr(7.5)(138.404 x 10 3 ) = 6.52 x 10 6 in. • lb/s 


Recalling that 1 hp = 6600 in. • lb/s, 


P = 988 hp ◄ 
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PROBLEM 3.86 

Knowing that the stepped shaft shown transmits a torque of magnitude 
T = 2.50 kip • in., determine the maximum shearing stress in the shaft when 
the radius of the fillet is (a) r = j in., ( b) >' = j 7 in. 


SOLUTION 


0 a) 


D = 2 in. d = 1.5 in. 

c = —d = 0.75 in. 

2 

_ 2T_ _ (2)(2.5) 
J nc 1 ’ ;r(0.75) 3 


D 

~d 


— = 1.33 
1.5 


T = 2.5 kip • in. 


3.773 ksi 


r = — in. r = 0.125 in. 
8 


r 

~d 


0.125 

1.5 


0.0833 


(b) 


From Fig. 3.32, ^ = 1.42 

W = rT J = (1-42X3.773) 


3 . 

r = — m. 

16 

r_ _ 0.1875 
d ~ 1.5 


r = 0.1875 in. 

0.125 


From Fig. 3.32, K = 1.33 

W = = (1-33X3.773) 


r max = 5 - 36 ksi < 


W = 5 - 02 ksi ◄ 
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SOLUTION 

KTc 2KT „ n c\ 

T = - = - y- T = - 

J K(? 2 K 



1 , 

d = 30 mm c = —d = 15 mm = 15 x 10 m 

2 



D = 60 mm, r = 8 mm 



— = — = 2, — = — = 0.26667 
d 30 d 30 


From Fig. 3.32, 

K = 1.18 


Allowable torque. 

T _ tt( 15 x 10 -3 ) 3 (45 x 10 6 ) _ 2Q2.ll N • m 
(2)0-18) 


Maximum power. 

P = 2k fT = (2^)(50)(202.17) = 63.5 x 10 3 W 

P = 63.5 kW ◄ 
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PROBLEM 3.88 

The stepped shaft shown must transmit 45 kW. Knowing that the allowable 
shearing stress in the shaft is 40 MPa and that the radius of the fillet is 
r = 6 mm, determine the smallest permissible speed of the shaft. 


SOLUTION 


From Fig. 3.32, 
For smaller side, 


- = — = 0.2 

d 30 

D = 60 =2 

d 30 

K = 1.26 


c = —d = 15 mm = 0.015 m 
2 


T = 


KTc 2KT 


J 


nc 


r = g* = * 0-0i5) 3 (40xi0 6 ) = 168 . 30N . m 


2 K 


(2)(1.26) 


P = 45 kW = 45 x 10 j P = 2k fT 


f = 


45 x 10 3 


2 kT 2^(168.30 xlO 3 ) 


= 42.6 Hz 


/ = 42.6 Hz ◄ 
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Full quarter-circular fillet 
extends to edge of larger shaft. 


PROBLEM 3.89 

A torque of magnitude T = 200 lb • in. is applied to the stepped shaft 
shown, which has a full quarter-circular fillet. Knowing that D = 1 in., 
determine the maximum shearing stress in the shaft when ( a ) d = 0.8 in., 
(. b) d = 0.9 in. 


SOLUTION 


(a) 


D 

~d 

r 

r 

~d 


M = L25 

0.8 

f (D -d) = 0.1 in. 

— = 0.125 
0.8 


From Fig. 3.32, 
For smaller side, 


(b) 


D 

~d 

r 

r 

~d 


— = un 

0.9 

|(D - d) = 0.05 


0.05 

1.0 


= 0.05 


From Fig. 3.32, 
For smaller side, 


K = 1.31 


c = — d = 0.4 in. 
2 

KTc 2KT 


J KC' 

(2)(1.31)(200) 0 ,-, in3 • 

= — - 5 —- = 2.61 x 10 psi 

^(0.4 ) 3 


K = 1.44 

c = —d = 0.45 in. 

2 

2 KT (2)(1.44)(200) 0 ni in3 • 

r =-r- = —-—-— = 2.01 x 10 psi 

7TC* ^(0.45 ) 3 


r = 2.61 ksi A 


r = 2.01 ksi -4 
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Full quarter-circular fillet 
extends to edge of larger shaft. 


PROBLEM 3.90 

In the stepped shaft shown, which has a full quarter-circular fillet, the 
allowable shearing stress is 80 MPa. Knowing that D = 30 mm, determine 
the largest allowable torque that can be applied to the shaft if 
(a) d = 26 mm, ( b ) d = 24 mm. 


SOLUTION 

t = 80 x 10 6 Pa 


(a) — = — = 1.154 

d 26 

r = -(D - d) = 2 mm — = — = 0.0768 

2 d 26 


From Fig. 3.32, 

K = 1.36 


Smaller side, 

c = —d = 13 mm = 0.013 m 

2 



KTc 2KT 



J nc 



r= .cW( 0.013) 3 (80xl0 6 ) = 203 N m 

2 K (2)(1.36) 

T = 203 N • m ◄ 

(ft) — = — = L25 
d 24 

r = -(D-d) = 3 mm — = — = 0.125 

2 d 24 


From Fig. 3.32, 

K = 1.31 



c = — d = 12 mm = 0.012 m 

2 



r = ^ = "(0-0i2) 3 (80xi0 6 ) = 165 8 N . m 

2 K (2)(1.31) 

T = 165.8 N • m ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


353 
















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



Full quarter-circular fillet 
extends to edge of larger shaft. 


PROBLEM 3.91 

In the stepped shaft shown, which has a full quarter-circular fillet, D = 1.25 in. 
and d = 1 in. Knowing that the speed of the shaft is 2400 rpm and that the 
allowable shearing stress is 7500 psi, determine the maximum power that can 
be transmitted by the shaft. 


SOLUTION 





D 

1-25 , _ 




- 1.25 



d 

1.0 



r - 

f (D - d) = 0.15 in. 



r 

0-15 




- 0.15 



d 

1.0 


From Fig. 3.32, 

K = 

1.31 


For smaller side, 

c = 

— d = 0.5 in. 




2 




KTc ^ Jt nc'r 




J Kc 2 K 



T = 

.(0.5) 3 (7500) = 1 1241 xl0 3 lb . m 




(2X1-31) 



f = 

2400 rpm = 40 Hz 



P = 

2 7i fT = 2zr(40)(l. 1241 x 10 3 ) 



= 

282.5 x 10 3 lb • in./s 

P = 42.8 hp ◄ 
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PROBLEM 3.92 

The solid circular shaft shown is made of a steel that is assumed to be 
elastoplastic with ry = 145 MPa. Determine the magnitude T of the 
applied torques when the plastic zone is ( a ) 16 mm deep, ( b ) 24 mm 
deep. 


SOLUTION 


c = 32 mm = 0.32 m r y = 145 x 10 6 Pa 

T Y =^L = —c\ Y = — (0.032) 3 (145 x 10 6 ) 
c 2 2 

= 7.4634 x 10 3 N • m 


{a) t = 16 mm = 0.016 m p Y = c - t = 0.032 - 0.016 = 0.016 m 


T = -T v 


4 c 3 


=-(7.4634 xlO 3 ) 
3 


^I 0 - 016 


3h 


4 0.032 3 


= 9.64 02 x 10 3 N • m 


T = 9.64 kN • m ◄ 


C b ) 


t p = 24 mm = 0.024 m 


p Y =c 


t p = 0.032 - 0.024 = 0.008 m 


T = -Ty 


1-LPy? 

V 4 ^ 3 y 
3 


= -(7.4634 x 10 3 ) 
3 


i _ J_ O - 008 


3h 


4 0.032 3 


= 9.9123 x 10 j N • m 


T = 9.91 kN • m A 
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PROBLEM 3.93 

A 1.25-in.-diameter solid rod is made of an elastoplastic material with r Y =5ksi. Knowing that the elastic 
core of the rod is 1 in. in diameter, determine the magnitude of the applied torque T. 


SOLUTION 


c 

t y 

Py 

t y 


T 


— d = 0.625 in. 
2 

5 x 10 3 psi 


— d Y = 0.5 in. 
2 r 


ZlL = j L ( ? Ty = —(0.625) 3 (5 x 10 3 ) 
c 2 2 


1.91747 x 10 J lb • in. 


~Ty 


l_l^ 

4 c 3 


= -(1.91747 x 10 3 ) 
3 


1_I °' 5 


4 0.625 3 


h 

) 


2.23 xlO 3 lb-in. 


T = 2230 lb • in. ◄ 
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PROBLEM 3.94 

The solid shaft shown is made of a mild steel that is assumed to be 
elastoplastic with G = 11.2 x 10 6 psi and r Y = 21 ksi. Determine the 
maximum shearing stress and the radius of the elastic core caused by the 
application of torque of magnitude (a) T = 100 kip • in., ( b ) T = 140 kip • in. 


SOLUTION 


c = 1.5 in., J = — c 4 = 7.9522 in 4 , zv = 21 ksi 
2 y 

(a) T = 100 kip • in. 


= 


Tc _ (100 kip • in.)(1.5 in.) 


J 


7.9522 in 4 


Since r m < t y , shaft remains elastic. 


Radius of elastic core: 

( b ) T = 140 kip • in. 

(140XT5) =2MksL 


T m = 18.86 ksi A 


= 1.500 in. ◄ 


7.9522 


Impossible : z. n = z Y = 21.0 ksi A 


J 1 9522 

Plastic zone has developed. Torque at onset of yield is T Y = — r Y = —-(21 ksi) = 111.33 kip • in. 

c 1.5 


Eq. (3.32): T = -T Y 


1_LPy} 
v 4 c 3 ; 


PJL\ = 4 - 3— = 4-3 


140 


Py 


= 0.22743 = 0.6104 

111.33 c 


p Y = 0.6104c = 0.6104(1.5 in.) 


p Y = 0.916 in. A 
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PROBLEM 3.95 

The solid shaft shown is made of a mild steel that is assumed to be 
elastoplastic with G = 77.2 GPa and z Y = 145 MPa. Determine the 
maximum shearing stress and the radius of the elastic core caused by the 
application of a torque of magnitude (a) T = 600 N • m, (b) T = 1000 N ■ m. 


SOLUTION 


(a) T = 600 N • m: 


Since T < T Y , the shaft is elastic 


r T 

Maximum shearing stress: — = — 


z = = (145 x iO )(600) _ 113 3 x 10 6 Pa 

" T y 768.11 

Radius of elastic core: p = c 

( b ) T = 1000 N • m: Since T > T Y , there is a plastic zone. 


Maximum shearing stress: 
Radius of elastic core: 


= Ty 


T = ~Ty 



C \ 

3“ 

1 - 

Py 



l P ) 



^= 3 / 4 - 3 — = 314 


(3)(1000) 

768.71 


= 0.46003 


p Y = 0.46003c = (0.46003)(15 mm) 


T m = 113.3 MPa ◄ 
p E = 15.00 mm -4 

T m = 145.0 MPa ◄ 


p Y = 6.90 mm 4 
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PROBLEM 3.96 

The solid shaft shown is made of a mild steel that is assumed to be 
elastoplastic with t y = 145 MPa. Determine the radius of the elastic core 
caused by the application of a torque equal to 1.1 T Y , where Ty is the 
magnitude of the torque at the onset of yield. 


SOLUTION 


1 4 

c = —d = 15 mm T = —T Y 


l-l Bl. 


Rjl = 3(4 -3-1- = J4 - (3X1-1) = 0.88790 


Pr = 0.88790c = (0.88790)(15 mm) 


p Y = 13.32 mm 4 
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PROBLEM 3.97 

It is observed that a straightened paper clip can be twisted through several revolutions by the application of a 
torque of approximately 60 mN • m. Knowing that the diameter of the wire in the paper clip is 0.9 mm, 
determine the approximate value of the yield stress of the steel. 


SOLUTION 


c = —d = 0.45 mm = 0.45 x 10 3 m 
2 

T P = 60 mN • m = 60 x 10 -3 N • m 


T = ± T 4Jt Y 

P 3 Y 3 c 


- 4 71 „3 t - 2k Jr 

— ’ C ly — C Ty 

3 2 3 


Ty — 


^ 60X10_3 > = 314 x 10 6 Pa 


3T P 


2 ttc 3, 2^(0.45xl0“ 3 ) 3 


t y = 314 MPa ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


360 







Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 3.98 

The solid shaft shown is made of a mild steel that is assumed to be 
elastoplastic with G = 77.2 GPa and t y =145 MPa. Determine the angle of 
twist caused by the application of a torque of magnitude (a) T = 600 N • m, 
(b) T = 1000 N • m. 


SOLUTION 


1 , 

c = —d = 15 mm = 15x10 m 
2 


Torque at onset of yielding: 


t = 


Tc _ 2 T 
J TTC^ 


Ty = 


it<?x Y ;r(15xl0“T(145xl0 6 ) 


= 768.71 N • m 


(a) T = 600 N • m. Since T < T Y , the shaft is elastic. 


<P = 


TL 2 TL 


(2)(600)(1.2) 


GJ nc*G ^(15xl0“ 3 ) 4 (77.2xl0 y ) 


= 0.11728 rad cp = 6.72° ◄ 


(b) T = 1000 N • m. T > T Y Aplastic zone has developed. 


T = -T v 



f \ 

3' 

1 

( rr \ 

1 - 

(Py 


— =3)4-3 

T 


l T ) 


(p ]] 

V-L'y J 


(p Y = 


(Py 


T y L _ 2TyL 


(2)(768.71)(2.1) 

GJ ~ nc A G ~ zr(15 x 10“ 3 ) 4 (77.2 x 10 9 ) 


= 0.15026 rad 


^ = 7/4 
<P 


(3)(1000) 


768.71 


= 0.46003 


(p = 


0.15026 


0.46003 0.46003 


(p Y 


= 0.32663 rad 


(p = 18.71° ◄ 
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PROBLEM 3.99 

For the solid circular shaft of Prob. 3.94, determine the angle of twist 
caused by the application of a torque of magnitude (a) T = 80 kip • in., 
(b) T = 130 kip • in. 


SOLUTION 


1 1 , 

c = — d = —(3) = 1.5 in. r Y = 21 x 10 psi 

L = 4 ft = 48 in. J = —c 4 = —(1.5) 4 = 7.9522 in 4 
2 2 


Tc rJ 

Torque at onset of yielding: r = — T = — 

J c 


T Y _ TyJ_ _ (2! x 10 a 7 - 9522 ) _ m 33Q x 10 3 lb ■ in. 


(a) T = 80 kip • in. = 80 x 10 3 lb • in. 


1.5 


TL 


Since T < T Y , the shaft is fully elastic, (p =- 

GJ 


(p = 


(80 x 10 3 )(48) 

(11.2 x 10 6 )(7.9522) 


= 43.115 x 10 -3 rad 


(b) T = 130 kip • in. = 130 x 10 3 lb • in. T > T r T = ^T Y 



f \ 

3“ 

1 - 

cp Y 



l 9 J 



T y L (111.330 x 10 3 )(48) nnn )n _ 3 
cp Y = ^-——- = 60.000 x 10 rad 


GJ (11.2 x 10 )(7.9522) 


<Py _J a _J a (3)(130 x 10 ) 

111.330 x 10 3 

-3 


3/4 - 3— = 3/4 - 
(p 

cp = 


= 0.79205 


(Py 


0.79205 


60.000 x 10“ 3 , 

-= 75.75 x 10 3 rad 

0.79205 


cp = 2.47° ◄ 


cp = 4.34° ◄ 
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PROBLEM 3.100 



For the solid shaft of Prob. 3.98, determine (a) the magnitude of the torque 
T required to twist the shaft through an angle of 15°, ( b ) the radius of the 
corresponding elastic core. 

PROBLEM 3.98 The solid shaft shown is made of a mild steel that is 
assumed to be elastoplastic with G = 77.2 GPa and r Y = 145 MPa. 
Determine the angle of twist caused by the application of a torque of 
magnitude ( a ) T = 600 N • m, (b) T = 1000 N • m. 


SOLUTION 


c = —d = 15mm = 15x10 1 m 
2 

(p = 15° = 0.2618 rad 


<Py = 


L/y 


Lt v 


(1.2)(145 x 10 6 ) 


c cG (15x10“ 3 )(77.2 x 10 9 ) 
(a) Since cp > cp Y , there is a plastic zone. 

T y c 2 T 


= 0.15026 rad 


Ty = 


J 


nc 


Ty =^= ;r(15 x 10~ 3 ) 3 (145 x 10 6 ) = m?1N . m 


T =—Ty 


1-1 

4 


f >3 
<Py 


V 


= -(768.71) 


x 1 f 0.15026 
0.2618 


= 976.5 N • m 


T = 977 N • m ◄ 


(b) Ly Y = p Y (p = c<p Y 


c<p Y _ (15 x 10 _3 )(0.15026) 


Pr = 


(p 


0.2618 


= 8.61 x 10 3 m 


p Y = 8.61 mm 4 
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PROBLEM 3.101 

A 3-ft-long solid shaft has a diameter of 2.5 in. and is made of a mild steel that is assumed to be elastoplastic 
with ty — 21 ksi and G = 11.2 x 10 6 psi. Determine the torque required to twist the shaft through an angle of 
(a) 2.5°, (, b ) 5°. 


SOLUTION 


1 

L = 3 ft = 36 in., c =—d = 1.25 in., t y =21x 1 0 psi 

/ = -c 4 = — (1.25) 4 = 3.835 in 4 
2 2 

r Y = ^ ry =^ = (3.835X21 x 10 3) = 

J c 1.25 

cp Y = ^= (64 ' 427 x /° )(36) = 53.999 x 10 ~ 3 rad = 3.0939° 


GJ ( 11.2 x 10 b )(3.835) 


(a) cp = 2.5° = 43.633 x 10 3 rad cp< cp Y The shaft remains elastic. 

TL 


(p = 


GJ 


T = 


GJtp _ (11.2 x 10 6 )(3.835)(43.633 x 10“ 3 ) 


L 


36 


= 52.059 x 10 3 lb • in. 


T = 52.1 kip • in. A 


(,b ) cp = 5° = 87.266 x 10 3 rad cp> (p Y A plastic zone occurs. 


T = -T Y 


1-1 

4 


( 

<Py 

V 9 y 


= -(64.427 x 10 3 ) 
3 


1-1 

4 


53.999 x 10~ 3 ^ 
v 87.266 x 10 -3 y 


= 80.814 xl0 3 lb-in. 


T = 80.8 kip • in. ◄ 
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PROBLEM 3.102 

A 18-mm-diameter solid circular shaft is made of a material that is assumed to be elastoplastic with 
t y = 145 MPa and G = 77.2 GPa. For a 1.2-m length of the shaft, determine the maximum shearing stress and 
the angle of twist caused by a 200-N • m torque. 


SOLUTION 


t y = 145 x 10 6 Pa, c — ~d = 0.009 m, I = 1.2m, T = 200 N • m 

T y =^GL= - C \ y = —(0.009) 3 (145 x 10 6 ) = 166.04 N • m 
c 2 2 


T >Ty (plastic region with elastic core) 


r max = Ty = 145.0 MPa A 


Vy = 


TyL _ 2TyL 


(2)(166.04)(1.2) 


GJ ncG ;r(0.009) 4 (77.2 xlO y ) 


= 250.43 x 10 3 radians 


T = -T v 


i_jV A 

Acpl; 


( h 3 
<Py 

v <P j 


A 3J . 
= 4-= 4 


(3)(200) = Q _ 38641 (Py_ = 0 _72837 


166.04 


<P 


cp = 


<P 


0.72837 


250.43 xl0“ 3 in _ 3 

-= 343.82 x 10 radians 

0.72837 


<p = 19.70° ◄ 
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PROBLEM 3.103 

A 0.75-in.-diameter solid circular shaft is made of a material that is assumed to be elastoplastic with 
t y = 20 ksi and G = 11.2 x 10 6 psi. For a 4-ft length of the shaft, determine the maximum shearing stress and 
the angle of twist caused by a 1800-lb • in. torque. 


SOLUTION 


r Y = 20 ksi = 20 x 1 0 3 psi, c = —d = 0.375 in., 
L = 4 ft = 48 in., T = 1800 lb • in. 

T y = = -c\ Y = —(0.375) 3 (20 x 10 6 ) 

c 2 2 

= 1656.70 lb in. 


T >Ty (Plastic region with elastic core) 


<Py = 


TyL 

~GJ 


T = -T v 


_ 2TyL 
~ ttc a G 

\ _ JV ^ 
4 <?b 


(2)(1656.70)(48) 
^■(0.375) 4 (11.2 x 10 6 ) 


= 0.22857 rad 


<Py 


3 T 


=4- — = 4- 
^ <P 


(3)(1800) 


(Py 


= 0.7451 — = 0.90471 

1656.70 q> 


cp = 


0.22857 


0.90471 0.9047 


(p Y 


= 0.25264 rad 


W =Ty = 20.0 ksi ◄ 


(p Y = 14.48° ◄ 
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12 mm 


T = 300 N • m 


PROBLEM 3.104 

The shaft AB is made of a material that is elastoplastic with 
Ty = 90 MPa and G = 30 GPa. For the loading shown, 
determine (a) the radius of the elastic core of the shaft, 
( b ) the angle of twist at end B. 


SOLUTION 


(a) 


c = 12 mm = 0.012 m 


r Y = 90 x 10° Pa 


T y = 


Jt v 


Tt 3 

= - C Ty 

2 


= y(0.012) 3 (90 x 10 6 ) = 244.29 N • m 


T = 300 N • m > T v 


T = -T v 


. 4c3 2 


Plastic region with elastic core 

4 = 1 _3r = 1 -(3X300) = 031585 

c 3 Ty 244.29 


^ = 0.68102 p Y = (0.68102)(0.012) = 8.17 x 10“ 3 m 
c 


(b) L = 2 m 

G = 30 x 10 9 Pa 


(py = 


TyL 

~JG 


9y _ Py 
(p c 


2TyL 


(2)(244.29)(2) 
kc 4 G ~ ^(0.012) 4 (30 x 10 9 ) 


= 0.5000 rad 


cp = 


(Py 


0.5000 


Pyle 0.68120 


= 0.734 rad 


p Y =8.17 mm A 


<p = 42.1° ◄ 
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PROBLEM 3.105 

A solid circular rod is made of a material that is assumed to be elastoplastic. Denoting by T Y and (p Y , 
respectively, the torque and the angle of twist at the onset of yield, determine the angle of twist if the torque is 
increased to (a) T = 1.1 T Y , ( b ) T = 1.25 T Y , (c) T = 1.3 T Y . 
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PROBLEM 3.106 

A hollow shaft is 0.9 m long and has the cross section shown. The steel 
is assumed to be elastoplastic with zy = 180 MPa and G = 77.2 GPa. 
Determine (a) the angle of twist at which the section first becomes 
fully plastic, (b) the corresponding magnitude of the applied torque. 


SOLUTION 


C| = —d ] = 0.015 m c 2 = —d 2 = 0.035 m 
(a) For onset of fully plastic yielding, p Y = c, 


T = Ty 


r = 


Py<P _ C\<P 


(p = 


Lt v 


(0. 9 )(180 x 10 6 ) = 139 _ 90xl0 -3 rad 


c,G (0.015)(77.2 xl0 y ) 


( b ) T p = 2 t yp 2 dp = 2jit y 


C2 


2 K 


■ ( c 2 c \ ) 


?7T 

= -y-(180 x 10 6 )(0.035 3 - 0.015 3 ) = 14.89 x 10 3 N • m 


= 14.89 kN • m 


(p = 8.02° ◄ 


T p = 14.89 kN • m ◄ 
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PROBLEM 3.107 

A hollow shaft is 0.9 m long and has the cross section shown. The steel 
is assumed to be elastoplastic with zy = 180 MPa and G = 77.2 GPa. 
Detennine the applied torque and the corresponding angle of twist 
(a) at the onset of yield, ( b ) when the plastic zone is 10 mm deep. 


SOLUTION 

(a) At the onset of yield, the stress distribution is the elastic distribution with r n 
c 2 = ~d 2 = 0.035 m, c x = yd x = 0.015 m 

J = -(4 - Cl 4 ) = ^(0.035 4 - 0.015 4 ) = 2.2777 x 10 _6 m 


= T v 


W =r 7 =^ , T y = = t 22111 x 10 ~ 6 X 180 x 1q6 ) = lung x !0 3 N • m 


J 


<p Y = 


TyL 


(11.7139X 10 3 )(0.9) 


0.035 


= 59.956x10 3 rad 


(b) 


GJ (77.2xl0 9 )(2.2777xl0~ 6 ) 
t = 0.010 m p Y = c 2 —t = 0.035 - 0.010 = 0.025 m 


r = 


cp = 


pep _ p Y <p 


TyL 


L =Y * = ^ 

. (180 x 10 6 )(0.9) = 83 . 938 xl0 -3 rad 


Gp Y (77.2x100(0.025) 
Torque T\ carried by elastic portion: 

t \Py 


T — Ty 3.t p — Py' 


T v = 




C X < P< Py 

where J x = — 


[p a y-4) 


J x = y(0.025 4 - 0.015 4 ) = 534.07 x 10“ 9 m 4 

A = (534.07 x 10-0(180 xl0Q = 3 8453 xiQ 3 N m 
Py 0.025 

Torque T 2 carried by plastic portion: 


T 2 = 2xfy T Y p 2 dp = Inty 


c 2 


Py 


2k 


(4 ~Py) 


= —(180 x 10 6 )(0.035 3 - 0.025 3 ) = 10.2730 x 10 3 N • m 
Total torque: 

T = T x +T 2 = 3.8453 x 10 3 + 10.2730 x 10 3 
= 14.1183 x 10 3 N • m 


T v = 11.71 kN ■ m ◄ 


ep Y = 3.44° ◄ 


q> = 4.81° ◄ 


14.12 kN-m ◄ 
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PROBLEM 3.108 

A steel rod is machined to the shape shown to form a tapered solid shaft to which 
a torque of magnitude T = 75 kip • in. is applied. Assuming the steel to be elastoplastic 
with ty —21 ksi and G = 11.2 x 10 6 psi, detennine ( a ) the radius of the elastic core 
in portion AB of the shaft, (b ) the length of portion CD that remains fully elastic. 


SOLUTION 

(a) In portion AB . 


c = —d = 1.25 in. 

2 

T y = IaaIa. = !L ( A Zy = — (1.25) 3 (21 X 10 3 ) = 64.427 x 10 3 lb • in. 
c 2 2 


T = ~Ty 


\-PdL 

A 3 , 


m = 3 4 -Z .3 4 0.79775 

c \ Ty \ 64.427 xio 3 

p Y = 0.79775c = (0.79775)(1.25) = 0.99718 in. 

( b ) For yielding at point C . r = z Y , c = c x , T = 75 x 10 J lb • in. 

T = 


JqTy _ K 3 


= — C X Z Y 
2 


2 T (2)(75 x 10 ) 

c T = 3- = 3 —- T-b = 1.31494 in. 


' 7Z"Z" y 


^■(21 x 10 ) 


Using proportions from the sketch, 


I-Z5 


I.31H44 


5\r 


\.S~o 


1.50 - 1.31494 _ x 
1.50 - 1.25 ~ 5 


p Y = 0.997 in. 4 


x = 3.70 in. 4 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


371 

































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 





PROBLEM 3.109 

If the torque applied to the tapered shaft of Prob. 3.108 is slowly increased, determine 
(a) the magnitude T of the largest torques that can be applied to the shaft, ( b ) the 
length of the portion CD that remains fully elastic. 

PROBLEM 3.108 A steel rod is machined to the shape shown to form a tapered solid 
shaft to which a torque of magnitude T = 75 kip • in. is applied. Assuming the steel 
to be elastoplastic with r Y = 21 ksi and G = 11.2 x 10 6 psi, determine (a) the radius 
of the elastic core in portion AB of the shaft, (b ) the length of portion CD that remains 
fully elastic. 


SOLUTION 

(a) The largest torque that may be applied is that which makes portion AB fully plastic. 


In portion AB, 


c = —d = 1.25 in. 
2 


Ty = = !L c \ y = —(1.25) 3 (21 X 10 3 ) = 64.427 x 10 3 lb • in. 

c 2 2 


For fully plastic shaft, p Y = 0 


T = -T v 


( 1 „3 h 

1 _ 1 Py 


4 c 3 


= —T 
3 


T = -(64.427 x 10 3 ) = 85.903 x 10 3 lb • in. 
3 


T = 85.9 kip • in. ◄ 


(. b ) For yielding at point C,r = r Y , c = c x , T = 85.903 x 10 3 lb • in. 


T y — 


Tc x _ IT 
J Y TIC,. 


2T (2)(85.903 x 10 3 ) , . 

c v = 31- = ? —-- —- = 1.37580 in. 


XT y 


x(21 x 10 ) 


Using proportions from the sketch, 



1.50 - 1.37580 _ £ 
1.50 - 1.25 ~ 5 


x = 2.48 in. -4 
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13.5 

12 

~ 9 

En 

6 

3 


PROBLEM 3.110 

1 1 

1 1 

1 1 ^ 

jr 

i VT 

i f i 

i V i 

i V i 

A solid brass rod of 1.2-in. diameter is subjected to a torque that causes 
a maximum shearing stress of 13.5 ksi in the rod. Using the x-y diagram 
shown for the brass rod used, detennine (a) the magnitude of the torque, 

i X l 

l X l 

1 M 

V i i 

X 1 1 

X 1 1 

X 1 1 

( b ) the angle of twist in a 24-in. length of the rod. 

X 1 1 

X 1 1 

X 1 1 

X l l 


0 

0.001 0.002 0.003 

y 


SOLUTION 


(a) 


= 13.5 ksi 


c = —d = 0.600 in. 
2 


From the stress-strain diagram, ;/ max = 0.003 


Let 


z = 


r 


p_ 

c 


= z"xdz 


T = 2n\ p’ xdp = 2 nc f z 2 xdz = 2ncl where the integral/ is given by / = I* 

Jo Jo Jo 

Evaluate / using a method of numerical integration. If Simpson’s rule is used, the integration fonnula is 

T AZ XT 2 

I = —>, wz x 
3 

where w is a weighting factor. Using Az = 0.25, we get the values given in the table below: 


z 

7 

x, ksi 

z 2 r, ksi 

w 

>vz 2 r, ksi 

0 

0 

0 

0.000 

1 

0 

0.25 

0.00075 

4.5 

0.281 

4 

1.125 

0.5 

0.0015 

8.6 

2.15 

2 

4.30 

0.75 

0.00225 

12.2 

6.86 

4 

27.45 

1.0 

0.003 

13.5 

13.5 

1 

13.5 


46.375 


/ = 


(0.25)(46.375) 


Z wz 2 r 


= 3.865 x 10 3 ksi 


(a) T = Inc* I = 2^(0.600f(3.865) = 5.24kip • in. 
ccp 


(b) JW = 


L 


cp = 


Ly m (24X0.003) 


= 120 x 10“ 3 rad 


T = 5.24 kip • in. ◄ 


cp = 6i 


c 0.800 

Note: Answer may differ slightly due to reading of graph and choice of numerical integration formula. 
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13.5 

12 

- 1 - 1 - 

1 1 

1 1 

1 

Jr 

PROBLEM 3.111 

1 f 

1 f 1 

i m i 

A solid brass rod of 0.8-in. diameter and 30-in. length is twisted 

~ 9 

l f l 

through an angle of 10°. Using the r-y diagram shown for the brass 

1 M 1 

& 

h 6 

1 M 

rod used, determine (a) the magnitude of the torque applied to the 

f 1 1 

X i i 

X i i 

X 1 1 

rod, ( b) the maximum shearing stress in the rod. 


X 1 1 

X i i 

X i i 

X 1 1 


0 

0.001 0.002 0.003 

y 


SOLUTION 


(a) 


<p = 10° = 174.53 x 10 -3 rad 


c = — d = 0.400 in. 
2 


L = 30 in. 


ap_ _ (0.4)(174.53 x 10 ~ 3 ) 
L 30 


7 max 

Let 


= 0.00233 


z = 


P 


rc 2 3 C 1 , 3 f 1 2 

T = 2jt\ p rdp = Inc-, z~rdz = 1 t:c 2 I where the integral / is given by / = z rdz 
Evaluate / using a method of numerical integration. If Simpson’s rule is used, the integration formula is 

T Az V 2 

1 = —> wz r 
3 ^ 

where w is a weighting factor. Using Az = —, we get the values given in the table below: 

6 


z 

r 

t, ksi 

z 2 r, ksi 

w 

wz 2 r, ksi 

0 

0 

0 

0 

1 

0 

0.25 

0.000583 

3.5 

0.219 

4 

0.88 

0.5 

0.001165 

7.0 

1.75 

2 

3.50 

0.75 

0.001748 

10.0 

5.625 

4 

22.50 

1.0 

0.00233 

12.2 

12.6 

1 

12.60 


39.48 


/ = 


(0.25)(39.48) 


YjWZ 2 T 


= 3.29 ksi 


( b) 


T = 2nc\l = 2zt(0.400) 3 (3.29) T = 1.322 kip • in. ◄ 

Note: Answer may differ slightly due to differences of opinion in reading the stress-strain curve. 

From the graph, r max = 12.60 ksi A 
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t (MPa) 


PROBLEM 3.112 

100 



80 


A 50-mm-diameter cylinder is made of a 


brass for which the stress-strain diagram 

60 


is as shown. Knowing that the angle of 

40 

-y'f ^ 

twist is 5° in a 725-mm length, determine 

20 

| | T 1 ^- 725mm 

by approximate means the magnitude T 


of torque applied to the shaft 

0 

0.001 0.002 0.003 y 



SOLUTION 


(a) 


<p = 5° = 87.266 x 10 3 rad 


c = —d = 0.025 m 
2 


L = 0.725 m 


= CJL __ (0.025X87.266 > 10^) = 
L 0.725 


Let 


z = 


r 


p_ 

c 


r = 2 ^f p rdp = IttcI f z rdz =2nc\l where the integral / is given by/= f z 2 rdz 
J0 Jo J 1/3 

Evaluate / using a method of numerical integration. If Simpson’s rule is used, the integration formula is 

T ^ V 2 
I = -> WZ T 

3 ^ 


where w is a weighting factor. Using Az = 0.25, we get the values given in the table below. 


z 

7 

t, MPa 

z 2 t, MPa 

w 

wz 2 r, MPa 


0 

0 

0 

0 

1 

0 


0.25 

0.00075 

30 

1.875 

4 

7.5 


0.5 

0.0015 

55 

13.75 

2 

27.5 


0.75 

0.00226 

75 

42.19 

4 

168.75 

<— Zwz 2 r 

1.0 

0.00301 

80 

80 

1 

80 

= 283.75 xlO 6 Pa 


283.75 



/ = (0.25X283.75 xlQ 6 ) =2i65xi()6pa 


3 

T = Ikc’I = 2^(0.025) 3 (23.65 x 10 6 ) = 2.32 x 10 3 N • m T = 2.32 kN • m ◄ 
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PROBLEM 3.113 

Three points on the nonlinear stress-strain diagram used in Prob. 3.112 are (0, 0), (0.0015, 55 MPa), and 
(0.003, 80 MPa). By fitting the polynomial T = A + By + Cy 2 through these points, the following approximate 
relation has been obtained. 

T = 46.7 x 10V - 6.67 x 10 n y 2 
Solve Prob. 3.113 using this relation, Eq. (3.2), and Eq. (3.26). 

PROBLEM 3.112 A 50-mm diameter cylinder is made of a brass for which the stress-strain diagram is as 
shown. Knowing that the angle of twist is 5° in a 725-mm length, determine by approximate means the 
magnitude T of torque applied to the shaft. 


SOLUTION 

cp = 5° = 87.266 x 10 “ 3 rad, c = —d = 0.025m, L = 0.725m 

Tmax = ~ = (°' 025 )(87266 X 1Q~ 3 ) _ 3 qqq x iq-3 

L 0.725 


Let 


z = - 


P_ 

c 


T = 2^| p 2 rdp = 2 kc 2 j" z 2 rdz 


The given stress-strain curve is 

r = A + By + Cy~ = A + By max z + Cy^ WL z~ 

T = 2n \/i A + B/maxZ + C 7 ™ xZl ) dz 

= 2k c lA z 2 dz + By max £ z 2 dz + Cy^ z 4 t/zj 
= 2 + 

Data: A = 0, B = 46.7 x 10 9 , C = -6.67 x 10 12 

= 0, ^By mm = ^(46.7 x 10 9 )(3.009 x 10“ 3 ) = 35.13 x 10 3 

^■C^max = ~^ 6 - 67 x 1 0 i2 )(3.009 X 10 “ 3 ) 2 = -12.08 x 10 3 
T = 2^(0.025) 3 (0 + (35.13 x 10 3 - 12.08 x 10 3 )) = 2.26 x 10 3 N • m 


T = 2.26 kN • mA 
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PROBLEM 3.114 

The solid circular drill rod AB is made of a steel that is assumed to be elastoplastic 
with t y = 22ksi and G = 11.2 x 10 f ’ psi. Knowing that a torque T = 75 kip • in. is 
applied to the rod and then removed, determine the maximum residual shearing stress 
in the rod. 


SOLUTION 


Loading : 


c = 1.2 in. 


L = 35 ft = 420 in. 


J = -c 4 = —(1.2 ) 4 = 3.2572 in 4 
2 2 


Ty = 


J Ty (3.2572)(22) 


1.2 


= 59.715 kip • in. 


T = 75 kip • in. 


T = -Ty 


. 4 ^ 3 y 


P\ 


= 4-^ = 4-^1 = 0.23213 
T y 59.715 


= 0.61458, p Y = 0.61458c = 0.73749 in. 

c 


Unloading: 

t' = — where T = 75 kip 

J 

At p = c. 

/.WA 27.63 ks, 

3.2572 

> 

75 

II 

75 

r , = (75X0.73749) = 16 98ks . 
3.2572 

Residual: 

^"res — ^"load — ^ 

At p = c. 

r res = 22 - 27.63 = -5.63 ksi 

£ 

75 

II 

75 

r res = 22 - 16.98 = 5.02 ksi 


maximum r res = 5.63 ksi "4 
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PROBLEM 3.115 

In Prob. 3.114, determine the permanent angle of twist of the rod. 

PROBLEM 3.114 The solid circular drill rod AB is made of steel that is assumed to 
be elastoplastic with r Y = 22ksi and G = 11.2xl0 6 psi. Knowing that a torque 
T = 75 kip • in. is applied to the rod and then removed, determine the maximum 
residual shearing stress in the rod. 


SOLUTION 

From the solution to Prob. 3.114, 


c = 1.2 in. 

J = 3.2572 in 4 


Py 


= 0.61458 


After loading. 


r = 


pcp_ 

L 


p Y = 0.73749 in. 
_ Ly _ Ly Y _ Lt y 


P Py Py g 


L = 35 ft = 420 in. 


During unloading, 


Permanent angle of twist . 


cp XoaA = — (42 ° )(22 x 10 } = 1.11865 rad = 64.09° 

(0.73749)(11.2 x 10 6 ) 

TL 

(fi =- (elastic) T = 75 kip • in. 

GJ 

= (75 x 10 )(420) = o 86347 rad = 49 47 o 

(11.2 x 10 6 )(3.2572) 


^perm = Plead - p' = 1-11865 - 0.86347 = 0.25518 


cp = 14.62° ◄ 
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PROBLEM 3.116 

The solid shaft shown is made of a steel that is assumed to be 
elastoplastic with r Y = 145 MPa and G = 77.2 GPa. The torque is 
increased in magnitude until the shaft has been twisted through 6°; the 
torque is then removed. Determine (a) the magnitude and location of the 
maximum residual shearing stress, ( b ) the pennanent angle of twist.*** 


SOLUTION 


c = 0.016 m cp = 6° = 104.712 x 10 ’rad 

= = (0.016X104.72 x 10-3) = Q 0027925 

L 0.6 


Yy = 


145 x 10 = 0.0018782 


G 77.2 xlO 9 
p Y _ Yy _ 0.0018 


= 0.67260 

c 7max 0.0027925 

J = —c 4 = —(0.016) 4 = 102.944 x 10“ 9 m 4 
2 2 

Ty = = !L C 3 ry = —(0.016) 3 (145 X 10 6 ) = 932.93 N • m 

c 2 2 


At end of loading. ^load _ ^ Ty 


f 1 „3 5 

. T. 

= -(932.93) 

1 - —(0.67433) 3 

4 c 

V L J 

3 

4 


= 1.14855 x 10 N • m 


Unloading : 

At p = c. 
At p = p Y , 


elastic 


J' = 1.14855 x 10 3 N • m 


r ,= 77c = (1.14855 xl0-X0.016) = 178 513 xl()6pa 
J 102.944 xlO -9 

rjif 

t' = = (178.513 x 10 6 )(0.67433) = 120.376 x 10 6 Pa 

J c 


<P = 


T'L _ (1.14855 x 1Q 3 )(0,6) 

GJ ~ {112 x 10 9 )(102.944 x 10 -9 ) 


= 86.713 x 10“ 3 rad = 4.97° 


Residual: 


Acs Toad ^ 


^perm ^load 


(a) At p = C, 

At p = p Y , 

Maximum residual stress: 


r res = 145 x 10° - 178.513 x 10° = -33.513 x 10° Pa 


r res = 145 x 10 6 - 120.376 x 10 6 = 24.624 x 10 b Pa 


(b) cp ?evm = 104.712 x 10“ 3 - 86.713 x 10“ 3 = 17.9990 x 10“ 3 rad 


r res = “33.5 MPa 
r res = 24.6 MPa 
33.5 MPa at p = 16.00 mm -4 

^perm = L 03° ◄ 
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PROBLEM 3.117 



After the solid shaft of Prob. 3.116 has been loaded and unloaded as 
described in that problem, a torque Ti of sense opposite to the original 
torque T is applied to the shaft. Assuming no change in the value of cp Y , 
determine the angle of twist (p x for which yield is initiated in this second 
loading and compare it with the angle (p Y for which the shaft started to 
yield in the original loading. 

PROBLEM 3.116 The solid shaft shown is made of a steel that is 
assumed to be elastoplastic with t y = 145 MPa and G = 77.2 GPa. 
The torque is increased in magnitude until the shaft has been twisted 
through 6 °; the torque is then removed. Determine (a) the magnitude 
and location of the maximum residual shearing stress, ( b ) the permanent 
angle of twist. 


SOLUTION 


From the solution to Prob. 3.116, 

c = 0.016 m, L = 0.6 m 
t y = 145 x 10 6 Pa, 

J = 102.944 xl0“ 9 m 4 

The residual stress at p = c is r res = 33.5 MPa 

For loading in the opposite sense, the change in stress to produce reversed yielding is 

t 1 =t y - r res = 145 x 10 6 - 33.5 x 10 6 = 111.5 x 10 6 Pa 

_Tf_ • (102-944 x 10~ 9 )(111.5 x IQ 6 ) 

Tl ~ J " ' “ c 0.016 

= 717 N • m 

Angle of twist at yielding under reversed torque . 


_ T\L _ (717 x 10 )(0.6) 

~ GJ ~ (77.2 x 10 9 )(102.944 x 10" 




= 54.16 x 10 3 rad 


Angle of twist for yielding in original loading . 

c(p Y 


7 G 


L 


(p Y = 


Lt v 


(0.6)(145 x 10°) 


cG (0.016)(77.2 x 10 9 ) 


= 70.434 xl0 “ 3 rad 


<Pi = 3.10° ◄ 


cp Y = 4.04° ◄ 
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PROBLEM 3.118 

The hollow shaft shown is made of a steel that is assumed to 
be elastoplastic with z Y = 145 MPa and G = 77.2 GPa. The 
magnitude T of the torques is slowly increased until the 
plastic zone first reaches the inner surface of the shaft; the 
torques are then removed. Determine the magnitude and 
location of the maximum residual shearing stress in the rod. 


SOLUTION 

c. = —d, = 12.5 mm 

1 2 1 


c 2 = ~ £/ 2 = 30 mm 

When the plastic zone reaches the inner surface, the stress is equal to r Y . The corresponding torque is 
calculated by integration. 


dT = pz dA = pz Y (lnp dp) = 2nz Y p 2 dp 

T = 2tzz y [ p 2 dp = —z Y (c 2 -c 2 j 

ci 3 


9 n 

= —(145x 10 6 )[(30xlO- 3 ) 3 - (12.5x 10~ 3 ) 3 ] = 7.60 64x 10 3 N • m 

Unloading. 

V = 7.6064 x 10 3 N • m 


J = - q 4 ) = y[(30) 4 - (12.5) 4 ] = 1.234 x 10 6 mm 4 = 1.234 x 10 _6 m 4 

= T'c, __ (7.6064 x 10 3 )(12.5 x KT’) = ?y ^ x ^ = ^ Mpa 

J 1.234 xlO -6 

r , = T'c 2 = (7.6064 x 10 3 )(30 x 10' 3 ) = 192 63 x 1()6pa = 192 . 63 MPa 

J 1.234 xl0“ 6 

Residual stress. 


Inner surface: 

r res = r Y - t[ = 145 - 77.05 = 67.95 MPa 

Outer surface: 

r res =t y -t' 2 = 145 - 192.63 = -47.63 MPa 

Maximum residual stress: 68.0 MPa at inner surface A 
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PROBLEM 3.119 

In Prob. 3.118, determine the permanent angle of twist of the rod. 

PROBLEM 3.118 The hollow shaft shown is made of a steel that 
is assumed to be elastoplastic with r Y = 145 MPa and 
G = 77.2 GPa. The magnitude T of the torques is slowly increased 
until the plastic zone first reaches the inner surface of the shaft; 
the torques are then removed. Determine the magnitude and 
location of the maximum residual shearing stress in the rod. 


SOLUTION 


Ci = — d, = 12.5 mm 
1 2 1 

c 2 = — = 30 mm 


When the plastic zone reaches the inner surface, the stress is equal to t y . The corresponding torque is 
calculated by integration. 

dT = pr dA = pr Y {27ipdp) = 2nx Y p 2 dp 
T = 2kt y I 2 p 1 dp = r Y (c 2 - cj 5 j 

= —(145 x 10 6 )[(30xlO - 3 ) 3 - (12.5 x 10~ 3 ) 3 ] = 7.60 64x 10 3 N • m 
Rotation angle at maximum torque . 


Unloading . 



TjL_ _ (145 x 10 6 )(5) 

Gc x ~ (77.2 x 10 9 )(12.5 x 10 -3 ) 


0.75130 rad 


T' = 7.6064 x 10 3 N • m 


d = ~( c 2 ~ = ~~[(30) 4 - (12.5) 4 ] 

, _T1_ (7.6064 x 10 3 )(5) 

9 ~ GJ~ (77.2 x 10 9 )(1.234 x 10“ 6 ) 


= 1.234 xlO 6 mm 4 


= 0.39922 rad 


= 1.234 xl0“ 6 m 4 


Permanent angle of twist . 


^perm = ^max ~ $ = 0.75130 - 0.39922 = 0.35208 rad ^ perm = 20.2° -4 
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PROBLEM 3.120 

A torque T applied to a solid rod made of an elastoplastic material is increased until 
the rod is fully plastic and them removed, (a) Show that the distribution of residual 
shearing stresses is as represented in the figure, (b) Determine the magnitude of the 
torque due to the stresses acting on the portion of the rod located within a circle of 
radius cq. 


SOLUTION 



After loading: 


Py ~ 



4 n 

i 7 


C T v 



Unloading: 


,Tc_ 2T _ 2(Jj oad ) _ 4 

L — — ~ , — L v 


J TIC 

t 4 p 

r = —Ty¬ 


ne 


at p = c 


Residual: 

To find co set, 


4 p (.4/7 

1 -- 


T n s =0 and P = c 0 

4c„ 3 


0 = 1 -— 2 - 
3c 


Cn = —C 


t c a n f (3/4)c , 4/7 1 

(b) T 0 =2 tt\ /7~rcf/7 = 2 /t p~r Y 1- dp 

Jo Jo 3 c i 


4 p 


3 c 


= 2OT y f 

Y 3 3 4c 


(3/4)c 


= 27TT y C i 


f> 

f 3 T- 

U' 

l 1 

f 3 Vl 

l 3 

UJ 


)4 

WJ 


= 2ttt y c' \ — -^-1 = -^-r r c 3 = 0.2209 r r c 3 

7 '64 256 128 7 


c 0 = 0.150c A 


T 0 = 0.22 lr y c 3 ◄ 
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PROBLEM 3.121 

Determine the largest allowable square cross section of a steel shaft of length 20 ft if the maximum shearing 
stress is not to exceed 10 ksi when the shaft is twisted through one complete revolution. Use G = 11.2 x 10 6 psi. 


SOLUTION 

L = 20 ft = 240 in. 



r max = 10 ksi = 10 x 10 ’psi 

cp = 1 rev = 2it radians 



T 

T = - 

‘'max , 2 

c x ab 

( 1 ) 


TL 

<p = , 

c 2 atfG 

( 2 ) 

Divide (2) by (1) to eliminate T. 

cp c x ab 2 L c x L 

r max c 2 ab''G c 2 bG 


Solve for b. 

^ _ c l^Tnax 

c 2 G<p 


For a square section, 

- = 1.0 
b 


From Table 3.1, 

c, = 0.208, 
c 2 = 0.1406 



b _ (0.208)(240)(10 x 10 3 ) 

(0.1406)(11.2 x 1 0 6 )(2tt) 

b = 0.0505 in. ◄ 
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PROBLEM 3.122 

Determine the largest allowable length of a stainless steel shaft of ■§■ x 4-in. cross section if the shearing stress 

o 4 s 

is not to exceed 15 ksi when the shaft is twisted through 15°. Use G = 11.2 x 10 psi. 


SOLUTION 


Divide (2) by (1) to eliminate T. 


Solve forZ. 


Table 3.1 gives 


3 

a = — in. = 0.75 in. 

4 

b = — in. = 0.375 in. 


r max = ksi = 15 x 10 psi 


15 TC 

tp = 15° =-rad = 0.26180 rad 

180 


9 = 


9 


c x ao 

TL 

c 2 ab i G 

c x ab 2 L 


c,L 


L = 

a 

~b ~ 


c 1 ab i G c 2 bG 
c 2 bG<p 


c.r, 


1 L max 


0.75 


= 2 


( 1 ) 

(2) 


0.375 

Cj = 0.246, c 2 = 0.229 

r (0.229)(0.375)(11.2 x 10 6 )(0.26180) „ . 

L = -^-= 68.2 in. 

(0.246)(15 x 10 3 ) 


L = 68.2 in. A 
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PROBLEM 3.123 

Using r all =70 MPa and G = 27 GPa, determine for each of the aluminum 
bars shown the largest torque T that can be applied and the corresponding 
angle of twist at end B. 


SOLUTION 

r all = 70 x 10 6 Pa G= 27xl0 9 Pa L = 0.900 m 

(a) a = 45 mm 6 = 15mm — = 3.0 From Table 3.1, q = 0.267, c 2 = 0.263 

b 


c x ab z 


T = c-tab^v. 


l uu L max 


T = (0.267)(0.045)(0.015) 2 (70 x 10 6 ) = 189.236 N • m 


T = 189.2 N • m ◄ 


(p = 


TL 


(189.236)(0.900) 


c 2 ah 3 G (0.263)(0.045)(0.015) 3 (27 x 10 9 ) 


= 157.921 x 10“ 3 rad cp = 9.05° ◄ 


( b ) a = 25 mm b = 25 mm, — = 1.0 From Table 3.1, c, = 0.208, c 2 = 0.1406 

b 


‘'max , o 

ab 


T = c { ab r max 


= (0.208)(0.025)(0.025) 2 (70 x 10 6 ) 


<P = 


= 227.5 N • m 

_ _ (227.5)(0.900) _ 

c,ah 3 G ~ (0.1406)(0.025)(0.025) 3 (27 x 10 9 ) 


T = 228 N • m ◄ 


TL 


= 138.075 x 10“ 3 rad <p = 7.91° ◄ 
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PROBLEM 3.124 



A 

45 mm 

{a) 


% 

! Knowing that the magnitude of the torque T is 200 N • m and that 

. "7 B s\ G = 27 GPa, determine for each of the aluminum bars shown the 



1 

15 ,, . — maximum shearing stress and the angle of twist at end B. 



A 

25 mm 

(b) 



B 



wr 

F 25 mm . )L 



900 mm I ' 


SOLUTION 


T = 200 N • m L = 0.900 m G = 27xl0 9 Pa 

(a) a = 45 mm, b = 15 mm, — = 3.0 From Table 3.1, c x = 0.267 c 2 = 0.263 

b 

T 200 

W ~ c x ab 2 ~ (0.267)(0.045)(0.015) 2 

= 74.0 x 10 6 Pa r max = 74.0 MPa ◄ 

_ TL _ _ (200)(0.900) _ 

9 ~ c 2 ab 3 G ~ (0.263)(0.045)(0.015) 3 (27 x 10 9 ) 

= 166.904 x 10“ 3 rad cp = 9.56° ◄ 


(b) 


a = 25 mm, b = 25 mm, 


— = 1.0 From Table 3.1, c x = 0.208, c 2 = 0.1406 
b 


T 

l max 


T 

c x ab 2 


_200_ 

(0.208)(0.025)(0.025) 2 


= 61.539 x 10 6 Pa 


TL _ _ (200X0.900) _ 

c 2 ab i G ~ (0.1406)(0.025)(0.025) 3 (27 x 10 9 ) 

= 121.385 x 10 -3 rad 


W = 61.5 MPa ◄ 


cp = 6.95° ◄ 
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( b ) 


PROBLEM 3.125 

Determine the largest torque T that can be applied to each of the two 
brass bars shown and the corresponding angle of twist at B, knowing that 
r alI = 12 ksi and G = 5.6 x 10*' psi. 


SOLUTION 


L = 25 in., G = 5.6 x 10 6 psi, r all = 12 x 10 3 psi 


qao 

TL 


(p - ■ 

c 1 ab i G 

a = 4 in., 

b = 1 in., 

From (1), 

T = 

From (2), 

<P = 

a = 2.4 in. 

, b = 1. 

From (1), 


From (2), 



T = qab r ma 

c l^Tnax 


cp = 


c 2 bG 


or 

or 

a 

~b 


(0.282)(25)(12 x 10 3 ) , 

---—--= 0.05376 radians 

(0.281)(1)(5.6 x 10 6 ) 

.6in., — = 1.5 From Table 3.1, q =0.2: 

b 

T = (0.231)(2.4)(1.6) 2 (12 x 10 3 ) = 17.03 x 10 3 


( 1 ) 

( 2 ) 


T = 13.54 kip - in. ◄ 
cp = 3.08° ◄ 


(p = 


(0.231)(25)(12 x 10 3 ) 
(0.1958)(1.6)(5.6 x 10 6 ) 


= 0.0395 radians 


T = 17.03 kip ■ in. A 

<p = 2.26° ◄ 
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SOLUTION 


L = 25 in., G = 5.6xl0 6 psi, T = 12.5 x 10 3 lb • in. 


(a) a = 4 in., b = 1 in., 


— = 4.0 
b 


From Table 3.1, c, = 0.282, c 2 = 0.281 


T 12.5 x 10 3 , tno , n3 . 

-=- y = 1 1 .08 X 1 O' psi 


c x ab z (0.282)(4)(1)“ 


(12.5 x 10 3 )(25) 

c.ab^G (0.282)(4)(1) 3 (5.6 x 10 6 ) 


TL 

( P = O 


= 0.04965 radians 


(6) a = 2.4 in., Z? = 1.6 in.. 


— = 1.5 


From Table 3.1, 


q = 0.231, c 2 = 0.1958 


c x ab A (0.231)(2.4)(1.6) 


12 ' 5><1Q -y = 8 ' 81 X 1 () 3 P si 


(P = 


TL 


(12.5 x 10 b )(25) 


c 2 ab 3 G (0.1958)(2.4)(1.6) 3 (5.6 x 10 6 ) 


= 0.02899 radians 


r max = H-08 ksi ◄ 


cp = 2.84° ◄ 


Tnax = 8 - 81 ksi < 


<p = 1.661° ◄ 
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PROBLEM 3.127 

The torque T causes a rotation of 0.6° at end B of the aluminum bar 
shown. Knowing that b = 15 mm and G = 26 GPa, determine the 
maximum shearing stress in the bar. 


SOLUTION 


From Table 3.1, 


a = 30 mm = 0.030 m 

b = 15 mm = 0.015 m 

<p = 0.6° = 10.472 xl0~ 3 rad 

TL „ c 2 ab 2 Gm 

<p = - T = -- 

c 2 ab i G c x L 

T c 2 ab i Gcp c 2 bGcp 

c x ab 2 c 1 ab 2 L c x L 

— = — = 2.0 
b 15 


c, = 0.246 
c 2 = 0.229 

_ (0.229)(15x 10~ 3 )(26x 10 9 )(1Q,472 x 10~ 3 ) 

“ ax ~ (0.246)(750 xlO^ 3 ) 

= 5.07 x 10 6 Pa r max = 5.07 MPa ◄ 
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PROBLEM 3.128 

The torque T causes a rotation of 2° at end B of the stainless steel 
bar shown. Knowing that b = 20 mm and G = 75 GPa, determine the 
maximum shearing stress in the bar. 


SOLUTION 


From Table 3.1, 


a = 30 mm = 0.030 m 
b = 20 mm = 0.020 m 
cp = 2° = 34.907 x 10 -3 rad 


(p = 


TL 


c 2 ab G 


T = 


c 2 ab 3 Gtp 


c 2 aoGcp _ c 2 bGcp 


c x ab 


c x ab 2 L 


c x L 


“ = H = 1.5 
b 20 


c, = 0.231 


c, = 0.1958 


(0.1958X20 x 10~ 3 )(75 x 10 9 )(34.907 x 10~ 3 ) 
(0.231)(750 x 10 -3 ) 


= 59.2 x 10 Pa 


W = 59 - 2 MPa < 
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PROBLEM 3.129 

Two shafts are made of the same material. The cross section of shaft A is a 
square of side b and that of shaft B is a circle of diameter b. Knowing that the 
shafts are subjected to the same torque, determine the ratio t a It b of maximum 
shearing stresses occurring in the shafts. 


SOLUTION 

A. Square : 


B. Circle: 


Ratio: 


- = 1, c, = 0.208 (Table 3.1) 
b 

T T 


Cl ab 2 0.208b 3 

1 , Tc IT 16 T 

c = —b t r = — = -r =-r- 

2 J KC 3 7tb 3 

= —— • — = 0.3005^ 
t b 0.208 16 


= 0.944 ◄ 
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A 


B 



PROBLEM 3.130 

Shafts A and B are made of the same material and have the same cross- 
sectional area, but A has a circular cross section and B has a square 
cross section. Determine the ratio of the maximum torques T A and T B 
when the two shafts are subjected to the same maximum shearing stress 
( r a = t b ). Assume both deformations to be elastic. 


SOLUTION 


Let c = radius of circular section A and b = side of square section B. 
For equal areas nc 2 = b 2 , 


Circle : 

Square : 

From Table 3.1, 


Ratio: 


For the same stresses, 


c = 




Ta = 


Ia^ = 2Ll 

J tic 3 


t a = y c3 ^ 


C| = 0.208 


Tr = 


B c x ab 2 qh 3 


T b — cp t b 


71 3 1L -. b t 

Ta _2 CTb _ 2 B _ 1 ^ 


3 3 I 

cp r B cp r B 2C\p7T T b 


T R — T A 


T b (2)(0.208)V^ 


^ = 1.356 ◄ 

T b 
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B 



PROBLEM 3.131 

Shafts A and B are made of the same material and have the same 
length and cross-sectional area, but A has a circular cross section and B 
has a square cross section. Determine the ratio of the maximum values 
of the angles <p A and (p B when the two shafts are subjected to the 
same maximum shearing stress (r A = r B ). Assume both deformations 
to be elastic. 


SOLUTION 

Let c = radius of circular section^ and 6 = side of square section B. 
For equal areas, rcc 2 = b 2 b = %c 

Ta C(p A Lt a 


Circle: 


Square : From Table 3.1, 


y max ,. 


q = 0.208, 


L 


(Pa = 


cG 


c 2 = 0.1406 


Ratio: 


To = 


c x ab “ 0.208o 


T b = 0.2086% 


(Pb = 


t b l 

c 2 ab 2 G 


£a 

(Pb 


Ltj 


0.2086 _ 1.4794Lr g 


0.14066 G 
6G 


6G 


= 0.676^- = 0.676\fx — 


cG 1.4794Lr fl 


CT„ 


For equal stresses, t a = r b 


= 0.676% 
(Pa 


^2- = 1.198 ◄ 
(Pa 
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A 


B 



PROBLEM 3.132 

Shafts A and B are made of the same material and have the same cross- 
sectional area, but A has a circular cross section and B has a square cross 
section. Determine the ratio of the angles (j>A and (j>s through which shafts 
A and B are respectively twisted when the two shafts are subjected to the 
same torque ( T A = T B ). Assume both deformations to be elastic. 


SOLUTION 




Let c = radius of circle section A and b 

= side of square section B. 


For equal areas, 

TIC 2 = 

b 2 .'. b = C\I~7T 


Circle: 

fa = 

TL T a L 


JG K 

—c G 

2 


Square: 

fa = 

TL T b L 


c 2 ab 2 G c 2 b 4 G 


From Table 3.1, 

c 2 = 

0.1406 


Ratio: 

4a _ 

T a L (0.1406 )b 4 G 


4b 

—c 4 G T b L 

2 


For T a = T b , 




(j) A (0.1406)cV 
4b 

2 

= 0.883 


◄ 
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PROBLEM 3.133 

A torque of magnitude T= 2 kip • in. is applied to each of the steel 
bars shown. Knowing that r all = 6 ksi, determine the required 
dimension b for each bar. 


SOLUTION 


T = 2 kip • in. r max = 6 ksi 


1 


(a) Circle: c = —b 
2 


Tc 2 T 16 T 


max. t 5 i 5 

J nc Kb 

b 3 _ _16T_ _ (16X2) _ ! 698in 3 


7TT 


m 


b = 1.193 in. ◄ 


(. b ) Square: a = b, — = 1.0 From Table 3.1, c, = 0.208 

b 


T T ■ b 3 ~ T 


c^ab 1 qh 3 


" = 1.603 in 3 


c.r, 


rmax 


(0.208)(6) 


b = 1.170 in. ◄ 


(c) Rectangle: 


a = 2b - = 2.0, c, = 0.246 
b 

T , b 3 = J 


c^ab 2 2c 1 b i 


2c,r max (2X0.246X6) 


= 0.668 in 


b = 0.878 in. ◄ 
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SOLUTION 


(a) 


T = 300 N • m r max = 60 x 10 6 Pa 

Circle: c = —b 
2 


T 

‘'max 

b 3 


Tc 2 T 16 T 


J ;rc 3 Tib 3 

16T _ (16)(300) 

«Tmax ^"(60 X 10 6 ) 


= 25.46 xl0 _6 m 3 


b = 29.4 x 10 3 m = 29.4 mm -4 


1.0 From Table 3.1, c, = 0.208 

T . ^3 _ r _ 300 

c^ 3 " ~ qr max “ (0.208X60 xio 6 ) 

= 24.04 x 10 -6 m 3 

(c) Rectangle: a = 2b, — = 2.0, q = 0.246 

b 

T T , 3 T 

T — -= - ' h =- 

max 7 2 r, ,3 ^ 

c x ab 2c x b 2c l T max 

_ 300 

~ (2X0.246X60 xlO 6 ) 

= 10.16 x 10“ 3 m 3 


( b) Square: a = b, — 

b 


‘'max » 2 

CMb 


b = 28.9 x 10“ 3 m = 28.9 mm ◄ 


b = 21.7 x 10 3 m = 21.7 mm 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


397 
















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 3.135 

A 1.25-m-long steel angle has an L127 x 76 x 6.4 cross section. From 
Appendix C we find that the thickness of the section is 6.4 mm and that 
its area is 1250 mm 2 . Knowing that r a n = 60 MPa and that G = 77.2 GPa, 
and ignoring the effect of stress concentrations, determine (a) the largest 
torque T that can be applied, ( b ) the corresponding angle of twist. 


SOLUTION 


A = 1250 mm" b = 6.4 mm = 0.0064 m 

a = — = = 195.313 mm = 0.195313 m 

b 6.4 

a = 195.313 = 3Q — = 0.032768 
b 6.4 a 


1 

C\ — Cj — 

3 


1 - 0.630- | = 0.32645 

V a. 


c^ab 1 


T = c x ab~T n 


(a) T = (0.32645)(0.195313)(0.0064) 2 (60 x 10 6 ) = 156.696 x 10 3 N • m 


T = 157.0 kN • m ◄ 


(b) (p = 


cp = 


TL 


C\Cib~v mm L __ cpr max L _ r max Z, 


c 1 ab i G 


Codb^G 


c 7 bG 


bG 


(60 x 10 6 )(1.25) 
(0.0064X77.2 xlO 9 ) 


= 151.797 x 10“ 3 rad 


<p = 8.70° ◄ 
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8 in. 



1 in. 


L8 X 8 X 1 



PROBLEM 3.136 

A 36-kip • in. torque is applied to a 10-ft-long steel angle with an L8 x 8 x 1 cross 
section. From Appendix C, we find that the thickness of the section is 1 in. and that its 
area is 15 in". Knowing that G = 11.2 x 10 psi, determine (a) the maximum shearing 
stress along line a-a, ( b ) the angle of twist. 


SOLUTION 


Since 


or 


A 15 in a 

a = — =-= 15 in., b = 1 in., — = 15 

t 1 in. b 


a 1 

- > 5, q = c 2 = - 
b 3 


c i = c 2 = jl 1 - 


( b 

1 -0.630- 

V a 

°' 630 ' = 0.3193 


15 


T = 36 x 10 3 lb • in.; Z = 120in.; G = 11.2 x 10 6 psi 


(a) Maximum shearing stress: 


c x ab 1 


36 x 10 3 


(0.3193)(15)(iy 


= 7.52 x 10 3 psi 


= 7.52 ksi ◄ 


( b) Angle of twist: (p = 


cp = 


TL 


c 2 ab G 


(36 x 10 3 )(120) 


(0.3193)(15)(1) 3 (11.2 x 10 6 ) 


= 0.08052 radians 


cp = 4.61° ◄ 
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W310 X 60 


PROBLEM 3.137 

A 4-m-long steel member has a W310 x 60 cross section. Knowing that 
G = 77.2 GPa and that the allowable shearing stress is 40 MPa, detennine 
(a) the largest torque T that can be applied, ( b ) the corresponding angle of 
twist. Refer to Appendix C for the dimensions of the cross section and 
neglect the effect of stress concentrations. ( Hint, consider the web and 
flanges separately and obtain a relation between the torques exerted on the 
web and a flange, respectively, by expressing that the resulting angles of 
twist are equal.) 


SOLUTION 


For one flange: 

Eq. (3.45): 

Eq. (3.44): </> f 

<t>f 


W310 x 60, L = 4 m, G = 77.2 GPa, r all = 40 MPa 
From App. C, a = 203 mm, b = 13.1 mm, alb = 15.50 


c i = c 2 


1 - 


0.630 
15.50 J 


0.31979 


T f L _ T _M _ 

c 2 ab 3 G 0.31979(0.203)(0.0131) 3 (77.2 x 10 9 ) 
355.04 x lO -6 ^ 


For web : 
Eq. (3.45): 


Eq. (3.44): 


From App. C, a 


q = c 2 


0.630 } 
36.822 J 


302 - 2(13.1) = 275.8 nun, b = 7.49 mm, alb = 36.822 
0.32763 


</>w 

K 


_ W _ 

0.32763(0.2758)(0.00749) 3 (77.2 x 10 9 ) 
1364.64 x 10- 6 j; 


Since angle of twist is the same for flanges and web, 

<j) f = </> w : 355.04 x 10 _6 r^ = 1364.64 x 10“ 6 r w 

T f = 3.84367;, 


( 1 ) 


( 2 ) 

(3) 


But the sum of the torques exerted on the two flanges and on the web is equal to the torque T applied to the 
member: 


2T f +T W = T 


(4) 
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PROBLEM 3.137 ( Continued) 


Substituting for T f - 

from (3) into (4), 



2(3.84367;) + T w = 7 T w = 0.1151127 

(5) 

From (3), 

T f = 3.8436(0.1151127) T f = 0.442447 

(6) 

For one flange: 



From Eq. (3.43), 

T f = c x ab 2 T mm = 0.31979(0.203)(0.0131) 2 (40 x 10 6 ) 



= 445.62 N • m 


Eq. (6): 

445.62 = 0.442447 

7 = 1007 N • m 

For web: 

T w = c x ab 2 T mm = 0.32763(0.2758)(0.00749) 2 (40 x 10 6 ) 



= 202.77 N • m 


Eq. (5): 

202.77 = 0.1151127 

7 = 1762 N • m 

(a) Largest allowable torque: Use the smaller value. 

7 = 1007 N • m ◄ 

(b) Angle of twist: Use TV, which is critical. 


Eq.(l): 

<t = <t f = (355.04 x 10“ 6 )(445.62) = 0.161763 rad 

(j> = 9.27° ◄ 
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PROBLEM 3.138 


An 8-ft-long steel member with a W8 x 31 cross section is subjected to a 5-lcip ■ in. torque. 
The properties of the rolled-steel section are given in Appendix C. Knowing that 
G = 11.2 x 10 6 psi, determine (a) the maximum shearing stress along line a-a, (b) the 
maximum shearing stress along line b-b, (c) the angle of twist. (See hint of Prob. 3.137.) 


W8 X 31 


SOLUTION 

Flange: 


a = 8.00 in., b = 0.435 in, - = = 18.3908 


b 0.435 


(p f 


T f L 

c 7 ab 2 G 


Web: 


c x =c 2 = ^-(l - 0.630-^-j = 0.32192 

T f = c 2 ab 2 ^ = Kf-j~ where K f = c 2 ab 3 
K f = (0.32192)(8.00)(0.435) 3 = 0.21199 in 3 

a = 8.0 -(2)(0.435) = 7.13 in., b = 0.285 in., - = —^- = 25.018 

b 0.285 


= c 2 = 3 


T w = C 2 alr 


G<p, 


a 

Gcp 


1 - 0.630- = 0.32494 <p w = 
V a 


t k l 

Cidb^G 


= K w^y~ where K W = c 2 ab 


K w = (0.32494)(7.13)(0.285) 3 = 0.053632 in 4 


For matching twist angles, 
Total torque . 

Gcp _ T 


(p f =(P W = (P 

T = 2T f + T w = (2K f + K w ) 


L 


L 2 K p+ K n 


T f = 


KfT 


2 K f + K w 


T = 


KJ 

2 K f + K w 


T f = 


(0.21199)(5000) 
(2)(0.21199) + 0.053632 


= 2219.3 lb-in.; T w = 


(0.053632)(5000) 
(2)(0.21199) + 0.053632 


, . T f 2219.3 ... A 

(a) r f = - v = -^- = 4550 psi 

1 c x ab- (0.32192)(8.00)(0.435) 2 

... T 561.46 

(b) t w = —^ T = 2980 psi 

c { ab 2 (0.32494)(7.13)(0.285) 2 


= 561.46 lb • in. 


r f = 4.55 ksi -4 


= 2.98 ksi 4 


(0 ^ = 


L 2 K f + K w 


V = 


TL 


G(2K f + KJ 


(p = 


(5000)(96) 


where L = 8 ft = 96 in. 


= 44.629 x 10“ 3 rad 


(11.2 x 10 b )[(2)(0.21199) + 0.53632] 


cp = 2.56° ◄ 
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t 

4 in. 

b 

{in. 

I a 

\ _ 

| in - 

i 

PROBLEM 3.139 

i . A 5-kip • ft torque is applied to a hollow aluminum shaft having the cross 

section shown. Neglecting the effect of stress concentrations, determine the 
shearing stress at points a and b. 


t 

--6 in.-* 



SOLUTION 





T 

= (5)(10 3 )(12) = 60 

x 10 3 lb • in. 



Area bounded by center line: 



a 

= bh = (5.5)(3.75) = 

= 20.625 in 2 


Area bounded bv center line. At Point a. 

t = 0.25 in. 

T 


— 

'i.ns*. 



2 ta 

60 x 10 3 

“ (2)(0.25)(20.625) 

= 5.82 x 10’psi 



k— S.S i rr. —*■ 


r = 5.82 ksi 4 



At Point b, 

t = 0.50 in. 





T 

2 ta 

60 x 10 3 

“ (2)(0.50)(20.625) 

= 2.91 x 10 3 psi 

r = 2.91 ksi 4 
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PROBLEM 3.140 

A torque T = 750 kN • m is applied to a hollow shaft shown that has a uniform 8-mm 
wall thickness. Neglecting the effect of stress concentrations, determine the shearing 
stress at points a and b. 


SOLUTION 

Detail of comer. 


—t = e tan 30° 
2 


Area bounded by center line . 


e = 


2 tan 30° 


= 6.928 mm 


2 tan 30° 
b = 90 - 2e = 76.144 mm 




a = -b^-b = ^ b 2 = ^(76.144) 2 
2 2 4 4 

= 2510.6 mm 2 = 2510.6 x 10“ 6 m 2 


t = 0.008 m 
T 

T = 


750 


2 ta (2)(0.008)(2510 xl0“ 6 ) 


= 18.67 x 10 Pa 


r = 18.67 MPa ◄ 
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SOLUTION 

Area bounded by center line . 

a = 2y(33) 2 + (60)(66) = 7381 mm 2 

= 7381 x 10 _6 m 2 
t = 0.006 mat both a and b 

Then at points a and b, 



T 

2 ta 


_750_ 

(2X0.006X7381 x 10“ 6 ) 


= 8.47 x 10 6 Pa 


t = 8.47 MPa ◄ 
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■*-50 mm- 

PROBLEM 3.142 

50 

nm 



A 

20 mm A hollow member having the cross section shown is formed from sheet 
—t- metal of 2-mm thickness. Knowing that the shearing stress must not 

exceed 3 MPa, determine the largest torque that can be applied to the 
member. 


20 mm 



SOLUTION 


Area bounded bv center line. 



n 

a = (48)(18) + (30)(18) 




13 = 1404 mm 2 = 1404 x 10“ 6 m 2 

4? 


3o 

t = 0.002 m 



3d 

r = — or T = 2tar = (2)(0.002)(1404 x 10“ 6 )(3 x 10 6 ) 

2 ta 


IS 


T = 16.85 N • m ◄ 
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■*-50 mm-► 


mm 


110 mm 


-a 



| 



10 mm 


PROBLEM 3.143 

A hollow member having the cross section shown is formed from sheet 
metal of 2-mm thickness. Knowing that the shearing stress must not 
exceed 3 MPa, detennine the largest torque that can be applied to the 
member. 


SOLUTION 


Area bounded by center line . 


T 


a = (48)(8) + (40)(8) 

= 704 mm 2 = 704 xl0 _6 m 2 
t = 0.002 m 



T 

2 ta 


T = 2tar = (2)(0.002)(704 x 10“ 6 )(3 x 10 6 ) 
= 8.45 N • m 


◄ 
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2 mm 



PROBLEM 3.144 

A 90-N • m torque is applied to a hollow shaft having the cross section 
shown. Neglecting the effect of stress concentrations, determine the shearing 
stress at points a and b. 


SOLUTION 



Area bounded by center line . 



a = 52 x 52 - 39 x 39 + -(39) 2 = 2377.6 mm 2 
4 

T = 90 N • m 

T 90 N • m 

r„ = 


a 2 ta 2(4 x 10“ 3 m)(2.3776 x 10“ 3 m 2 ) 
T 90 N • m 


T h = 


2ta 2(2 x 10”' m)(2.3776 x 10 -3 m 2 ) 


2.3776 x 10“ 3 m 2 


z a = 4.73 MPa ◄ 
T h = 9.46 MPa ◄ 
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1 

o 

PROBLEM 3.145 




A hollow member having the cross section shown is to be formed from sheet metal of 





0.06-in. thickness. Knowing that a 1250-lb • in. torque will be applied to the member, 



d 

2 in. determine the smallest dimension d that can be used if the shearing stress is not to 





exceed 750 psi. 




2 in. 

1 


«*-3 in. 




SOLUTION 

Area bounded by center line . 


a = (5.94)(2.94) - 2.06 d = 17.4636 - 2.06 d 
t = 0.06 in., t = 750 psi, T = 1250 lb • in. 
T 


T = 


2 ta 


a = 


2tr 


17.4636 - 2.06d = 


1250 


(2)(0.06)(750) 

3 5747 

d = = 1.735 in. 

2.06 


= 13.8889 











d = 1.735 in. ◄ 
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~i — f. J 


2 in. 


2'_ V N 

2 in. 


PROBLEM 3.146 

A hollow member having the cross section shown is to be formed from sheet metal of 
0.06-in. thickness. Knowing that a 1250-lb • in. torque will be applied to the member, 
determine the smallest dimension d that can be used if the shearing stress is not to 
exceed 750 psi. 


-3 in.- 


SOLUTION 

Area bounded by center line . 

a = (5.94)(2.94 -d) + 1 .94d = 17.4636 - 4.00c/ 
t = 0.06 in., t = 750 psi, T = 1250 lb in. 

T 
2 ta 


a 

17.4636 - 4.00<i 


T 

2tr 

1250 

(2)(0.06)(750) 


13.8889 


3.5747 

4.00 


0.894 in. 


MH-Jl 



sin 


d = 0.894 in. ◄ 
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PROBLEM 3.147 

A cooling tube having the cross section shown is formed from a sheet of stainless 
steel of 3-mm thickness. The radii c\ = 150 mm and C 2 = 100 mm are measured to 
the center line of the sheet metal. Knowing that a torque of magnitude T = 3 kN • m 
is applied to the tube, determine (a) the maximum shearing stress in the tube, (b) the 
magnitude of the torque carried by the outer circular shell. Neglect the dimension of 
the small opening where the outer and inner shells are connected. 


SOLUTION 

Area bounded by center line . 

a = Ji(cl -cj) = ;r(150 2 - 100 2 ) = 39.27 x 10 3 mm 2 

= 39.27 x 10“ 3 m 2 
t = 0.003 m 

(a) t = — = -- 5 - = 12.73 x 10 6 Pa r = 12.76 MPa ◄ 

2 ta (2)(0.003)(39.27 xl0“ 3 ) 

(b) 7j = (lnc x txc\) = 27rc x tT 

= 2^(0.150) 2 (0.003)(12.73 x 10 6 ) = 5.40 x 10 3 N • m T x = 5.40 kN • m ◄ 
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0.08 in. 



PROBLEM 3.148 

A hollow cylindrical shaft was designed to have a uniform wall thickness of 
0.1 in. Defective fabrication, however, resulted in the shaft having the cross 
section shown. Knowing that a 15-kip • in. torque is applied to the shaft, 
determine the shearing stresses at points a and b. 


SOLUTION 




Radius of outer circle = 1.2 in. 




Radius of inner circle = 1 .1 in. 




Mean radius = 1.15 in. 




Area bounded bv center line. 




a = nr ^ = tt( 1.15) 2 = 4.155 in 2 




At point a. 

t = 

0.08 in. 



T 

15 

r = 22.6 ksi 4 


2 ta 

(2)(0.08)(4.155) 

At point b, 

t = 

0.12 in. 



T 

15 

t = 15.04 ksi 4 


2 ta 

(2)(0.12)(4.155) 
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PROBLEM 3.149 

Equal torques are applied to thin-walled tubes of the same length L, 
same thickness t, and same radius c. One of the tubes has been slit 
lengthwise as shown. Detennine (a) the ratio r h / r a of the maximum 
shearing stresses in the tubes, ( b) the ratio (p b l<p a of the angles of twist 
of the shafts. 


SOLUTION 


Without slit : 

2 

Area bounded by center line , a = kc 

T T 
a 2 ta 2jzc 2 t 

J ~ Inc’t cp a 


With slit: 


a = 2 nc, b = t, 


a 

~b 


C\ 


= c 2 


1 

3 


TL _ TL 
GJ ~ 2nchG 
2 nc 

-» 1 

t 


(a) Stress ratio : 


(b) Twist ratio : 


T _ 3T 
b c x ab 2 2Kct 2 
_ T _ 3TL 

^ ~ c 2 ab 3 G ~ 2nct 3 G 

T h _ 3 T 27ic 2 t _ 3c 
r a 2 net 2 T t 

<p h _ _ 3TL 2 k c 3 tG _ 3c^ 
(p a 2Kct 3 G TL t 2 


t 1l = 3c_ 

9b - 3g2 
.2 


◄ 

◄ 
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PROBLEM 3.150 

A hollow cylindrical shaft of length L, mean radius c m , and uniform 
thickness t is subjected to a torque of magnitude T. Consider, on the 
one hand, the values of the average shearing stress r ave and the angle 
of twist cp obtained from the elastic torsion formulas developed in 
Secs. 3.1C and 3.2 and, on the other hand, the corresponding values 
obtained from the formulas developed in Sec. 3.10 for thin-walled 
shafts, (a) Show that the relative error introduced by using the thin- 
walled-shaft formulas rather than the elastic torsion formulas is the 
same for r ave and cp and that the relative error is positive and 
proportional to the ratio tlc m . (b) Compare the percent error 
corresponding to values of the ratio t/c m of 0.1, 0.2, and 0.4. 


SOLUTION 


Letc 2 = outer radius = c m + \ t and c, = inner radius = c m - jt 


Area bounded by center line . 


(a) Ratios: 


J = ^(c 2 4 - q 4 ) = y (c 2 2 + c 2 j(c 2 + c x ){c 2 - c,) 


Tt 


1 


C m + C m t + + c m ~ C m t + K 2c m) f 


= 2jc\ c~ + -t 


2 1 ^ 


y 


rn 


<Pl = 


T C,n 

J 

TL 

~JG 


cj 

T 


cl + -t 1 It 


2 n 


4 

TL 


2tt\ cl + -t 


cj G 


a = nc„ 
T 


(Pi = , ■ 

4 a 2 G 


ave 

Tn 

92 


2 ta 2 kc 2 J 

TL , ds TL{2ncJi) 


TL 


4 (TrclfG Incite 


2 n 


( c 2 +1 

\ m 4 


2nc:,t 


4' 2 )'. = , + i4 

4 c 2 


TL 


2 *( c l + i 


r \cjG 


<P\ 2nc, n tG 


TL 


= 1 + -— 

4 c 
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PROBLEM 3.150 (Continued) 



= lii 
<pi 4 4 


t 

Cm 

0.1 

0.2 

0.4 

l r 

4 c 2 

0.0025 

0.01 

0.04 

% 

0.25% 

1.000% 

4.00% 


◄ 
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PROBLEM 3.151 

A steel pipe of 12-in. outer diameter is fabricated from 
^ -in. -thick plate by welding along a helix which forms an angle 
of 45° with a plane perpendicular to the axis of the pipe. 
Knowing that the maximum allowable tensile stress in the weld 
is 12 ksi, determine the largest torque that can be applied to the 
pipe. 
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25 mm 


PROBLEM 3.152 

A torque of magnitude 3 = 120 N ■ m is applied to shaft AB of the gear 
train shown. Knowing that the allowable shearing stress is 75 MPa in 
each of the three solid shafts, determine the required diameter of 
(a) shaft AB, (b) shaft CD, (c) shaft EF. 


SOLUTION 


Statics: 


Shaft A3: 

t"H 

II 

II 

tv 

II 

Gears 3 and C: 

r B = 25 mm, r c = 60 mm 

Force on gear circles. 

p _T B _T C 

r BC ~ ~ 

r B r c 


Tc = VJL T B =^T = 2.43 

r B 25 

Shaft CD: 

T C d =T c = T d = 2.43 

Gears D and E: 

r D = 30 mm, r E = 75 mm 

Force on gear circles. 

p -Zk-Zk. 

r D r E 


E = —T d = ^(2.43) = 63 

r D 30 

Shaft EF: 

VO 

II 

tk 

ii 

E-? 

II 

*5 

Required diameters. 

Tc 23 

^"max ~ T ~ 7 

J nc 


VEt 

V nx 

, „ „ I 23 

d = 2c = 23/- 


r max = 75 x 10 6 Pa 
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PROBLEM 3.152 (Continued) 




(a) 

Shaft AB: 

T ab = T = 120 N • m 






d A n=li 2 ( 12 °) = 20.1 x 10 -3 m 

^(75xl0 6 ) 

^AB 

= 20.1 mm 

◄ 

0 b ) 

Shaft CD: 

T cd = (2.4)(120) = 288 N • m 






d CD = 23 (2)(288) = 26.9 x 10 _3 m 

\>r( 75xl0 6 ) 

d C o 

= 26.9 mm 

◄ 

(c) 

Shaft EF: 

T ef = (6)(120) = 720 N • m 






d EF = 23 (2)(720) = 36.6 x 10 -3 m 

\jir( 75xl0 3 ) 

dEF 

= 36.6 mm 

◄ 
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SOLUTION 

Calculation of torques : 

T T r 

Circumferential contact force between gears B and C: F = = —— T CD = —T AB 

r a r c r D 


240 


Twist in shaft CD: 


T ab = 1200 N • m T cd = -(1200) = 3600 N • m 

80 


c = -d = 0.030 m, I = 1.2 m, G = 77.2xl0 9 Pa 
2 


J = yc 4 = y(0.030) 4 = 1.27234 x 10“ 6 m 4 


9od ~ 


TL 


(3600)(1.2) 


GJ (77.2 xl0 9 )(l.27234 xl0“ 9 ) 


= 43.981 x 10 -3 rad 


Rotation angle at C . 


(p c = (Pc/D = 43.981 x 10 3 rad 


Circumferential displacement at contact points of gears B and C: 
Rotation angle at B . 


S - r c (p c - r B (p B 


<p B = ^ cp c = —(43.981 x 10“ 3 ) = 131.942 x 10“ 3 rad 
r„ 80 


Twist in shaft AB: 


c = —d = 0.021 m, L = 1.6 m, G = 77.2 x 10 9 Pa 
2 

J = —c 4 = — (0.021) 4 = 305.49 x 10 9 m 4 
2 2 


<Paib ~ 


TL 


( 1200 )( 1 . 6 ) 


GJ (77.2xl0 y )(305.49 xl0" 9 ) 


= 81.412 xl0“ 3 rad 


Rotation angle at A . 


(p A = (Pb + (Paib = 213.354 x 10 rad 


cp A = 12.22° ◄ 
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0.5 in. 



PROBLEM 3.154 

In the bevel-gear system shown, a = 18.43°. Knowing that the 
allowable shearing stress is 8 ksi in each shaft and that the system is in 
equilibrium, determine the largest torque T, that can be applied at A. 


SOLUTION 

Using stress limit for shafts, 


Using stress limit for shaft B , 


From statics, 


r = 8 ksi. 


Jt tc 


c = —d = 0.25 in. 
2 

TC 


T A = — = -Tc i = —(8)(0.25) = 0.196350 kip • in. 


t = 8 ksi, c = —d = 0.3125 in. 
2 


Jt tc 


n 


T b = — = -tc* = —— (8)(0.3125) = 0.3835 kip • in. 


T a = ~T b = (tan a)T B 


The allowable value of T A is the smaller. 


T a = (tanl8.43°)(0.3835) = 0.1278 kip • in. 
11 ( 

T a = 0.1278 kip • in. 


T. = 127.8 lb • in. ◄ 
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PROBLEM 3.155 

The design specifications for the gear-and-shaft system 
shown require that the same diameter be used for both 
shafts, and that the angle through which pulley A will 
rotate when subjected to a 2-kip • in. torque T A while 
pulley D is held fixed will not exceed 7.5°. Determine 
the required diameter of the shafts if both shafts are made 
of a steel with G = 11.2 x 10 6 psi and r all = 12 ksi. 
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Diameter based on stress. 


PROBLEM 3.155 (Continued) 


Largest torque: 


~ Tcd ~ 

v m = T m = r all = 12 x 10 3 psi, T A = 2 x 10 3 lb • in. 

J KC 


C = 3f——= 3 
KT,. 


A _ ,,(2)(2.5)(2 x 10 ) 


n{\2 x 10 3 ) 


= 0.6425 in., d = 2c = 1.285 in. 


Diameter based on rotation limit . 

cp = 7.5° = 0.1309 rad 


p = <" + X)T * L = (2){125)T ^ L Z = 8 + 16 = 24 in. 


GJ 


4/~> 
KC G 


C = 4 


(2)(7 ,25)T a L = J( 2)(7.25)(2 x 10 j )(24) 


nG(p 

Choose the larger diameter. 


I tt( 1 1.2 x 10 6 )(0.1309) 


= 0.62348 in., d = 2c = 1.247 in. 


d = 1.285 in. A 
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PROBLEM 3.156 

A torque of magnitude T = 4 kN • m is applied at end A of the 
composite shaft shown. Knowing that the modulus of rigidity 
is 77.2 GPa for the steel and 27 GPa for the aluminum, 
determine (a) the maximum shearing stress in the steel core, 

(b) the maximum shearing stress in the aluminum jacket, 

(c) the angle of twist at A. 


SOLUTION 


Steel core: c, = ^d x = 0.027 m J x = ycf = y(0.027) 4 = 834.79 x 10“ 9 

G X J X = (77.2 x 10 9 )(834.79 x 10“ 9 ) = 64.446 x 10 3 N • m 2 
Torque carried by steel core . 7j = G x J x cp/L 

Aluminum jacket: c x = —d x = 0.027 m, c 2 = —d 2 = 0.036 m 

J 2 = |( c 4 - c 4 ) = |(0.036 4 -0.027 4 ) =1.80355 x 10 -6 m 4 
G 2 J 2 =(27 X 10 9 )(1.80355 x 10“ 6 ) =48.70 x 10 3 N • m 2 


Torque carried by aluminum jacket . T 2 = G 2 J 2 (p/L 

Total torque: T = T x + T 2 = (G ] J ] + G 2 J 2 ) <p!L 


9 


4xl0 3 


= 35.353 x 10 3 rad/m 


L G x J x +G 2 J 2 64.446 x 10 3 + 48.70 xlO 3 
(a) Maximum shearing stress in steel core. 


t = G x y = G x c x j- = (77.2 x 10 9 )(0.027)(35.353 x 10“ 3 ) 
(b) Maximum shearing stress in aluminum jacket. 

r = G 2 y = G 2 c 2 j- = (27 x 10 9 )(0.036)(35.353 x 10“ 3 ) 


= 73.7 xl0 b Pa 


= 34.4 x 10 Pa 


(c) Angle of twist. 


<p = Zy =(2.5)(35.353 x 10“ 3 ) = 88.383 x 10“ 3 rad 


73.7 MPa ◄ 

34.4 MPa ◄ 
<p = 5.06° ◄ 
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PROBLEM 3.157 (Continued) 

Substitute from (5) and (6) into (1). 


&B = ®-4 </> c : 

235.79 x lO 3 -^- =0.4 x 1242 x 10 3 ^- 
G G 

T cd =0.474627^ (7) 


Substitute for T CD from (7) into (4). 

T = T ab + 2.5 (0.474627^) T= 2.18657^ (8) 

Solving (7) for T AB and substituting into (8), 



T = 2.1865 f Tqd 1 T = 4.6068J rn (9) 

V 0.47462 J CD 

Stress criterion for shaft AB: 

*ab = 7,u = 50 MPa 

'IABC t J ^3 

t ab ~ T T ab ~ 1 ab ~ , c Tab 

J c 2 

= y (0.030 m) 3 (50xl0 6 Pa) = 2120.6N-m 

From (8), 

T = 2.1865(2120.6 N • m) = 4.64 kN ■ m 

Stress criterion for shaft CD: 

t C d = 7,ii = 50 MPa: 


*cn = ^f~ T cd = |c 3 t cd = |(0.0225 m) 3 (50 x 10 6 Pa) 



= 894.62 N • m 

From (7), 

T = 4.6068(894.62 N • m) = 4.12 kN • m 

The smaller value for T governs. 

T = 4.12 kN • m ◄ 
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PROBLEM 3.158 

As the hollow steel shaft shown rotates at 180 rpm, a stroboscopic 
measurement indicates that the angle of twist of the shaft is 3°. 
Knowing that G = 77.2 GPa, determine (a) the power being 
transmitted, ( b ) the maximum shearing stress in the shaft. 


SOLUTION 


c 2 = —d 2 = 30 mm 

c, = —d, = 12.5 mm 
1 2 1 

J — ~( c 2 - c ?) = ~[(30) 4 - (12.5) 4 ] 

= 1.234 x 10 6 mm 4 = 1.234 x 10 _6 m 4 
(p — 3° = 0.05236 rad 
TL 

<p = - 

GJ 

T _ GJcp _ (77.2xl0 9 )(1.234 xlQ- 6 )(0.0536) = ^ N m 
L 5 

Angular speed: / = 180 rpm = 3 rev/sec = 3 Hz 

(a) Power being transmitted . P = 2 nfT = 2zr(3)(997.61) = 18.80 x 10 3 W 


+ Tc 2 (997.61)(30 x 10" 3 ) 

(b) Maximum shearing stress. r„ = —- =-;- 

J 1.234 xl0“ 6 

= 24.3 x 10 6 Pa 


P = 18.80 kW ◄ 


r m = 24.3 MPa ◄ 
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PROBLEM 3.159 

Knowing that the allowable shearing stress is 8 ksi for the stepped shaft 
shown, determine the magnitude T of the largest torque that can be 
transmitted by the shaft when the radius of the fillet is ( a ) r = -i in., 
{b)r = \ in. 


SOLUTION 




D = 2 in. d = 1.5 in. — = 1.33 

d 



c = —d = 0.75 in. 

2 

W = § k si 



r ~K TC 

or T = 

•^max _ ^^"max^ 


L max j 

Kc 2 K 


(a) r = — in. r = 0.1875 in. 

16 



'-=°- 1875 = 0.125 
d 1.5 




From Fig. 3.32, 

K = 1.33 



T _ ^(8)(0.75) 3 
(2)(1.33) 



T = 3.99 kip • in. ◄ 

(b) r = — in. 

4 

r = 0.25 in. 



r = 0-25 = 0.1667 
d 1.5 




From Fig. 3.32, 

K = 1.27 



T _ ^(8)(0.75) 3 
(2)(1.27) 



T = 4.17 kip-in. ◄ 
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6 in 



Jr 1 ' 5 * 


-0.2 in. 


PROBLEM 3.160 

A hollow brass shaft has the cross section shown. Knowing that the 
shearing stress must not exceed 12 ksi and neglecting the effect of stress 
concentrations, determine the largest torque that can be applied to the 
shaft. 
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PROBLEM 3.161 

Two solid brass rods AB and CD are brazed to a brass sleeve EF. 
Determine the ratio d 2 /d x for which the same maximum shearing stress 
occurs in the rods and in the sleeve. 


SOLUTION 



Let 

c i = and c 2 = ~ C) f 2 


Shaft zf8: 

Tc x IT 

J | TCC i 


Sleeve EF\ 

Tc 7 2Tcj 

T2 ~ (4-4) 


For equal stresses, 

IT 2Tc 2 

71 4 jt[c 2 -4) 



4 - 4 = 4c 2 


Let x = — 
c \ 

x 4 - 1 = x or x = sj\ + x 


Solve by successive approximations starting with x 0 = 1.0. 



x x = a/2 = 1.189, * 2 = 4/2.189 = 1.216, x 3 = ^2.216 = 1.220 
x 4 = ^2.220 = 1.221, x 5 = ^2.221 = 1.221 (converged). 



x = 1.221 — = 1.221 

Cl 

^ = 1.221 ◄ 
d x 
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PROBLEM 3.162 

The shaft AB is made of a material that is elastoplastic with 
t v = 12.5 ksi and G = 4 x 10 6 psi. For the loading shown, determine 
(a) the radius of the elastic core of the shaft, ( b ) the angle of twist of 
the shaft. 


SOLUTION 


c = 0.5 in. 


T y = ill- = —c 3 r = —(0.5) 3 (1.25) = 2.454 kip • in. 
c 2 2 

T = 3 kip • in. > t y plastic region with elastic core 


T = ~Ty 


4 c 3 


Py 


_3T = 4 _ (3X^454) = 0.33307 


= 0.69318 


C iy J 

p Y = (0.69318X0.5) = 0.347 in. 


L = 6 ft = 72 in. 


G = 4 x 10 6 psi = 4 x 10 3 ksi 


9y 

TyL 

2 TyL 

JG 

jtc a G 

9y_ 

= 

. q> = 


(2)(2.454)(72) 
” ^(0.5) 9 (4x10 3 ) 
cp Y _ 0.4499 


= 0.4499 rad 


9 


Pyle 0.69318 


= 0.64904 rad = 37.2° 


◄ 


◄ 
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PROBLEM 3.Cl 



Element n 


Element 1 


Shaft AB consists of n homogeneous cylindrical elements, which 
can be solid or hollow. Its end A is fixed, while its end B is free, 
and it is subjected to the loading shown. The length of element i 
is denoted by L t , its outer diameter by OD i , its inner diameter 
by IDj, its modulus of rigidity by G ; , and the torque applied to 
its right end by T), the magnitude T i of this torque being 
assumed to be positive if Tj is counterclockwise from end B and 
negative otherwise. (Note that ID t = 0 if the element is solid.) 
(a) Write a computer program that can be used to determine the 
maximum shearing stress in each element, the angle of twist of 
each element, and the angle of twist of the entire shaft, (b) Use 
this program to solve Probs. 3.35, 3.36, and 3.38. 


SOLUTION 


For each cylindrical element , enter 


Li, OD„ lD n Gi, Ti 

and compute 

=(;r/32)(0£>, 4 -7£>, 4 ) 


Outline of program . 

Update torque T = T + 7] 

and compute 

r, = T(OD,/2)/J i 

<Pi=TLi/GiJi 

Angle of twist of entire shaft, starting with 9 = 0, update through nth element 


0 = 0 + </>j 


Program Outputs 

Problem 3.35 



Maximum Stress 

Angle of Twist 

Element 

(MPa) 

(degrees) 

1.0000 

11.9575 

1.3841 

2.0000 

23.0259 

1.8323 


Angle of twist for entire shaft = 3.2164° 
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PROBLEM 3.Cl (Continued) 

Program Outputs (Continued) 



Problem 3.36 




Maximum Stress 

Angle of Twist 

Element 

(MPa) 

(degrees) 

1.0000 

56.5884 

2.5199 

2.0000 

36.6264 

0.8864 

Angle of twist for entire shaft = 3.4063° 



Problem 3.38 




Maximum Stress 

Angle of Twist 

Element 

(MPa) 

(degrees) 

1.0000 

87.3278 

4.1181 

2.0000 

56.5884 

1.0392 

3.0000 

70.5179 

0.8633 

Angle of twist for entire shaft = 6.0206° 
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PROBLEM 3.C2 

The assembly shown consists of n cylindrical shafts, which can be solid 
or hollow, connected by gears and supported by brackets (not shown). 
End A i of the first shaft is free and is subjected to a torque T 0 , while 
end B n of the last shaft is fixed. The length of shaft A i B i is L t , its outer 
diameter OD ,, its inner diameter ID ,, and its modulus of rigidity G,. 
(Note that ID, = 0 if the element is solid.) The radius of gear A ; is a, , 
and the radius of gear B, is /?, . (a) Write a computer program that can 
be used to detennine the maximum shearing stress in each shaft, the 
angle of twist of each shaft, and the angle through which end A,- rotates. 
(b) Use this program to solve Probs. 3.41 and 3.44. 


SOLUTION 

Torque in shafts . Enter T, = T 0 


For each shaft , enter 


Compute : 


L, OD, ID, G, 

J t = (;r/32)(0£>, 4 -/£>, 4 ) 
T i =T i (OD i /2)J i 

<k = T , L ,G,J, 


Angle of rotation at end A x \ 

Compute rotation at the “A” end of each shaft. 


Start with angle = <f> n and update from n to 1, and add (/),. 


Angle = Angle(4)/5 M + 


Program Output 

Problem 3.41 



Max Stress 

Angle of Twist 

Shaft No. 

(ksi) 

(degrees) 

1 

9.29 

1.493 

2 

12.16 

1.707 


Angle through which A\ rotates = 3.769° 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


433 















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 3.C2 (Continued) 

Program Output (Continued) 

Problem 3.44 



Max Stress 

Angle of Twist 

Shaft No. 

(ksi) 

(degrees) 

1 

104.31 

40.979 

2 

52.15 

20.490 

3 

26.08 

10.245 


Angle through which A\ rotates = 53.785° 
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PROBLEM 3.C3 

Shaft AB consists of n homogeneous cylindrical elements, which 
can be solid or hollow. Both of its ends are fixed, and it is 
subjected to the loading shown. The length of element i is 
denoted by L t , its outer diameter by OD , , its imier diameter by 
/£>,, its modulus of rigidity by G ; , and the torque applied to its 
right end by T ( ., the magnitude T i of this torque being assumed 
to be positive if T, is observed as counterclockwise from end B 
and negative otherwise. Note that ID t = 0 if the element is solid 
and also that 7j = 0. Write a computer program that can be used 
to detennine the reactions at A and B, the maximum shearing 
stress in each element, and the angle of twist of each element. 
Use this program (a) to solve Prob. 3.55 and (b) to determine the 
maximum shearing stress in the shaft of Sample Problem 3.7. 


SOLUTION 


We consider the reaction at B as redundant and release the shaft at B. 

Compute 0 H with T B = 0: 


For each element, enter 

A, OD„ ID;, G,, T; (Note: 7>r B =0) 

Compute 

./, = Ct/32)(<9D ( 4 - /D, 4 ) 

Update torque 

T = T + 71 

And compute for each element 

r, = T(ODJT)J l 
<f> l =TL i !G l J l 

Compute 0 o : Starting with 0 = 0 and updating through n elements. 


d,=0;+^ 0 b = 0n 

Compute 0 B due to unit torque at B. 


Unit 

r i = OD i /2J i 

Unit 

h = L jo,J, 

For n elements, 


Unit 0 B (i) = Unit 0 B ( i ) + Unit ^ 
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PROBLEM 3.C3 (Continued) 


Superposition: 

For total angle at B to be zero, 0 B + T B (Unit 0 B (n )) = 0 


For each element: 


Program Outputs 


Problem 3.05 


Then 

Max stress: Total 
Angle of twist: Total 
Problem 3.55 


t b = —<V(Unit e R (n)) 
T A =ZT(i) + T B 

T i= T i +T B (Unit Tj) 
</>i=^+T B (Unit tfij) 

T a = -0.295 kN • m 
T b =-1.105 kN-m 


Element 

Unax (MPa) 

Angle of Twist 
(degrees) 

1 

-45.024 

-0.267 

2 

27.375 

-0.267 


T a =-51.733 lb-ft 
T b =-38.267 lb-ft 
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PROBLEM 3.C4 



The homogeneous, solid cylindrical shaft AB has a length L, a diameter d, a 
modulus of rigidity G, and a yield strength r Y . It is subjected to a torque T that 
is gradually increased from zero until the angle of twist of the shaft has reached 
a maximum value (j> m and then decreased back to zero, (a) Write a computer 
program that, for each of 16 values of <p m equally spaced over a range 
extending from 0 to a value 3 times as large as the angle of twist at the onset of 
yield, can be used to determine the maximum value T m of the torque, the 
radius of the elastic core, the maximum shearing stress, the permanent twist, 
and the residual shearing stress both at the surface of the shaft and at the 
interface of the elastic core and the plastic region. ( b ) Use this program to 
obtain approximate answers to Probs. 3.114, 3.115, 3.116. 
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PROBLEM 3.C4 (Continued) 

Interpolate between values at the values of T max or q S max indicated, I 
Problems 3.114 and 3.115 T 


PHIM 

deg 

TM 

kip • in. 

RY 

in. 

TAUM 

ksi 

PHIP 

deg 

TAUR1 

ksi 

TAUR2 

ksi 

0.000 

0.000 

1.200 

0.000 

0.000 

0.000 

0.000 

7.878 

11.943 

1.200 

4.400 

0.000 

0.000 

0.000 

15.756 

23.886 

1.200 

8.800 

0.000 

0.000 

0.000 

23.635 

35.829 

1.200 

13.200 

0.000 

0.000 

0.000 

31.513 

47.772 

1.200 

17.600 

0.000 

0.000 

0.000 

39.391 

59.715 

1.200 

22.000 

0.000 

0.000 

0.000 

47.269 

68.101 

1.000 

22.000 

2.346 

1.092 

-3.090 

55.147 

72.366 

0.857 

22.000 

7.411 

2.957 

—4.661 

63.025 

74.761 

0.750 

22.000 

13.710 

4.786 

-5.543 

70.904 

76.207 

0.667 

22.000 

20.634 

6.402 

-6.076 

78.782 

77.132 

0.600 

22.000 

27.902 

7.792 

-6.417 

86.660 

77.751 

0.545 

22.000 

35.372 

8.980 

-6.645 

94.538 

78.181 

0.500 

22.000 

42.967 

9.999 

-6.803 

102.416 

78.488 

0.462 

22.000 

50.642 

10.878 

-6.916 

110.294 

78.714 

0.429 

22.000 

58.371 

11.643 

-6.999 

118.173 

78.883 

0.400 

22.000 

66.138 

12.313 

-7.062 
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PROBLEM 3.C4 (Continued) 


Problem 3.116 


PHIM 

deg 

TM 

kN-m 

RY 

mm 

TAUM 

MPa 

PHIP 

deg 

TAUR1 

MPa 

TAUR2 

MPa 

0.000 

0.000 

16.000 

0.000 

0.000 

0.000 

0.000 

0.807 

0.187 

16.000 

29.000 

0.000 

0.000 

0.000 

1.614 

0.373 

16.000 

58.000 

0.000 

0.000 

0.000 

2.421 

0.560 

16.000 

87.000 

0.000 

0.000 

0.000 

3.228 

0.746 

16.000 

116.000 

0.000 

0.000 

0.000 

4.036 

0.933 

16.000 

145.000 

0.000 

0.000 

0.000 

4.843 

1.064 

13.333 

145.000 

0.240 

7.198 

-20.363 

5.650 

1.131 

11.429 

145.000 

0.759 

19.486 

-30.719 

6.457 

1.168 

10.000 

145.000 

1.405 

31.542 

-36.533 

7.264 

1.191 

8.889 

145.000 

2.114 

42.197 

—40.046 

8.071 

1.205 

8.000 

145.000 

2.859 

51.354 

-42.292 

8.878 

1.215 

7.273 

145.000 

3.624 

59.184 

—43.794 

9.685 

1.221 

6.667 

145.000 

4.402 

65.901 

—44.837 

10.492 

1.226 

6.154 

145.000 

5.188 

71.699 

—45.583 

11.300 

1.230 

5.714 

145.000 

5.980 

76.739 

—46.132 

12.107 

1.232 

5.333 

145.000 

6.776 

81.152 

—46.543 
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PROBLEM 3.C5 

The exact expression is given in Prob. 3.158 for the angle 
of twist of the solid tapered shaft AB when a torque T is 
applied as shown. Derive an approximate expression 
for the angle of twist by replacing the tapered shaft by 
n cylindrical shafts of equal length and of radius 
r t = (n + i - \){dn), where i = 1, 2,..., n. Using for T, L, 
G, and c values of your choice, determine the percentage 
error in the approximate expression when (a) n = 4, 
(b ) n = 8, (c) n =20, (d) n = 100. 


SOLUTION 


From Problem 3.158 , exact expression : 


1TL 
12 tcGc a 


or 


12;r 


TL 

Gc 4 


= 0.18568 


TL 
Gc 4 


Consider typical zth shaft: 



dr 


Enter unit values of T, L, G , and c. 

( Note : Specific values can be entered). 

Enter initial value of zero for <j>. 

Enter n = number cylindrical shafts. 

For i = 1 to n, update <j). 

(/) = (/) + A (j> 
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PROBLEM 3.C5 (Continued) 

Program Output 

Coefficient of TL/Gc 4 : 

Exact coefficient from Problem 3.158 is 0.18568. 

Number of elemental disks = n. 


n 

Approximate 

Exact 

Percent Error 

4 

0.17959 

0.18568 

-3.28185 

8 

0.18410 

0.18568 

-0.85311 

20 

0.18542 

0.18568 

-0.13810 

100 

0.18567 

0.18568 

-0.00554 
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PROBLEM 3.C6 

A torque T is applied as shown to the long, hollow, tapered shaft AB of 
uniform thickness t. Derive an approximate expression for the angle of twist 
by replacing the tapered shaft by n cylindrical rings of equal length and of 
radius r t ={n + i - A)(c/«), where i = 1,2,... ,n. Using for T, L, G, c and t 
values of your choice, detennine the percentage error in the approximate 
expression when (a) n = 4, ( b ) n = 8, (c) n = 20, ( d) « = 100. 
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PROBLEM 3.C6 (Continued) 

Program Output 

Coefficient of TL/Gtc 3 : 

Exact coefficient from Problem 3.153 is 0.05968. 

Number of elemental disks = n. 


n 

Approximate 

Exact 

Percent Error 

4 

0.058559 

0.059683 

-1.883078 

8 

0.059394 

0.059683 

-0.483688 

20 

0.059637 

0.059683 

-0.078022 

100 

0.059681 

0.059683 

-0.003127 
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20 40 20 



Dimensions in mm 


PROBLEM 4.1 


M = 15 kN • m 

( 


Knowing that the couple shown acts in a vertical plane, determine 
the stress at (a) point A, (b) point B. 


SOLUTION 


For rectangle: 
Outside rectangle: 


Cutout: 


Section: 


/ = — bh 3 
12 

/, = ^(80)(120) 3 

7j = 11.52 x 10 6 mm 4 = 11.52 x 1(T 6 m 4 
h = ~(40)(80) 3 

I 2 = 1.70667 x 10 6 mm 4 = 1.70667 x 10“ 6 m 4 
I = I x — I 2 = 9.81333 x 10“ 6 m 4 


(a) y A = 40 mm = 0.040 m 


= _^y_A_ _ _ (15 x io 3 X o.o 40) _ _ 616 x 1q6 Pa 
/ 9.81333 xl0“ 6 

<t a =-61.6 MPa ◄ 


(b) }’b = “60 mm = -0.060 m 


= -^ = _ (15xl0 3 )(-0.060) = 91 7 xlo6pa 
/ 9.81333 xl0“ 6 

a B =91.7 MPa 4 
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2 in.2 in.2 in, 

I 


B 


M = 25 kip ■ in. 


2 in, 
1.5 in, 
2 in. 


( 


PROBLEM 4.2 

Knowing that the couple shown acts in a vertical plane, determine 
the stress at (a) point A, (b) point B. 


SOLUTION 


For rectangle: 


I = —bh 3 

12 


For cross sectional area: 



I = I l+ I 2 +I 3 


^(2)(1.5) 3 + ^(2)(5.5) 3 + y~( 2)(1 -5) 3 = 28.854 in 4 


(a) v A = 2.75 in. 

(b) y B = 0.75 in. 


My A (25X2.75) 

/ 28.854 

My B (25X0.75) 

/ 28.854 


a A = -2.38 ksi -4 
a B = -0.650 ksi 4 
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PROBLEM 4.3 

Using an allowable stress of 155 MPa, determine the largest bending 
moment M that can be applied to the wide-flange beam shown. Neglect the 
effect of fillets. 


SOLUTION 

Moment of inertia about x-axis: 


/, = ^(200)(12) 3 + (200)(12)(104) 2 
= 25.9872 x 10 6 mm 4 
I 2 = ^-(8)(196) 3 = 5.0197 x 10 6 mm 4 
/ 3 = /j = 25.9872 x 10 6 mm 4 


HD 


I = I l+ I 2+ I 3 = 56.944 X 10 6 mm 4 = 56.944 x 10“ 6 m 4 
Me 1 

cr =- with c = —(220) = 110 mm = 0.110 m 

/ 2 

M = with cr = 155 x 10 6 Pa 


(56.944 xl0“ 6 )(l55 xlO 6 ) on . in3xT 
M r = - -—-- = 80.2 x 10 N • m 

x 0.110 


M v = 80.2 kN • m ◄ 
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- 200 mm - 

y I 


12 mm 

_ 


M 


<- 


220 mm 


- 8 mm | 


: 


t 

12 mm 


PROBLEM 4.4 

Solve Prob. 4.3, assuming that the wide-flange beam is bent about the y axis 
by a couple of moment M y . 

PROBLEM 4.3. Using an allowable stress of 155 MPa, determine the 
largest bending moment M that can be applied to the wide-flange beam 
shown. Neglect the effect of fillets. 


SOLUTION 

Moment of inertia about y axis: 


/, = y^(12)(200) 3 = 8 x 10 6 mm 4 

I 2 = ^-(196)(8) 3 = 8.3627 x 10 3 nun 4 
/ 3 = 7j = 8 x 10 6 mm 4 


^5 

K2> 


I = I 1+ I 2 + I 3 = 16.0084 x 10 6 nun 4 = 16.0084 x 10“ 6 m 4 
Me 1 

a = - with c = —(200) = 100 mm = 0.100 m 

/ 2 

M„ = with a = 155 x 10 6 Pa 


(16.0084 xl0“°)(155x 10°) 0 in3xT 

M= - --- - = 24.8 x 10 N • m 

y 0.100 


M„ = 24.8 kN • m ◄ 
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PROBLEM 4.5 

Using an allowable stress of 16 ksi, determine the largest couple that can be 
applied to each pipe. 


(a) 



(b) 


0.1 in. 



SOLUTION 

(a) I = ~{j~o - n ) = ^( 0 . 6 4 - °- 54 ) = 52.7 x 10 “ 3 in 4 

c = 0.6 in. 

Me a I (16)(52.7x 10“ 3 ) 

cr =-: M = — = -——-- 

/ c 0.6 

(b) I = ^(0.7 4 - 0.5 4 ) = 139.49 x 10“ 3 in 4 
c = 0.7 in. 

Me w cr/ (16)(139.49 x 10 -3 ) 

a =-: M = — = -——- - 

I c 0.7 


M = 1.405 kip • in. ◄ 


M = 3.19 kip • in. ◄ 
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SOLUTION 


/ = ^-(0.120 m)(0.06m) 3 - 2 
= 2.1391 x 10“ 6 mm 4 


-•-(0.02 m) 4 
12 4 


My A _ (2.8 x 10 3 N • m)(0.03 m) 

/ ~ 2.1391 x 10“ 6 mm 4 


My B (2.8 x 10 3 N • m)(0.02 m) 
/ 2.1391 xl0“ 6 m 4 


o A = -39.3 MPa ◄ 


o B = 26.2 MPa ◄ 
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PROBLEM 4.7 

Two W4xl3 rolled sections are welded together as shown. Knowing that for the steel 
alloy used ay = 36 ksi and <r u = 58 ksi and using a factor of safety of 3.0, determine the 
largest couple that can be applied when the assembly is bent about the z axis. 


SOLUTION 


Properties of W4 x 13 rolled section. 

(See Appendix C.) 

Area = 3.83 in 2 
Width = 4.060 in. 

I y =3.86 in 4 



T~ 

toZO 


- 2,030 
Jl . 


For one rolled section, moment of inertia about axis b-b is 

I b =I y + Ad 2 = 3.86 + (3.83)(2.030) 2 =19.643 in 4 


For both sections, 


I z = 24 = 39.286 in 4 
c = width = 4.060 in. 


‘Tin _ 


"al,= 


-^ = — = 19.333 ksi 
F.S. 3.0 


cr,, i, / 


all - _ (19.333)(39.286) 


4.060 


Me 

a =- 

/ 


M a i| =187.1 kip-in. A 
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y 

PROBLEM 4.8 

i 

Two W4x 13 rolled sections are welded together as shown. Knowing that for the steel 
alloy used a v = 58 ksi and using a factor of safety of 3.0, determine the largest couple 

C that can be applied when the assembly is bent about the z axis. 


1 



SOLUTION 

Properties of W4 x 13 rolled section . 

(See Appendix C.) 

Area = 3.83 in 2 
Depth = 4.16 in. 

/ =11.3 in 4 



For one rolled section, moment of inertia about axis a-a is 

/ 


I x +Ad 2 = 11.3 + (3.83)(2.08) 2 = 27.87 in 4 


For both sections. 


I z =21 a =55.74 in 4 
c = depth = 4.16 in. 


^all = 


-^ = — = 19.333 ksi 
F.S. 3.0 

a M I (19.333K55.74) 
c 4.16 


a = - 


Me 


M all = 259 kip • in. 4 
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3 in. 3 in. 3 in. 


6 in. 

_A 

2 in. 


PROBLEM 4.9 

Two vertical forces are applied to a beam of the cross section shown. Determine 
the maximum tensile and compressive stresses in portion BC of the beam. 


15 kips 15 kips 


A B 


LA 


D 




-*_60 in 


40 in. 


40 in. 


SOLUTION 



A 

To 

A To 

© 

18 

5 

90 

© 

18 

1 

18 

Z 

36 


108 


~ 108 


T„ = 


36 


= 3 in. 


Neutral axis lies 3 in. above the base. 

h = + =^(3)(6) 3 +(18)(2) 2 =126 in 4 

1 2 = ^bX + A 2 d\ = -^(9)(2) 3 + (18)(2) 2 = 78 in 4 
/ = /, +i 2 =126 + 78 = 204 in 4 
Tto P =5in. V bot = -3 in. 

M - Pa = 0 

M = Pa = (15)(40) = 600 kip • in. 


Chop 


My top _ (600)(5) 


^bot ~ 


I 

M Vbot 


204 

(600X-3) 

204 



Chop = -14.71 ksi (compression) A 
cr bot =8.82 ksi (tension) A 
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PROBLEM 4.10 

Two vertical forces are applied to a beam of the cross section shown. 
Determine the maximum tensile and compressive stresses in portion 
BC of the beam. 
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10 mm 10 mm 


PROBLEM 4.11 



110 kN I 10 kN 

▼ T 




/) 


- 250 i 


150 mm 150 mm 


Two vertical forces are applied to a beam of 
the cross section shown. Determine the 
maximum tensile and compressive stresses 
in portion BC of the beam. 


SOLUTION 




A, mm 2 

To, mm 

Ay 0 , mm 3 

© 

600 

30 

18xl0 3 

© 

600 

30 

18xl0 3 

© 

300 

5 

1.5xl0 3 


1500 


37.5 xlO 3 


- _ 37.5xIQ 3 
0 “ 1500 


= 25 mm 


Neutral axis lies 25 mm above the base. 


- 



T 

"bS m 



} 

2 S MM 



/, = ^(10)(60) 3 +(600)(5) 2 = 195x10 3 mm 4 / 2 = /, = 195 mm 4 

/ 3 = ^(30)(10) 3 +(300)(20) 2 =122.5 xlO 3 mm 4 
/=/, +I 2 +/ 3 =512.5 xlO 3 mm 4 =512.5 xl0~ 9 m 4 


Ttop = 35 mm= 0.035 m y bot = -25 mm = -0.025 m 
a = 150 mm = 0.150 m / ) = 10xl0 3 N 
M = Pa = (10 x 10 3 )(0.150) = 1.5 xl0 3 N • m 


°"top — 


^bot — 


V>V = _ (1.5xl03)(0.035) =_ |024 x 10tpa 
/ 512.5 x 10~ 9 


^ = - (1.5xl0 3 X-0.025) =73 2xl o 6pa 
/ 512.5 x 10~ 9 



cr t0 p =-102.4 MPa (compression) -4 
cjbot =73.2 MPa (tension) 4 
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-—216 

y 

mm— 

PROBLEM 4.12 

^ Knowing that a beam of the cross section shown is bent about a horizontal 

54 mm 








acting on the shaded portion of the web. 

108 mm 

1 

' 

c 

r 2 mir 



SOLUTION 


The stress distribution over the entire cross section is given by the bending stress formula: 



where y is a coordinate with its origin on the neutral axis and / is the moment of inertia of the entire cross 
sectional area. The force on the shaded portion is calculated from this stress distribution. Over an area 
element dA, the force is 

dF = a d A =-—dA 
x I 



The total force on the shaded area is then 

F = ^dF = -J ^j-dA = ydA = ~^-y*A* 

where y is the centroidal coordinate of the shaded portion and A is its area. 

d 1 = 54 -18 = 36 mm 
d 2 = 54 + 36 - 54 = 36 mm 
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PROBLEM 4.12 (Continued) 

Moment of inertia of entire cross section: 

/j = ^-b l rf + A 1 d? = ^(216)(36) 3 + (216)(36)(36) 2 =10.9175xl0 6 mm 4 

1 2 =J 2 h 2 h 3 2 +4^2 = ^(72)(108) 3 +(72)(108)(36) 2 = 17.6360x 10 6 mm 4 
I = I X +I 2 = 28.5535 xl0 6 mm 4 =28.5535 xl0“ 6 m 4 


For the shaded area, 



A * = (72)(90) = 6480 mm 2 
y = 45 mm 

A*y* = 291.6 x 10 3 mm 3 = 291.6 x 10~ 6 m 

F _ MA*y* (6 x 10 3 )(291.6 x 10~ 6 ) 
/ ~ 28.5535 x 10~ 6 

= 61.3 x 10 3 N 


F = 61.3 kN ◄ 
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20 mm 20 mm 



24 mm 
20 mm 
20 mm 
24 mm 


PROBLEM 4.13 

Knowing that a beam of the cross section shown is bent about a horizontal axis 
and that the bending moment is 4 lcN • m, determine the total force acting on 
the shaded portion of the beam. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


460 





























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 4.13 (Continued) 

Portion (1) : A = (44)(12) = 528 mm 2 = 528 x 10 -6 m 2 

o- avg = J<T A = ^-(111.654) = 55.83 MPa 

Force! = a avg A = (55.83 MPa)(528 x 1(T 6 m 2 ) = 29.477 kN 
Portion (2) : A = (20)(20) = 400 mm 2 =400 x10~ 6 m 2 

ex avg =j<7b= ^-(50.752) = 25.376 MPa 

Force 2 = cr avg A = (25.376 MPa)(400 x 10~ 6 m 2 ) = 10.150 kN 
Total force on shaded area = 29.477 +10.150 = 39.6 kN -4 
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20 mm 20 mm 



24 mm 
20 mm 
20 mm 
24 mm 


PROBLEM 4.14 

Solve Prob. 4.13, assuming that the beam is bent about a vertical axis by a 
couple of moment 4 kN • m. 

PROBLEM 4.13. Knowing that a beam of the cross section shown is bent 
about a horizontal axis and that the bending moment is 4 kN • m, determine the 
total force acting on the shaded portion of the beam. 
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0.5 in. 0.5 in. 0.5 in. 


t 

1.5 in. 

1 


X.5 in' 


"*1.5 in' 


0.5 in. 






t 


PROBLEM 4.15 

Knowing that for the extruded beam shown the allowable stress is 12 ksi 
in tension and 16 ksi in compression, determine the largest couple M that 
can be applied. 



SOLUTION 


0 


0 


© 

.j*> . : 



A 

To 

Ay 0 

© 

2.25 

1.25 

2.8125 

© 

2.25 

0.25 

0.5625 


4.50 


3.375 


- = 3375 
4.50 


= 0.75 in. 


The neutral axis lies 0.75 in. above bottom. 


Ttop = 2 -° - °- 75 = L25 in, v bot = -0.75 in. 

/, =^bX +A\d? =^(1.5)(1.5) 3 +(2.25)(0.5) 2 =0.984375 in 4 

I 2 = —b 2 hl + A 2 d\ = —(4.5)(0.5) 3 + (2.25)(0.5) 2 = 0.609375 in 4 


Top: (compression) 
Bottom: (tension) 


7 = /j+/ 2 =1.59375 in 4 




M (16)(1.59375) 
1.25 


M (12X1.59375) 
0.75 


20.4 kip • in. 

25.5 kip • in. 


Choose the smaller as M a \\. 


M aVi = 20.4 kip • in. A 
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15 mm 

I 


■ 40 mm - 


20 mm 


d = 30 mm 


PROBLEM 4.16 

The beam shown is made of a nylon for which the allowable stress is 
24 MPa in tension and 30 MPa in compression. Determine the largest 
couple M that can be applied to the beam. 



SOLUTION 



A, mm 2 

To, mm 

Av 0 , mm 3 

© 

600 

22.5 

13.5 x 10 3 

© 

300 

7.5 

2.25 xlO 3 

I 

900 


15.75 x 10 3 



- _ 15.5x 10 
h) ~ 


900 


= 17.5 mm The neutral axis lies 17.5 mm above the bottom. 


- v to P =30-17.5 = 12.5 mm = 0.0125 m 
Tbot =-17.5 mm = -0.0175 m 

/, =^b l rf + A l d? = ^(40)(15) 3 +(600)(5) 2 = 26.25 x 10 3 mm 4 

I 2 =^b 2 hl+A 2 d 2 2 = ^(20)(15) 3 +(300)(10) 2 =35.625 xlO 3 mm 4 
/ = /j +I 2 = 61.875 x 10 3 mm 4 = 61.875 x 10~ 9 m 4 


cr = 


My 


M = 


al 


y 


Top: (tension side) 


M =(24xl0 6 )(61.875xl0- 9 ) =ii88Nm 

0.0125 


D „ , . , „ (30x10 b )(61.875 x 10~ y ) . T 

Bottom: (compression) M = - -—-= 106.1 N • m 


0.0175 


Choose smaller value. 


M =106.1 N-m ◄ 
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t 

15 mm 

i 


40 mm-*• 


d = 


20 mm 


30 mm 


| l) M 


PROBLEM 4.17 

Solve Prob. 4.16, assuming that d = 40 mm. 

PROBLEM 4.16 The beam shown is made of a nylon for which the 
allowable stress is 24 MPa in tension and 30 MPa in compression. 
Determine the largest couple M that can be applied to the beam. 


SOLUTION 



A, mm 2 

To 5 mm 

Ay 0 , mm 3 

© 

600 

32.5 

19.5 x 10 3 

© 

500 

12.5 

6.25 xlO 3 

I 

1100 


25.75 xlO 3 


To = —^-= 23.41 mm The neutral axis lies 23. 

1100 



41 mm above the bottom. 


Ttop = 40 - 23.41 = 16.59 mm = 0.01659 m 
Tbot = —23.41 mm = -0.02341 m 

/, = ^b l hf+A l d? =-i-(40)(15) 3 +(600)(9.09) 2 =60.827 xlO 3 mm 4 

/ 2 =^b 2 hj+A 2 d 2 2 =^(20)(25) 3 + (500)(10.91) 2 =85.556 x 10 3 mm 4 
/=/ 1+ / 2 = 146.383 xlO 3 mm 4 =146.383 xl0~ 9 m 4 


cr = 


My 


M = 


al 


Top: (tension side) 


M = (24xl0 6 )(146.383xlQ- 9 ) =2i2Nm 
0.01659 


Bottom: (compression) 
Choose smaller value. 


M = (30xl0 9 )(146.383xl0- 9 ) =i87 6 Nm 
0.02341 


M = 187.6 N • m ◄ 
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1.2 in. 


PROBLEM 4.18 

Knowing that for the beam shown the allowable stress is 12 ksi in tension and 
16 ksi in compression, determine the largest couple M that can be applied. 



SOLUTION 

© = rectangle 


© = semi-circular cutout 
A 1 = (2.4)(1.2) = 2.88 in 2 

A 2 = -|(0.75) 2 = 0.8836 in 2 

A = 2.88 - 0.8836 = 1.9964 in 2 
Vj = 0.6 in. 

4 r (4)(0.75) 


k 2 = 


3;r 




= 0.3183 in. 


ZA 

Neutral axis lies 0.7247 in. above the bottom. 
Moment of inertia about the base: 


Y ZAy (2.88X0.6)-(0.8836X0.3183) = Q ^ ^ 


1.9964 


n 


n 


I b = —bh - r =—(2.4)(1.2)-(0.75X =1.25815 in 


Centroidal moment of inertia: 


I =4 -AY 2 =1.25815-(1.9964)(0.7247) 2 =0.2097 in 4 
^ top =1.2- 0.7247 = 0.4753 in., 
kbot = -0.7247 in. 


\<y = 


My 


M = 


crl 


Top: (tension side) 

Bottom: (compression) 
Choose the smaller value. 


w (12)(0.2097) . 

M = -— -- = 5.29 kip • in. 


M = 


0.4753 

(16X0.2097) 

0.7247 


= 4.63 kip • in. 


M = 4.63 kip • in. -4 
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40 mm 


M 


C 


54 mm 



PROBLEM 4.19 

Knowing that for the extruded beam shown the allowable stress is 
120 MPa in tension and 150 MPa in compression, determine the largest 
couple M that can be applied. 


SOLUTION 



A, mm 2 

To, mm 

Av 0 , mm 3 

d, mm 

© 

2160 

27 

58,320 

3 

© 

1080 

36 

38,880 

3 

I 

3240 


97,200 




- 97 200 

Y = —--= 30 mm The neutral axis lies 30 mm above the bottom. 

3240 

y t0 p = 54 - 30 = 24 mm = 0.024 m v bot = -30 mm = -0.030 m 
/, = ^brf + A x d{ = i-(40)(54) 3 + (40)(54)(3) 2 = 544.32 x 10 3 mm 4 

I 2 = —b 2 hl + A 2 d 2 = J-(40)(54) 3 +-(40)(54)(6) 2 =213.84 xl0 3 mm 4 
36 “ 36 2 

/ = /, +I 2 =758.16xl0 3 mm 4 = 758.16 x 10~ 9 m 4 


cr = 


My 


\M\ = 


ctI 


y 


Top: (tension side) 

Bottom: (compression) 
Choose the smaller as M a n. 


M J120xl0^)(758.16xl0- 9 ) =3 7908xi0 3 Nm 
0.024 

M J150xl0 6 )(758.16xl0- 9 ) =3 7908xi()3Nm 
0.030 


M all =3.7908 x 10'N-m 


M all = 3.79 kN ■ m ◄ 
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48 mm 




t 

48 mm 

i 

“T 

48 mm 

1 




PROBLEM 4.20 

Knowing that for the extruded beam shown the allowable stress is 
120 MPa in tension and 150 MPa in compression, determine the largest 
couple M that can be applied. 



SOLUTION 



A, mm 2 

To, mm 

Av 0 , mm 3 

© Solid rectangle 

4608 

48 

221,184 

© Square cutout 

-1296 

30 

-38,880 

I 

3312 


182,304 


— 182 304 

Y = ——= 55.04 mm Neutral axis lies 55.04 mm above bottom. 
3312 

v top = 96 - 55.04 = 40.96 mm = 0.04096 m 


Pbot = “55.04 mm = -0.05504 m 

r„3 , a j2 _ 1 


I\ =—K + Adf =—(48)(96r + (48)(96)(7.04r = 3.7673 x 10 s mm 4 

1 2 =^b 2 h\+A 2 dl = ^(36)(36) 3 + (36)(36)(25.04) 2 =0.9526 xl0 6 mm 4 
/ = /, -I 2 = 2.8147 xlO 6 mm 4 = 2.8147 x 10~ 6 m 4 


cr = 


My 


al 


Top: (tension side) 

Bottom: (compression) 
M a n is the smaller value. 


M = + 


^ (120x10 6 )(2.8147x 10- 6 ) 0 _ ]n3xT 

M =----- = 8.25x10 N-m 

0.04096 

M = (150xl0 6 X2-8147xl0 6 ) =7 67xl0 3 N . m 
0.05504 


M = 7.67 x 10 N- m 


7.67 kN-m ◄ 
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PROBLEM 4.21 

Straight rods of 6-mm diameter and 30-m length are stored by coiling the 
rods inside a drum of 1.25-m inside diameter. Assuming that the yield 
strength is not exceeded, determine (a) the maximum stress in a coiled rod, 
(b) the corresponding bending moment in the rod. Use E = 200 GPa. 


SOLUTION 


Let D = inside diameter of the drum, 

d= diameter of rod, c = —d, 

2 

p = radius of curvature of center line of rods when bent. 

p = —D——d = —(1.25)-—(6x 10~ 3 ) = 0.622 m 
2 2 2 2 

/ = -c 4 = —(0.003) 4 = 63.617 x 10“ 12 m 4 
4 4 


( fl) cr (200 x 10 9 )(0.003) _965xlQ 6 Pa 


P 


0.622 


(b) m= ^ = ( 2QQx1 0 9 X63-617x 1 0- 12 ) =20 , 5 N . m 


P 


0.622 


cr = 965 MPa ◄ 

M = 20.5 N ■ m ◄ 
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M' M 



PROBLEM 4.22 

A 900-mm strip of steel is bent into a full circle by two couples applied 
as shown. Determine (a) the maximum thickness t of the strip if the 
allowable stress of the steel is 420 MPa, ( b ) the corresponding moment 
Mof the couples. Use E = 200 GPa. 


SOLUTION 


When the rod is bent into a full circle, the circumference is 900 mm. Since the circumference is equal to 
2 k times p, the radius of curvature, we get 

900 mm 


P = 


2k 


= 143.24 mm = 0.14324 m 


Stress: 


7 -t Ec 
a = Es = — 

P 


or 


c = 


pa 


For cr = 420 MPa and E = 200 GPa, 


c= (0.14324X420 xlO-) =a3oo8xio - 3m 


200 xlO 9 


(a) Maximum thickness: 


t = 2c = 0.6016 x 10 3 m 


Moment of inertia for a rectangular section. 

hi 3 (8 x 10 _3 )(0.6016 x 10 -3 ) 3 


/ = 


12 


(b) Bending moment: 


12 

^ EI 
P 


= 145.16 xl0“ 15 m 4 


M = (200xl0 9 X 145.16xl0-) =0203 Nm 
0.14324 


t = 0.602 mm 4 


M = 0.203 N • m ◄ 
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PROBLEM 4.23 

Straight rods of 0.30-in. diameter and 200-ft length are sometimes 
used to clear underground conduits of obstructions or to thread wires 
through a new conduit. The rods are made of high-strength steel and, 
for storage and transportation, are wrapped on spools of 5-ft 
diameter. Assuming that the yield strength is not exceeded, 
determine (a) the maximum stress in a rod, when the rod, which is 
initially straight, is wrapped on a spool, ( b ) the corresponding 
bending moment in the rod. Use E = 29 x 10 6 psi. 


SOLUTION 


Radius of cross section: r = —d = —(0.30) = 0.15 in. 

2 2 


Moment of inertia: 


/ = —/A = —(0.15) 4 = 397.61 x 10“ 6 in 4 
4 4 


D = 5 ft = 60 in. p = -D = 30 in. 

2 

c = r = 0.15 in. 


, , Ec (29 x 10 b )(0.15) 1/1CA in3 

( fl ) ^max = - = -—- = 145.0 X 10 - PSI 


P 


30 


w El (29 x 10 6 )(397.61 x 10 -6 ) 
(b) M = — = -- 


P 


30 


^max = 145-0 ksi ◄ 
M = 384 lb ■ in. ◄ 
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PROBLEM 4.24 

A 60-N • m couple is applied to the steel bar shown. ( a ) Assuming that 
the couple is applied about the z axis as shown, determine the maximum 
stress and the radius of curvature of the bar. ( b) Solve part a, assuming 
that the couple is applied about they axis. Use E = 200 GPa. 


SOLUTION 

(a) Bending about z-axis. 


I = —bh 2 = — (12)(20) 3 = 8x 10 3 mm 4 = 8x 10~ 9 m 4 
12 12 

20 

c = — = 10 mm = 0.010 m 
2 

<7 = « £= (60XM10) . 

/ 8x10“’ 

1 M 60 37.5x10 'm 1 


p El (200xl0 9 )(8xl0~ 9 ) 
(. b ) Bending about y-axis. 


/ = —M 3 =— (20)(12) 3 = 2.88 xlO 3 mm 4 =2.88 xl0~ 9 m 4 
12 12 

12 

c = — = 6 mm = 0.006 m 
2 

q = ^ = ( 60 X 0 - 006 ) =125 . 0xl06pa 


/ 2.88x10^ 


1 M 


60 


p El (200x 10 9 )(2.88x 10~ 9 ) 


■=104.17 xl0 _3 m _i 


ct = 75.0 MPa ◄ 
p = 26.7 m A 


£7 = 125.0 MPa ◄ 
p = 9.60 m A 
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M p 

pi r 

» PROBLEM 4.25 

10 mm 


80 

(a) Using an allowable stress of 120 MPa, determine the largest couple 

M that can be applied to a beam of the cross section shown. ( b ) Solve 
part a, assuming that the cross section of the beam is an 80-mm square. 

* l 

5 

c 

J L 

L-80 mm-J 

mm 5 it 

10 mm 

t 

m 


SOLUTION 


(a) I = I\+ 41 2 , where I\ is the moment of inertia of an 80-mm square and h is the moment of inertia of 

one of the four protruding ears. 

L = —bh 3 = —(80)(80) 3 =3.4133 xlO 6 mm 4 
1 12 12 

I 2 =~^bh 3 +Ad 2 =-|-(5)(10) 3 +(5)(10)(45) 2 =101.667xlO 3 mm 4 

I = I X + 41 2 = 3.82 x 10 6 mm 4 = 3.82 x IQT 6 mm 4 , c = 50 mm = 0.050 m 

Me ., a I (120 x 10 6 )(3.82 x 10~ 6 ) 

ct — - M = — = --—-- 

/ c 0.050 

= 9.168xl0 3 N-m 


= 9.17 kN ■ m ◄ 


(b) 


Without the ears: 


/ = /, = 3.4133 xlO^ 6 m 2 , c = 40 mm = 0.040 m 



(120 x 10 6 )(3.4133 x 10~ 6 ) 
0.040 


= 10.24 x 10 3 N • m 


= 10.24 kN-m ◄ 
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PROBLEM 4.26 

A thick-walled pipe is bent about a horizontal axis by a couple M. The 
pipe may be designed with or without four fins, (a) Using an allowable 
stress of 20 ksi, determine the largest couple that may be applied if the 
pipe is designed with four fins as shown, (b) Solve part a, assuming that 
the pipe is designed with no fins. 
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PROBLEM 4.27 

A couple M will be applied to a beam of rectangular cross section that 
is to be sawed from a log of circular cross section. Determine the ratio 
d/b for which (a) the maximum stress a m will be as small as possible, 
(b) the radius of curvature of the beam will be maximum. 
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1 

h 


I 

PROBLEM 4.28 

n 0 

M r< 1 


h 

\ 1 

A portion of a square bar is removed by milling, so that its cross section 

U t 


/ t 

is as shown. The bar is then bent about its horizontal axis by a couple M. 

1 \ 

h 0 


h 

Considering the case where h = 0.9ho, express the maximum stress in the 

1 


1 

bar in the form a m = ka 0 , where cr 0 is the maximum stress that would 




have occurred if the original square bar had been bent by the same 
couple M, and determine the value of k. 


SOLUTION 



For the original square. 


h = h 0 , c = h 0 . 

3 M _ 3 M 
a °~ (4h 0 -3h 0 )hZ ~~h[ 

^ ^ ^ _ 

CT 0 (4 h 0 - 3 h)h 2 (4 h 0 - (3)(0.9)/2 0 )(0.9/io) 

a = 0.950 cr 0 


0.950 


k = 0.950 ◄ 
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PROBLEM 4.29 



In Prob. 4.28, determine ( a ) the value of h for which the maximum stress 
<7 m is as small as possible, (b) the corresponding value of k. 

PROBLEM 4.28 A portion of a square bar is removed by milling, so that 
its cross section is as shown. The bar is then bent about its horizontal 
axis by a couple M. Considering the case where h = 0.9Ao, express the 
maximum stress in the bar in the form cr m = ka 0 , where cr 0 is the 
maximum stress that would have occurred if the original square bar had 
been bent by the same couple M, and determine the value of k. 


SOLUTION 


/ = 4/, + 2 1 2 



hh 3 + (2) 

rn 

U2; 




(2h 0 -2h)h 3 



-h n h-3h z =0 
3 


1 4 , 


, > 

L 

(8 , } 

— h 0 
v9 ° j 


— h 0 
v9 


256 
129 ‘ 


CT = ■ 


Me 


For the original square, 


h = hr. 


c-h — ~—h 3 
c ~ "o ~~ "o 

c 0 3 


729M 
256 h] 



MCg 

3 M 

°0 

' h 

~~hf 

a 

729 

1 729 nnAn 



•- =-= 0.949 


256 

3 768 


h = -h n ◄ 
9 0 


k = 0.949 ◄ 
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PROBLEM 4.30 

For the bar and loading of Concept Application 4.1, determine (a) the radius of curvature p, ( b) the radius of 
curvature p' of a transverse cross section, (c) the angle between the sides of the bar that were originally 
vertical. Use 7? = 29xl0 6 psi and v = 0.29. 


SOLUTION 


From Example 4.01, M = 30 kip-in. 7 = 1.042 in 4 


(a) 

l = M = =993x10- in.' 1 

p El (29x10 6 )(1.042) 

p = 1007 in. A 

(b) 

1 VC c 

£ =V£ = - = V - 

P P' 



-L = v — = (0.29)(993xl0~ 6 )inf 1 =288x10- in.- 
P' P 

p' = 3470 in. ◄ 

(c) 

g _ length of arc _ b _ 0.8 = 2J0>< rad 

radius p' 3470 

6 = 0.01320° ◄ 
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PROBLEM 4.31 

A W200x 31.3 rolled-steel beam is subjected to a couple M of moment 
45 kN • m. Knowing that E = 200 GPa and v = 0.29, determine (a) the 
radius of curvature p, ( b ) the radius of curvature p of a transverse cross 
section. 


SOLUTION 


For W 200 x 31.3 rolled steel section. 


/ = 31.3 x 10 6 mm 4 


= 31.3 x 10~ 6 m 4 


(a) 1 = M = 4 g Xl ° = 7.1885 xlO^nT 1 

p El (200 x 10 9 )(31.3 x 10~ 6 ) 

p= 139.1 m -4 

(b) — = v — = (0.299(7.1885 x 10~ 3 ) = 2.0847 x 10~ 3 nT 1 

P' P 

p' = 480 m ◄ 
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PROBLEM 4.32 

y 



It was assumed in Sec. 4.IB that the normal stresses a in a 
member in pure bending are negligible. For an initially straight 
elastic member of rectangular cross section, (a) derive an 
approximate expression for a as a function of y, (b) show that 
(cr v ) max =-(c/2yo)(cr Y ) max and, thus, that a x can be neglected in 
all practical situations. (Hint: Consider the free-body diagram of 
the portion of beam located below the surface of ordinate y and 
assume that the distribution of the stress cr v is still linear.) 


SOLUTION 


Denote the width of the beam by b and the length by L. 



P 

Q 

Using the free body diagram above, with cos — ~ 1 


But, 

(a) 


r v 0 

XF = 0: a Y bL + 2 a x bdy sin — = 0 

J -c 2 

2 . 9 r y 

= ~r sm - o~ x dy « -- cr v dy 
L 2 J -c L J -c 


y 

°x ~ (^"x)max 

C 

<J v = f V yd V = ^^ max 

pc J-c pc 2 _ c 

The maximum value cr occurs at y = 0 . 


-f cr v dv 

pj-c 


(OhXnax ^ ^ 
2 pc 


0 b ) 


(^y) max 


( < ^'x)max ^ 

2 pc 


(^x)max ^ ^ 

2p 
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PROBLEM 4.33 

A bar having the cross section shown has been formed by securely 
bonding brass and aluminum stock. Using the data given below, 
determine the largest permissible bending moment when the 
composite bar is bent about a horizontal axis. 



Aluminum 

Brass 

Modulus of elasticity 

70 GPa 

105 GPa 

Allowable stress 

100 MPa 

160 MPa 


SOLUTION 

Use aluminum as the reference material. 

n = 1.0 in aluminum 


n = E b /E a = 105/70 = 1.5 in brass 


For the transformed section. 


Aluminum: 


Brass: 


h ~ 12 + n \A d [ 

= ^y(30)(6) 3 + (1.5)(30)(6)(18) 3 = 88.29 x 10 3 mm 4 

1 2 = ^ b 2 h 2 3 = ^(30)(30) 3 = 67.5 x 10 3 mm 4 

1 3 = /j = 88.29 x 10 3 mm 4 

/ = /j + 1 2 + / 3 = 244.08 x 10 3 mm 4 


244.08 x 10“ 9 m 4 


cr = 


nMy 


M = 


al 

nv 


n = 1.0, v = 15 mm = 0.015 m, a = 100 xlO 6 Pa 

M g (100 x 10 < )(244.08 x IQ' 1 ’) = x | 0 3 N . m 
(1.0X0.015) 

n=1.5, y = 21 mm = 0.021 m, cr = 160xlO 6 Pa 

(160 x 10^(244.08 xl0- 9 ) =i 24()xi0 3 N m 
(1.5)(0.021) 


Choose the smaller value M = 1.240 x 10 4 N • m 


r» 



1.240 kN • m ◄ 
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8 mm 


8 mm 



PROBLEM 4.34 

A bar having the cross section shown has been formed by securely 
bonding brass and aluminum stock. Using the data given below, 
determine the largest permissible bending moment when the 
composite bar is bent about a horizontal axis. 



Aluminum 

Brass 

Modulus of elasticity 

70 GPa 

105 GPa 

Allowable stress 

100 MPa 

160 MPa 


SOLUTION 

Use aluminum as the reference material. 

For aluminum, n = 1.0 

For brass, n = E h IE a = 105/70 = 1.5 

Values of n are shown on the sketch. 

For the transformed section, 



8 mm 


mm 


32 mm 


mm 


32 


mm 


Aluminum 


Brass 


L = ^-h,/z, 3 = —(8)(32) 3 =32.768xlO 3 mm 4 
12 12 

I 2 =^|h 2 (// 3 -/j 2 3 ) = ^(32)(32 3 -16 3 ) = 76.459xlO 3 mm 4 
/ 3 = /, = 32.768 xlO 3 mm 4 

I = I X +/ 2 +/ 3 =141.995xl0 3 mm 4 =141.995xl0~ 9 m 4 


M 


nMy 

/ 


M = 


al 

ny 


Aluminum: 


n = 1.0, \y\ = 16 mm = 0.016 m, a = 100xlO 6 Pa 

M = (100xl0^)(141.995xl0- 9 ) = 887 47 Nm 
(1.0)(0.016) 


Brass: 


« = 1.5, \y\ = 16 mm = 0.016 m, a = 160xlO 6 Pa 
M = (160xl0 6 )(141.995xl0- 9 ) =946 63 Nm 
(1.5)(0.016) 


Choose the smaller value. 


M = 887 N-m ◄ 
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PROBLEM 4.35 

For the composite bar indicated, determine the largest permissible 
bending moment when the bar is bent about a vertical axis. 

PROBLEM 4.35. Bar of Prob. 4.33. 



Aluminum 

Brass 

Modulus of elasticity 

70 GPa 

105 GPa 

Allowable stress 

100 MPa 

160 MPa 


SOLUTION 

Use aluminum as reference material. 


Aluminum: 


Brass: 


Choose the smaller value. 


n = 1.0 in aluminum 

,r» 


n = E b /E a = 105/70 = 1.5 in brass 





jr 

For transformed section, 



I = —b x h\ 

© 

V 

' 12 1 1 



- 1-5 (6)(30) 3 - 20.25 x 10 3 mm 4 

Jh. 



Y\ 

I.S" 

l.o 

ur 


I 2 = V*2 3 

= ^(30)(30) 3 = 67.5 x 10 3 mm 4 
/ 3 = 7j = 20.25 x 10 3 mm 4 


/ = 7j + I 2 + / 3 = 108 x 10 3 mm 4 = 108 x 10“ 9 m 4 


cr = 


nMy 


,, al 
M = — 
ny 


n = 1.0, y =15 mm = 0.015 m, cr = 100xl0 6 Pa 

M _ (100 x 10 6 )(108 x 10" 9 ) _ ?20 N m 
(1.0X0.015) 

« = 1.5, v = 15 mm = 0.015 m, cr = 160 xlO 6 Pa 

1# (160x 10 6 )(108 x 10~ 9 ) „ oxt 

M = - ---- = 768 N • m 

(1.5)(0.015) 


M = 720 N • m ◄ 
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8 mm 


8 mm 



PROBLEM 4.36 

For the composite bar indicated, determine the largest permissible 
bending moment when the bar is bent about a vertical axis. 

PROBLEM 4.36 Bar of Prob. 4.34. 



Aluminum 

Brass 

Modulus of elasticity 

70 GPa 

105 GPa 

Allowable stress 

100 MPa 

160 MPa 


SOLUTION 

Use aluminum as the reference material. 
For aluminum, n = 1.0 
For brass, n = E b /E a =105/70 = 1.5 
Values of n are shown on the sketch. 
For the transformed section, 

n 


8 mm 



= 311.296xl0 3 mm 4 


I l= !h-h x [Bl-bl) =— (32)(48 3 -32 3 ) 

I 2 = "|/r 2 /> 3 = ^(8)(32) 3 = 21.8453 xlO 3 mm 4 

/ 3 =/ 2 = 21.8453 x 10 3 mm 4 
/=/, +I 2 +/ 3 =354.99 xl0 3 mm 4 = 354.99 xl0~ 9 m 4 


er = 


nMy 


M = 


crl 


ny 


Aluminum: 


Brass: 


n = 1.0, \y\ = 16 mm = 0.016 m, cr = 100xl0 6 Pa 

M = (100x 1 0 6 X354-99xl0- 9 ) =22187xl03N . m 
(1.0)(0.016) 

«=1.5 | v| = 24 mm = 0.024 m a - 160xlO 6 Pa 

M = (160xl0 6 X354-99xlO- 9 ) =1 57773xl03Nm 
(1.5)(0.024) 


Choose the smaller value. 


M = 1.57773 xl0 J N-m 


M = 1.578 kN-m ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


484 






















































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 4.37 

Wooden beams and steel plates are securely bolted together to form the composite 
member shown. Using the data given below, determine the largest permissible bending 
moment when the member is bent about a horizontal axis. 



Wood 

Steel 

Modulus of elasticity: 

Allowable stress: 

2x 10 6 psi 

2000 psi 

29 x 10 6 psi 

22 ksi 
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PROBLEM 4.38 

H Wooden beams and steel plates are securely bolted together to form the composite 

member shown. Using the data given below, determine the largest permissible bending 
10 m. moment when the member is bent about a horizontal axis. 


3 in. I 3 in. 



Wood 

Steel 

Modulus of elasticity: 

Allowable stress: 

2x 10 6 psi 

2000 psi 

29 x 10 6 psi 

22 ksi 


SOLUTION 

Use wood as the reference material. 

n = 1.0 in wood 

n = EJE W = 29/2 = 14.5 in steel 

For the transformed section. 


oO<\S 


Y) 


©<i 

-’(3) 

J- 



L = ^hh? =— (3)(10) 3 =250 in 4 
1 12 1 1 12 


T - n 2 u O _ 14 ' 5 
1 n — U-) — 

2 12 “ 2 12 


- |(10) 3 =604.17 in 4 


14S 


/ 3 = 7j = 250 in 4 
7 = /j + I 2 + / 3 =1104.2 in 4 


cr = 


nMy 


M = 


cr/ 

ny 


Wood: 


Steel: 


n = 1.0, y = 5 in., a = 2000 psi 

I# (2000)(1104.2) ^ in3l1 

M = ----- = 441.7 x 10 lb • in. 

(1 -0)(5) 

n = 14.5, y = 5 in, a = 22 ksi = 22 x 10 3 psi 

(22 x 10 3 )(1104.2) , 3 . 

M = ---- - = 335.1 x 10 3 lb • in. 


(14.5)(5) 


Choose the smaller value. 


M = 335 x 10 3 lb • in. 


M = 335 kip • in. A 
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T PROBLEM 4.39 


Aluminum 

6 mm 



i A copper strip (E r = 105 GPal and an aluminum strip (E a = 75 GPal 



t are bonded together to form the composite beam shown. Knowing 


Copper 

6 '| lnl that the beam is bent about a horizontal axis by a couple of moment 



i M = 35 N • m, determine the maximum stress in ( a) the aluminum 


-*- 24 mm- *- 

strip, ( b ) the copper strip. 


SOLUTION 


Use aluminum as the reference material. 

n = 1.0 in aluminum 
n = E c /E a =105/75 = 1.4 in copper 

Transformed section: 



© 

a.* is 


© 




A, mm 2 

nA, mm 2 

To, mm 

nAy 0 , mm 3 

© 

144 

144 

9 

1296 

© 

144 

201.6 

3 

604.8 

S 


345.6 


1900.8 


7 1900 - 8 .so 

ro =-= 5.50 mm 

345.6 

The neutral axis lies 5.50 mm above the bottom. 


(a) Aluminum: 


/, +n 1 A l d? = ^(24)(6) 3 + (1.0)(24)(6)(3.5) 2 =2196 mm 4 

I 2 = ^b 2 h\ + n 2 A 2 d 2 = ^(24)(6) 3 + (1.4)(24)(6)(2.5) 2 =1864.8 mm 4 

1 = I\ + / 2 =4060.8 mm 4 =4.0608 xl0~ 9 m 4 
n = 1.0, y = 12 - 5.5 = 6.5 mm = 0.0065 m 
a = _n_M L = _ (1.0)(35X0.0065) = _^ 6 0 x 10 « Pa = _ 56 . 0 MPa 
/ 4.0608 xl0“ 9 


cr = -56.0 MPa ◄ 


{b) Copper: 


n = 1.4, v = -5.5 mm = -0.0055 m 
nMy 


a = — 


/ 


(1.4)(35)(—0.0055) . in6n 

1 ———— -= 66.4 x 10 b Pa = 66.4 MPa 

4.0608 x 10 


-9 


cr = 66.4 MPa ◄ 
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Aluminum 

9 

mm 

Copper 

3 mm 

. . .t. 24 mm- *■ 

t 


PROBLEM 4.40 

A copper strip ( E c = 105 GPa) and an aluminum strip (E a = 75 GPa) 
are bonded together to form the composite beam shown. Knowing 
that the beam is bent about a horizontal axis by a couple of moment 
M = 35 N • m, determine the maximum stress in (a) the aluminum 
strip, ( b ) the copper strip. 


SOLUTION 


Use aluminum as the reference material. 


Transformed section: 


n = EJE a =105/75 = 1.4 in copper 


r 

1.0 


■AAife 



^1.4 



A, mm 2 

nA, mm 2 

Av 0 , mm 

nAv 0 , mm 3 

© 

216 

216 

7.5 

1620 

© 

72 

100.8 

1.5 

151.8 

I 


316.8 


1771.2 


- 17712 

To =-- = 5.5909 mm 

316.8 

The neutral axis lies 5.5909 mm above the bottom. 


(a) Aluminum: 


(. b ) Copper: 


7j = +n i A i df =^(24)(9) 3 +(1.0)(24)(9)(1.9091) 2 =2245.2 mm 4 

I 2 = ZLb 2 h\ +n 2 A 2 d; =^(24)(3) 3 + (1.4)(24)(3)(4.0909) 2 =1762.5 mm 4 

I = I l +I 2 = 4839 mm 4 = 4.008 x 10 9 m 4 
n = 1.0, y = 12 - 5.5909 = 6.4091 mm = 0.0064091 
a = _nM L= _ (1.0)(35)(0.0064091) = _ 56 Q x 1() - 6 Pa 
/ 4.008 xlO -9 

= -56.0 MPa 


cr = -56.0 MPa ◄ 


n = 1.4, y = -5.5909 mm = -0.0055909 m 
g = -^ = - (l-4X35)(-0.0055909) = 68 4xl06pa 
/ 4.008 x 10“ 9 

= 68.4 MPa 


cr = 68.4 MPa ◄ 
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PROBLEM 4.41 

The 6 x 12-in. timber beam has been strengthened by bolting to it the steel 
reinforcement shown. The modulus of elasticity for wood is 1.8 xlO 6 psi and for 
steel, 29xl0 6 psi. Knowing that the beam is bent about a horizontal axis by a 
couple of moment M = 450 kip • in., determine the maximum stress in (a) the 
wood, ( b ) the steel. 


SOLUTION 


Use wood as the reference material. 

For wood, n = 1 

For steel, n=E s /E w = 29 /1.8 = 16.1111 


Transformed section: © = wood 


© = steel 


421.931 


A, in 2 

nA, in 2 

To 

nAy 0 , in 3 

112.278 

© 

72 

72 

6 

432 

3.758 in. 

© 

2.5 

40.278 

-0.25 

-10.069 




112.278 


421.931 


The neutral axis lies 3.758 in. above the wood-steel interface. 


I x = , ^b x hl + n x A x d x =^(6)(12) 3 + (72)(6-3.758) 2 =1225.91 in 4 

1 2 = J^ h 2 h l + n i A 2 d 2 = 16-1111 (5)(0.5) 3 + (40.278X3.578 + 0.25) 2 = 647.87 in 4 
I = I X +I 2 =1873.77 in 4 


M = 450 kip • in. 


nMv 

u = -— 

/ 


{a) Wood: 


(b) Steel: 


n = 1, v = 12-3.758 = 8.242 in. 


(1X450X8.242) 

1873.77 

n = 16.1111, y = -3.758-0.5 = -4.258 in. 

(16.1111X450 X -4.258) =1648ks . 

* 1873.77 


er„. = -1.979 ksi ◄ 


cr s = 16.48 ksi A 
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PROBLEM 4.42 

The 6 x 12-in. timber beam has been strengthened by bolting to it the steel 
reinforcement shown. The modulus of elasticity for wood is 1.8 xlO 6 psi and for 
steel, 29xl0 6 psi. Knowing that the beam is bent about a horizontal axis by a 
couple of moment M = 450 kip • in., determine the maximum stress in ( a ) the 
wood, ( b ) the steel. 
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Aluminum 

t 

6 mm 

1 

Copper 

1 

6 mm 

1 






PROBLEM 4.43 

For the composite beam indicated, determine the radius of curvature 
caused by the couple of moment 35 N • m. 

Beam of Prob. 4.39. 
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PROBLEM 4.44 


Aluminum 


9 mm 


Copper 


3 mm 


T 


24 mm 


For the composite beam indicated, determine the radius of curvature 
caused by the couple of moment 35 N • m. 

Beam of Prob. 4.40. 


SOLUTION 


See solution to Prob. 4.40 for the calculation of I. 

Aluminum 

1 9 mm 

1 M 35 ..... Copper— 

— = - = -s- — = 0.1164m 1 

p E a I (75 x 10 9 )(4.008x 10~ 9 ) 


3 mm 

-—24 mm —•* 

~T 

p = 8.59 m A 
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PROBLEM 4.45 

For the composite beam indicated, determine the radius of curvature caused by the 
couple of moment 450 kip • in. 

in. 

Beam of Prob. 4.41. 




SOLUTION 

See solution to Prob. 4.41 for calculation of I. 

7 = 1873.77 in 4 E w = 1.8 x 10 6 psi 


M = 450 kip • in = 450x 10 J lb-in. 


1 M 


450 x 10 J 


p El (1.8 x 10 6 )(1873.77) 


■ = 133.421 xl0“ 6 in. 1 


p = 7495 in. = 625 ft ◄ 
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12 in. 


C8 X 11.5 


PROBLEM 4.46 

For the composite beam indicated, determine the radius of curvature caused by the 
couple of moment 450 kip • in. 

Beam of Prob. 4.42. 


SOLUTION 

See solution to Prob. 4.42 for calculation of /. 

7 = 1874.69 in 4 E w = 1.8x10 6 psi 
M = 450 kip in. = 450 x 10 3 lb-in. 


1 M 


450 xlO 3 


p El (1.8 x 10 6 )(1874.69) 


■ = 133.355 xlO^in. 1 


p = 7499 in. = 625 ft ◄ 
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PROBLEM 4.47 

A concrete slab is reinforced by |-in.-diameter steel rods 
placed on 5.5-in. centers as shown. The modulus of elasticity is 
3 x 10 6 psi for the concrete and 29 x 10 6 psi for the steel. 
Using an allowable stress of 1400 psi for the concrete and 
20 ksi for the steel, determine the largest bending moment in a 
portion of slab 1 ft wide. 
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PROBLEM 4.47 (Continued) 


Steel: n = 9.6667, y = 2.3934 in., a = 20 ksi=20 x 10 3 psi 


M = (24-591X20 x 10^) = 21 258 x 1Q 3 Jb . in 
(9.6667)(2.3934) 


Choose the smaller value as the allowable moment for a 5.5 in. width. 


M = 21.258 x 10 3 lb - in. 


For a 1 ft = 12 in. width, 


M = —(21.258 x 10 3 ) = 46.38 x 10 3 lb ■ in. 

5.5 


M =46.38 kip in. 

3.87 kip • ft A 
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PROBLEM 4.48 

Solve Prob. 4.47, assuming that the spacing of the in.-diameter 
steel rods is increased to 7.5 in. 

PROBLEM 4.47 A concrete slab is reinforced by in.-diameter 
steel rods placed on 5.5-in. centers as shown. The modulus of 
elasticity is 3 x 10 6 psi for the concrete and 29 x 10 6 psi for the 
steel. Using an allowable stress of 1400 psi for the concrete and 
20 ksi for the steel, determine the largest bending moment in a 
portion of slab 1 ft wide. 


SOLUTION 


E 29x 10 psi „„„ 

n = — =-— 1 — = 9.667 

E c 3 x 10 6 psi 


Number of rails per foot: 


12 in. 

7.5 in. 

n f 5 

v8y 


= 1.6 


l>- 17 m. 


Area of--in.-diameter bars per foot: 1.6 — 
8 4 

Transformed section, all concrete . 

First moment of area: 


A. = 0.4909 hr 


V/fc. 



HA 

X 

\ V \ v y-CT~ 


v-x 


12x 


'x ^ 




_ 4.745(4 -jc) = 0 

x = 1.4266 in. 

nA s = 9.667(0.4909) = 4.745 in 2 


1 


I NA = —(12)(1.4266) + 4.745(4 -1.4266) = 43.037 in" 


For concrete: 


For steel: 


cr a n = 1400 psi c = x = 1.4266 in. 

„ / „ . AA .. 43.037 in 4 

M = a— = (1400 psi) - 

c 1.4266 in. 

cr all = 20 ksi c = 4 - jc = 4 - 1.4266 = 2.5734 in. 

M = ^lJ _ 20 ksi 43.042 m 4 


We choose the smaller M. 
Steel controls. 


n c 9.667 2.5734 in. 
M = 34.60 kip • in. 


M = 42.24 kip.in. ◄ 

M = 34.60 kip -in. A 

M = 2.88 kip • ft A 
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PROBLEM 4.49 

The reinforced concrete beam shown is subjected to a positive bending 
moment of 175 kN • m. Knowing that the modulus of elasticity is 25 GPa 
for the concrete and 200 GPa for the steel, determine (a) the stress in the 
steel, ( b ) the maximum stress in the concrete. 


SOLUTION 


w= ^ = 200GPa =§0 
E„ 25 GPa 


3oo ->| 


4 =4-— d 2 = (4) 

4 


f „\ 

t: 


\ * J 


(25) 2 = 1.9635x 10 3 mm 2 


CQ<\-S 


T 

x 

Jc 


nA y = 15.708 x 10 3 mm 2 
Locate the neutral axis. 


42 G 


nA 3 


1 


Solve for x. 


(a) Steel: 


( b) Concrete: 


300 -(15.708x 10 3 )(480 - x) = 0 

150v 2 + 15.708 x10 3 x-7.5398x10 6 =0 

_ -15.708 x 10 3 + 7(15.708 x 10 3 ) 2 + (4)(150)(7.5398 x 10 6 ) 
X “ ( 2)0 50 ) 

jc = 177.87 mm, 480 — x = 302.13 mm 

/ = |(300)x 3 + (15.708 x 10 3 )(480 - x) 2 

= |(300)(177.87) 3 + (15.708 x 10 3 )(302.13) 2 

= 1.9966 xlO 9 mm 4 =1.9966x10 3 m 4 
nMy 


a = 


I 


y = -302.45 mm = -0.30245 m 

(8.0)(175 x 10 3 )(-0.30245) 
1.9966 x 10 -3 

y = 177.87 mm = 0.17787 m 

(1.0)(175 x 10 3 )(0.177 87) 
1.9966x10 3 


= 212 x 10 6 Pa 


-15.59 x 10 6 Pa 


cr = 212 MPa ◄ 


cr =-15.59 MPa ◄ 
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540 mm 



25-mm 

diametei 


60 mm 


PROBLEM 4.50 

Solve Prob. 4.49, assuming that the 300-mm width is increased to 350 mm. 

PROBLEM 4.49 The reinforced concrete beam shown is subjected to a 
positive bending moment of 175 kN • m. Knowing that the modulus of 
elasticity is 25 GPa for the concrete and 200 GPa for the steel, determine 
(a) the stress in the steel, ( b ) the maximum stress in the concrete. 


SOLUTION 


Locate the neutral axis. 



200 GPa 
25 GPa 


= 8.0 


A s =4^d 2 ={4) 




V 4 / 

= 1.9635 x 10 3 mm' 
nA r = 15.708 x 10 3 mm 


(25) 2 



350x| - (15.708 x 10 3 )(480 - x) = 0 
175x 2 +15.708 xl0 3 x-7.5398 xlO 6 =0 

„ , „ -15.708 x 10 3 + J{ 15.708x 10 3 ) 2 + (4)(175)(7.5398 x 10 6 ) 

Solve tor x. x = --- 

(2)(175) 

x = 167.48 mm, 480-* = 312.52 mm 
/ = i(350)x 3 + (15.708 x 10 3 )(480 - jc) 2 

= d-(350)(l 67.48) 3 + (15.708 x 10 3 )(312.52) 2 

= 2.0823 xlO 9 mm 4 = 2.0823 x 10~ 3 m 4 

nMy 

a =-— 

/ 

(a) Steel: y = -312.52 mm = -0.31252 m 


( b ) Concrete: 


cr = ■ 


(8.0)(175 x 1Q 3 )(-0.3 1252) 
2.0823 x 10~ 3 


:210xl0 6 Pa 


v = 167.48 mm = 0.16748 m 


^ = - (l .0X175 xlO-XO 16748) = _ 14Q8xlQ6pa 
2.0823 x 10 -3 


cr = 210 MPa ◄ 


cr =-14.08 MPa ◄ 
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PROBLEM 4.51 

Knowing that the bending moment in the reinforced concrete beam is 
+100 kip • ft and that the modulus of elasticity is 3.625 x 10 6 psi for the 
concrete and 29 x 10 6 psi for the steel, determine (a) the stress in the 
steel, ( b ) the maximum stress in the concrete. 


SOLUTION 



© 

r 

X 

(XXt'S 

© 


- I 

♦ W. -> 



29 x 10° 
3.625 xlO 6 


= 8.0 


n.5 


A s = (4)| ^j(l) 2 = 3.1416 in 2 


nA. = 25.133 in 2 


nA*, 




<D 


Locate the neutral axis. 


(24)(4)(jc + 2) + (12x) 


— (25.133X17.5 - 4 - jc) = 0 


96x + 192 + 6x 2 - 339.3 + 25.133x = 0 or 6x 2 + 121.133x - 147.3 = 0 


Solve for x. 


-121 


x = 


.133 + V(121.133) 2 + (4X6)047.3) _ J 
(2X6) 

d, = 17.5 - 4 - x = 12.350 in. 


= 1.150 in. 


/j = -Lhi/i 2 + A x dl = ^-(24)(4) 3 + (24)(4)(3.150) 2 = 1080.6 in 4 

1 2 = ^b 2 x 3 = ^-(12)(1.150) 3 = 6.1 in 4 

1 3 = nA 3 d 3 = (25.133)(12.350) 2 = 3833.3 in 4 
/ = /, + / 2 + / 3 = 4920 in 4 

nMy 


a = — 


(a) Steel: 


(. b ) Concrete: 


/ 

n = 8.0 


where M = 100 kip • ft = 1200 kip • in. 

y = -12.350 in. 
(8.0)(1200)(—12.350) 


CL = 


4920 

, 2 = 1.0, y = 4 + 1.150 = 5.150 in. 

(1.0)(1200)(5.150) 

cr —- 

c 4920 


a, = 24.1 ksi A 




-1.256 ksi ◄ 
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PROBLEM 4.52 

A concrete beam is reinforced by three steel rods placed as shown. The 
modulus of elasticity is 3 x 10 6 psi for the concrete and 29 x 10 6 psi for the 
steel. Using an allowable stress of 1350 psi for the concrete and 20 ksi for the 
steel, determine the largest allowable positive bending moment in the beam. 


SOLUTION 


E s 29 x 10 

n = — = -— = 9.67 


E r 3x10 


, X ,2 


n 


Locate the neutral axis 

h 8H 

i —r 

X 

k 

14 


A s =3^=(3) ^ 


8v—- (17.438)(14 - x) = 0 
4x 2 + 17.43 8x -244.14 = 0 


-I = 1.8040 in z nA= 17.438 in z 


a-X|3 


Solve for v. x = 


-17.438 + a/17.438 2 +(4)(4)(244.14) 


(2)(4) 


= 5.6326 in. 


14 -v = 8.3674 in. 


/ = ^8x 3 + nA s ( 14 - x) 2 = ^-(8)(5.6326) 3 + (17.438)(8.3674) 2 = 1697.45 in 4 


3 

nMy 


\<y\ 


Concrete: 


Steel: 


M=^~ 

ny 


’ = 1.0, |y| = 5.6326 in., |cr| = 1350 psi 


M = ( 135 °)( 1697 - 45 ) = 406.835 x 10 3 lb • in. = 407 kip • in. 
(1.0)(5.6326) 

« = 9.67, |y| = 8.3674 in., cr = 20xl0 J psi 
(20 xl0 3 )(l697.45) 

M = - --- - = 419.72 lb • in. = 420 kip • in. 


Choose the smaller value. 


(9.67)(8.3674) 

M = 407 kip • in. 


M = 33.9 kip • ft ◄ 
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PROBLEM 4.53 



The design of a reinforced concrete beam is said to be balanced if the maximum stresses 
in the steel and concrete are equal, respectively, to the allowable stresses a s and a c . 
Show that to achieve a balanced design the distance x from the top of the beam to the 
neutral axis must be 


x = - 


1 + 


°s E c 

°c E s 


where E c and E s are the moduli of elasticity of concrete and steel, respectively, and d is 
the distance from the top of the beam to the reinforcing steel. 
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PROBLEM 4.54 

For the concrete beam shown, the modulus of elasticity is 25 GPa for the concrete and 
200 GPa for the steel. Knowing that b = 200 mm and d = 450 mm, and using an 
allowable stress of 12.5 MPa for the concrete and 140 MPa for the steel, determine 
(a) the required area A , of the steel reinforcement if the beam is to be balanced, (b) the 
largest allowable bending moment. (See Prob. 4.53 for definition of a balanced beam.) 


SOLUTION 


=- 

cr. 


200 xlO 9 

" 25 x 10 9 
nM(d — x ) 

/ 


= 8.0 


Mx 


cr = ■ 


n(d-x) d 
-= n - n 


1 cr 


1 140x 10 


— = 1 +-^ = 1 +- 

x n cr, 8.0 12.5 xlO 6 


= 2.40 


x = 0.41667;/ = (0.41667)(450) = 187.5 mm 


Locate neutral axis. 


(o) 


bx - nA(d -x) 

2 


A. =- 


bx" 


(200)(187.5) 2 2 

v 7V ’ =1674 mm 2 


2 n(d-x) (2)(8.0)(262.5) 

/ = ^bx 3 + nA s (d - x) 2 = |(200X187.5) 3 + (8.0)(1674)(262.5) 2 
= 1.3623xlO 9 mm 4 = 1.3623xlO -3 m 4 


cr = 


(b) Concrete: 


nMy 
I 

n = 1.0 


M = 


ICT 

ny 


y = 187.5 mm = 0.1875 m cr = 12.5x 10 6 Pa 


Steel: 


M = (1.3623xl0- 2 )(12.5xl0-) =90 8xi0 3 Nm 
(1.0)(0.1875) 

n = 8.0 y = 262.5mm = 0.2625 m cr = 140xlO 6 Pa 
M=(l-3623xl0- 3 )(140xl0 6 ) =90 _ 8xl0 3 N , m 


(8.0)(0.2625) 

Note that both values are the same for balanced design. 


A „ =1674 mm 2 ^ 


M =90.8kN-m ◄ 
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Aluminum 


o.5m. PROBLEM 4.55 

Brass 

Steel 


0.5 in. 

— h Five metal strips, each a 0.5 x 1.5-in. cross section, are bonded together to 

0.5 m. f orm the composite beam shown. The modulus of elasticity is 30 x 10° psi 

Brass 


0.5 in. for the steel, 15 x 10° psi for the brass, and 10 x 10° psi for the aluminum. 

Aluminum 


Knowing that the beam is bent about a horizontal axis by a couple of 

- 1.5 in. -► 

moment 12 kip-in., determine (a) the maximum stress in each of the 
three metals, ( b) the radius of curvature of the composite beam. 


SOLUTION 

Use aluminum as the reference material. 

»=£ 


For the transformed section, 


(a) Aluminum: 


Brass: 


Steel: 


(b) 


30x10° 
lOxlO 6 
15 x 10 6 


= 3.0 in steel 


AXIS 


E a 10x10° 
n = 1.0 in aluminum 


= 1.5 in brass 


<£> 


vi 

1.0 

-<$) —^ 4 ^ 3 .° 


(D 


USspm 


I\ + n l A l d? = ^-(1.5)(0.5) 3 +(0.75)(1.0) 2 

= 0.7656 in 4 

I 2 = '-^b 2 hl + n 2 A 2 d 2 2 = ~~(1 -5)(0.5) 3 + (1.5)(0.75)(0.5) 2 =0.3047 in 4 

I = = — (1.5)(0.5) 3 = 0.0469 in 4 

3 12 3 3 12 


I 5 = /, =0.7656 in 4 


/ 4 =/ 2 =0.3047 in 4 


7 = ^/,. = 2.1875 in 4 


ff = ^= (1.0)(12)(1.25) =6j86ks . 


a = 


a = - 


I 2.1875 

nMy _ (1.5)(12)(0.75) 
/ ~ 2.1875 

nMy (3.0)(12)(0.25) 


/ 

M 


2.1875 
12 x 10 3 


1 _ 

p~ E a I~ (10x 10 6 )(2.1875) 
p = 1823 in. = 151.9 ft 


= 6.17 ksi 

= 4.11 ksi 

= 548.57 xlO' 6 inr 1 


◄ 

◄ 

◄ 
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Steel 


0.5in. PROBLEM 4.56 

Aluminum 

Brass 


0.5 in. 

—j- Five metal strips, each a 0.5 x 1.5-in. cross section, are bonded together to 

0.5 m. f orm th e composite beam shown. The modulus of elasticity is 30 x 10 6 psi 

Aluminum 


0.5 in. for the steel, 15 x 10 b psi for the brass, and 10 x 10 b psi for the aluminum. 

Steel 


■ 5 Knowing that the beam is bent about a horizontal axis by a couple of 

-- 1.5 in.-~ 

moment 12 kip • in., determine (a) the maximum stress in each of the 
three metals, ( b ) the radius of curvature of the composite beam. 


SOLUTION 

Use aluminum as the reference material. 

E s 
n = — 


For the transformed section. 


(a) Steel: 

Aluminum: 


Brass: 


0 b ) 


30 x 10 
10xl0 6 
15 x 10 6 
10xl0 6 


= 3.0 in steel 


= 1.5 in brass 


n = 1.0 in aluminum 


A ~ 1 2 A + n iA^i 
3.0 



=—(1.5)(0.5X+(3.0)(0.75)(1.0X 


= 2.2969 in 

«-> . ,3 


1.0 


I 2 = Y^b 2 li 2 + n 2 A 2 d 2 =—(1.5)(0.5r+ (1.0)(0.75)(0.5) = 0.2031 in 4 
I, = —b 2 h\ = —(1.5)(0.5) 3 = 0.0234 in 4 

3 3 3 12 


/ 4 =/ 2 =0.2031 in 4 


7 = ^/,. =5.0234 in 4 


a = 


/ 5 = /, = 2.2969 in 4 


cr = 


cr = 


/ 

v - =8 

5.0234 

nMy 

(1.0X12X0.75) l 

I 

5.0234 

nMy 

(1.5)(12)(0.25) Q 

I 

5.0234 

M 

12x 10 3 


J_____ 

p~ E a I~ (10 x 10 6 )(5.0234) 

p = 4186 in. = 349 ft 


-6 • -1 


◄ 

◄ 

◄ 
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PROBLEM 4.57 

The composite beam shown is formed by bonding together a brass rod and an 
aluminum rod of semicircular cross sections. The modulus of elasticity is 
15 x 10 6 psi for the brass and 10 x 10 6 psi for the aluminum. Knowing that the 
composite beam is bent about a horizontal axis by couples of moment 
8 kip • in., determine the maximum stress (a) in the brass, (b) in the aluminum. 


SOLUTION 


7T 2 9 

For each semicircle, r = 0.8 in. A = — r = 1.00531 in” , 

2 

_ = 4r = (4^08) = Q 33953 in 7 = iV = 0.160850 in 4 

in in 8 

7 = / base - Ay 1 , = 0.160850 - (1.00531)(0.33953) 2 = 0.044953 in 4 


J 

( w > 

ck yi'5 




' Cb J 



Use aluminum as the reference material. 
n = 1.0 in aluminum 


15 x 10 


E a 10x 10 
Locate the neutral axis. 


= 1.5 in brass 



A, in 2 

nA, in ? 

To, in. 

nAy 0 , in 3 

© 

1.00531 

1.50796 

0.33953 

0.51200 

© 

1.00531 

1.00531 

-0.33953 

-0.34133 

z 


2.51327 


0.17067 


- _ 0.17067 
0 “ 2.51327 


= 0.06791 in. 


The neutral axis lies 0.06791 in. 
above the material interface. 


d x = 0.33953 - 0.06791 = 0.27162 in., d 2 = 0.33953 + 0.06791 = 0.40744 in. 
/, = nj + r^Adf = (1.5X0.044957) + (1.5)(1.00531)(0.27162) 2 = 0.17869 in 4 
I 2 = n 2 J + n 2 Ad 2 = (1.0)(0.044957) + (1.0)(1.00531)(0.40744) 2 = 0.21185 in 4 


I = I l+ I 2 = 0.39054 in 4 


(a) Brass: 


( b ) Aluminium: 


n = 1.5, v = 0.8 - 0.06791 = 0.73209 in. 
nMy (1.5)(8)(0.73209) 


cr = - 


/ 0.39054 

n = 1.0, y = -0.8 - 0.06791 = -0.86791 in. 
nMy (1.0)(8)(—0.86791) 


a = — 


/ 


0.39054 


cr = -22.5 ksi A 


a = 17.78 ksi -4 
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y 

Aluminum 

PROBLEM 4.58 

—>— 3 mm 

Steel - 



A steel pipe and an aluminum pipe are securely bonded together to form 
— 6 mm the composite beam shown. The modulus of elasticity is 200 GPa for the 



_in mm steel and 70 GPa iui the aluminum. Knowing that the composite beam is 

bent by a couple of moment 500 N • m, determine the maximum stress 
(a) in the aluminum, (b) in the steel. 


-38 mm- 



SOLUTION 


Use aluminum as the reference material. 


n = 1.0 in aluminum 


n = EJE a =200/70 = 2.857 in steel 

For the transformed section. 

Steel: 

I s =n s ^(r 0 4 -r*) = (2.857) ^j(^ 4 -10 4 ) = 124.62xlO 3 mm 4 

Aluminium: 

I a = "a f(r 0 4 -b) = (1.0)^j(19 4 -16 4 ) = 50.88 X 10 3 mm 4 


I = I s + I a = 175.50 x 10 3 mm 4 = 175.5 x 10“ 9 m 4 

(a) Aluminum: 

c = 19 mm = 0.019 m 


n a McJ 1.0X500X0.019) =54 1xl()6pa 
/ 175.5 x 10~ 9 


<j a =54.1 MPa ◄ 

(b) Steel: 

c =16 mm = 0.016 m 


n. s Mc = (2.857X500X0 016) =13() 2xl()6pa 

I 175.5 x 10~ 9 


a s =130.2 MPa ◄ 
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PROBLEM 4.59 

The rectangular beam shown is made of a plastic for which the 
value of the modulus of elasticity in tension is one-half of its 
value in compression. For a bending moment M = 600 N • m, 
detennine the maximum ( a ) tensile stress, (b) compressive stress. 


SOLUTION 


Locate neutral axis. 


(a) Tensile stress: 


( b ) Compressive stress: 


n = — on the tension side of neutral axis 
2 

n = l on the compression side 


n t bx^~ n 2 b(h -x)—~^~ = 0 

-bx 2 --b(h-x) 2 =0 
2 4 

x 2 =—(h — x) 2 x = —j=(h — x) 

2 V2 



1 


X = - 


= 0.41421/2 = 41.421 mm 


V2+1 

! -x = 58.579 mm 

1 fib 

I l =n x -bx 3 =(1) - (50)(41.421) 3 =1.1844xlO 6 mm 4 
3 v3j 

I 2= n 2 ^b(h-x) 3 = (j]; yj(5°)(58.579) 3 =1.6751 xlO 6 mm 4 
/ = /, +/ 2 =2.8595 xlO 6 mm 4 =2.8595x10 _6 m 4 


n = —, y = -58.579 mm = -0.058579 m 
2 

cT = _^ = _ ( 0 . 5 )( 600 )(- 0 . 058579) =6 15xl06pa 
/ 2.8595 x 10~ 6 

n = 1, y = 41.421 mm = 0.041421 m 

nMy (1.0)(600)(0.041421) 


cr = — 


2.8595 x 10~ 


= -8.69x 10 Pa 


a, =6.15 MPa ◄ 


cr„ = -8.69 MPa ◄ 
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PROBLEM 4.60* 


A rectangular beam is 

made of material for which the modulus of elasticity is E t in tension and E c in 

compression. Show that the curvature of the beam in pure bending is 


1 M 


P E ,I 

where 



E - AE ‘ E < 


' (V^ + ,/£;) 2 


SOLUTION 


Use E t as the reference modulus. 

© 

1 7~ 

Then E c =nE t . 

ri„-n 

-4- 

Locate neutral axis. 

© 

T Vi 

h-x | 

i 

nbx - b(h — x) -— = 0 

hir 1 

2 2 

nx 2 —(h — x) 2 =0 yfnx = (h — x) 
h yfnh 


. V I 


jc = — 1 = - h - x = —j= - 

\Tl ~\~ 1 yj n 1 


n, 3 1 


4ans=T fe + ~b(h~x) = 


3 3 

1 n + n 2 ' 2 


\fn +1 


\fn 

\fn +1 


? 11 + \fn j 

(V^+i) J 3 (V^+i ) 3 


bh 3 =-- 


bh 2 =-x- 


(V^ + lj 


bh 3 


- bh 2 


— =-=- where / = — bh 

P Vtrans E ,.I 12 

E r I = E t 4ans 

E = E t I tians _ Jj- x E X ---- bh 3 

7 2>(4n + ij 2 

4E,E C /E, 4E,E C 

(^/V4 +1) 2 (v^+T^) 2 
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PROBLEM 4.61 

Knowing that M = 250 N • m, determine the maximum stress in the beam 
shown when the radius r of the fillets is (a) 4 mm, ( b ) 8 mm. 


SOLUTION 


/ = — bh 3 = —(8)(40) 3 = 42.667 x 10 3 mm 4 = 42.667 x 10“ 9 m 4 
12 12 

c = 20 mm = 0.020 m 

D 80 mm 


(a) — = 


d 40 mm 
r 4 mm 


= 2.00 

= 0.10 


d 40 mm 

Me (1.87)(250)(0.020) 


From Fig. 4.27, 


K = 1.87 


^max - K 


I 


42.667 x 10“ 


= 219x10° Pa 


(b) - = 


mm 


d 40 mm 


= 0.20 


From Fig. 4.27, 


K = 1.50 


* = (130X250X0020) 6 

1 42.667 x 1(T 9 


^max = 219 MPa ◄ 


cr ma x = 176.0 MPa A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


510 
















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


/ = — bh 3 = — (8)(40) 3 = 42.667 x 10 3 mm 4 = 42.667 x 10“ 9 m 4 
12 12 

c = 20 mm = 0.020 m 
D 80mm =2.00 


d 40 mm 


. . r 8 mm 

(a) — = -= 0.2 

d 40 mm 


From Fig. 4.27, 


K = 1.50 


O'max - K 


Me 


M = cr max / _ (90 x 10 6 )(42.667 x 10 -9 ) 


Kc 


(1.50)(0.020) 


(4) r = m?5i = 0.3 
d 40 mm 


From Fig. 4.27, 


K = 1.35 


M = 


(90 x 10 6 )(42.667 x 10~ 9 ) 
(1.35)(0.020) 


M = 128.0 N • m ◄ 


M = 142.0 N • m ◄ 
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PROBLEM 4.63 

Semicircular grooves of radius r must be milled as shown in the sides of 
a steel member. Using an allowable stress of 8 ksi, determine the largest 
bending moment that can be applied to the member when (a) r = -| in., 
(b) r =— in. 
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PROBLEM 4.64 

Semicircular grooves of radius r must be milled as shown in the sides 
of a steel member. Knowing that M = 4 kip • in., determine the 
maximum stress in the member when the radius r of the semicircular 
grooves is (a) r = in., ( b) r = in. 


SOLUTION 

(a) 


From Fig. 4.28, 


d = D - 2r = 4.5 - (2) - = 3.75 in. 


D 4.5 =L20 r = a375 = 0 _ 10 


d 3.75 
K = 2.07 


d 3.75 


I = —bh 3 = —(—1(3.75) 3 = 3.296 in 4 

12 12UJ 

g = ^= (2.07X4X1.875) = 4 71ks . 
I 3.296 


c = — = 1.875 in. 
2 


cr = 4.71 ksi 4 


(. b) d = D - 2r = 4.5 - (2)| ^ j = 3.00 in. — = 


^ 1.50 L = m 

d 3.00 d 3.0 


= 0.25 


From Fig. 4.28, 


K = 1.61 


1 ( 3 


/ = —bh = — - (3.00) = 1.6875 in'* 

12 I2U, 


c = —d = 1.5 in. 
2 


g = = (1.61X4X1.5) =5-72ks . 

/ 1.6875 


a = 5.72 ksi 4 
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PROBLEM 4.65 

A couple of moment M = 2 kN • m is to be 
applied to the end of a steel bar. Determine the 
maximum stress in the bar (a) if the bar is 
designed with grooves having semicircular 
portions of radius r = 10 mm, as shown in Fig. a, 
( b ) if the bar is redesigned by removing the 
material to the left and right of the dashed lines 
as shown in Fig. b. 


(a) 


(b) 


= 1.50 
= 0.10 


SOLUTION 

For both configurations, 

D = 150 mm 
d = 100 mm 
r = 10 mm 
D 150 
d ~ 100 
r 10 

~d ~ Too 

For configuration (a), 

Fig. 4.28 gives K a = 2.21. 

For configuration ( b ), Fig. 4.27 gives = 1.79. 

I = —bh 3 = —(18)(100) 3 = 1.5 x 10 6 mm 4 = 1.5 x 10 -6 m 4 

12 12 

c = —d = 50 mm = 0.05 m 
2 

KMc (2.21)(2 x 10 3 )(0.05) . Ann , a6 n , Annikim 
cr = -= ---- 4-- - = 147.0 x 10 b Pa = 147.0 MPa 


1.5 x 10“ 


a= KM: = (1-79X2x10^(0.05) = U9 _ 0x 1q6 p& = n{M)MPa 


1.5x10 


-6 


cr = 147.0 MPa ◄ 


cr = 119.0 MPa ◄ 
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(a) ( b ) 


PROBLEM 4.66 

The allowable stress used in the design of a 
steel bar is 80 MPa. Determine the largest 
couple M that can be applied to the bar (a) if 
the bar is designed with grooves having 
semicircular portions of radius r = 15 mm, as 
shown in Fig. a, ( b ) if the bar is redesigned by 
removing the material to the left and right of 
the dashed lines as shown in Fig. b. 


SOLUTION 

For both configurations. 


D = 150 mm d = 100 mm 
r = 15 mm 


D 

~d 

r 

~d 


150 

100 

15 

100 


= 1.50 


= 0.15 


For configuration (a), Fig. 4.28 gives K a = 1.92. 


For configuration ( b ), Fig. 4.27 gives K h = 1.57. 


(a) 


KMc 

a = - 

/ 


/ = —M 3 = —(18)(100) 3 = 1.5 x 10 6 mm 4 = 1.5 x 10“ 6 m 4 
12 12 

c = —d = 50 mm = 0.050 m 
2 


cr/ _ (80 x 10 6 )(1,5 x 10~ 6 ) 
Kc~ (1.92) x (0.05) 


1.250 x 10 3 N • m 


= 1.250 kN • m 


(a) M = — = 
Kc 


(80 x 10 6 )(1.5 x 1Q~ 6 ) 
(1.57)(0.050) 


= 1.530 x 10 3 N • m = 1.530 kN • m 


◄ 

◄ 
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PROBLEM 4.67 


The prismatic bar shown is made of a steel that is assumed to be 
elastoplastic with cr y =300 MPa and is subjected to a couple M 
parallel to the x axis. Determine the moment M of the couple for which 
(a) yield first occurs, (b) the elastic core of the bar is 4 mm thick. 


SOLUTION 

(a) 


I = —bh 3 = — (12)(8) 3 =512 mm 4 
12 12 

= 512 x l(T 12 m 4 


c = — /i = 4 mm = 0.004 m 
2 


a Y I _ (300x 10°)(512xl0 I2 ) 


M y = 


0.004 


= 38.4 N -m 


(b) y Y = — (4) = 2 mm 


i = f = 0.5 


M = —My 


1 — 




V L 2 


- 2 PM) 


1 - —(0.5) 2 
3 


= 52.8 N-m 


M y = 38.4 N • m ◄ 


M = 52.8 N-m ◄ 
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M 



x 



PROBLEM 4.68 

Solve Prob. 4.67, assuming that the couple M is parallel to the z axis. 

PROBLEM 4.67 The prismatic bar shown is made of a steel that is 
assumed to be elastoplastic with a Y =300 MPa and is subjected to a 
couple M parallel to the x axis. Determine the moment M of the couple 
for which (a) yield first occurs, (b) the elastic core of the bar is 4 mm 
thick. 


SOLUTION 


/ = —h/j 3 = —(8)(12) 3 =1.152xl0 3 mm 4 
(a) 12 12 

= 1.152xl0~ 9 m 4 


c = —h = 6 mm = 0.006 m 
2 


My = 


(Jyl _ (300 x 10 6 )(1.152 x 10 9 ) 


0.006 


= 57.6 N-m 


(b) y Y = — (4) = 2 mm 


c 


2 _ 1 _ 
6 “ 3 


M = —My 


1 -- 

3 


Tr 


=l< 57 - 6 > 


i-i 

3 


= 83.2 N-m 


M Y = 57.6 N-m ◄ 


M = 83.2 N-m ◄ 
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PROBLEM 4.69 

A solid square rod of side 0.6 in. is made of a steel that is assumed to be elastoplastic with E = 29 x 10 6 psi 
and a Y = 48 ksi. Knowing that a couple M is applied and maintained about an axis parallel to a side of the 
cross section, determine the moment M of the couple for which the radius of curvature is 6 ft. 


SOLUTION 


/ = J_(0.6)(0.6) 3 = 10.8 x 10“ 3 in 4 
la Y _ (10.8 x 10 _3 )(48 x 10 3 ) 


c = —h = 0.3 in. 
2 


My = 


0.3 


= 1728 lb • in. p = 6 ft = 72 in. 


= — = — = 4.16667 x 10“ 3 
p 72 


8y = 


= 48 x 10 = L6551y x 10 -3 
E 29 x10 6 


Zl 

c 


1.65517 x 10 


-3 


°M 


4.16667 x10 


-3 


= 0.39724 


M = ~My 


1 f Yy V 

3 

r i oi 

NItJJ 

= -(1728) 

1 - —(0.39724) 2 


M = 2460 lb • in. ◄ 
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PROBLEM 4.70 

For the solid square rod of Prob. 4.69, determine the moment M for which the radius of curvature is 3 ft. 

PROBLEM 4.69. A solid square rod of side 0.6 in. is made of a steel that is assumed to be elastoplastic with 
E = 29 x 10” psi and a Y = 48 ksi. Knowing that a couple M is applied and maintained about an axis parallel 
to a side of the cross section, determine the moment M of the couple for which the radius of curvature is 6 ft. 


SOLUTION 


/ = _L(0.6)(0.6) 3 = 10.8 x 10“ 3 in 4 


c = —h = 0.3 in. 
2 


,, ICTy 

My = -- = 


(10.8 x 10~ 3 )(48 x IQ 3 ) 
0.3 


= 1728 lb • in. p = 3 ft = 36 in. 


£ = - = — = 8.3333 x 10“ 3 

p 36 


o> = 48 x 10 = L6551? x 1q -3 

E 29 x10 6 


Zl 

c 


M = -M v 


1.65517 x 10 


-3 


8.3333 x 10 

,_!(A 2 

3 v c 


-3 


= 0.19862 


= |(1728) 


1 -^-(0.19862) 2 


M = 2560 lb • in. ◄ 
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PROBLEM 4.71 

The prismatic rod shown is made of a steel that is assumed to be elastoplastic with 
E = 200 GPa and a Y = 280 MPa . Knowing that couples M and M' of moment 
525 N • m are applied and maintained about axes parallel to the y axis, determine 
(a) the thickness of the elastic core, ( b ) the radius of curvature of the bar. 


SOLUTION 


(a) 

0 b ) 


/ = —bh 3 = — (24)(18) 3 = 11.664 x 10 3 mm 4 = 11.664 x 10“ 3 m 4 
12 12 

c = —h = 9 mm = 0.009 m 
2 

= (280 xl0 6 )(l 1,664 x 10") = 362 g8N m 
c 0.009 


M 

= -My 

M4 

or 

yr_ = 

L M 

3-2 - 


2 Y 

l 3 c 2 

) 

C 

V m y 

JT 


(2)(525) 

0.32632 

Ty = 

0.32632c = 2.9368 

c 

V 

362.88 




_ y r _ 


Ey Y 

(200 

x 10 9 )(2.9368 x 10“ 3 

£ y 

p 

E 

P 

a Y 


280 xlO 6 


W = 2 .v y = 5.87 mm ◄ 


= 2.09 m 
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PROBLEM 4.72 

Solve Prob. 4.71, assuming that the couples M and M' are applied and 
maintained about axes parallel to the x axis. 

PROBLEM 4.71 The prismatic rod shown is made of a steel that is assumed to 
be elastoplastic with E = 200 GPa and <j y = 280 MPa . Knowing that couples 
M and M' of moment 525 N ■ m are applied and maintained about axes parallel 
to the y axis, determine (a) the thickness of the elastic core, (b) the radius of 
curvature of the bar. 


SOLUTION 


/ = —bh 3 = —(18)(24) 3 = 20.736 x 10 3 mm 4 = 20.736 x 10“ 9 m 4 
12 12 

c = —h = 12 mm = 0.012 m 
2 


M y = 


a Y I _ (280 x 10 6 )(20.736 x 10“ 9 ) 


M = -M v 




0.012 


fl-l 

IlL 

or 


l 3 

c z 


c V 


M 

Y 


M 


— = J3 


(2)(525) 


483.84 


= 0.91097 y Y = 0.91097 c = 10.932 mm 


(a) 

(b) Ey = 'JL = ^- .-. p = 


y Y _ cr Y . _ Ev r _ (200 x 10 9 )(10.932 x 10“ 3 ) 


W = 2>v =21.9 mm ◄ 


P 


280 x 10 6 


= 7.81m 
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y 

PROBLEM 4.73 




90 

A beam of the cross section shown is made of a steel that is assumed to be 
elastoplastic with E = 200 GPa and cr Y = 240 MPa. For bending about the z axis, 
nm determine the bending moment at which (a) yield first occurs, (b) the plastic 
zones at the top and bottom of the bar are 30 mm thick. 



*C 


■*— 60 mm —► 



SOLUTION 


(a) I = —bh 3 = — (60)(90) 3 = 3.645 xlO 6 mm 4 = 3.645 xl0~ 6 m 4 
12 12 

c = —h = 45 nun = 0.045 m 
2 

<J Y I (240 x 10 6 )(3.645 x 10~ 6 ) in/1/1 inxT 

M y =^— = 4--4 = 19.44 x ion -m 


0.045 




axis 

■fan* uteMMfafc 

, .' 3 & Mh<) 

* 1-A. 

IS MM 

- 







t 




^ —6 


R x = a y A 1 =(240x10 6 )(0.060)(0.030) 

= 432 x 10 3 N 

y x =15 mm+ 15 mm = 0.030 m 
r 2 =^a Y A 2 = Q-j (240x10 6 )(0.060)(0.015) 
= 108 x 10 3 N 


y 2 = —(15 mm) = 10 mm = 0.010 m 
( b ) M = 2 {R x y x + R 2 y 2 ) = 2[(432 x 10 3 )(0.030) + (108 x 10 3 )(0.010)] 


= 28.08x 10 N • m 


M y =19.44 kN-m ◄ 


*?. 



M = 28.1 kN-m ◄ 
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PROBLEM 4.74 

A beam of the cross section shown is made of a steel that is assumed to be 
elastoplastic with E = 200 GPa and a Y = 240 MPa. For bending about the 
z axis, determine the bending moment at which (a) yield first occurs, 
(b) the plastic zones at the top and bottom of the bar are 30 mm thick. 
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PROBLEM 4.75 

A beam of the cross section shown is made of a steel that is assumed to 
be elastoplastic with E = 29 x 10 6 psi and cr f =42ksi. For bending 
about the z axis, determine the bending moment at which (a) yield first 
occurs, ( b ) the plastic zones at the top and bottom of the bar are 3 in. 
thick. 


SOLUTION 

(«) /, = ^brf + V, 2 = ~(3)(3) 3 + (3)(3)(3) 2 = 87.75 in 4 

Ii = ~b 2 h\ =~(6)(3) 3 =13.5 in 4 

I 3 =I X = 87.75 in 4 
I = I X +I 2 +/ 3 =188.5 in 4 


c = 4.5 in. 


My = 


Oyl 

C 


(42)(188.5) 

4.5 



M Y =1759 kip-in. 

R x = a Y A x = (42)(3)(3) = 378 kip 
y x =1.5 + 1.5 = 3.0 in. 

«2=^ y 4=i(42)(6)(1.5) 

= 189 kip 

y 2 =|(1.5) = 1.0 in. 


( b) M = 2 (R x y x + R 2 y 2 ) = 2[(378)(3.0) + (189)(1.0)] = 2646 kip - in. 


M = 2650 kip • in. 


◄ 


◄ 
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y 


PROBLEM 4.76 


A beam of the cross section shown is made of a steel that is assumed to 
be elastoplastic with is =29xl0 6 psi and cr y =42ksi. For bending 
about the z axis, determine the bending moment at which (a) yield first 
occurs, ( b) the plastic zones at the top and bottom of the bar are 3 in. 
thick. 


1.5 in. 


3 in. 



■*—1.5 in. 
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y 

PROBLEM 4.77 




90 

For the beam indicated (of Prob. 4.73), determine (a) the fully plastic moment 
M p , ( b) the shape factor of the cross section. 

mm 



■*— 60 mm —► 



SOLUTION 

From Problem 4.73, E = 200 GPa and a Y = 240 MPa 

4 = (60)(45) = 2700 mm 2 
= 2700xl(T 6 m 2 
R = a y A 1 

= (240 x 10 6 )(2700 x 1CT 6 ) 

= 648 x 10 3 N 
d =45 mm = 0.045 m 





(a) M = Rd = (648 x 10 3 )(0.045) = 29.16 x 10 3 N • m 


(. b ) / = —Wj 3 = —(60)(90) 3 =3.645 xlO 6 mm 4 =3.645 xl0~ 6 m 4 

12 12 

c = 45 mm = 0.045 m 

a I / = (240x 1 0 6 )(3.645x 1 0- 6 ) =i944xio3Nm 
c 0.045 


M p 29.16 
~ M y ~ 19.44 


M p =29.2 kN-m ◄ 


k = 1.500 ◄ 
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PROBLEM 4.78 

For the beam indicated (of Prob. 4.74), determine (a) the fully plastic moment 
M , (b) the shape factor of the cross section. 


SOLUTION 


From Problem 4.74, 


E = 200 GPa and o> = 240 MPa 


(a) i?, = cr r A 1 

= (240 x 10 6 )(0.060)(0.030) 

= 432 x 10 3 N 

y j = 15 mm + 15 mm = 30 mm 
= 0.030 m 

^2 = GyA 2 

= (240 x 10 6 )(0.030)(0.015) 

= 108 x10 3 N 

y 2 = —(15) = 7.5 mm = 0.0075 m 



M p = 2(7?!.+! + R 2 y 2 ) = 2[( 432x 10 3 )(0.030) + (108x 10 3 )(0.0075)] 
= 27.54 xl0 3 N-m 


M p =27.5 kN-m ◄ 


0 b ) 


7 rect =—bh i = —(60)(90) j =3.645xio 6 mm 4 


12 

1 


12 

1 


Cutout =—bh =—(30)(30) =67.5xlO J mm 4 


12 


12 


1 = 7 rect - Cutout = 3 ' 645 X 10 ~ 67 ' 5 X 10 = 3 ' 5775 X 10 

= 3.5775 X 10 -9 m 4 


c = —h = 45 mm = 0.045 m 
2 

^ cjyl (240x 10 6 )(3.5775xlO^ 9 ) inn0 in3 
M Y =—— = --—-- = 19.08x10 N-m 


k = 


c 

Mp 

M v 


0.045 


27.54 

19.08 


7c = 1.443 ◄ 
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PROBLEM 4.79 

For the beam indicated (of Prob. 4.75), determine (a) the fully plastic 
moment M , (b) the shape factor of the cross section. 


SOLUTION 

From Problem 4.75, 
(a) 


E = 29 x 10 6 psi and a Y = 42 ksi. 


( b ) 


R x = <7 y A x = (42)(3)(3) = 378 kip 

y x = 1.5 +1.5 = 3.0 in. 

r 2 = <j y A 2 = (42)(6)(1.5) = 378 kip 

v 2 = 2-(1.5) = 0.75 in. 

M =2(R iyi +R 2 y 2 ) = 2[(378)(3.0) + (378)(0.75)] 


h = + A d \ = ~(3)(3) 3 + (3)(3)(3) 2 = 87.75 in 4 

h = ~^b 2 h\ = y^-(6)(3) 3 =13.5 in 4 

/ 3 = /, = 87.75 in 4 
7 = /j +I 2 +/ 3 =188.5 in 4 
c = 4.5 in. 


My = 


cr Y I _ (42)(188.5) 


k = - 


c 

K 

My 


4.5 

2835 

1759.3 


= 1759.3 kip-in 



i 


oou's ^ 











% 


-V 


-> 




M = 2840 kip • in. ◄ 


k = 1.611 ◄ 
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PROBLEM 4.80 

For the beam indicated (of Prob. 4.76), determine (a) the fully plastic 
moment M p , (b ) the shape factor of the cross section. 


SOLUTION 


From Problem 4.76, E = 29 x 10 6 and a Y = 42 ksi 


(a) R x = ct y A x = (42)(6)(3) = 756 kip 
y l =1.5 +1.5 = 3.0 in. 

R 2 = a Y A 2 = (42)(3)(1.5) = 189 kip 

y 2 = —(1.5) = 0.75 in. 

M p = 2{R l y l + R 2 y 2 ) = 2[(756)(3.0) + (189)(0.75)] 

(b) /, = + A x dl = ^(6)(3) 3 + (6)(3)(3) 2 =175.5 in 4 

h = j^b 2 h 2 = ^-(3)(3) 3 = 6.75 in 4 

/ 3 =/j = 175.5 in 4 
/ = /, +I 2 +/ 3 =357.75 in 4 
c = 4.5 in. 




M p = 4820 kip • in. ◄ 


w <r r I (42)(357.75) , . . 

M y =^- = -—-- - = 3339 kip in. 

c 4.5 

^ M p 4819.5 

~ M y ~ 3339 


k = 1.443 ◄ 
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r = 18 mm 


PROBLEM 4.81 

Determine the plastic moment M p of a steel beam of the cross section shown, 
assuming the steel to be elastoplastic with a yield strength of 240 MPa. 


SOLUTION 



For a semicircle, A = — r 2 : r = — 

2 3 k 


Resultant force on semicircular section: R = <j y A 

Resultant moment on entire cross section: 

4 , 

M n = 2 Rr = —<j Y r 

p 3 7 

Data: a Y = 240 MPa = 240 x 10 6 Pa, r = 18 mm = 0.018 m 

M p = y(240 x 10 6 )(0.018) 3 = 1866 N • m 

M p = 1.866 kN-m4 
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10 mm ■ 


50 mm 


30 mm 

i 


10 mm 


t 

10 mm 


30 mm 


PROBLEM 4.82 

Determine the plastic moment M p of a steel beam of the cross section shown, 
assuming the steel to be elastoplastic with a yield strength of 240 MPa. 


SOLUTION 


Total area: 


A = (50)(90) - (30)(30) = 3600 mm 2 


-,4 = 1800 mm 2 
2 

\A 1800 __ 

x = -— =-= 36 mm 

b 50 


MA 



if 


. 



i'hr 

i 

n\\A^ 


U -J 



r- 




L. 












9 , 


f?3_ 


P, 


A, =(50)(36) = 1800 mm 2 , 
A 2 =(50)(14) = 700 mm 2 , 
A 3 = (20X30) = 600 mm 2 , 
A 4 =(50)(10) = 500 mm 2 , 


Vj = 18 mm, 
y 2 = 7 mm, 
y 3 = 29 mm, 
y 4 = 49 mm, 


A 1 y 1 = 32.4 x 10 3 mm 3 
A 2 y 2 = 4.9 x 10 3 mm 3 
A 3 y 3 =17.4x10 3 mm 3 
A 4 y 4 = 24.5 x 10 3 mm J 


A t y t + A 2 y 2 + A 3 y 3 + A 4 y 4 = 79.2x 10 3 mm 3 = 79.2x 10 6 m 3 
M p = a Y IA i y i = (240x 10 6 )(79.2x 10 6 ) = 19.008 x 10 3 N • m 


M p =19.01 kN-m ◄ 
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0.4 in. 





1.0 in. 








0.4 in. 0.4 in. 


PROBLEM 4.84 

Determine the plastic moment M p of a steel beam of the cross section shown, 
assuming the steel to be elastoplastic with a yield strength of 42 ksi. 


SOLUTION 


A = (1.0 in.)(0.4 in.) + 2(1.4 in.)(0.4 in.) = 1.52 in 2 
1(1-52) 


x = - 


= 0.95 in. 


2(0.4) 
f?! =(1.0)(0.4) = 0.4in 2 
y x =1.2-0.95 = 0.25 in. 

R 2 = 2(0.4)(1.4 - 0.95) = 0.36 in 2 

y 2 = f (1.4 - 0.95) = 0.225 in. 

R 3 = 2(0.4)(0.95) = 0.760 in 2 
y 3 =1(0.95) = 0.475 in. 

M P = (^iki +R 2 y 2 +^ 3 73)( <j .v) 

= [(0.4X0.25) + (0.36)(0.225) + (0.760)(0.475)](42) 



M p =22.8 kip-in. -4 
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PROBLEM 4.85 

Determine the plastic moment M p of the cross section shown when the beam is 
bent about a horizontal axis. Assume the material to be elastoplastic with a 
yield strength of 175 MPa. 
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— 4 in. 




3 in. 


i, 

2 


2 in. 


PROBLEM 4.86 

Determine the plastic moment M p of a steel beam of the cross section shown, assuming 
the steel to be elastoplastic with a yield strength of 36 ksi. 


SOLUTION 

Total area: ^ = (4)^j+ ^j(3) + (2)^j = 4.5 in 2 

-A = 2.25 in 2 
2 



4 =2.00 in 2 , Vi=0.75, A x y x = 1.50 in 3 
A 2 = 0.25 in 2 , y 2 = 0.25, A 2 y 2 = 0.0625 in 3 
A 3 = 1.25 in 2 , y 3 = 1.25, A 3 v 3 = 1.5625 in 3 
A 4 =1.00 in 2 , y 4 = 2.75, A 4 y 4 = 2.75 in 3 

M P = (4Ti + 4.v 2 + A 3 y 3 + A 4 v 4 ) 

= (36)(1.50 + 0.0625+ 1.5625+ 2.75) M p = 212 kip-in. ◄ 
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y 

PROBLEM 4.87 




90 

For the beam indicated (of Prob. 4.73), a couple of moment equal to the full 
plastic moment M p is applied and then removed. Using a yield strength of 
240 MPa, determine the residual stress at y = 45 mm. 




— 60 mm —► 



SOLUTION 


M p = 29.16 x 10 3 N • m 

See solutions to Problems 4.73 and 4.77. 

/ = 3.645 x 10“ 6 m 4 
c = 0.045 m 
, M v M„c 

(j' _ max-/ _ P 

ii 


at v = c = 45 mm 



a = 


(29.16 x 10 3 )(0.045) 


3.645 x 10 


-6 


= 360 x 10 Pa 


cr res = a' - a Y = 360 x 10 6 - 240 x 10 b 


= 120 x10°Pa 


o- rcs = 120.0 MPa ◄ 
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PROBLEM 4.88 

For the beam indicated (of Prob. 4.74), a couple of moment equal to the 
full plastic moment M p is applied and then removed. Using a yield 
strength of 240 MPa, determine the residual stress at y = 45 mm. 


SOLUTION 


M p = 27.54 x 10 3 N • m (See solutions to Problems 4.74 and 4.78.) 


/ = 3.5775 x 10“ 6 m 4 , c = 0.045 m 


a' 

a' 


M v Me 

max. 1 _ P 

/ / 

(27.54 x 1Q 3 )(0.045) 
3.5775 x 10“ 6 


y = c 


= 346.4 xlO 6 Pa 



cr res = a - a Y = 346.4 x 10 6 - 240 x 10 6 = 106.4 x 10 6 Pa 


cr res = 106.4 MPa ◄ 
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PROBLEM 4.89 

A bending couple is applied to the bar indicated, causing plastic zones 
3 in. thick to develop at the top and bottom of the bar. After the couple 
has been removed, determine (a) the residual stress at y = 4.5 in., 
( b ) the points where the residual stress is zero, (c) the radius of 
curvature corresponding to the permanent deformation of the bar. 

Beam of Prob. 4.75. 


SOLUTION 


See solution to Problem 4.75 for bending couple and stress distribution during loading. 

M = 2646 kip • in. y Y = 1.5 in. E = 29 x 10 6 psi = 29 x 10 3 ksi 
a Y = 42 ksi I = 188.5 in 4 c = 4.5 in. 


a' - 

Me 

(2646)(4.5) 

= 63.167 ksi 



I 

188.5 



a" ■ 

II 

•1 

(2646)(1.5) 

= 21.056 ksi 



/ 

188.5 



At 

y = c, 

^res = ~ 

= 63.167 - 42 = 

21.167 ksi 

At 

II 

> ^res — < - r 

-cr Y = 21.056 - 42 

= -20.944 ksi 


cr res = -20.9 ksi A 



(b) o- res = 0 .'. ^ = (J Y 

_ la^ _ (188.5)(42) _ 
y ° ~ M ~ 2646 


Answer: y 0 = -2.99 in., 0, 2.99 in. A 


(c) At y = y Y , cr res = -20.944 ksi 


a = - 


Ey 


P 



(29 x 10 3 )(1.5) 
20.944 


2077 in. 


p = 173.1ft ◄ 
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PROBLEM 4.90 

A bending couple is applied to the bar indicated, causing plastic zones 
3 in. thick to develop at the top and bottom of the bar. After the couple 
has been removed, determine (a) the residual stress at y = 4.5 in., 
( b ) the points where the residual stress is zero, (c) the radius of 
curvature corresponding to the permanent deformation of the bar. 

Beam of Prob. 4.76. 


SOLUTION 

See solution to Problem 4.76 for bending couple and stress distribution. 

M - 4725 kip • in. y Y =1.5 in. E = 29 x 10 6 psi = 29 x 10 3 ksi 


g y = 42 ksi 
, Me 

(a) a =-= 

1 

a „ = MVy _ 


(b) 


(c) 


I = 357.75 in 

(4725)(4.5) 
357.75 
(4725)(1.5) 


/ 357.75 

At y = c, a ies = a' ■ 


c = 4.5 in. 
= 59.434 ksi 

= 19.8113 ksi 


& = 59.4 ksi ◄ 


a Y = 59.434 - 42 = 17.4340 ksi 


At y = y r , G res = g" - g y = 19.8113 - 42 = -22.189 ksi 



LOADING 






17.W3 


- sa.n Xsi 


CT res = 0 


My, 

I 


Gy = 0 


y 0 = 


I Gy (357.75)(42) 


= 3.18 in. 


M 4725 

At y = y Y , cr res = -22.189 ksi 

a = , p = = ( 29 x 10 3 )(l-5) _ 1960 43 in 

p a 22.189 


kit 
- \7.43 Ks* 

RESIDUAL STRESSES 


Answer: v 0 = -3.18 in., 0, 3.18 in. 4 


p = 163.4 ft. ◄ 
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y 

PROBLEM 4.91 




90 

A bending couple is applied to the beam of Prob. 4.73, causing plastic zones 

30 mm thick to develop at the top and bottom of the beam. After the couple has 
nm been removed, determine (a) the residual stress at y = 45 mm, (b) the points 

where the residual stress is zero, (c) the radius of curvature corresponding to 
the permanent deformation of the beam. 



*C 

■*— 60 mm —► 



SOLUTION 

See solution to Problem 4.73 for bending couple and stress distribution during loading. 

M = 28.08 x 10 3 N • m y Y = 15 mm = 0.015 m E = 200 GPa 
a Y = 240 MPa / = 3.645 x 10“ 6 m 4 c = 0.045 m 
, . , Me (28.08 x 10 3 )(0.045) 

(a) a = -= ---5 = 346.67 x 10 Pa = 346.67 MPa 

/ 


-6 


3.645 x 10 

cr" = K4 ^- = ( 28 - 08 x 10 X°- 015 ) = 115.556 x 10 6 Pa = 115.556 MPa 
/ 3.645 x 10“ 6 

At y = c, cr res = a' - a Y = 346.67 - 240 = 106.670 MPa 
At y = y Y , o- res = cr" - = 1 15.556 - 240 = -124.444 MPa 





RESIDUAL STRESSES 


C b ) cr res =0 .-. %- CTy = 0 


Vo = 


IcTy (3.645 xl0 _6 )(240 xl0 6 ) ,,,, in _ 3 , 112r 

A — = 31.15x10 3 m = 31.15mm 


M 


28.08 x 10 


(c) At v = y Y , a res = -124.444 x 10 6 Pa 


cr = 


.El 

p 


p = 


Ey _ (200 x 10 9 )(0.015) 
a ~ -124.444 x 10 6 


Answer: y Q =-31.2 mm, 0,31.2 mm A 


p = 24.1 m A 
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y 







I in. 




! 

2 in. 

J 

z 


C 

1 in.—*- 




I in. 


lin. 


1 in. 


PROBLEM 4.92 

A beam of the cross section shown is made of a steel that is assumed to be 
elastoplastic with E = 29 x 10 6 psi and cr y =42ksi. A bending couple is 
applied to the beam about the z axis, causing plastic zones 2 in. thick to 
develop at the top and bottom of the beam. After the couple has been removed, 
determine (a) the residual stress at y = 2 in., (b) the points where the residual 
stress is zero, (c) the radius of curvature corresponding to the permanent 
deformation of the beam. 
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PROBLEM 4.92 (Continued) 


At y = c, g =<j'-< jy = 55.364 - 42 = 13.3640 ksi 


At y = y Y , <r res = a' - a Y = 27.682 - 42 = -14.3180 ksi 


cr res = 13.36ksi A 


^"res ~ !4.32ksi ◄ 



0 b) CJ KS = 0 .-. 


LOADING 

My 0 




I 


CJy = 0 


Vo =■ 


/a Y (14.667)(42) 


M 


406 


= 1.517 in 


Answer \y Q = — 1 .517in., 0,1.517in. A 


(c) At y = y Y , g ws =-14.3180ksi 

a = -^ , p — ~ — = ( 2 9 X 10 3 )(1 ~0) = 2025.42 in. 
p a 14.3180 


p= 168.8 ft ◄ 
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PROBLEM 4.93* 

A rectangular bar that is straight and unstressed is bent into an arc of circle of radius by two couples of 
moment M. After the couples are removed, it is observed that the radius of curvature of the bar is p R . 
Denoting by p Y the radius of curvature of the bar at the onset of yield, show that the radii of curvature satisfy 
the following relation: 

J_ = lll-3P. 

Pr P 2 p Y 


l-i 

|V 

2 


3 

l Py J 
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PROBLEM 4.94 

A solid bar of rectangular cross section is made of a material that is assumed to be elastoplastic. Denoting by 
M Y and p Y , respectively, the bending moment and radius of curvature at the onset of yield, determine (a) the 
radius of curvature when a couple of moment M = 1.25 M Y is applied to the bar, (b) the radius of curvature 
after the couple is removed. Check the results obtained by using the relation derived in Prob. 4.93. 


SOLUTION 


1 My 

(a) — = — f-, 

Py ei 


M = -M v 


r , 

3 Py 


Let m = 


M 

My 


= 1.25 


m = 


M 

My 


3 Py 


P- = V3 - 2m = 0.70711 
Py 


(b) - = - 


1 1 M 

Pr P EI 

0.16421 


mMy 

EI 


P 


m 


1 


1.25 


Py 0.7071 \p Y Py 


Py 


p = 0.707 Py 4 


Pr = 6ti9py ◄ 
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16 mm 


PROBLEM 4.95 

The prismatic bar AB is made of a steel that is assumed to be elastoplastic and 
for which E = 200 GPa. Knowing that the radius of curvature of the bar is 
2.4 m when a couple of moment M = 350 N • m is applied as shown, 
determine ( a ) the yield strength of the steel, ( b) the thickness of the elastic 
core of the bar. 


SOLUTION 


(a) bc Z G Y 


1 - 


2 _2 h 

p qy 

3E 2 c 2 


= M 


M = -M v 


3 g y I 


1 - 


}_£_ 

3 Py 


2 h 


2 c 


1 _ 1 P °V 

1 1 7-2 2 
3 E c 


3 a Y b(2 C y 
2 12c 


1 „ 2 ^r 2 3 
1 _ 1 P a Y 

3 E 2 c 2 


= GybP 


1 

1 _ I P 


3 E z c 


2 2 


y 


Cubic equation for a Y 


Data: 


0 b ) 


Solving by trial, 


E = 200 x 10 y Pa 
M = 420 N • m 
p = 2.4 m 

b = 20 mm = 0.020 m 

c = —h = 8 mm = 0.008 m 
2 

(1.28 x 10“ 6 ) g y [l - 750 x 10“ 21 of] = 350 

g y [l - 750 x 10“ 2I cr“] = 273.44 x 10 6 


cr y = 292 x 10 b Pa 


g yP (292 x 10 6 )(2.4) , n _ 3 .. n . 

y v = —— = 2 -^—- = 3.504 x 10 m = 3.504 mm 

E 200 xlO 9 


g y = 292 MPa ◄ 


thickness of elastic core = 2 y Y = 7.01 mm A 
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PROBLEM 4.96 

The prismatic bar AB is made of an aluminum 
alloy for which the tensile stress-strain diagram 
is as shown. Assuming that the a-e diagram is 
the same in compression as in tension, 
determine (a) the radius of curvature of the bar 
when the maximum stress is 250 MPa, ( b ) the 
corresponding value of the bending moment. 
(Hint: For part b, plot a versus y and use an 
approximate method of integration.) 


SOLUTION 


(a) a m = 250 MPa = 250 x 10 6 Pa 
s m = 0.0064 from curve 


1 


c = —h = 30 mm = 0.030 m 
2 

b = 40 mm = 0.040 m 
0-0064 
p c 0.030 


= 0.21333 m 


-l 


p = 4.69 m 4 


(b) Strain distribution: s = —e — = ~£ m u where u = — 

c £ 

Bending couple: M = ~^ c yabdy = 26[‘y \cr\ dv = 2bc 2 j l 0 u\a\ du = 2bc 2 J 

where the integral/is given by Jm|<t| du 

Evaluate J using a method of numerial integration. If Simpson’s rule is used, the integration formula is 

/ = —l.wu\a\ 

3 

where w is a weighting factor. 

Using Am = 0.25, we get the values given in the table below: 


u 

kl 

cr, (MPa) 

u \<j\, (MPa) 

w 

wu ex , (MPa) 

0 

0 

0 

0 

1 

0 

0.25 

0.0016 

110 

27.5 

4 

110 

0.5 

0.0032 

180 

90 

2 

180 

0.75 

0.0048 

225 

168.75 

4 

675 

1.00 

0.0064 

250 

250 

1 

250 


1215 


J = (°- 25 X 1215 ) = 101.25 MPa = 101.25 x 10 6 Pa 
3 


<— Zwu 


M 


M = (2)(0.040)(0.030) 2 (101.25 x 10 6 ) = 7.29 x 10 3 N • m M = 7.29 kN • m ◄ 
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PROBLEM 4.97 

The prismatic bar AB is made of a bronze alloy for which the tensile 
stress-strain diagram is as shown. Assuming that the as diagram is 
the same in compression as in tension, determine (a) the maximum 
stress in the bar when the radius of curvature of the bar is 100 in., 
(b) the corresponding value of the bending moment. (See hint given 
in Prob. 4.96.) 


SOLUTION 


(a) p = 100 in., b = 0.8 in., c = 0.6 in. 


e = — = — = 0.006 
p 100 


From the curve, a m = 43.0 ksi 4 


0 b ) 


y y 

Strain distribution: s = -e m — = ~£ m u where u = — 

c s 

Bending couple: M = -j c _ c yabdy = 2bj c Q y \a\dy = 2bc 2 \ X Q u \a\ du = 2bc 2 J 

where the integral / is given by \a\du 

Evaluate / using a method of numerial integration. If Simpson’s rale is used, the integration formula is 

J = ^-'Lwu\a\ 


where w is a weighting factor. 

Using Am = 0.25, we get the values given the table below: 


u 

\e\ 

\a\, ksi 

u | a |, ksi 

w 

wu cr|, ksi 

0 

0 

0 

0 

1 

0 

0.25 

0.0015 

25 

6.25 

4 

25 

0.5 

0.003 

36 

18 

2 

36 

0.75 

0.0045 

40 

30 

4 

120 

1.00 

0.006 

43 

43 

1 

43 


224 


/= (0.25X224) =lg67ks . 
3 

M = (2)(0.8)(0.6) 2 (18.67) 


<— Y.wu \a\ 


M = 10.75 kip ■ in. ◄ 
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PROBLEM 4.98 

A prismatic bar of rectangular cross section is made of an alloy for 
which the stress-strain diagram can be represented by the relation 
s = kc r" for a > 0 and e = -|&cr"| for cr < 0 . If a couple M is 
applied to the bar, show that the maximum stress is 


cr,„ — 


1 + 2n Me 
3« / 


SOLUTION 

Strain distribution: 
Bending couple: 


For 


Then 


Recall that 

Then 


y 

s = -s m — = ~£ m u where u 
c 


y_ 

c 


M = -\l c y crbd y = 2b l L 0 y WW = lbcl \l—W\ — 


= 2hc 2 J 0 u | cr| du 
s = Kc r", £ m = KcT n , 


f Y 

a 


= u = 


cr = cr u 1 


V J 


M = 2bc 2 \ l ua m u" du = 2bc 2 a m \ l Q u l+n du 

2 + 1 n. 

2 u n r 1 2/2 2 


= 2 be cr 

"‘2 + 
2/2 + 1 M 


lf‘ = 

i Jo 


2/2 + 1 


bc~a n 


cr,., — 


2 be 2 


I_ = 1 h(2c) j = 2 
c 12 c 3 
2/2 + 1 Me 

cr„, = 


he 2 


2 c 

3l 


3/2 


/ 
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PROBLEM 4.99 

Knowing that the magnitude of the horizontal force P is 8 kN, 
determine the stress at (a) point A, (b) point B. 


SOLUTION 


A = (30)(24) = 720 mm 2 = 720 x 10“ 6 m 2 
e = 45 - 12 = 33 mm = 0.033 m 


(a) cr A 


I = —btf = — (30Y24) 3 = 34.56 x 10 3 mm 4 = 34.56 x 10“ 9 m 4 
12 12 

c = —(24 mm) = 12 mm = 0.012 m P =8 x 10 3 N 
M = Pe = ( 8 x 10 3 )(0.033) = 264 N • m 

= - 8x! 0 3 (2 64 )(0.0 1 2) = _io28xiQ 6 pa 

A I 720 x 10 -6 34.56 xl0“ 9 

a A = -102.8 MPa ◄ 


(b) 




_P_ Mc_ 

”7 ~T 


- 1Q3 + ( 264 )(°- 01 ^) _ bo. 6 x 10 6 Pa 

720 x 10“ 6 34.56 x 10“ 9 


a B = 80.6 MPa ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


549 













Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


A = nr 2 = x(3 f = 28.27 in 2 

/ = -r 4 = — (3) 4 = 63.62 in 4 
4 4 

/ 63.62 . i 

S = — = -= 21.206 nr 

c 3 

P = 6 kips M = Pb 


(a) 


(b) 


(c) 


6 = 0 M = 0 

cr = —— =--— = -0.212 ksi 

4 28.27 

b = 1.5 in. M = (6)(1.5) = 9 kip • in. 

PM 6 9 

”7 ~ T “ ~ 28.27 ~ 21.206 ” 

b = 3 in. M = (6)(3) = 18 kip • in. 

P M _ 6 18 

”7 ~ ~S ~ ~ 28.27 ~ 21.206 ” 


-0.637 ksi 


-1.061 ksi 


cr = -212 psi A 


cr = -637 psi A 


a = -1061 psi A 
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PROBLEM 4.101 

Two forces P can be applied separately or at the same time to a plate that is welded 
to a solid circular bar of radius r. Determine the largest compressive stress in the 
circular bar, ( a ) when both forces are applied, (b) when only one of the forces is 
applied. 


SOLUTION 


For a solid section. 
Compressive stress 

(a) Both forces applied . 

(b) One force applied . 


. 2 7- 4 

A = nr , l = —r , c = r 

4 

F Me 
° ~ A I 

F AM 

~ 2 T 

nr nr 

F = 2P, M = 0 

F = P, M = Pr 

F 4P 

a =- 2 - 2 

nr nr 


a = 


-2 P 


nr 


◄ 


a = 


-5 P 


nr 


◄ 
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SOLUTION 


0 ) 


3ohn 


loin 


I I tOtH , 

LX. 1 




i - 


" W-ji_+!i= *1 

?»•»-/.. "p 1 —-f.-■=q‘~ Ao-w-m U 



A = (0.120 m)(0.180 m) = 21.6xl0“ 3 m 2 
5 = -(0.120 m)(0.180 m) 2 = 6.48 x 10 -4 m 2 
M = (30 kN)(0.03 m) - (100 kN)(0.06 m) = -5.10 kN • m 

_ -150 x IQ 3 N _ -5.10 x IQ 3 N • m 

aA ~ A S ~ 21.6xl0“ 3 m 2 6.48 x 10 -4 m 3 


P_ M__ -150 x 10 3 N -5.10 x 10 3 N ■ m 

A S _ 21.6 x 10 -3 m 2 6.48 x 10“ 4 m 3 


a A = 0.926 MPa ◄ 


cr B = -14.81 MPa ◄ 
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SOLUTION 


For W200 x 31.3 rolled-steel shape. 

A = 3970 mm 2 = 4.000 x 10“ 3 m 2 


(a) Centric load: 


( b ) Ececentric loading: 


c = —d = —(210) = 105 mm = 0.105 m 
2 2 

/ = 31.3 x 10 6 mm 4 = 31.3 x 10 -6 m 4 


3P = 50 + 50 + 50 = 150 lcN = 150 x 10 3 N 


3 P 


a = — 


150x10 = _3 7 .783 x 10 6 Pa = -37.8 MPa 


3.970 x 10 


-3 


e = 80 mm = 0.080 m 


2P = 50 + 50 = 100 lcN = 100 x 10 3 N 


M = Pe = (50 x 10 3 )(0.080) = 4.0 x 10 3 N • m 

- Mc - 100 xlO 3 _ (4.0 x 10 3 )(0.105) 

aA ~ A I 3.970 xl0“ 3 31.3 xlO -6 


-38.607 x 10 6 Pa = -38.6 MPa 


◄ 


◄ 
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PROBLEM 4.104 

Two 10-kN forces are applied to a 20 x 60-mm rectangular bar as 
shown. Determine the stress at point A when (a) b = 0, (b) b = 15 mm, 
(c) b = 25 mm. 


SOLUTION 








.0714m -A) 




- 




A = (0.060 m)(0.020 m) = 1.2 x 10 -3 m 2 

S = -(0.020 m)(0.060 m) 2 = 12 x 10“ 6 m 3 
6 

(a) b = 0, M = (10 kN)(0.025 m) = 250 N • m 

a A = (20 kN)/( 1.2 x 10“ 3 m 2 ) - (250 N • m)/(12 x 10“ 6 m 3 ) 

= 16.667 MPa - 20.833 MPa 

0 b ) b = 15 mm, M = (10 kN)(0.025 m - 0.015 m) = 100 N • m 

a A = (20 lcN)/( 1.2 x 10“ 3 m 2 ) - (100 N • m)/(12 x 10“ 6 m 3 ) 

= 16.667 MPa - 8.333 MPa 

(c) b = 25 mm, M = 0: a A = (20 kN)/(1.2 x 10 -3 m 2 ) 


cr = -4.17 MPa ◄ 

A 


a = 8.33 MPa ◄ 

A 

a = 16.67 MPa ◄ 

A 
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p 


p' 


p 


p' 


PROBLEM 4.105 



(a) 




Portions of a |x 7-in. square bar have been bent 
to form the two machine components shown. 
Knowing that the allowable stress is 15 ksi, 
determine the maximum load that can be applied 
to each component. 
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PROBLEM 4.106 

Knowing that the allowable stress in section ABD is 80 MPa, 
determine the largest force P that can be applied to the bracket shown. 


SOLUTION 


A = (24)(18) = 432 mm 2 = 432 x 10 -6 m 2 

/ = — (24)(18) 3 - 11.664 x 10 3 mm 4 = 11.664 x 10“ 9 m 4 
12 

c = -f (18) = 9 mm = 0.009 m 
e = f (18) + 40 = 49 mm = 0.049 m 


On line BD, both axial and bending stresses are compressive. 
Therefore c 


P Me 
~ A I 


P Pec 

—- 1 - 

A I 


Solving for P gives 


P = 


P = 


1 ec 
-h - 

A I 


80 x 10° Pa 


432 x 10 _6 m 2 


(0.049 m)(0.009 m) 
11.664 xl0 _9 m 4 




P = 1.994 kN ◄ 
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p 1 



PROBLEM 4.107 




A milling operation was used to remove a portion of a solid bar 
of square cross section. Knowing that a = 30 mm, d = 20 mm, 



and cr all = 60 MPa, determine the magnitude P of the largest 
forces that can be safely applied at the centers of the ends of the 



d 

p 

bar. 


SOLUTION 


Data: 


1 3 

A = ad, I = —ad , 
12 

a d 
S ~ 2 ~2 


c = — d 
2 


P Me 

a = —i- 

A I 


P 6 Ped 

+ ■ 


ad ad i 


P 3 P(a -d) rn 

a = — + — 1 — 3 —- = KP where 


ad 


ad ad 

a = 30 mm = 0.030 m d = 20 mm = 0.020 m 
1 (3)(0.010) 


K = J_ + 3 (a - d) 


ad 


K = 


■ + 


(0.030)(0.020) (0.030X0.020)' 


= 4.1667 x 10 3 m“ 2 


P = ^ = 
K 


60 x 10 

4.1667 x 10 3 


= 14.40 x 10 J N 


P = 14.40 kN ◄ 
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PROBLEM 4.108 

A milling operation was used to remove a portion of a solid bar of 
square cross section. Forces of magnitude P = 18 kN are applied at 
the centers of the ends of the bar. Knowing that a = 30 mm and 
<7 all = 135 MPa, determine the smallest allowable depth d of the 
milled portion of the bar. 


SOLUTION 


1 3 1 

A = ad, I = —ad , c = —d 

12 2 

a d 
e ~ 2 ~~2 

P Me P Pec P P\{a-d)±d 

a = — + = — +-= — + — 4 — 

A I ad I ad l 

12 

3P 2P , 2 2P , A 

cr = —j -or ad H- d - 3P = 0 

d ad a 


P 3P(a - d) 


ad 


ad 


Solving for d, 


1 


f 2 P^ 

2 cr 

[V 

l a J 


— I + 12 Pcr 


Data: 


a = 0.030 m, P = 18xl0 3 N, <r = 135 x 10 6 Pa 


d = 


1 


(2)(135 x 10°) 
= 16.04 x 10“ 3 m 



r (2)(18 X 10 3 ) 

2 

+ 12(18 x 10 3 )(135 x 10 6 ) 

(2)(18 x 10 3 ) 

}v 

0.030 


0.030 


d = 16.04 mm A 
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PROBLEM 4.109 

The two forces shown are applied to a rigid plate supported by a steel pipe of 8-in. 
outer diameter and 7-in. inner diameter. Determine the value of P for which the 
maximum compressive stress in the pipe is 15 ksi. 
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PROBLEM 4.110 

An offset h must be introduced into a solid circular rod of 
diameter d. Knowing that the maximum stress after the offset 
is introduced must not exceed 5 times the stress in the rod 
when it is straight, detennine the largest offset that can be 
used. 


SOLUTION 


For centric loading, 


For eccentric loading, 




_ P 
~ A 

P Phc 

—- 1 - 

A I 


Given a e = 5cr c 

P Phc , P 

— + -= 5 — 

A I A 


Phc . P 

-= 4 — 

/ A 





h = 0.500 d ◄ 
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PROBLEM 4.111 

An offset h must be introduced into a metal tube of 0.75-in. outer 
diameter and 0.08-in. wall thickness. Knowing that the maximum 
stress after the offset is introduced must not exceed 4 times the 
stress in the tube when it is straight, determine the largest offset 
that can be used. 


SOLUTION 

c = —d = 0.375 in. 

2 

C| = c - t = 0.375 - 0.08 = 0.295 in. 



A = ;r(c 2 - c 2 ) = ;r(0.375 2 - 0.295 2 ) 



= 0.168389 in 2 



/ = ^( c 4 - c 4 ) = ^(0.375 4 - 0.295 4 ) 

= 9.5835 x 10“ 3 in 4 


For centric loading, 

P 

^"cen — A 

A 


For eccentric loading, 

P Phc 
°” ecc ~ A + / 



. P Phc . P 

^ecc = 4cJ cen °r + , = 4 , 

A I A 

he 3 h 31 (3)(9.5835 x 10“ 3 ) 

I ~ A ~ Ac ~ (0.168389)(0.375) 

h = 0.455 in. A 
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PROBLEM 4.112 

A short column is made by nailing four 1 x 4-in. planks to a 4 x 4-in. timber. Using 
an allowable stress of 600 psi, determine the largest compressive load P that can be 
applied at the center of the top section of the timber column as shown if (a) the 
column is as described, (b) plank 1 is removed, (c) planks 1 and 2 are removed, 
(d) planks 1, 2, and 3 are removed, (e) all planks are removed. 


SOLUTION 


(a) Centric loading: 



777 


/ 

/ 


/ 

' 


M = 0 cr = — 

A 

4 = (4x4) + 4(1)(4) = 32 in 2 

cr = — P = (0.600 ksi)(32 in 2 ) 

A 

= 19.20 kips 


(b) Eccentric loading: 

. . n P Pec 

M = Pe cr = H- 1 - 

A I 

A = (4)(4) + (3)0X3) = 28 in 2 e = y 

IA? = (1X4X44 = 0.35714 

A 28 


2.5 in. 


I/; 


A 


EZZ 


7 


zzz 


,Y M.A.. 


I = 1.(1 + Ad 2 ) 

= —(6)(4) 3 + (6)(4)(0.35714) 2 + —(4)(1) 3 + (4)(1)(2.14286) 2 = 53.762 in 4 


cr 



(0.600 ksi) 

1 (0.35714)(2.35714) 

28 + 53.762 


11.68 kips 


(c) 


Centric loading: 

Co in. 
M- 





/ 

C V 


/ 

/ v 

/ 

/ 

/// 



M = 0 


cr = 


P 

~A 


A = (6)(4) = 24 in 2 
P = (0.600 ksi)(24) = 14.40 kips 


◄ 


◄ 


◄ 
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r 


1 in. 


- 3 in. 


PROBLEM 4.113 


a y 

1.5 in. 




t a 
1.5 in. 


~2)i 


3 in. 


0.75 in. 


0.75 in. 


Section a-a 


A vertical rod is attached at point A to the cast 
iron hanger shown. Knowing that the allowable 
stresses in the hanger are cr all = +5 ksi and 
cr all = -12 ksi, determine the largest downward 
force and the largest upward force that can be 
exerted by the rod. 
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PROBLEM 4.113 (Continued) 


Upward force. 


UPivAvn Foacf 


l.soi ; 


Te 


/.■» 

r 

j p ‘ 




/ / * 



M = P(\ .5 in. + 1.70 in.) = (3.20 in.)P 


. „ P Me 

At D: Gn = H- 

- D A I 


-12 ksi = — 


(3.20)P(1.70) 


7.5 10.825 

-12 = P(-0.6359) 


A+c , P Me 

At E . (7 r — H- + - 

- h A I 


+ 5k S1 ^ + (3 - 2 ° )P(2 - 30) 
7.5 10.825 


+5 = P(+0.5466) 


We choose the smaller value. 


P = 18.87 kips T 


P = 9.15 kips T 
P = 9.15 kips T -4 
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a 1 

1.5 in. 




1.5 i 

a 

l. 

£i_ 

_x_ * 


1 in. 




U_3 in_►! 

1 



in. 


0.75 in 


t 

I 


0.75 in 


Section a-a 


PROBLEM 4.114 

Solve Prob. 4.113, assuming that the vertical 
rod is attached at point B instead of point A. 

PROBLEM 4.113 A vertical rod is attached at 
point A to the cast iron hanger shown. Knowing 
that the allowable stresses in the hanger are 
Can = +5 ksi and a all = —12 ksi, determine the 
largest downward force and the largest upward 
force that can be exerted by the rod. 
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PROBLEM 4.115 (Continued) 









32 **, 

- V 4 


32-tt.nr 

tn 




e = 32 + 8.914 = 40.914 mm = 0.040914 m 
M = Pe = (400 N)(0.040914 m) = 16.3656 N • m 


(a) Points 

_P_ Me _ 400 (16.3656)(8.914 xl0~ 3 ) 

GA ~ A I ~ 92.566 xl0“ 6 3.374 x 10 -9 

= 4.321 x 10 6 + 43.23 x 10 6 = 47.55 x 10 6 Pa 

(, b ) Point B: 

_P Me _ 400 (16.3656X11-086) 

B ~ A I ~ 92.566 xl0“ 6 3.374 x 10 -9 

= 4.321 x 10 6 - 53.72 x 10 6 = -49.45 x 10 6 Pa 


(c) Neutral axis: 



By proportions, 

a _ 20 

47.55 ~ 47.55 + 49.45 
a = 9.80 mm 


a A = 47.6 MPa ◄ 


a B = -49.4 MPa ◄ 


9.80 mm below top of section A 
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PROBLEM 4.116 

The shape shown was formed by bending a thin steel plate. Assuming that the 
thickness t is small compared to the length a of a side of the shape, determine the 
stress (a) at A, (b) at B, (c) at C. 
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p 


PROBLEM 4.117 



50 


Three steel plates, each of 25 x 150-mm cross section, are welded 
together to fonn a short H-shaped column. Later, for architectural 
reasons, a 25-mm strip is removed from each side of one of the 
flanges. Knowing that the load remains centric with respect to the 
original cross section, and that the allowable stress is 100 MPa, 
determine the largest force P ( a ) that could be applied to the original 
column, ( b ) that can be applied to the modified column. 


SOLUTION 

p 

(a) Centric loading: a = - 

A 

A = (3)(150)(25) = 11.25 x 10 3 mm 2 = 11.25 x 10“ 3 m 2 
P = -aA = -(-100 x 10 6 )(11.25 x 10“ 3 ) 

= 1.125 x 10 6 N P = 1125 kN ◄ 

( b ) Eccentric loading (reduced cross section): 




kvj 


cA Ooi rv"t" 


9 -f VA/elo 




T 


37. S 






37 . SVwh-i 

-1 



A, 10 3 mm 2 

y, mm 

Ay (10 3 mm 3 ) 

d, mm 

© 

3.75 

87.5 

328.125 

76.5625 

© 

3.75 

0 

0 

10.9375 

© 

2.50 

-87.5 

-218.75 

98.4375 

z 

10.00 


109.375 



- _ EAy _ 109.375 x 10 3 
Z.A 10.00 xlO 3 


10.9375 mm 
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PROBLEM 4.117 (Continued) 


The centroid lies 10.9375 inm from the midpoint of the web. 

7j = + A x d\ = ^-(150)(25) 3 + (3.75 x 10 3 )(76.5625) 2 = 22.177 x 10 6 mm 4 

12 = _L b 2 hl + A 2 dl = j^-(25)(150) 3 + (3.75 x 10 3 )(10.9375) 2 = 7.480 x 10 6 mm 4 

1 3 = ^b 3 hl + A 3 dl = ^-(100)(25) 3 + (2.50 x 10 3 )(98.43 75) 2 = 24.355 x 10 6 mm 4 

I = I l+ I 2+ I 3 = 54.012 x 10 6 mm 4 = 54.012 x 10“ 6 m 4 
c = 10.9375 + 75 + 25 = 110.9375 mm = 0.1109375 m 

M = Pe where e = 10.4375 mm = 10.4375 x 10 _3 m 


P 

a = - 

A 


Me 

I 


K =!+“= 


p 

A 

1 


Pec 


= -KP 


A = 10.00 xl0 _3 m 2 


(101.9375 x 10~ 3 )(0.1109375) 
54.012 xlO -6 


I 10.00x10 


-3 


= 122.465 m“ 2 


P = - (-10° X 10 > = 817 X !0 3 N 

K 122.465 


P = 817 kN ◄ 
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(a) ( b) 


PROBLEM 4.118 

A vertical force P of magnitude 20 kips is applied 
at point C located on the axis of symmetry of the 
cross section of a short column. Knowing that 
y = 5 in., determine (a) the stress at point A, 
( b ) the stress at point B, (c) the location of the 
neutral axis. 


SOLUTION 

Locate centroid. 


Part 

A, in 2 

y, in. 

Ay, in 3 

© 

12 

5 

60 

© 

8 

2 

16 

Z 

20 


76 


_ EAy 76 
v = —— = — = 3.8 in. 
EA 20 


Eccentricity of load: e = 5 - 3.8 = 1.2 in. 

/, = y^(6)(2) 3 + (12)(1.2) 2 = 21.28 in 4 I 2 = ^-(2)(4) 3 + (8)(1.8) 2 = 36.587 in 4 
I = I 1+ I 2 = 57.867 in 4 
(a) Stress at A: c A = 3.8 in. 


P_ Pec A _ _20 20(1.2)(3.8) 

A I ~ 20 57.867 

( b) Stress at B: c B = 6 - 3.8 = 2.2 in. 

P Pec B 20 20(1.2)(2.2) 

A I ~ 20 57.867 

p Pea ea 1 

(c) Location of neutral axis: a = 0 a = -1-= 0 .’. — = — 

A I I A 

/ 57.867 ..... 

a = — =-= 2.411 in. 


cr A = 0.576 ksi -4 


CTn = -1.912 ksi A 


Ae (20X1.2) 

Neutral axis lies 2.411 in. below centroid or 3.8 - 2.411 = 1.389 in. above points. 

Answer: 1.389 in. from point A 4 
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SOLUTION 

Locate centroid. 



A, in 2 

y, in. 

Ay, in 3 


12 

5 

60 

© 

8 

2 

16 

z 

20 


76 


Eccentricity of load: e = y — 3.8 in. y = e + 3.8 in. 

1 


_ Z4J7. 76 

v = ——- = — = 3.8 in. 
24 20 


1 


/, = ^-(6)(2) 3 + (12)(1.2) 2 = 21.28 in 4 I 2 = — (2)(4) 3 + (8)(1.8) 2 = 36.587 in 4 
/ = /j + / 2 = 57.867 in 4 


If stress at A equals zero, 


c A = 3.8 in. 


If stress at B equals zero, 


<y A = -+ ■ 

A A 


Pec, 


= 0 


/ 


/ 

57.867 


ec A _ 1 

/ A 


e - 


Ac a (20)(3.8) 


c B = 6 - 3.8 = 2.2 in. 


= 0.761 in. y = 0.761 + 3.8 = 4.561 in. 




Pec, 


= 0 


e = — 


AC n 


57.867 

(20)(2.2) 


ec R 


= -1.315 in. 


1 

~A 


y = -1.315 + 3.8 = 2.485 in. 


Answer: 2.49 in. < y < 4.56 in. A 
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PROBLEM 4.120 

The four bars shown have the same cross-sectional area. For the given 
loadings, show that (a) the maximum compressive stresses are in the 
ratio 4:5:7:9, (b) the maximum tensile stresses are in the ratio 2:3:5:3. 
{Note: the cross section of the triangular bar is an equilateral triangle.) 
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PROBLEM 4.121 

An eccentric force P is applied as shown to a steel bar of 
25 x 90-mm cross section. The strains at A and B have been 
measured and found to be 

e a = +350 p s B = -70 p 

Knowing that E = 200 GPa, determine (a) the distance d, (b) the 
magnitude of the force P. 


SOLUTION 


h = 15 + 45 + 30 = 90 mm b = 25 mm c = — h = 45 mm = 0.045 m 

2 

A = bh - (25)(90) = 2.25x10 3 mm 2 = 2.25 x 10~ 3 m 2 

/ = — M 3 = —(25)(90) 3 = 1.51875x10 6 mm 4 = 1.51875xl0~ 6 m 4 
12 12 

y A =60-45 = 15 mm = 0.015m y B = 15 - 45 = -30 mm = -0.030 m 


Stresses from strain gages at A and B: cr A = Es A = (200 x 10 9 )(350x 10 6 ) = 70 x 10 6 Pa 

<r B = Ee b = (200x 10 9 )(-70x 10 -6 ) = -14 x 10 6 Pa 



m Va 

I 

m v b 

I 


Subtracting, 


a A a B ~ 


M(y A -y B ) 

I 


M =- 


I(cj a -ct b ) (1.51875x10~ 6 )(84x10 6 ) 

y a ~ y b °- 045 


= -2835 N-m 


( 1 ) 

( 2 ) 


P 

Multiplying (2) by y A and (1) by v B and subtracting, y A a B - y B a A = (y A - y B ) — 

A 

A(y A a B -y B a 4 ) (2.25xl0~ 3 )[(0.015)(-14xl0 6 )-(-0.030)(70xl0 6 )] 

y A -y B 0.045 


= 94.5 x 10 3 N 


(a) M=-Pd d = ~— = - 2 ^- r = 0.030 m 

P 94.5 xlO 3 


d = 30.0 mm A 


(b) 


P = 94.5 kN ◄ 
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SOLUTION 

h = 15 + 45 + 30 = 90 mm 6 = 25 mm c = — h = 45 mm = 0.045 m 

2 

A = bh = (25)(90) = 2.25 x 10 3 mm 2 =2.25x1 (T 3 m 2 

I = —bh 3 =—(25)(90) 3 =1.51875xl0 6 mm 4 = 1.51875 x 10~ 6 m 4 
12 12 

y A = 60 - 45 = 15 mm = 0.015 m y B = 15 - 45 = -30 mm = -0.030 m 
Stresses from strain gages at A and B\ a A = Es A =(200xl0 9 )(600x!0~ 6 ) = 120xl0 6 Pa 


a B =Es B = (200 x 10 y )(420 x 10 ; = 84 x 10 b Pa 


_P My A 
A A I 


P My E 


(Jr = —-- 


/ 


Subtracting, 


G A Or, — 


M =- 


M (y A ~y B ) 

i 

I(0a-°b) 

y A -y B 


(1.51875x 10~ 6 )(36x IQ 6 ) 
0.045 


= -1215 N•m 


Multiplying (2) by y A and (1) by y B and subtracting, y 4 a B - y B a A = (y A ~y B ) — 

A 

p A(y A cr B -y B <j A ) _ (2.25x 1Q- 3 )[(0.015)(84x IQ 6 )-(-0.030)(120x 10 6 )] 


y A -y B 

(a) M = ~Pd 

(b) 


0.045 

, M -1215 . , n _ 3 

d =-=-- = 5x10 m 

P 243xlO 3 


(1) 

( 2 ) 


d = 5.00 mm A 
P = 243 kN ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


578 

















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 4.123 

The C-shaped steel bar is used as a dynamometer to determine the magnitude P 
of the forces shown. Knowing that the cross section of the bar is a square of side 
40 mm and that strain on the inner edge was measured and found to be 450//, 
determine the magnitude P of the forces. Use E = 200 GPa. 


SOLUTION 


At the strain gage location. 


cr = Ee = (200 x 10 9 )(450 x 10“ 6 ) = 90 x 10 6 Pa 
A = (40)(40) = 1600 mm 2 = 1600 x 10“ 6 m 2 

/ = -L(40)(40) 3 = 213.33 x 10 3 mm 4 = 213.33 x 10“ 9 m 4 

e = 80 + 20 = 100 mm = 0.100 m 

c = 20 mm = 0.020 m 

P Me P Pec T . n 

cr = — +-= — +-= KP 

A I A I 


K 

P 


! + ££ =_!__ + (0-i00)(0-020) =10 , 0Qxl0 3 m - 2 


/ 1600 x 10 

90 x 10 6 


-6 


K 10.00 xl0 J 


213.33 x 10 
= 9.00 x 10 3 N 


-9 


P = 9.00 kN ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


579 




















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



10 in. - 



A = 10.0 in 2 
4 = 273 in 4 


PROBLEM 4.124 

A short length of a rolled-steel column supports a rigid plate 
on which two loads P and Q are applied as shown. The strains 
at two points A and B on the centerline of the outer faces of the 
flanges have been measured and found to be 

e A = -400 xlO^ 6 in./in. s B = -300 x 10~ 6 in./in. 

Knowing that E = 29 x 10 6 psi, determine the magnitude of 
each load. 


SOLUTION 


-10 in- 


ir 


A = 10.0 in 2 
l t = 273 in 4 


Stresses at A and B from strain gages: 

a A =Ee A =(29x10 6 )(-400x10~ 6 ) = -11.6x10 3 psi 
a B = Ee b = (29x 10 6 )(-300 x 10~ 6 ) = -8.7 x 10 3 psi 
Centric force: F = P + Q 

Bending couple: M = 6P-6Q 

c = 5 in. 

F | Me _ P + Q | (6P-6QXS) 

A I 10.0 273 

-11.6 x 10 3 =+0.00989P-0.209890 

F Me _ P + Q (6P-6Q)(5) 

A I 10.0 273 

-8.7 x 10 3 = -0.20989P -0.009890 


Solving (1) and (2) simultaneously, 

P = 44.2 x 10 3 lb = 44.2 kips 
0 = 57.3 x 10 3 lb = 57.3 kips 


( 1 ) 

(2) 

◄ 

◄ 
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PROBLEM 4.125 

A single vertical force P is applied to a short steel post as shown. 
Gages located at A, B, and C indicate the following strains: 

s A = -500// e B = -1000// s c = -200// 

Knowing that E = 29 x 10 6 psi, determine (a) the magnitude of 
P, ( b ) the line of action of P, (c) the corresponding strain at the 
hidden edge of the post, where x = -2.5 in. and z = -1.5 in. 


SOLUTION 


4 = ^(5)(3) 3 = 11.25 in 4 I z = ^(3)(5) 3 = 31.25 in 4 A = (5)(3) 

= 15 in 2 

M x = Pz M z = -Px 

x A = -2.5 in., x B = 2.5 in, x c = 2.5 in, x D = -2.5 in. 
z A = 1.5 in, z B = 1.5 in, z c = -1.5 in., z D = -1.5 in. 

<t a = Es a = (29 x 10 6 )(—500 x 1(T 6 ) = -14,500 psi = -14.5 ksi 
c 7 b = Es b = (29 X 10 6 )(—1000 X 10“ 6 ) = -29,000 psi = -29 ksi 
a c = Es c = (29 x 10 6 )(-200 x 10 -6 ) = -5800 psi = -5.8 ksi 


o A = P M * Za + Mz * a = 0.06667/’ 0.13333M 0.08M, 

A i x 4 

(1) 

a B = P MxZr + M ~~ Xb = 0.06667/* 0.13333M _ + 0.08M r 

B a 4 4 x z 

(2) 

cr c = P MxZc + M:Xc = 0.06667/* + 0.13333M + 0.08M, 

A 4 4 

(3) 

Substituting the values for a A , a B , and a c into (1), (2), and (3) and solving the simultaneous equations 
gives 

M x = 87 kip • in. M z = -90.625 kip • in. 

(a) P = 152.3 kips A 

M z _ -90.625 

P 152.25 

{b) x = 0.595 in. A 

M x 87 

P 152.25 

z = 0.571 in. ◄ 

<j D = P M * z d + M z x d = 0.06667/* + 0.13333M 0.08M, 

A 4 4 


= -(0.06667)(152.25) + (0.13333)(87) - (0.08)(-90.625) = 8.70 ksi 


(c) Strain at hidden edge: s = = 8 - 7 0 x 10 

E 29xl0 6 

e = 300// A 
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h = 40 mm 

PROBLEM 4.126 

The eccentric axial force P acts at point D, which must be located 


A* 

= 2,5 mm 25 mm below the top surface of the steel bar shown. For P = 60 1<N, 


1 D t< 

determine (a) the depth d of the bar for which the tensile stress at 


<i . 

"Ci 

point A is maximum, (b) the corresponding stress at point A. 



Z0 mm 


SOLUTION 


A = bd 


c = —d 
2 


I = —bd 3 

12 

1 , 

e=—d-a 
2 


P Pec 
+ 

A 


I 


P 

~b 


12 | ±d-a 


P 4 6 a 


bid d~ 


(a) Depth d for maximum a A : Differentiate with respect to d. 


da A _P\ 4 ! 12a | _ Q 
dd b\ d 2 d 3 


d = 3a 


( b ) 


cr j = 


60xl0 3 

f 4 

40xl(T 3 

[75xl(T 3 


(6)(25 x 10 3 ) [ _ 40 x i p a 




d = 75 mm -4 

= 40 MPa -4 
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PROBLEM 4.127 

The couple M is applied to a beam of the cross section shown in a plane 
forming an angle f5 with the vertical. Determine the stress at (a) point A, 
(b) point B, (c) point D. 


SOLUTION 


/_ = J^"(80)(32) 3 = 218.45xlO 3 mm 4 = 218.45xl0~ 9 m 4 
I v = — (32)(80) 3 =1.36533xl0 6 mm 4 = 1.36533x 10^ 6 m 4 

y 12 v 

y A =y B =~y D = 16 imn 

z^ = —z B = —z D = 40 mm 


M v = 300cos30° = 259.81 N • m M. = 300sin30° = 150 N • m 

y z 


M,y A M y z A (150)(16xlQ- 3 ) (259.81)(40x 10~ 3 ) 

I z I y ~~ 218.45 x 10~ 9 1.36533 x 10~ 6 

= -3.37 x 10 6 Pa 

M z y B M y z B _ (150)(16 x 10~ 3 ) (259.81)(-40x 10~ 3 ) 
I z I y ~~ 218.45 x 10~ 9 1.36533 x 10~ 6 

= -18.60xl0 6 Pa 


M z y D M y z D _ (150)(—16x 10 3 ) (259.81)(-40 x 10~ 3 ) 

I z I y ~ 218.45 x 10~ 9 1.36533 x 10~ 6 

= 3.37 x 10 6 Pa 


a A = -3.37 MPa ◄ 


a B = -18.60 MPa ◄ 


a D =3.37 MPa ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


583 

























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 4.128 

The couple M is applied to a beam of the cross section shown in a plane 
forming an angle f5 with the vertical. Determine the stress at (a) point A, 
(b) point B, (c) point D. 


SOLUTION 


I z =^-(0.4)(1.2) 3 =57.6x1 (T 3 in 4 
I y = j^-(1.2)(0.4) 3 = 6.40xl0“ 3 in 4 

y A = Tfl = -y D = °- 6 in - 
= -z B = ~ z d = = °- 2 in - 


= 400cos 60° = 200 lb • in., M, = -400 sin60° = -346.41 lb • in. 


(a) 


(b) 


CTj =~ 


M z y A , MyZ A 


- + - 


(-346.41X0.6) | (200X0.2) 


/- I y 57.6 x 10“ 3 6.40 xl(T 

r3 


CTo =~ 


M z y B , M y z B 


= 9.86x10" psi = 9.86 ksi 

(-346.41X0.6) (200X-0.2) 


57.6x10“ 


6.4x10“ 


(c) 


(7n=~ 


M z y D , MyZ D 


= -2.64 x 10 psi = -2.64 ksi 
(-346.41X-0.6) | (200X-0.2) 


57.6x10“ 


6.40x10“ 


= -9.86x10 psi = -9.86 ksi 


◄ 


◄ 


◄ 
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PROBLEM 4.129 

The couple M is applied to a beam of the cross section shown in a 
plane fonning an angle f5 with the vertical. Detennine the stress at 
(a) point A, ( b) point B , (c) point D. 
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SOLUTION 

Locate centroid. 



A, in 2 

z, in. 

Az, in 3 


16 

-1 

-16 

© 

8 

2 

16 

I 

24 


0 


The centroid lies at point C. 


(a) 

(b) 

(c) 



M : v a | M v z a 


M -Jb , M y z B 


M 2 y D | M y z D 
K ly 


I z = ~(2)(8) 3 + y~( 4)(2) 3 = 88 in 4 

/ v =i(8)(2) 3 +i(2)(4) 3 =64 in 4 

y A =-y B = 1 in., y D = -4 in. 
z a= z b= - 4 in-, z D =0 
M, =10 cos20° = 9.3969 kip in. 

M y = 10 sin 20° = 3.4202 kip • in. 

(9.3969)(1) (3.4202)(-4) 

88 + 64 

(9.3969X-1) (3.4202X-4) 

88 + 64 

(9.3969X-4) (3.4202X0) 

88 + 64 



cr^, = 0.321 ksi A 
cr B = -0.107 ksi A 
cr D = 0.427 ksi A 
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SOLUTION 


M, = -60 sin 40° = -38.567 kip • in. 
M y = 60 cos 40° = 45.963 kip • in. 

y A =y B =-yD =^ in - 


= -z B =-z D = 5 in. 


/.=^( 10 )( 6) 3 -2 
ly = ~( 6 )( 10) 3 - 2 


T (1)2 

4 


= 178.429 in 4 


^(l) 4 + ;r(l) 2 (2.5) 2 
4 


= 459.16 in 4 


(a) <j a = ■ 


M z y A M y z A _ (-38.567X3) , (45.963)(5) 


I y 178.429 

= 1.149 ksi 


459.16 


(b) cr B =- 


M z y B M y z B _ (-38.567X3) (45.963)(-5) 




178.429 


459.16 


= 0.1479 


(c) a D = - 


M z y D M y z D _ (-38.567X-3) (45.963)(-5) 


178.429 


459.16 


= -1.149 ksi 


a A =1.149 ksi A 


a B = 0.1479 ksi 4 


a D = -1.149 ksi A 
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PROBLEM 4.132 

The couple M is applied to a beam of the cross section shown in a 
plane forming an angle f5 with the vertical. Determine the stress at 
(a) point A, ( b ) point B, (c) point D. 


SOLUTION 


/. = ^(4.8)(2.4) 3 -^(4)(1.6) 3 =4.1643 in 4 
I y = ^( 2.4)(4.8) 3 -^(1.6)(4) 3 =13.5851 in 4 

y A = ys =-y D = L2 in - 

z a = -Z B = -z D = 2.4 in. 

M, = 75 sin 15° = 19.4114 kip - in. 

M v = 75 cos 15° = 72.444 kip-in. 


M : v A | M y z A (19.4114X1.2) | (72.444)(2.4) 

I I v 4.1643 13.5851 

M z y B M y z B (19.4114)(1.2) (72.444)(-2.4) 

I. + I _ 4.1643 + 13.5851 

z y 


M z y D M y z D _ (19.4114)(-1.2) (72.444)(-2.4) 

L + I y 4.1643 + 13.5851 


a A = 7.20 ksi 4 
cr B = -18.39 ksi A 
a D = -7.20 ksi -4 
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PROBLEM 4.133 

The couple M is applied to a beam of the cross section shown in a 
plane forming an angle /? with the vertical. Determine the stress at 
(a) point A, (b) point B, (c) point D. 


SOLUTION 



' 4;- 

f 

^ n 

_jn 

(j r J 

,3;r 



9 n J 


= (0.109757)(20) 4 = 17.5611 x 10 3 mm 4 = 17.5611 x 1(T 9 m 4 
I y = ^r 4 = = 62.832 x 10~ 3 imn 4 = 62.832 x 10~ 9 m 4 

y A = y D =~= = -8- 488 3 mm 

in in 

y B = 20-8.4883 = 11.5117 mm 
z A = -z D = 20 mm z B = 0 

M. = 100cos30° = 86.603 N• m 
M y = 100sin30° = 50 N • m 


(«) °A 

(b) ct b 

(c) <y D 


M z v A M y z A _ (86.603X-8.4883 x 10~ 3 ) (50)(20 x 10~ 3 ) 

I z I y ~ 17.561 lxl0“ 9 62.832 x 10 -9 

= 57.8 x 10 6 Pa 

M z y B MyZ B _ (86.603X11.5117 x 10~ 3 ) (50)(0) 

I z I y ~ 17.5611 xl0“ 9 62.832 xl0“ 9 

= -56.8 x 10 6 Pa 

M z y D MyZ D _ (86.603X~8.4883 x 10~ 3 ) (50)(-20 x IQ 3 ) 

4 I y ~ 17.561 lxl0“ 9 62.832 xl0“ 9 

= 25.9 x 10 6 Pa 


a A = 57.8 MPa ◄ 


a B = -56.8 MPa ◄ 


a D = 25.9 MPa ◄ 
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PROBLEM 4.134 

The couple M is applied to a beam of the cross section shown in a plane 
fonning an angle p with the vertical. Determine the stress at 
(a) point A, ( b ) point B, (c) point D. 


SOLUTION 

For W310x38.7 rolled steel shape, 


I : =84.9xl0 6 mm 4 = 84.9 x 1(T 6 m 4 
T, = 7.20 x 10 6 mm 4 =7.20x10~ 6 m 4 


y A =y B = ^y D = -y E = 


(310) = 155 mm 


z A =z E = -z B = -z D = — (165) = 82.5 mm 


M z =(16xl0 3 ) cos 15° = 15.455 xlO 3 N m 
M =(16xl0 3 )sinl5° = 4.1411xl0 3 N m 


I 


84.9 x 10“ 


(a) tan d = -=- tan 0 = 

I 7.20 xlO- 6 


tan 15° = 3.1596 


(!) = 72.4° 
«-72.4-15 = 57.4° 

( b ) Maximum tensile stress occurs at point E. 



ov = 


M zy E , M v z E 


I. 


- + - 


I,. 


(15.455 xlO J )(-155xlO^) + (4.141 lx 10 J )(82.5x 10^) 


84.9 x 10“ 


7.20x10^ 


= 75.7 x 10 6 Pa = 75.7 MPa 
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S6 X 12.5 

20° 

PROBLEM 4.135 

A. 

M = 15 kip • in. / ( 

- / 

L /7> 

The couple M acts in a vertical plane and is applied to a beam oriented 
as shown. Determine (a) the angle that the neutral axis forms with the 
horizontal, ( b ) the maximum tensile stress in the beam. 

o in.^ 

) / 3.33 in. 


SOLUTION 

For S6x 12.5 rolled steel shape, 


7 Z = 22.0 in 4 
I y =1.80 in 4 

z E = z A = -z B =z D = ^-(3.33) = 1.665 in. 



(b) Maximum tensile stress occurs at point D. 


M : v d | M y z D _ (5.1303X-3) | (14.095)(1.665) _ ^ ?/| ^ 
I. /„ 22.0 1.80 

z y 
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PROBLEM 4.136 

The couple M acts in a vertical plane and is applied to a beam oriented as 
shown. Determine (a) the angle that the neutral axis forms with the 
horizontal, ( b ) the maximum tensile stress in the beam. 
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SOLUTION 

Iy = 176.9 x 10 3 mm 4 = 176.9 x 10“ 9 m 4 
Iy = 281 X 10 3 mm 4 = 281 x 10“ 9 m 4 
y' E = -18.57 mm, z E = 25 mm 
M z , = 400cos30° = 346.41 N • m 
M y , = 400 sin 30° = 200 N • m 

(a) tan cp = —land = X ^ . tan30° = 0.36346 

I y , 281 x 10 -9 

cp = 19.97° 

a = 30° - 19.97° a = 10.03° ◄ 

(b) Maximum tensile stress occurs at point E. 

_ M z ,y’ E Myz' E _ (346.41)(-18.57 x 10~ 3 ) (200)(25 x 10~ 3 ) 

Ge ~ Iy + Iy ~ 176.9 xl0“ 9 + 281 xio -9 

= 36.36 x 10 6 + 17.79 x 10 6 = 54.2 x 10 6 Pa 

a E = 54.2 MPa ◄ 
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SOLUTION 


I z . =21.4 in 4 I y , = 6.74 in 4 

z' A =z' B = 0.859 in. z' D =-4 + 0.859 in. = -3.141 in. 

v A = -4 in. y B . = 4 in. y D , = -0.25 in. 

My = -15 sin 45° = -10.6066 kip • in. 

My = 15 cos 45° = 10.6066 kip • in. 

(a) Angle of neutral axis: 

tan <9 = — tanff = tan(-45°) = 3.1751 

Iy 6.74 

(p = -72.5° 
a = 72.5° -45° 



a = 27.5° ◄ 


(b) The maximum tensile stress occurs at point D. 

M ,y D Mz D (10.6066)(-0.25) (-10.6066)(-3.141) 

cr n = -1-=-1- 

I, / 21.4 6.74 

z y 

= 0.12391 + 4.9429 a D = 5.07 ksi ◄ 
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PROBLEM 4.139 

The couple M acts in a vertical plane and is applied to a beam 
oriented as shown. Determine (a) the angle that the neutral 
axis forms with the horizontal, ( b ) the maximum tensile stress 
in the beam. 
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A 





t 

40 mm 

1 

* l 

1.2 kN • m 


c 


t 

40 mm 

_L 

10 mm 


-<-70 min= 


10 mm 


PROBLEM 4.141 

The couple M acts in a vertical plane and is applied to a beam oriented 
as shown. Determine the stress at point A. 


I y = 1.894 X 10 6 mm 4 
I z = 0.614 X 10 6 mm 4 
I y , = +0.800 X 10 6 mm 4 


SOLUTION 

Using Mohr’s circle, determine the principal axes and principal moments of inertia. 
Y: (1.894, 0.800) x 10 6 mm 4 
Z: (0.614, 0.800)xlO 6 mm 4 
E: (1.254, 0) x 10 6 mm 4 





R = 4eF 2 +FZ 2 = Vo.640 2 + 0.800 2 x 1(T 6 =1.0245 x 10 6 mm 4 

/ v =(1.254-1.0245) xlO 6 mm 4 =0.2295 xlO 6 mm 4 = 0.2295 x l(T 6 m 4 

/„ = (1.254 + 1.0245) x 10 6 mm 4 = 2.2785 x 10 6 mm 4 = 2.2785 x l(T 6 m 4 

f oz) FZ 0.800xl0 6 , 

tan 29 =-=-- = 1.25 9 m = 25.67° 

FE 0.640 xlO 6 

M v =Mcos9 m =(1.2xl0 3 )cos25.67° = 1.0816xl0 3 N-m 
M u = -M sin d m = -(1.2 x 10 3 ) sin 25.67° = -0.5198 x 10 3 N • m 
11 a = Ya cos ~ z a S4n @m = 45 cos 25.67° - 45 sin 25.67° = 21.07 mm 
v A = z A cos 9 m + y A sin 9 m = 45 cos 25.67° + 45 sin 25.67° = 60.05 mm 

M v u a M v a (1.0816x 10 3 )(21.07x 10 -3 ) (-0.5198xl0 3 )(60.05xl0^ 3 ) 

C . =- 1 -=- 7 - 1 - 7 -- 


“ + ' 

K K 

= 113.0 x 10 6 Pa 


0.2295 x 10~ 


2.2785 xl0~ 


a A = 113.0 MPa ◄ 
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y PROBLEM 4.142 


) The couple M acts in a vertical plane and is applied to a beam oriented as 
2 '' 4 i m ' shown. Determine the stress at point A. 

T 

2.4 in. 

_L 

I 

2.4 in. 

1 

T 

2.4 in. 

t 


2.4 in. 2.4 in. 



M = 125 lap • in. 


SOLUTION 

I y = 2 (7.2)(2.4) 3 1 = 66.355 in 4 

I, =2|^-(2.4)(7.2) 3 +(2.4)(7.2)(1.2) 2 | = 199.066 in 4 
I yz = 2{(2.4)(7.2)(1.2)(1.2)} = 49.766 in 4 

Using Mohr’s circle, determine the principal axes and principal moments of inertia. 

7: (66.355 in 4 , 49.766 in 4 ) 

Z: (199.066 in 4 , -49.766 in 4 ) 

E: (132.710 in 4 , 0) 
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PROBLEM 4.142 (Continued) 


tan 20 m 


_DY _ 49.766 
~ DE~ 66.355 
= 36.87° 9 m =18.435° 


R = ^DE 2 + TrP' =82.944 in 4 
/„ = 132.710 - 82.944 = 49.766 in 4 
7 V =132.710 + 82.944 = 215.654 in 4 




M u =125sin 18.435° = 39.529 kip -in. 

M v = 125cos 18.435° = 118.585 kip ■ in. 

u A = 4.8 cos 18.435° + 2.4 sin 18.435° = 5.3126 in. 
v A = -4.8 sin 18.435° + 2.4 cos 18.435° = 0.7589 in. 

M v u a , M u v a 

<7 4 = -1- 

II 

(118.585)(5.3126) (39.529)(0.7589) 

215.654 + 49.766 

= -2.32 ksi <j a = -2.32 ksi A 
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0.75 in., 


r 


M = 60 kip ■ in. 


1.08 in. 


2.08 in. 


6 in. 


-0.75 in. 



I y = 8.7 in 4 

I z = 24.5 in 4 

I,„ = +8.3 in 4 
i j z 


PROBLEM 4.143 

The couple M acts in a vertical plane and is applied to a beam oriented 
as shown. Determine the stress at point A. 


SOLUTION 

Using Mohr’s circle, determine the principal axes and principal moments of inertia. 

I«. 

7: (8.7, 8.3) in 4 
Z: (24.5, -8.3) in 4 
E:( 16.6, 0) in 4 

EF = 7.9 in 4 


FZ = 8.3 in 4 



I - 8 T 

R = V7.9 2 + 8.3 2 = 11.46 in 4 tan 26» =-= — = 1.0506 

EF 7.9 

9 m = 23.2° I u =16.6-11.46 = 5.14 in 4 I v =16.6 +11.46 = 28.06 in 4 

M U =M sin 6 m = (60) sin 23.2° = 23.64 kip • in. 

M v =M cos 6 m = (60) cos 23.2° = 55.15 kip - in. 
u a = 7+ cos + z + s i n fyn = -3.92cos23.2° - 1.08 sin 23.2° = -4.03 in. 
v A = z A cos 9 m — y A sin 9 m = -1.08cos23.2° + 3.92 sin 23.2° = 0.552 in. 

M y u a M u v a (55.15X-4.03) (23.64)(0.552) 

A I I„ 28.06 5.14 




a A = 10.46 ksi A 
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SOLUTION 

Add y- and z-axes as shown. Cross section is a 75 mm x 125-mm rectangle with a 51 mm x 101 -mm rectangular 
cutout. 


/_ = ^(75)(125) 3 -^(51)(101) 3 = 7.8283xlO 6 mm 4 = 7.8283 xl(T 6 m 4 

I y = ^(125)(75) 3 --^(101)(51) 3 =3.2781 xl0 3 mm 4 = 3.2781xl0“ 6 m 4 

A = (75)(125) - (51)(101) = 4.224 x 10 3 mm 2 = 4.224 x 10“ 3 m 2 
Resultant force and bending couples: 

R = 14 + 28 + 28 = 70 kN = 70x 10 3 N 
M z = -(62.5 mm)(14 kN) + (62.5 mm)(28kN) + (62.5 mm)(28 kN) = 2625 N • m 
M y = -(37.5 mm)(14 kN) + (37.5 rmu)(28 kN) + (37.5 mm)(28 kN) = -525 N • m 

-v3 


(a) 


0 b ) 



P M,y A Mz A 70x10 

O’- =---+ ' “ 


A A I. ' / 


- 31.524 x 10 Pa 


P M y B M y z B 
(7r = -+ ' 


/„ 


4.224 x 10“ 


70 x 10 3 
4.224x10“ 


(2625)(-0.0625) (-525)(0.0375) 


7.8283x10“ 


3.2781x10“ 


o ’4 =31.5 MPa ◄ 


(2625)(0.0625) (-525)(0.0375) 


7.8283x10“ 


3.2781x10“ 


= -10.39x 10 6 Pa 

Let point // be the point where the neutral axis intersects AB. 
z H = 0.0375 m, y H = ?, a H = 0 

Q _ P M z y H ^M y z H 


(7 R =-10.39 MPa ◄ 


f 


y H = 


M, 


!y 

\ 


P Mz H 
— + — iL 


7.8283x10“ 


2625 


70xl0 3 

4.224x10“ 


= 0.03151 m = 31.51 mm 
31.51 + 62.5 = 94.0 mm 


(-525X0.0375) 
3.278 lxl0 “ 6 


Answer: 94.0 mm above points. 
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PROBLEM 4.145 

A horizontal load P of magnitude 100 kN is applied to the beam 
shown. Determine the largest distance a for which the maximum 
tensile stress in the beam does not exceed 75 MPa. 


SOLUTION 


Locate the centroid. 






© 




© 

—w- 
? 

/ 




A 2 

A, mm 

y, mm 

Ay, mtu ' 

© 

2000 

10 

20 x 10 3 

© 

1200 

-10 

-12 x10 3 

z 

3200 


8 x 10 3 


Move coordinate origin to the centroid. 

Coordinates of load point: X P = a, y P = -2.5 mm 
Bending couples: M x = y p P M = -aP 


Y = Xj4y 

Y.A 

_ 8 x 10 3 

3200 

= 2.5 mm 


4 = -^(100)(20) 3 + (2000X7.5) 2 + ^-(60)(20) 3 + (1200)(12.5) 2 = 0.40667 x 10 6 mm 4 

= 0.40667 xlO“Sn 4 


I y = j^-(20)(100) 3 + -^-(20)(60) 3 = 2.0267 x 10 6 mm 4 = 2.0267 x 10“ 6 m 4 

a = —+ (j — 75 x 10 6 Pa, B = 100xl0 3 N 

A I x I y 
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PROBLEM 4.145 (Continued) 


M, 


— - + 



For points, x = 50 mm, y = -2.5 mm 


2.0267 xl0~ 6 [ 100 xlO 3 (~2.5)(100 x 10 3 )(-2.5 x 10~ 3 ) 
50 x 10“ 3 { 3200 x 10“ 6 + 0.40667 x 10“ 6 


2.0267 x 10~ 6 
50 x 10 -3 


{31.25 + 1.537 - 75} xlO 6 


-1.7111 x 10 3 N • m 


P 


(1.7111 x IQ 3 ) 
100 xlO 3 


= 17.11 x 10 3 m 


a = 17.11 mm -4 
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1 in. 



PROBLEM 4.146 

Knowing that P = 90 kips, determine the largest distance a for 
which the maximum compressive stress dose not exceed 18 ksi. 


SOLUTION 



A = (5 in.)(6 in.) - 2(2 in.)(4 in.) = 14 in 2 
4 = -pj-(5 in.)(6 in.) 3 - 2^(2 in.)(4 in.) 3 = 68.67 in 4 

/ z = 2^(1 in.)(5 in.) 3 + -f-(4 in.)(l in.) 3 =21.17 in 4 

Force-couple system at C: P = P M x = P( 2.5 in.) M : = Pa 

For P= 90 kips: P = 90 kips M x = (90 kips)(2.5 in.) = 225 kip • in. M z = (90kips)a 

Maximum compressive stress at B \ a B = -18 ksi 

P M r (3 in.) M__(2.5 in.) 


._ 90 kips (225 kip • in.)(3 in.) (90 kips) a (2.5 in.) 

CS1 ~ 14 in 2 68.67 in 4 21.17 in 4 

-18 = -6.429 - 9.830 - 10.628a 

-1.741 =-10.628 a a = 0.1638 in. ◄ 
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1 in. 



PROBLEM 4.147 

Knowing that a = 1.25 in., determine the largest value of P that 
can be applied without exceeding either of the following 
allowable stresses: 

f7 ten =10ksi cx comp = 18ksi 
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P = 4kN 


R = 125 mm 



PROBLEM 4.148 

A rigid circular plate of 125-mm radius is attached to a solid 
150 x 200 -mm rectangular post, with the center of the plate directly above 
the center of the post. If a 4-kN force P is applied at E with 9 = 30°, 
determine (a) the stress at point A, ( b ) the stress at point B, (c) the point 
where the neutral axis intersects line ABD. 
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PROBLEM 4.149 

In Prob. 4.148, determine (a) the value of # for which the stress at D 
reaches it largest value, ( b ) the corresponding values of the stress at A, B, 
C, and D. 

PROBLEM 4.148 A rigid circular plate of 125-mm radius is attached to a 
solid 150 x 200-mm rectangular post, with the center of the plate directly 
above the center of the post. If a 4-kN force P is applied at E with 
0 = 30°, determine ( a ) the stress at point A, ( b ) the stress at point B, 
(c) the point where the neutral axis intersects line ABD. 


SOLUTION 


(a) 







B 




P = 4x 10 3 N PR = (4 x 10 3 )(125 x 10“ 3 ) = 500 N • m 
M x = -PRsinB = -500sin# M x = -PRcosO = -500cos# 

4 = (200)(150) 3 = 56.25 x 10 6 mm 4 = 56.25 x 10“ 6 m 4 

I. = i(150)(200) 3 = 100 x 10 6 mm 4 = 100 x 10“ 6 m 4 


x D =100 mm 


z D = -75 mm 


A = (200)(150) = 30 x 10 3 mm 2 = 30 x 10“ 3 m 2 


P M r z M,x „ 1 Rz sin 0 fJvcos^ 

cr =-= -P\ -+- 

A L I- A T L 


For cr to be a maximum, = 0 

dd 


with z = z D , x = x D 


d &q 

~Ie 


= -p o + 


Rz n cos 9 Rx D sin0 


sin 6 
cos 0 


+ 


= tan 9 = - 


‘ z 

Iz Z D 

I x X D 


= 0 


(100 x 10~ 6 )(—75 x 1Q~ 3 ) 
(56.25 xl0 _6 )(l00 xl0“ 3 ) 


sin# = 0.8, cos# = 0.6 


# = 53.1° ◄ 


0 b) 


„ _ P M x z A , M z X A 

U A — “T 


4 x 10 3 (500)(0.8)(75 x 10“ 3 ) (500)(0.6)(-100 x 10“ 3 ) 


30 x 10 


-3 


a B = (-0.13333 + 0.53333 - 0.300) x 10° Pa = 0.100 x 10° Pa 
a c = (-0.13333 + 0 + 0) xlO 6 Pa 


56.25 x 10“ 6 

100 xlO -6 

0.700 x 10 6 Pa 

<j a = 700 kPa ◄ 

0.100 xlO 6 Pa 

a B = 100 kPa A 


a c = -133.3 kPa A 

- 0.967 x 10 6 Pa 

a D = -967 kPa ◄ 
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y 

0.5 in. 

1 




* 

1.43 in. 

♦ 




t 

* [ 

M 0 ' 



C 

5 ii 

5 in. -► 





in.—»- 





5 in. 


PROBLEM 4.150 

A beam having the cross section shown is subjected to a couple M 0 that 
acts in a vertical plane. Determine the largest permissible value of the 
moment M 0 of the couple if the maximum stress in the beam is 
not to exceed 12 ksi. Given: I y = I z = 11.3 in 4 , A = 4.75 in 2 , 
k mm = 0.983 in. (Hint: By reason of symmetry, the principal axes form 
an angle of 45° with the coordinate axes. Use the relations / min = AkJ rnn 
and / m j n + f max — Iy I z -) 


SOLUTION 


M u = M 0 sin 45° = 0.70711M 0 
M v = M 0 cos 45° = 0.70711M 0 
/ min = Ak; mn = (4.75)(0.983) 2 = 4.59 in 4 
/max = Iy + h - / min = 11.3 + 11.3 - 4.59 = 18.01 in 4 
ii B = y B cos 45° + z B sin 45° = -3.57 cos 45° + 0.93 sin 45° = -1.866 in. 
v B = z B cos 45° - y B sin 45° = 0.93 cos 45° - (-3.57) sin 45° = 3.182 in. 




m A 1 b ! M u V B 

Iv III 


-0.7071 lM r 


I min I max 


= 0.70711M 0 


(-1.866) 3.182 

4.59 + 18.01 


0.4124M 0 


Mr, 


°B = 12 

0.4124 0.4124 


M 0 = 29.1 kip • in. -4 
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y 

0.5 in. 

4 




* 

1.43 in. 
t 




t 

* l 

M 0 



c 

5 ir 

5 in.^ 


- 



in.—»- 






— 5 in.-► 



PROBLEM 4.151 

Solve Prob. 4.150, assuming that the couple M 0 acts in a horizontal 
plane. 

PROBLEM 4.150 A beam having the cross section shown is subjected 
to a couple M 0 that acts in a vertical plane. Determine the largest 
permissible value of the moment M 0 of the couple if the maximum 
stress in the beam is not to exceed 12 ksi. Given: I = I z =11.3 in 4 , 
A = 4.75 in 2 , k min = 0.983 in. {Hint: By reason of symmetry, the 
principal axes fonn an angle of 45° with the coordinate axes. Use the 
relations 7 min = Ak^ m and / mm + / max =I y + I z .) 


SOLUTION 


M u 

M v 


Mq cos 45° = 0.70711M 0 

—M 0 sin 45° = - 0.70711M 0 

Ak 2 mm = (4.75)(0.983) 2 = 4.59 in 4 

I y + L - / mm =11.3 + 11.3 - 4.59 = 18.01 in 4 


y D cos 45° + z D sin 45° = -0.93 cos 45° + (-3.57 sin 45°) = -1.866 in. 
z D cos 45° - y D sin 45° = (-3.57) cos 45° - (0.93) sin 45° = 3.182 in. 


M„u 


D 


+ ■ 


M..v 


u V D 


h I 

0.70711M 0 


= -0.70711M, 


u d. + v 


D 


(-1.866) 3.182 


4.59 


18.01 


Tnin Anax 


= 0.4124M,, 


M n 


°p = 12 

0.4124 0.4124 


Mq = 29.1 kip • in. A 
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PROBLEM 4.152 

The Z section shown is subjected to a couple M 0 acting in a vertical 
plane. Detennine the largest permissible value of the moment M 0 of the 
couple if the maximum stress is not to exceed 80 MPa. Given: 
7 max = 2.28 x 10 -6 mm 4 , 7 min = 0.23 x 10 -6 mm 4 , principal axes 
25.7° ^ and 64.3° 


SOLUTION 


I v 

K 

M v 


/ raax = 2.28 x 10 6 mm 4 = 2.28 x 10“ 6 m 4 
7 min = 0.23 x 10 6 mm 4 = 0.23 x 10“ 6 m 4 
M 0 cos 64.3° 

Mq sin 64.3° 


9 = 64.3 
tan (p 


— tan 6* 
7., 


2.28 x 10 


-6 


tan 64.3 c 


0.23 x 10“ 

= 20.597 
<p = 87.22° 

Points A and B are farthest from the neutral axis. 



u b = Vb cos 64.3° + z B sin64.3° = (-45) cos 64.3° + (-35) sin 64.3° 
= -51.05 mm 

v B = z B cos 64.3° - y B sin 64.3° = (-35) cos 64.3° - (-45) sin 64.3 C 

= +25.37 mm 

_ M v u b , M u v b 
~ T ^ T 


80 x 10 6 - ( M o cos 64.3°)(-51.05 x 10 ~ 3 ) (M 0 sin 64.3°)(25.37 x 10“ 3 ) 


2.28x10 


-6 


0.23 x 10" 


= 109.1 x 10M„ 


M 0 = 


80x10° 

109.1 x 10 3 


M 0 = 


733 N • m ◄ 
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PROBLEM 4.153 



Solve Prob. 4.152 assuming that the couple M 0 acts in a horizontal 
plane. 

PROBLEM 4.152 The Z section shown is subjected to a couple M 0 
acting in a vertical plane. Determine the largest permissible value of the 
moment M 0 of the couple if the maximum stress is not to exceed 80 MPa. 
Given: 7 max = 2.28 x 10 -6 mm 4 , / min = 0.23 x 10 _6 mm 4 , principal axes 
25.7° ^ and 64.3° ^1 


SOLUTION 

I v = I mm = 0.23 x 10 6 mm 4 = 0.23 x 10 6 m 4 
4 = / raax = 2.28 x 10 6 mm 4 = 2.28 x 10 6 m 4 
M v = M 0 cos 64.3° 

M u = M 0 sin 64.3° 

9 = 64.3° 

tan m = — tan 9 

K 

0.23 x 10“ 6 + ^ „ 

=-- tan 64.3 

2.28 x 10“ 6 

= 0.20961 
<p = 11.84° 

Points D and E are farthest from the neutral axis. 



u d = yo cos 25.7° - z D sin 25.7° = (-5) cos 25.7° - 45 sin 25.7° 

= -24.02 mm 

v D = z D cos 25.7° + y D sin 25.7° = 45cos25.7° + (-5) sin 25.7° 

= 38.38 mm 

M v u d M u v d (M d cos 64.3°)(-24.02 x 10~ 3 ) 

° D ~ I v 4 ~ 0.23 X 10“ 6 

(Mp sin 64.3°)(38.38 x 10~ 3 ) 

2.28 xl0“ 6 

80 x 10 6 = 60.48 x 10 3 M 0 

M 0 = 1.323 x 10 3 N • m M 0 = 1.323 kN • m ◄ 
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y 

0.3 in. 

i 

Mo 





t 1 

1 1.5 ii 
1 




c 

t 

0.3 in. 




. 

.6 ii 

. 1.5 in. C 

.6 ii 


PROBLEM 4.154 

An extruded aluminum member having the cross section shown 
is subjected to a couple acting in a vertical plane. Determine the 
largest permissible value of the moment M 0 of the couple if the 
maximum stress is not to exceed 12 ksi. Given: 
/ ma x = 0.957 in 4 , / min = 0.427 in 4 , principal axes 29.4°^£ and 
60.6°X;. 


SOLUTION 


4 = 7 max = 0.957 in 4 
I v =I mm = 0.427 in 4 
M u = M 0 sin 29.4°, M v = M 0 cos 29.4° 



u a = yA cos 29.4° + sin29.4° = -1.0216 in. 
v A = z A cos29.4° - y A sin29.4° = -0.2852 in. 


M v u a M u V a (M 0 cos 29.4°)(-1.0216) (M 0 sin29.4°)(-0.2852) 

I v /„ ~ 0.427 0.957 

= 1.9381 M 0 


M 0 


1.9381 


12 

1.9381 


M 0 = 6.19 kip • in. 4 
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PROBLEM 4.155 

A beam having the cross section shown is subjected to a couple Mo 
acting in a vertical plane. Determine the largest permissible value of 
the moment Mq of the couple if the maximum stress is not to exceed 
100 MPa. Given: I y =I Z = b 4 /36 and = b 4 / 72. 


SOLUTION 


b 4 60 4 
z ~36 _ 36 


= 0.360 x 10 6 mm 4 


/ = — = ^5— = 0.180 x 10 6 mm 4 
yz 72 72 ; 

Principal axes are symmetry axes. 

Using Mohr’s circle, determine the principal moments of inertia. 

R = \l yz 1 = 0.180 x 10 6 mm 4 


Points 




Iy+L 

-*■ - - + R 


= 0.540 x 10 6 mm 4 =0.540x10^ 6 m 4 


/„ = 


/,.+/- 


--R 



= 0.180 x 10 6 mm 4 =0.180xl0~ 6 m 4 


M u = M 0 sin 45° = 0.7071 IM 0 , M v = M 0 cos45° = 0.70711M 0 


I v „ 0.540 xl0~ b 

^ = 45 tan (3 = —tan^ =-— 

/„ 0.180xl0^ 6 


tan 45° = 3 


cp = 71.56° 


11 a = 0 


= -20%/2 mm 


«^ + M ! ^ = 0 + ( 0 - 7 O 711 M o )(- 20 V 2 x 10^) = _, ui>< , o _ 1 


M 0 =- 


111.1 lx 10 J 


-100 x 10 
111.llxl 0 3 


0.180x10“ 


= 900 N•m 
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Point B\ 


PROBLEM 4.155 (Continued) 


60 20 

u„ = —-= mm, v R = —pr mm 

V2 sl2 


M,u„ M u v b (0-70711«,)(-f><10- 5 ) (0.7071 lM 0 )(fxlO J 


0.540x10“ 


0.180x10- 


= -111.11 x 10 M n 


M 0 = 


100 x 10 


lll.llxl 0 3 lll.llxl 0 3 


= 900 N -m 


Choose the smaller value. 


= 900 N • m ◄ 
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PROBLEM 4.156 

Show that, if a solid rectangular beam is bent by a couple applied in a plane containing 
one diagonal of a rectangular cross section, the neutral axis will lie along the other 
diagonal. 


SOLUTION 



The neutral axis passes through comer A of the diagonal AD. A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


615 







Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 4.157 



(a) Show that the stress at comer A of the prismatic 
member shown in part a of the figure will be zero if 
the vertical force P is applied at a point located on the 
line 


-+-= 1 

b/6 hi 6 

( b ) Further show that, if no tensile stress is to occur in 
the member, the force P must be applied at a point 
located within the area bounded by the line found in 
part a and three similar lines corresponding to the 
condition of zero stress at B, C, and D, respectively. 
This area, shown in part b of the figure, is known as 
the kern of the cross section. 


SOLUTION 


I. = — hb 3 
z 12 


2 


1 , 

I = —bh 3 
* 12 

b 

X A =- 

A 2 


A = bh 


Let P be the load point. 


M z = —Px p M x = Pz p 


a, = -+ 


M,x, 


M x z A 


A I z I x 

(rPxp) K) {Pz P - f) 


P 

bh 


P 

bh 


Tihb 3 


b/6 h/6 


iV ^ 3 


(a) 

For cr^ = 

0, 1 - —-— = 0 


b/6 h/6 

(b) 

At point E : 

z = 0 .’. x E = b/6 


At point F: 

x = 0 .'. z F = h/6 


jc z _ i 
~b/6 + ~h/6~ 



If the line of action ( x P , z P ) lies within the portion marked T A , a tensile stress will occur at corner A. 

By considering a B = 0, a c = 0, and a D = 0, the other portions producing tensile stresses are identified. 
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PROBLEM 4.158 



A beam of unsymmetric cross section is subjected to a couple M 0 acting in the 
horizontal plane xz. Show that the stress at point A, of coordinates y and z, is 


(7 i = 


zl 2 - yl 


I I - I 

y z yz 


¥-M 

2 y 


where I v , I z , and I yz denote the moments and product of inertia of the cross section 
with respect to the coordinate axes, and M y the moment of the couple. 


SOLUTION 


The stress cr A varies linearly with the coordinates y and z. Since the axial force is zero, the y- and z-axes are 
centroidal axes: 


where Cj and C 2 are constants. 


a a = c \ v + C 2 z 


M, = -J ya A dA = -Cjj y 2 dA - C 2 j yz dA 

= -i A i yz c 2 = o 

c, = ~ Ij r c i 

1 z 

M v = J z<7 4 dA = Cjyz dA + C 2 J z 2 dA 

= i yz q + i y c 2 
- Iyz C 2 + IyC 2 

1 z 

I z M y = (l y L - 4)c 2 


C 2 = 


LM , 


/1 - r 

y z r z 


I r M 

C _ y z y 


11 - r 

y z x yz 


C>A = 


l z Z - ly-y 


11 -1 

yz yz 


2 M y 


◄ 
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PROBLEM 4.159 



A beam of unsymmetric cross section is subjected to a couple M 0 acting in the 
vertical plane xy. Show that the stress at points, of coordinates y and z, is 


(7 a = 


yIy Zlyz M_ 


^ I I -I 2 

y * yz 


where /,,, I z , and I v: denote the moments and product of inertia of the cross 
section with respect to the coordinate axes, and M : the moment of the couple. 


SOLUTION 

The stress a A varies linearly with the coordinates y and z. Since the axial force is zero, the y- and z-axes are 
centroidal axes: 


where C, and C 2 are constants. 


(7 A = Qy + C 2 z 


M y = Jza 4 dA = C 4 fyzdA + C 2 \z 2 dA 
= IyA+IyC 2 =0 

c 2 = -^c, 

/, 

M z = -f ya A dz = - C x \v 2 dA + C 2 fyzdA 


= -T c - T -Ar 

_ 1 1 yz J 


I y M z = -(/x -/ 


Q = - 


-(Vz - I 2 y: )c x 

L,M- 


y z 


11 - r 

v z yz 


I VZ M„ 

c, = +- - 


11 -i 2 - 

v z yz 


I v y -I 2 

a 4 = —-- 

11 -I 2 

y z yz 
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PROBLEM 4.160 


(a) Show that, if a vertical force P is applied at point A of the section 
shown, the equation of the neutral axis BD is 


r v 


f \ 

X A 

2 

X + 

Z A 

2 

U ) 


U J 


where r„ and r x denote the radius of gyration of the cross section with 
respect to the z axis and the x axis, respectively, (b) Further show that, if 
a vertical force Q is applied at any point located on line BD, the stress at 
points will be zero. 


SOLUTION 

Definitions: 

(a) M x = Pz A M : = -Px A 


rt = 


L 

A 


rt = 


h 

A 


P 

A 


M - X E 


M x Zr 


P_ 

A 


PXaX 


A a E 


Art 


Pz A z E 

Art 


- 

c V 


( \ 


l + 

X A 

X E + 

Z A 

„2 

Z E 


\ r z J 


\ r x J 



= 0 


if E lies on neutral axis. 


1 + 

r \ 

X A 

2 

X + 

( \ 
Z A 

2 

z = 0, 

( \ 
X A 

2 

X + 

f \ 
Z A 

2 


J 


\ r x ) 


l P ) 


r 

\ r x J 


z = —1 


(b) M x = Pz E M, = -Px, 


a, = -+ 


Mx, 


M x Z A 


a / z 4 

= 0 by equation from part (a). 


Px E X A 

Art 


Pz e z a 

Art 


◄ 


◄ 
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SOLUTION 


(a) h = 50 mm, r x = 50 mm, r 2 = 100 mm 
A = (24)(50) = 1.200 x 10 3 mm 

R = — = = 72.13475 mm 

lti 100 

m r 2 In 



e = r - R = 2.8652 mm 


yA 


C b ) h 


R 


72.13475 - 50 = 22.13475 mm r A = 50 mm 

My A _ _ (600)(22.13475 x 10~ 3 ) 

Aer A ~ (1.200 x 10“ 3 )(2.8652 x 10“ 3 )(50 x 10 -3 ) 


-77.3 x 10 6 Pa 


-77.3 MPa ◄ 


60 mm, r x = 50 mm, r 2 = 



60 

In no 

50 


76.09796 mm 


110 mm, 


A = (24)(60) = 1.440 x 10 3 mm 2 


r 

Va 

°A 


~{ r \ + r i) ~ 80 mm e = r - R = 3.90204 mm 

76.09796 - 50 = 26.09796 mm r A = 50 mm 

My A _ _ (600)(26.09796 xlO~ 3 ) _ 

Aer A ~ (1.440 xl0“ 3 X3.90204 xl0“ 3 X50xl0“ 3 ) 


-55.7 x 10 6 Pa 


-55.7 MPa ◄ 
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SOLUTION 


h = 55 mm, r x = 50 mm, r 2 = 105 mm 
A = (24)(55) = 1.320 x 10 3 mm 2 

R = ^ = 74.13025 mm 

Ini ln 1 ^ 
r 1 50 

7 = — (>| + r 2 ) = 77.5 mm 
e = 7 - R = 3.36975 mm 

y A = 74.13025 - 50 = 24.13025 mm r A = 50 mm 

_ My A _ _ (600)(24.13025 xlQ~ 3 ) _ 

° A ~ Aer A ~ (1.320 x 10“ 3 )(3.36975 x 10“ 3 )(50 x 10 “ 3 ) 


y B 

<?B 


74.13025 - 105 = -30.86975 mm r B = 105 mm 


My B _ (600X-30.8697 x 10~ 3 ) _ 

Aer B ~ (1.320 x 10“ 3 X3.36975 x 10“ 3 )(105 x 10 -3 ) 


-65.1 MPa ◄ 


39.7 MPa ◄ 
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SOLUTION 

M = -4 kip • in. 

Rectangular cross section: A = bh r 2 = 3 in. t\ = r 2 — , 


r = ^(r, + r 2 ), R 


In — 


e = r - R 


(a) h = 2 in. ^ = (0.75)(2) = 1.5 hr 


rj = 3 - 2 = 1 in. 


r = —(3 + 1) = 2 in. 
2 


R = —- = 1.8205 in. e = 2 - 1.8205 = 0.1795 in. 
In 4 


At points: r = r x = 1 in. 

_ M(r - R) _ (~4)(1 - 1.8205) 
~ Aer ~ (1.5)(0.1795)(1) 


= 12.19 ksi 


(. b ) h = 2.6 in. A = (0.75)(2.6) = 1.95 in 2 


r, = 3 - 2.6 = 0.4 in. 


2.6 


r = —(3 + 0.4) = 1.7 in. 
2 


R = — 5 - = 1.2904 in. e = 1.7 - 1.2904 = 0.4906 in. 

At points: r = r } = 0.4 in. 

a A = ^( r ~ ^) _ (~ 4 )(°- 4 ~ 1 • 29 ° 4 ) _ 1115 ksi 
Aer (1.95)(0.4096)(0.4) 


a A = 12.19 ksi A 


a A = 11.15 ksi A 
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SOLUTION 


M = -4 kip • in. 
Rectangular cross section: 


h = 2.5 in. b = 0.75 in. A = 1.875 in. 2 


r 2 = 3 in. r x = r 7 - h = 0.5 in. 


r = —(/j + r 2 ) - —(0.5 + 3.0) = 1.75 in. 


R = 


2.5 


In— In 


3.0 

0.5 


= 1.3953 in. 


e = r - R = 1.75 - 1.3953 = 0.3547 in. 


At point .4 : 


At point B : 


r = r x = 0.5 in. 

_ M(r - R) _ (-4 kip • in.)(0.5 in. - 1.3953 in.) 

A Aer (0.75 in.)(2.5 in.)(0.3547 in.)(0.5 in.) 

r = r 2 = 3 in. 

M(r ~ R) _ (-4 kip • in.)(3 in. - 1.3953 in.) 

Aer (0.75 in. x 2.5 in.)(0.3547 in.)(3 in.) 


a A = 10.77 ksi A 


a B = -3.22 ksi 4 
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SOLUTION 


= 40 mm, r x = 15 mm, r 9 = 55 mm 


5 '2 


A = (60)(40) = 2400 mm 2 = 2400 x 10“ 6 m 2 


R = 


40 


ln^- 


ln 


55 

40 


= 30.786 mm 


r = —fa + r 2 ) = 35 mm 


e = r - R = 4.214 mm 


My 

Aer 


At r = 15 mm, y = 30.786 - 15 = 15.756 mm 


a = - 


(120)(15.786 x 10 -3 ) 


(2400 x 10 _6 )(4.214 x 10“ 3 )(15 x 10“ 3 ) 


= -12.49 x 10“ 6 Pa 


At r = 55 mm, y = 30.786 - 55 = -24.214 mm 


(120)(—24.214 x 10“ 3 ) 


(7 = — 


(2400 x 10“ 6 )(4.214 x 10“ j )(55 x 10“') 


- 3 \ 




= 5.22 x 10 6 Pa 


<7 = -12.49 MPa ◄ 


a = 5.22 MPa ◄ 
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SOLUTION 


h = 40 mm, A = (60)(40) = 2400 mm 2 = 2400 x 10 “ 6 m 2 , M = 120 N • m 

/ = — bh 3 = —(60)(40) 3 = 0.32 x lOStrni 4 = 0.32 x 10 “ 6 mm 4 , c. = -h = 20 mm 
12 12 2 


Assuming that the bar is straight, 

Me _ (120)(20 x 1 Q~ 8 ) 

(0.32 xl0“ 6 ) 


cr = -- 


= 7.5 x 10 Pa = 7.5 MPa 


(a) r x = 20 mm r 2 = 60 mm 
40 


R = 


Ini 1„“ 

r, 20 


= 36.4096 mm 


r = + r 9 ) = 40 mm 


/j - R = -16.4096 mm 


e = r — R = 3.5904 mm 


cr„ = 


M( 7j - i?) 


(120)(—16.4096 x 10 -3 ) 


Aer (2400 x 10 _o )(3.5904 x 10 _3 )(20 x 10“ J ) 

% error = L426 ~ (~ 7 - 5 ) x 100 o /o = - 34 . 4 % 

-11.426 

For parts (b) and (c), we get the values in the table below: 


= -11.426 x 10° Pa = -11.426 MPa 



7j, mm 

r 2 , mm 

R, mm 

r, mm 

e, mm 

a, MPa 

% error 

(a) 

20 

60 

36.4096 

40 

3.5904 

-11.426 

-34.4 % 


(b) 

200 

240 

219.3926 

220 

0.6074 

-7.982 

6.0 % 

◄ 

(c) 

2000 

2040 

2019.9340 

2020 

0.0660 

-7.546 

0.6 % 

◄ 
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0.3 in. 



PROBLEM 4.167 

Steel links having the cross section shown are available with 
different central angles J3. Knowing that the allowable stress is 
12 ksi, determine the largest force P that can be applied to a 
link for which J3 = 90°. 


SOLUTION 

Reduce section force to a force-couple system at G , the centroid of the cross section AB. 


a = r 


P 


1 - cos — 
V 2 


The bending couple is M = -Pa. 

For the rectangular section, the neutral axis for bending couple only lies at 

R = 


In — 

n 


?' 










\ 


Also, e = r - R 
At points, the tensile stress is 


\ 


P 

M\< 

*■« 

\ 


_ _ P My A _P Pay A 
(7 A - — -- — + ■ 


Aer^ A Aer { A 


1 + 


ay A 


er. 


i 2 


A 


where 


K = 1 + 


ayA 

er. 


and 


y A = R~ h 


p _ A<7 .4 

K 


Data: 


r = 1.2 in., r x = 0.8 in., r 2 =1.6 in., h = 0.8 in., b = 0.3 in. 


A = (0.3)(0.8) = 0.24 in 2 

e = 1.2 - 1.154156 = 0.045844 in., 
a = 1.2(1 - cos 45°) = 0.35147 in. 
(0.35147)(0.35416) 


R = 


0.8 

l n T6 

0.8 


= 1.154156 in. 


y A = 1.154156 - 0.8 = 0.35416 in. 


K = 1 + 


P = 


(0.045844X0.8) 
(0.24)(12) 


= 4.3940 


4.3940 


= 0.65544 kips 


P = 655 lb ◄ 
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0.3 i 
B 


0.8 in. 


0.8 in. 

_L 

c 


PROBLEM 4.168 

Solve Prob. 4.167, assuming that J3= 60°. 

PROBLEM 4.167 Steel links having the cross section shown are 
available with different central angles ft Knowing that the 
allowable stress is 12 ksi, determine the largest force P that can be 
applied to a link for which f5 = 90°. 


SOLUTION 

Reduce section force to a force-couple system at G, the centroid of the cross section AB. 


a = r 


' P 

1 - cos — 


The bending couple is M = -Pa. 

For the rectangular section, the neutral axis for bending couple only lies at 


P' 


R = 


Also, e = r - R 
At points, the tensile stress is 

where 


In — 


_ _ P My A _P Pay A 

CTa- ---I- ■ 


r * 








2 . 
\ 


^3- 


1 + 


ay a 


K = 1 + 


A Aer x A Aei\ A i ei\ > 
and v A = R - r x 


= K P - 
A 


Wa 


en 


Data: 


p _ a °a 
K 

T = 1.2 in., r, = 0.8 in., r 2 =1.6 in., h = 0.8 in., b = 0.3 in. 


A = (0.3)(0.8) = 0.24 in 2 

e = 1.2 - 1.154156 = 0.045844 in. 
a = (1.2)(1 - cos 30°) = 0.160770 in. 

K = 1 + ( 0 - 160770 )( 0 . 35416 ) = 2-5525 


R = 


0.8 

InfA 

0.8 


= 1.154156 in. 


y A = 1.154156 - 0.8 = 0.35416 in. 


P = 


(0.045844X0.8) 
(0.24)(12) 


2.5525 


= 1.128 kips 


P = 1128 lb ◄ 
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PROBLEM 4.169 

The curved bar shown has a cross section of 30 x 30 mm. Knowing 
that the allowable compressive stress is 175 MPa, determine the largest 
allowable distance a. 


SOLUTION 

Reduce the internal forces transmitted across section AB to a force-couple system at the centroid of the 
section. The bending couple is 

M = P(a + 7) 


For the rectangular section, the neutral axis for bending couple only lies at 


R = 



In — 


Also, e = r - R 

The maximum compressive stress occurs at point A . It is given by 

P P(a + 7)y A 


P_My A 
A Aer\ 


Aen 


= ~K — with y A = R - /j 
A 


Thus, K = 1 + 


(a + r)(R - /j) 


( 1 ) 


er. 


Data: 


= 30 mm, 7 ; = 20 mm, r 2 = 50 mm, r = 35 mm, R = 


30 

In — 

20 


= 32.7407 mm 


e = 35 - 32.7407 = 2.2593 mm, b = 30 mm, R - ?j = 12.7407 mm, a = ? 
<j a = -175 MPa = -175 x 10 6 Pa, P = 5 kN = 5 x 10 3 N 


K = -^L 


Solving (1) for a + r 

(30.5)(2.2593)(20) 


(900 x 10~ 6 )(—175 x 10 6 ) 
5 x 10 3 

_ (K - I )e>] 
a + r = 1 


= 31.5 


R ~ r. 


a + r = 


12.7407 
a = 108.17 mm - 35 mm 


= 108.17mm 


a = 73.2 mm -4 
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SOLUTION 


/•[ = —40 = 20 mm, r 2 = —(90) = 45 mm h = r 2 - 1 ] = 25 mm 


A = (14)(25) = 350 mm 2 R=- 


ln- 


25 

20 


= 30.8288 mm 


r =— (r x +r 2 ) = 32.5 mm e = r -R =1.6712 mm 

Reduce the internal forces transmitted across section AB to a force-couple system at the centroid of the cross 
section. The bending couple is 


M = Pa = Pr= (2500)(32.5xl0~ 3 ) = 81.25 N m 
(a) Points: r A = 20 mm y A =30.8288-20 = 10.8288 mm 


^ . L M y A 

A A AeR 


2500 


(81.25)(10.8288 x 10 -3 ) 


350x10^ (350x 10 _6 )(1.6712x 10 _3 )(20x 10 -3 ) 


= -82.4x10° Pa 

(b) Point B: r B = 45 mm y B =30.8288-45 = -14.1712 mm 



P 

C7o= - 


My B 


2500 


_ (81.25)(-14.1712x 10~ 3 ) 

350 x 10" 6 (350 x 10 6 )(1.6712 x 10 3 )(45 x 10^ 3 ) 


A Aer B 
= 36.6 x 10 6 Pa 


cr„= 36.6 MPa ◄ 
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SOLUTION 


2L4 

Y.\\dA 


_ 2 :at 

r =- - 

1A 


2 :^. In 7 ' +l 


IA 


27?,-In — 

r i 



Part 

b 

h 

A 

b ln-^±i- 

r i 

r 

Ar 

© 

3 

0.5 

1.5 

0.462452 

3.25 

4.875 

© 

0.5 

2 

1.0 

0.225993 

4.5 

4.5 

© 

2 

0.5 

1.0 

0.174023 

5.75 

5.75 

Z 



3.5 

0.862468 


15.125 


3 5 15 125 

R= - 1 -= 4.05812 in., F = —-= 4.32143 in. 

0.862468 3.5 

e = T - R = 0.26331 in. M = -8 kip • in. 


(a) v A = R-r x = 4.05812 - 3 = 1.05812 in. 
My A _ (~8)(1.05812) 


Aer x (3.5)(0.26331)(3) 

(b) v B = R-r 2 = 4.05812 - 6 = -1.94188 in. 
My B _ (—8)(—1.94188) 


Aer 2 (3.5)(0.26331)(6) 

(c) y c = R-r =-e 

My c Me M -8 

Ae¥ AeT AT (3.5X4.32143) 


a A = 3.06 ksi A 


a B = -2.81 ksi A 


a c = 0.529 ksi A 
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SOLUTION 


ZA 

ZjjrdA 


_ ZAT 

r =-- 

IA 


Zb t In ; ' +l 


ZA 

Zbj In r ^- 

r. 



r 

3 

Part 

b 

h 

A 

b ln^U- 

r i 

r 

AT 

3.5 

® 

3 

0.5 

1.5 

0.462452 

3.25 

4.875 

5.5 

© 

0.5 

2 

1.0 

0.225993 

4.5 

4.5 

6 

© 

2 

0.5 

1.0 

0.174023 

5.75 

5.75 


Z 



3.5 

0.862468 


15.125 


3 5 15 125 

R= - : -= 4.05812 in., F= - = 4.32143 in. 

0.862468 3.5 

e = ¥ - R = 0.26331 in. e = 0.263 in. A 
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PROBLEM 4.173 

Knowing that the maximum allowable stress is 45 MPa, determine 
the magnitude of the largest moment M that can be applied to the 
components shown. 


SOLUTION 



ZA _ Zbfa _ ZA,- 


1 W dA Zb,2 ln'ttf Zh,ln^±f 

r- r 


_ 


r i 

r i 




ZA, 








, mm 

150 

195 

330 

Part 

bj, mm 

h, mm 

A, mm 2 

bj ln-^if, mm 

r i 

r, mm 

Ar , mm 3 

© 

108 

45 

4860 

28.3353 

172.5 

838.35 xlO 3 

© 

36 

135 

4860 

18.9394 

262.5 

1275.75 x 10 3 

X 



9720 

47.2747 


2114.1 xlO 3 


9720 

R = -= 205.606 mm 

47.2747 

e = 7 - R = 11.894 mm 


_ 2114.1 x 10 3 

9720 


217.5 mm 


y A = R - i\ = 205.606 - 150 = 55.606 mm 


= 


Myj_ 

Aer x 


M 


a A Aei\ 

Va 

(45 x 10 6 )(9720 x 10~ 6 )(11.894 x 10~ 3 )(150 x 10~ 3 ) 
(55.606 x 10“ 3 ) 


y B 


= R-r 2 = 205.606 - 330 = -124.394 mm 

= M y B 

Aer 2 


14.03 kN • m 


,, cr R Aer 0 
M = -2- 

y B 

_ (45 X 10 6 )(9720 x 10~ 6 )(11,894 x 10~ 3 )(330 x 10~ 3 ) 
(124.394 x 10“ 3 ) 

= 13.80 kN • m 


M = 13.80 kN • m ◄ 
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PROBLEM 4.174 

Knowing that the maximum allowable stress is 45 MPa, determine 
the magnitude of the largest moment M that can be applied to the 
components shown. 


SOLUTION 


© 

®~l 


R = 


ZA 


ZbM 


i :a, 


' L \\ dA Zb ; In— zb, ln^±L 
r ; r ; 


- 

r = ‘ 


ZA; 


r, mm 
150 

285 

330 



bj, mm 

h, mm 

A, mm 2 

6,ln^±!,mm 

n 

r, mm 

Ar, mm 3 

© 

36 

135 

4860 

23.1067 

217.5 

1.05705 xlO 6 

© 

108 

45 

4860 

15.8332 

307.5 

I .49445 xlO 6 

I 



9720 

38.9399 


2.5515 xlO 6 


R = 


9720 


= 249.615 mm. 


_ 2.5515 xlO 6 

r = 


9720 

~>3 


38.9399 

e = V - R = 12.885 mm, M = 20 x 10 J N • m 

y A = R-i\= 249.615 - 150 = 99.615 mm 

Aer x 

. . o-jAer, 

M = 


= 262.5 mm 


yA 

_ (45 x 10 6 )(9720 x 10~ 6 )(12.885 x 10~ 3 )(150 x 10~ 3 ) 
(99.615 x 10 -3 ) 

y B = R~r 2 = 249.615 - 330 = -80.385 mm 
_ My B 

a B ~ . 

Aer 2 

M - a * Aer z 

y B 

_ (45 X 10 6 )(9720 x 10“ 6 )(12.885 x 10“ 3 )(330 x 10“ 3 ) 


= 8.49 kN • m 


(80.385 xl0“ 3 ) 


= 23.1 kN-m 


M = 8.49 kN • m ◄ 
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PROBLEM 4.175 

The split ring shown has an inner radius r\ = 0.8 in. and a circular cross 
section of diameter d = 0.6 in. Knowing that each of the 120-lb forces is 
applied at the centroid of the cross section, determine the stress ( a ) at point A, 
(b) at point B. 
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120 lb 

1201b PROBLEM 4.176 


Solve Prob. 4.175, assuming that the ring has an inner radius r\ = 0.6 in. and 
a cross-sectional diameter d = 0.8 in. 

X 


A 

PROBLEM 4.175 The split ring shown has an inner radius r\ = 0.8 in. and a 


circular cross section of diameter d = 0.6 in. Knowing that each of the 120-lb 
forces is applied at the centroid of the cross section, determine the stress 

B 

(a) at point A, ( b ) at point B. 


SOLUTION 



r A = r x = 0.6 in. 

r B = r a + d = 0.6 + 0.8 = 1.4 in. 


r = -( r A + r B ) = 1-0 in. 


c = —d = 0.4 in. 
2 


A = Tic 2 = ;r(0.4 ) 2 = 0.50265 in 2 


for solid circular section. 


R = - 

2L 


r + 


pi 2 
V r - c 


1.0 + ^/(l.O ) 2 - (0.4 ) 2 


e = F - R = 1.0 - 0.958258 = 0.041742 in. 

Q = 120 lb +SF t = 0 p-g = 0 


= 0.958258 in. 


P = 120 lb 


+)SAf 0 =0: 2F0 + M = 0 


M 


-27Q = —(2)(1.0)(120) = -240 lb • in. 


(a) r = r A = 0.6 in. 

_P_ M(r A - R) _ 120 (-240X0.6 - 0.958258) 

aA ~ A Aer A ~ 0.50265 (0.50265)(0.041742)(0.6) 

= 7.069 xl0 3 psi 


(b) r = r B = 1.4 in. 

_P_ M(r B -R) 120 (-240X1.4 - 0.958258) 

^ “ 0.50265 (0.50265)(0.041742)(1.4) 

= -3.37 x 10 3 psi 


a A = 7.07 ksi 4 


cr B = -3.37 ksi 4 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


635 
























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


c = —d = 8 mm 
2 


r = 12 + 8 = 20 mm 


R = - 
2 


7 + yjr 2 - c 2 1 = —f20 + V20 2 - 8 2 


e = 7 -R = 20 - 19.1652 = 0.83485 mm 
A = nr 2 = ;r(8) 2 = 201.06 mm 2 
P = 220 N 


19.1652 mm 


M = —P(a + r) = 220(0.032 + 0.020) = 11.44 N • m 
y A = R - r x = 19.1652 - 12 = 7.1652 mm 
y h = R - r 2 = 19.1652 - 28 = -8.8348 mm 


(a) 


P My A 
A A Aei\ 

220 _ (-11.44)(7.1652 x 1Q~ 3 ) _ 

~ 201.06 x 10 -6 (201.06 x 10“ 6 )(0.83485 x 10“ 3 )(12 x 10 -3 ) 


a A = 41.8 MPa ◄ 


(b) 


_ P My B 
A Aer 2 

220 _ (~11.44)(8.8348 x 10~ 3 ) _ 

” 201.06 x 10“ 6 (201.06 x 10“ 6 )(0.83485 x 10“ 3 )(28 x 10“ 3 ) 


a B = -20.4 MPa ◄ 
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PROBLEM 4.178 

The bar shown has a circular cross section of 14-mm diameter. Knowing 
that the allowable stress is 38 MPa, determine the largest permissible 
distance a from the line of action of the 220-N forces to the plane 
containing the center of curvature of the bar. 


SOLUTION 


c = —d = 8 mm 
2 


r = 12 + 8 = 20 mm 


20 + V20 2 - 8 2 


R = -\r+ylr 2 -c 1 1 = - 

2 L J 2L 

e = 7 -R = 20 - 19.1652 = 0.83485 mm 
A = nr 2 = n{ 8) 2 = 201.06 mm 2 
P = 220 N 
M = ~P(a + 7) 

v A = R - /j = 19.1652 - 12 = 7.1652 mm 


= 19.1652 mm 


Mv 


Aer, 


a = y_ + p ( a + r )y a 


KP 


where 


Aer j 


K = 1 + 


1 + 


(a + 7)y A 


en 


(a + r)y A 


en 


k= °aA^ (38 x 10 6 )(201.06 x 10~ 6 ) = ^ ^ 


220 


(K - I )e>] 
a + r = - - — L 


7a 

_ (34.729 - 1)(0.83485 x 10~ 3 )(12 x 10~ 3 ) 
(7.1652 xl0“ 3 ) 

= 0.047158 m 

a = 0.047158 - 0.020 = 0.027158 


a = 27.2 mm A 
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16 mm 


12 mm 


PROBLEM 4.179 

The curved bar shown has a circular cross section of 32-mm 
diameter. Determine the largest couple M that can be applied to 
the bar about a horizontal axis if the maximum stress is not to 
exceed 60 MPa. 


SOLUTION 


c = 16 mm 


r = 12 + 16 = 28 mm 


2 

_ 

~ 2 


r + 'Jr 2 - c 2 
28 + yjis 2 


16 2 


= 25.4891mm 


e = V -R = 28 - 25.4891 = 2.5109 mm 
<r occurs at A, which lies at the inner radius. 


It is given by er, 



My A 

max | 

Aer x 


from which 


M = 


^iFmaxI 

y A 


Also, A = nc 2 = zr(l 6) 2 = 804.25 mm 2 

Data: y A = R - r x = 25.4891 - 12 = 13.4891 mm 

(804.25 x 10 _6 )(2.5109 x 10" 3 )(12 x 10“ 3 )(60 x 10 6 ) 


M = 


13.4891 x 10 


-3 


M = 107.8 N • m ◄ 
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PROBLEM 4.180 

Knowing that P = 10 kN, determine the stress at (a) point A, (b) point B. 


SOLUTION 



~r 

TOVi /^i 


"7 if 


A* 'S 



Locate the centroid /.) of the cross section. 

_ ... 90 mm ... 

r = 100 mm H-= 130 mm 


Force-couple system at D. 

P = lOkN 

M = PT = (10 kN)(130 mm) = 1300 N • m 
Triangular cross section. 

A = ^bh = ^-(90 mm)(80 mm) 

= 3600 mm 2 = 3600 xl0“ 6 m 2 


R = 


1 

— I 
2 


-(90) 


—In — - 1 
h }\ 


190, 190 , 

-In-1 

90 100 


45 mm 
0.355025 


R = 126.752 mm 

e = r - R = 130 mm - 126.752 mm = 3.248 mm 


P , M(r A - R) 
A Aer, 


10 kN 


(1300 N • m)(0.100 m - 0.126752 m) 


3600 x 10 _6 m 2 (3600 x 10“ 6 m 2 )(3248 x 10“ 3 m)(0.100m) 


= -2.778 MPa - 29.743 MPa 
(b) Point B: r B = 190 mm = 0.190 m 

10 kN 


-32.5 MPa ◄ 


P , M{r B - R) 
A Aer R 


(1300 N • m)(0.190 m - 0.126752 m) 


3600 x 10“ 6 m 2 (3600 x 10“ 6 m 2 )(3.248 x 10“ 3 m)(0.190 m) 


= -2.778 MPa + 37.01 MPa 


o-o = +34.2 MPa ◄ 
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PROBLEM 4.181 

Knowing that M = 5 kip • in., 
(b) point B. 


detennine the stress at (a) point A, 


SOLUTION 


A = -bh = — (2.5)(3) = 3.75 in 2 
2 2 

F = 2 + 1 = 3.00000 in. 

b x = 2.5 in., i\ = 2 in., b 2 = 0, r 2 = 5 in. 


Use formula for trapezoid with b 2 = 0. 


R 


+ b 2 ) 


(V 2 - Vi)ln— - Kbi ~ b 2 ) 


(0.5)(3)"(2.5 + 0) 


[(2.5)(5) - (0)(2)] Inf - (3)(2.5 - 0) 

F - R = 0.15452 in. M = 5 kip • in. 


= 2.84548 in. 


(a) y A = R - i\ = 0.84548 in. 

My A _ (5X0.84548) 

A Aei\ (3.75X0.15452)(2) 

( b ) Vg = R - r 2 = -2.15452 in. 

_ _Myg_ _ (5)(~2.15452) 

Gb ~ Aer 2 ~ (3.75)(0.15452)(5) 


c t a = -3.65 ksi A 


ct b = 3.72 ksi A 
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PROBLEM 4.182 

Knowing that M = 5 kip • in., determine the stress at (a) point A, 
(b) point B. 


SOLUTION 


Use formula for trapezoid with 


A = 1(2.5)(3) = 3.75 in 2 

7 = 2 + 2 = 4.00000 in. 

b x = 0, r x = 2 in., b 2 = 2.5 in., r 2 = 5 in. 

b x = 0. 


R = 


\h\b x + b 2 ) 


(b x r 2 - b 2 r x ) In — - h(b x - b 2 ) 


(0.5)(3) 2 (0 + 2.5) 


[(0)(5) - (2.5X2)] ln| - (3)(0 - 2.5) 
e = 7 - R = 0.14534 in. M = 5 kip • in. 


= 3.85466 in. 


(o) v A = R - r x = 1.85466 in. 

(5X1.85466) 

A Aer x (3.75)(0.14534)(2) 

(b ) y B = R - r 2 = -1.14534 in. 

- _MZa. _ (5)(-l. 14534) 

° R ~ Aer 2 ~ (3.75)(0.14534)(5) 


a A = -8.51 ksi 4 


a B = 2.10 ksi A 
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6 in. 4 in. 


) 


80 kip • in. 


PROBLEM 4.183 

Knowing that the machine component shown has a trapezoidal cross 
section with a = 3.5 in. and b = 2.5 in., determine the stress at 
(a) point A, ( b ) point B. 


SOLUTION 


Locate centroid. 



A, in 2 

r, in. 

Ar, in 3 


10.5 

6 

63 

© 

7.5 

8 

60 

X 

18 


123 


r =-= 6.8333 in. 

18 


R = 


\h\b x +b 2 ) 

(b\r 2 -b 2 i\)\n^-h{b x -b 2 ) 



_(0.5)(6) 2 (3.5 + 2.5)_ 

[(3.5X10) - (2.5)(4)]lnf - (6)(3.5 - 2.5) 


= 6.3878 in. 


e = r -R = 0.4452 in. M = 80 kip • in. 


(a) y A =R-r x =6.3878-4 = 2.3878 in. 
My A (80)(2.3878) 
a - 4 ~ Aer x ~ (18)(0.4452)(4) 

C b ) y B =R-r 2 =6.3878-10 = -3.6122 in. 

My B _ (80X-3.6122) 

(Th ~ Aer 2 ~ (18)(0.4452)(10) 


a A =-5.96 ksi A 


a B = 3.61 ksi A 
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PROBLEM 4.184 

Knowing that the machine component shown has a trapezoidal cross 
section with a = 2.5 in. and b = 3.5 in., determine the stress at 
(a) point A, ( b ) point B. 


SOLUTION 

Locate centroid. 


(a) 


(b) 



A, in 2 

r, in. 

Ar, in 3 


7.5 

6 

45 

© 

10.5 

8 

84 

I 

18 


129 



129 

F = —= 7.1667 in. 
18 


\h\b l+ b 2 ) 


R = 


(V 2 — Vi) ln ^ ~h(b t -b 2 ) 


(0.5)(6r(2.5 + 3.5) 


[(2.5)(10) - (3.5)(4)] In f - (6)(2.5 - 3.5) 


= 6.7168 in. 


e = r -R = 0.4499 in. 
V A = R -r t = 2.7168 in. 

My A (80)(2.7168) 


M = 80 kip • in. 


cr a = — 


Aer x (18)(0.4499)(4) 

y B = R-r 2 = -3.2832 in. 

My B _ (80)(-3.2832) 


cr r = — 


Aer 2 (18)(0.4499)(10) 


r 

7.5 

l 


a 4 = -6.71 ksi A 


a R =3.24 ksi A 
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PROBLEM 4.186 

For the crane hook shown, determine the largest tensile stress in 
section a-a. 


SOLUTION 

Locate centroid. 



A , mm 2 

r, mm 

Ar, mm 3 


1050 

60 

63x 10 3 

© 

750 

80 

60xl0 3 

z 

1800 


103 xlO 3 


103 x10 3 


r =- 


1800 


= 63.333 mm 


^ 25 ^ 



Force-couple system at centroid: 


P = 15xlO'N 


M = -Pr =-(15 x10 3 )(68.333x 10~ 3 ) = -1.025 xl0 3 N-m 


R=- 


\h\b l+ b 2 ) 


(V 2 - Vi)lnf- ~Kb x -b 2 ) 


(0.5)(60) 2 (35 + 25) 


[(35)(100) - (25)(40)] lnif - (60)(35 + 25) 


■ = 63.878 mm 


e = r -R = 4.452 mm 


Maximum tensile stress occurs at points. 

y A = R - r x = 23.878 mm 
_P My A 
A A Aer x 

15 x IQ 3 _ -(1,025 x 10 3 )(23.878 x 10~ 3 ) 

~ 1800 x 10~ 6 (1800 x 10 _6 )(4.452 x 10 _3 )(40 x 10 -3 ) 

= 84.7 xl0 6 Pa a A =84.7 MPa ◄ 
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PROBLEM 4.187 

Using Eq. (4.66), derive the expression fori? given in Fig. 4.61 for a circular cross section. 
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PROBLEM 4.188 

Using Eq. (4.66), derive the expression fori? given in Fig. 4.73 for a trapezoidal cross section. 
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PROBLEM 4.189 

Using Equation (4.66), derive the expression fori? given in Fig. 4.73 for a triangular cross section. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


648 





























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


r 

h 

L 




r 3- 


PROBLEM 4.190 

Show that if the cross section of a curved beam consists of two or more 
rectangles, the radius R of the neutral surface can be expressed as 


R = 


In 


f \ 


f \ 


f \ 


where A is the total area of the cross section. 


SOLUTION 


Note that for each rectangle, 


R = 


ZA 


zfj: dA Zb t In 

A 


1+1 



f V 

Z In 

r M 


l r i J 

r'l+i 

, dr 


h i — 

j r t 

r 

, r r i +1 dr 

b >\ 

— 

Jr 2 

r 


In 


f 


\ r i J 


r \ 


( \ 


'i+i 
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c 



PROBLEM 4.191 


For a curved bar of rectangular cross section subjected to a 
bending couple M, show that the radial stress at the neutral 
surface is 


cr,. =- 


M 

Ae 


\ 


1- —-In— 

V R <\) 


and compute the value of a,, for the curved bar of Concept 
Applications 4.10 and 4.11. (Hint: consider the free-body 
diagram of the portion of the beam located above the neutral 
surface.) 
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25 mm 


25 mm 

i 


A 4kN 

4kN 

bJ 

cl 


L _j 

300 mm 

300 mm 


PROBLEM 4.192 

Two vertical forces are applied to a beam of the cross section shown. Determine 
the maximum tensile and compressive stresses in portion BC of the beam. 


SOLUT 





4 = — r 2 = — (25) 2 = 981.7 mm 2 y x = — = (4 ' ,(25 ' ) = 10.610 mm 
2 2 3;r Ztc 

A 2 = bh = (50)(25) = 1250 mm 2 y 2 = —^ = -12.5 mm 


- = + 4.V2 = (981.7)(10.610) + (1250)(-12.5) = _ 2 m ^ 


4 + a 2 


981.7 + 1250 


/, = / -4.v 2 =-r 4 -44 2 = —(25) 4 - (981.7)(10.610) 2 = 42.886 x 10 6 mm 4 
1 8 8 

d x =y 1 —y = 10.610 - (-2.334) = 12.944 mm 

/, =4 +44 2 =42.866xlO 3 +(981.7)(12.944) 2 =207.35xlO 3 mm 4 

7, = —h/j 3 = —(50)(25) 3 = 65.104x10 3 mm 4 
“ 12 12 

d 2 = | y 2 -7| = |—12.5 - (—2.334)| = 10.166 mm 
I 2 =/ 2 +A 2 d 2 =65.104xl0 3 +(1250)(10.166) 2 =194.288xl0 3 mm 4 
I = I X +I 2 =401.16xl0 3 mm 4 =401.16xl0 _9 m 4 
v top = 25 + 2.334 = 27.334 mm = 0.027334 m 
Tbot = “25 + 2.334 = -22.666 mm = -0.022666 m 
? L „ IP 

— --, *'\ n M - Pa = 0: 


^top _ 


-My 


top 


y 

(1200)(0.027334) 


M = Pa = (4 x 10 3 )(300 x 10 -3 ) = 1200 N • m 


401.16 x 10 


-9 


= -81.76 x 10 b Pa 


^bot “ 


-Mv bot _ (1200)(-0.022666) _ 


401.16x10 


-9 


= 67.80 x 10° Pa 


cr top = -81.8 MPa A 


C 7 b0t = 67.8 MPa ◄ 
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PROBLEM 4.193 

A steel band saw blade that was originally straight passes over 8 -in.-diameter pulleys 
when mounted on a band saw. Determine the maximum stress in the blade, knowing that 
it is 0.018 in. thick and 0.625 in. wide. Use E = 29 x 10 6 psi. 


SOLUTION 



Band blade thickness: 

t = 0.018 in. 


Radius of pulley: 

r = —d = 4.000 in. 

2 


Radius of curvature of centerline of blade: 



p = r + —t = 4.009 in. 

2 

c = — t = 0.009 in. 

2 


Maximum strain: 

£ m = C = °' 009 = 0.002245 
p 4.009 


Maximum stress: 

a m = Es m = (29 x 10 6 )(0.002245) 



a m = 65.1x10’psi 

a m = 65.1 ksi A 
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SOLUTION 



Me M f 


a 

12 


6 M 

^max ^ 

a 


1 M M 


P El R a 4 

12 

For one triangle, the moment of inertia about its base is 


/ =— bh 3 =— (72a) 
1 12 12 ' > 

4 

I 2 =I i= — 

24 


4 b 3 4 

a a 
24 


V y 


I = h+h = 


12 




cr„. 


Me _ Ma/^jl _ 6^2 M 
I a 4 /12 o 3 


1 12M 


p Ea 4 



1 M M 


P El E a 

12 


1 12M 


p Ea 4 
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PROBLEM 4.195 

Determine the plastic moment M p of a steel beam of the cross section shown, assuming 
the steel to be elastoplastic with a yield strength of 240 MPa. 
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PROBLEM 4.196 


M = 300 N • m 

-- 


26 mm 
30 mm 


46 mm 


50 mm 


In order to increase corrosion resistance, a 2-mm-thick cladding of 
aluminum has been added to a steel bar as shown. The modulus 
of elasticity is 200 GPa for steel and 70 GPa for aluminum. For a 
bending moment of 300 N • m, determine (a) the maximum stress 
in the steel, ( b ) the maximum stress in the aluminum, (c) the radius 
of curvature of the bar. 


SOLUTION 

Use aluminum as the reference material. 
n = 1 in aluminum 


n = —^ = 2.857 in steel 

E„ 70 


Cross section geometry: 


Steel: A s = (46mm)(26mm) = 1196 mm 2 I s = j^-(46 mm)(26 mm) 3 = 67,375 mm 4 
Aluminum: A a = (50 mm)(30 mm) - 1196 mm 2 = 304 mm 2 

I a = j^-(50 mm)(30 mm 3 ) - 67,375 mm 4 = 45,125 mm 4 
Transformed section. 

/ = n a I a + n s I s = (1)(45,125) + (2.857)(67,375) = 237,615 mm 4 = 237.615 x 10“ 9 m 4 
Bending moment. M = 300 N • m 

(a) Maximum stress in steel: n = 2.857 y = 13 mm = 0.013 m 


a >hMy s (2.857)(300)(0.013) 16 n :: 1 Q 6 p:i 

s I 237.615 xlO -9 

(b) Maximum stress in aluminum: n a = 1, y a = 15 mm = 0.015 m 
n a My a _ (1)(300)(0.015) 


<y„ = 


237.615 x 10 


-9 


= 18.94 x 10° Pa 


El (70 x 10 y )(237.615 x 10 -9 ) 

(c) Radius ot curvative: p = — p = - 

M 300 


<j s = 46.9 MPa ◄ 

<j a = 18.94 MPa ◄ 
p = 55.4 m 4 
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PROBLEM 4.197 

The vertical portion of the press shown consists of a rectangular 
tube of wall thickness t = 10 mm. Knowing that the press has 
been tightened on wooden planks being glued together until P = 
20 kN, determine the stress at (a) points, (b) point B. 


SOLUTION 


Rectangular cutout is 60 mm x 40 mm. 

A = (80)(60) - (60)(40) = 2.4 x 10 3 mm 2 = 2.4 x 10“ 3 m 2 

/ = -L(60)(80) 3 - j^-(40)(60) 3 = 1.84 x 10 6 mm 4 

= 1.84 x 10 _6 m 4 

c = 40 mm = 0.040 m e = 200 + 40 = 240 mm = 0.240 m 
P = 20 x 10 3 N 


(a) 

P 

Me 

M = Pe 

20 x 10 3 

= (20 x 10 3 )(0.240) = 4.8 x 10 3 N • m 
, (4.8 x 10 3 )(0.040) _jp 7v 10 6 Pa 

CT A 

A A 

/ 

2.4 x 10 -3 

1.84 x 10 " 

(b) 

P 

Me 

20 x 10 3 

(4.8 x 10 3 )(0.040) _ % 0 vl 0 6 pa 

aB A 

I 

2.4 x 10 -3 

1.84 xl0 “ 6 


112.7 MPa ◄ 

-96.0 MPa ◄ 
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PROBLEM 4.198 

The four forces shown are applied to a rigid plate supported by a solid steel 
post of radius a. Knowing that P = 24 kips and a = 1.6 in., determine the 
maximum stress in the post when (a) the force at D is removed, (b) the forces 
at C and D are removed. 


SOLUTION 

For a solid circular section of radius a, 

A = na 2 

Centric force: F = 4P, 

(a) Force at D is removed. 

F = 3 P, 
F 

a = - 

A 

(b) Forces at C and D are removed. 

F = 2 P, 

Resultant bending couple: M 

_ _F _Mc _ 2P 

A / na 1 

Numerical data: F : 

Answers: (a) a - 

(b) cr = 



F 4 P 

M x =M Z = 0 <r = -- =- r 

A na~ 

M x = -Pa, M z = 0 

M x z _ _3P_ _ (-Pa)(-a) _ IP 

I na 2 fa 2 na 2 

M x = -Pa, M z = -Pa 

•y/ M 2 + M 2 z = 42Pa 
SPw = _2 + 4V2 _P = _ 2A11PM 2 

^a n a~ 

24.0 kips, a = 1.6 in. 

(7X240) 

^■(i.6) 2 

(2.437)(24.0) 

(1.6) 2 


a = -20.9 ksi -4 

a = -22.8 ksi A 
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r = 20 mm 


P = 3 kN 


PROBLEM 4.199 

The curved portion of the bar shown has an inner radius of 20 mm. 
Knowing that the allowable stress in the bar is 150 MPa, detennine the 
largest permissible distance a from the line of action of the 3-lcN force to 
the vertical plane containing the center of curvature of the bar. 


SOLUTION 


Reduce the internal forces transmitted across section AB to a force-couple system at the centroid of the 
section. The bending couple is 

M = P(a + 7) 

For the rectangular section, the neutral axis for bending couple only lies at 


R = 



Also, e = r - R 

The maximum compressive stress occurs at point A. It is given by 

P My A P P(a + 7)y A v P 

a A = -=-= —a — 

A Aei\ A Aei\ A 


with 

Thus, 


Va= r - h 

K = l+ ( fl + F )(^ ~ ? i) 
er[ 



Data: 


h = 25 mm, r x = 20 mm, r 2 = 45 mm, r = 32.5 mm 


R = 


25 

In — 

20 


= 30.8288 mm, e = 32.5 - 30.8288 = 1.6712 mm 


b = 25 mm, A = bh = (25)(25) = 625 mm 2 = 625 x 10 6 m 2 R — i\ = 10.8288 mm 
R = 3 x 10 3 N • m, ct a = -150 x 10 6 Pa 


K = 


(TjA 


(-150 x 10 6 )(625 x 10 -6 ) 


a + r = 


P 3 x 10 3 

_ _ (K - I )ei] _ (30.25)(1.6712)(20) 


= 31.25 


R-n 


10.8288 


= 93.37 mm 


a = 93.37 - 32.5 


= 60.9 mm -4 
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4001b 


Dimensions in inches 



PROBLEM 4.200 

Determine the maximum stress in each of the two machine 
elements shown. 


SOLUTION 


For each case, M = (400)(2.5) = 1000 lb • in. 
At the minimum section, 

/ = — (0.5)(1.5) 3 = 0.140625 in 4 

12 

c = 0.75 in. 


{a) Did = 3/1.5 = 2 

rid = 0.3/1.5 = 0.2 


From Fig 4.32, £ = 1.75 


KMc (1.75)(1000)(0.75) Q ,, tn3 . 

-= --—-—-- = 9.33 x 10 psi 

/ 0.140625 


0 b ) Did = 3/1.5 = 2 rid = 0.3/1.5 = 0.2 


From Fig. 4.31, £=1.50 


<r„ 


(1.50X1000X0.75) = 8Q0x10 3 
/ 0.140625 


Crnax = 9.33 ksi ◄ 


<T max = 8.00 ksi A 
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120 mm 


i 

_10 mm 


M 


120 mm 


-10 mm 


_10 mm 

t 


PROBLEM 4.201 

Three 120 x 10-mm steel plates have been welded together to form the 
beam shown. Assuming that the steel is elastoplastic with 
E = 200 GPa and tj y = 300 MPa, determine (a) the bending moment 
for which the plastic zones at the top and bottom of the beam are 
40 mm thick, (b) the corresponding radius of curvature of the beam. 


SOLUTION 





(? 3 

R. 


A x = (120)(10) = 1200 mm 2 

R x =a Y Ay = (300xl0 6 )(1200xl0~ 6 ) = 360xl0 3 N 

A 2 = (30)(10) = 300 mm 2 

R 2 = a Y A 2 = (300xl0 6 )(300xl0~ 6 ) = 90xl0 3 N 

Aj = (30)(10) = 300 mm 2 

R 3 =if7 y A 2 = |(300x10 6 )(300x10~ 6 ) = 45x10 3 N 

y x = 65 mm = 65 x 10~ 3 m y 2 = 45 mm = 45 x 10~ 3 m y 3 = 20 mm = 20 x 10~ 3 m 


(a) M = 2 (RyVy + R 2 y 2 + R 3 y 3 ) = 2{(360)(65) + (90)(45) + (45)(20)} 
= 56.7x 10 3 N-m 

ZL - _ (200x10 9 )(30x1Q~ 3 ) 

l "’ p~ E P ~ a Y ~ 300 x 10 6 


M = 56.7 kN • m ◄ 
p = 20.0 mm A 
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p l 

4.5 in. 

4.5 in. 

| Q 

\ 



1 

1 

i m 

At 


P 


PROBLEM 4.202 

A short length of a W8 x 31 rolled-steel shape supports a rigid plate on which two 
loads P and Q are applied as shown. The strains at two points A and B on the 
centerline of the outer faces of the flanges have been measured and found to be 

s A = -550 x 10 -6 in./in. s B = -680 x 10 -6 in./in. 

Knowing that E = 29 x 10 6 psi, determine the magnitude of each load. 


SOLUTION 

Strains: 


e A = -550 x 10 6 in./in. 


fl C _u 

□n 


£ b = -680 x 10 in./in. 


£ c = \( £ a + £ b) = ^(-550 “ 68 °) 10 ” 6 = -615 x 10 -6 in./in. 


Stresses: 


a A = Ee a = (29 x 10 6 psi)(-550 x 10 6 in./in.) = -15.95 ksi 
cr c = Ee c = (29 x 10 6 psi)(—615 x 10 -6 in./in.) = -17.835 ksi 


p ^,^/i..| 


W8 x 31: 


A = 9.12 in" 






P+Q 

At point C : 

At point A : 


o s = 27.5 in 

M = (4.5 in.)(P - Q) 

P + Q 


<J r = 


- 17.835 ksi = 


P + Q 

9.12 in 2 


P + Q = 162.655 kips (1) 


cr, = - 


P + Q M 


-15.95 ksi = -17.835 ksi - (4 ' 5 m ' )(jP ■ 


Solve simultaneously. 


27.5 in J 
P = 75.6 kips Q = 87.1 kips 


P-Q = -11.5194 kips (2) 

P = 75.6 kips i -4 
Q = 87.1 kips i 4 
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PROBLEM 4.203 





Two thin strips of the same material and same cross 
section are bent by couples of the same magnitude 
and glued together. After the two surfaces of 
contact have been securely bonded, the couples are 
removed. Denoting by G\ the maximum stress and 
by /?, the radius of curvature of each strip while 
the couples were applied, determine (a) the final 
stresses at points A, B, C, and D, (b) the final radius 
of curvature. 


SOLUTION 

Let b = width and t = thickness of one strip. 
Loading one strip, M = M l 

r 1,3 1 

1 12 2 


cr, = 


M x c cMj 

~T ~ ~bF 


1 _ M x _ 12 Mi 


p x EI X Et 3 

After M x is applied to each of the strips, the stresses are those given in the sketch above. They are 


CJ a — CFj, (7g — (Ju O r — 


1> U C 


U D 


The total bending couple is 2M X . 

After the strips are glued together, this couple is removed. 

M' = 2 Af„ /' = — b(2tf = -bt 3 c = t 
1 12 3 

The stresses removed are 

My _ 2M x y _ 3M x y 


a =-- 


(j A 


I 

3 M x 
bt 2 


jbt 3 


bt 2 


1 , _ , _ n , _ 3 Mj _ 1 

" 2 °i’ a B ~ °c ~ 0, o D - 2 ~ 2 CJ] 
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PROBLEM 4.203 (Continued) 


(a) 

Final stresses: 

Ar 

, 1 , 

= “A - (--Cl) 


A, = "A ^ 






£ 

ii 

C| 

▲ 






°c = —(J, ◄ 




1 


1 



A) 

= cr.-cr, 

1 2 1 


A = - A ◄ 


1 M' 2A/, 

3M| 

1 1 




p' EE E\bt 3 

Et 3 

4 P' 





1 

1 1 1 

11 3 1 


(b) 

Final radius: 







P 

A P’ A 

4 A 4/7, 







4 








PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


663 






Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 4.Cl 


Aluminum 


Steel' 



a | 


t 

. h = 40 mm 
t 1 


a | 

b = 60 mm -*■ 



Two aluminum strips and a steel strip are to be bonded together to form 
a composite member of width b = 60 mm and depth h = 40 mm. The 
modulus of elasticity is 200 GPa for the steel and 75 GPa for the 
aluminum. Knowing that M = 1500 N-m, write a computer program 
to calculate the maximum stress in the aluminum and in the steel for 
values of a from 0 to 20 mm using 2-mm increments. Using appropriate 
smaller increments, determine (a) the largest stress that can occur in the 
steel, ( b ) the corresponding value of a. 
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PROBLEM 4.C1 (Continued) 

For a = 0 to 20 mm using 2-mm intervals: compute: n, I , <r alum , cr steel . 

Z? = 60mm h = 40 mm M = 1500N-m 
Moduli of elasticity: Steel = 200 GPa Aluminum = 75 GPa 

Program Output 


a 

mm 

/ 

m 4 /10 6 

Sigma 

Aluminum 

MPa 

Sigma 

Steel 

MPa 

0.000 

0.8533 

35.156 

93.750 

2.000 

0.7088 

42.325 

101.580 

4.000 

0.5931 

50.585 

107.914 

6.000 

0.5029 

59.650 

111.347 

8.000 

0.4352 

68.934 

110.294 

10.000 

0.3867 

77.586 

103.448 

12.000 

0.3541 

84.714 

90.361 

14.000 

0.3344 

89.713 

71.770 

16.000 

0.3243 

92.516 

49.342 

18.000 

0.3205 

93.594 

24.958 

20.000 

0.3200 

93.750 

0.000 

Find ‘a’ for max. 

steel stress and the corresponding aluminum stress. 

6.600 

0.4804 

62.447 

111.572083 

6.610 

0.4800 

62.494 

111.572159 

6.620 

0.4797 

62.540 

111.572113 


Max. steel stress = 111.6 MPa occurs when a =6.61 mm. 
Corresponding aluminum stress = 62.5 MPa 
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7 y 

\ 


PROBLEM 4.C2 

A beam of the cross section shown, made of a steel that is assumed to be 
elastoplastic with a yield strength a Y and a modulus of elasticity E, is bent 

I t 


a 

-J 

X 

t in 

about the x axis, (a) Denoting by y Y the half thickness of the elastic core, write 

1 i 

i 

a computer program to calculate the bending moment M and the radius of 
curvature p for values of y Y from \d to jd using decrements equal 

1— i 

/-i 

to j L. Neglect the effect of fillets, (b) Use this program to solve Prob. 4.201. 


SOLUTION 

Compute moment of inertia I x . 

Maximum elastic moment: M v = a, ^ x 

- r y (d/2) 

For yielding in the flanges , 

(Consider upper half of cross section.) c = y 

Stress at junction of web and flange : 

(d/2) - t f 

cr 4 = - —a Y 

yr 

Detail of stress diagram : Resultant forces : 




fi Ur' 


a 3 =>v --L>v -(c-t f )] 


o 4 = 


2 

3 


(c ~ t f ) 
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Bending moment . 


Radius of curvature. 


T 1 






■y 


Bending moment . 


Radius of curvature. 


PROBLEM 4.C2 (Continued) 




n =1 


y Y E 


Vy = £yP = —— p\ p = 

E (7 


For yielding in the web , 

C = d/z 


(Consider upper half of cross section.) 



Ry- J ' 1 y 


a s =c ~2 tf 


a 6 =-[yy + (c-t f )] 


a i =jy Y 


M=2 Yj R „ a „ 


y Y =e Y p = —p p = 


v Y E 


Program : Key in expressions for a n and R n for n = 1 to 7 . 


y Y E 


For y Y = c to (c - 1.) at - t f 72 decrements, compute M = 2'LR n a n for n = 1 to 4 and p = — —, then print. 

cr Y 

y e 

For y Y = ( c-t ) to c/3 at -tJ2 decrements, compute M = TLR n a n for n = 5 to 7 and p = ——, then print 

o> 

Input numerical values and run program. 
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PROBLEM 4.C2 (Continued) 

Program Output 

For a beam of Problem 4.201 , 

Depth d = 140.00 mm Width of flange bj- = 120.00 mm 

Thickness of flange t* =10.00 mm Thickness of web t w =10.00 mm 

/ = 0.000011600 m to the 4th 

Yield strength of steel sigmaT = 300 MPa 

Yield moment M Y = 49.71 kip • in. 


y Y (mm) M (lcN • m) p (m) 


70.000 

For yielding still in the flange, 

49.71 

46.67 

65.000 

52.59 

43.33 

60.000 

54.00 

40.00 

60.000 

For yielding in the web, 

54.00 

40.00 

55.000 

54.58 

36.67 

50.000 

55.10 

33.33 

45.000 

55.58 

30.00 

40.000 

56.00 

26.67 

35.000 

56.38 

23.33 

30.000 

56.70 

20.00 

25.000 

56.97 

16.67 
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PROBLEM 4.C3 

An 8 kip • in. couple M is applied to a beam of the cross section shown 
in a plane forming an angle 1 6 with the vertical. Noting that the 
centroid of the cross section is located at C and that the y and z axes 
are principal axes, write a computer program to calculate the stress at 
A, B, C, and D for values of P from 0 to 180° using 10° increments. 
(Given: I =6.23 in 4 and I z =1.481 in 4 .) 


SOLUTION 


Input coordinates of A, B, C, D. 


Components ofM . 


Equation 4.55 , Page 305: 


^ = ^(1) = 2 

II 

X 

II 

Ss 

z B = z( 2) = -2 

v B =j(2) = 1.4 

z c = z(3) = -1 

v c = v(3) = -1.4 

z D =z( 4) = 1 

Xd =7(4) =-1-4 

M y = -M sin fi 


M : =M cos P 



M y z(n) 

h 

K 


Program : For ft = 0 to 180° using 10° increments. 

For n = 1 to 4 using unit increments. 
Evaluate Equation 4.55 and print stresses. 

Return 

Return 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


669 






























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 4.C3 (Continued) 


Program Output 







Moment of couple: 

M 

= 8.00 

kip • in. 




Moments of inertia: 

V 

= 6.23 

in 4 h 

= 1.481 in 4 


Coordinates of Points A, 

B, D, and E: 







Points z( 1) 

= 2: 

v(l) = 

1.4 




Point B: z( 2) 

= -2: 

y(2) = 

1.4 




Point D: z( 3) 

= -1: 

v( 3) = 

-1.4 




Point is: z( 4) 

= 1: 

y( 4) = 

-1.4 




—Stress at Points— 




Beta 

A 


B 


D 

E 

O 

ksi 


ksi 


ksi 

ksi 

0 

-7.565 


-7.565 


7.565 

7.565 

10 

-7.896 


-7.004 


7.673 

7.227 

20 

-7.987 


-6.230 


7.548 

6.669 

30 

-7.836 


-5.267 


7.193 

5.909 

40 

-7.446 


4.144 


6.621 

4.970 

50 

-6.830 


-2.895 


5.846 

3.879 

60 

-6.007 


-1.558 


4.895 

2.670 

70 

-5.001 


-0.174 


3.794 

1.381 

80 

-3.843 


1.216 


2.578 

0.049 

90 

-2.569 


2.569 


1.284 

-1.284 

100 

-1.216 


3.843 


-0.049 

-2.578 

110 

0.174 


5.001 


-1.381 

-3.794 

120 

1.558 


6.007 


-2.670 

—4.895 

130 

2.895 


6.830 


-3.879 

-5.846 

140 

4.144 


7.446 


—4.970 

-6.621 

150 

5.267 


7.836 


-5.909 

-7.193 

160 

6.230 


7.987 


-6.669 

-7.548 

170 

7.004 


7.896 


-7.227 

-7.673 

180 

7.565 


7.565 


-7.565 

-7.565 
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PROBLEM 4.C4 

B 

,Jb, 

\ B \ 

Couples of moment M = 2 kN • m are applied as shown to a curved bar 

.^ 

\ n 

^ having a rectangular cross section with h = 100 mm and h = 25 mm. Write 

1 ^' A . 


a computer program and use it to calculate the stresses at points A and B for 

N / 


values of the ratio r x lh from 10 to 1 using decrements of 1, and from 1 

\ / 

\ / 


to 0.1 using decrements of 0.1. Using appropriate smaller increments, 

\ / 

• - 


determine the ratio r x lh for which the maximum stress in the curved bar is 

c 


50% larger than the maximum stress in a straight bar of the same cross 



section. 


SOLUTION 

Input : h = 100 mm, 

b = 25 mm, 

M = 2 kN • m 

. , , M 

For straight bar , Straight = y 

_ 6 M 
h~b 

= 48 MPa 

Following notation of Section 4.15 , key in the following: 

r-,=h + r x ; R = h/\n (r 2 —>]); V = r x +r 2 \ e = ¥ — R; A = bh = 2500 (I) 

Stresses : a A = a x = M{r x -R)(Aei\) &b =(7 2 = M(r 2 - R)/(Aer 2 ) (II) 

Since /z = 100 mm, for i\lh = 10, i\ =1000 mm. Also, r x th = 10, i\ = 100 
Program : For rj =1000 to 100 at -100 decrements, 

using equations of Lines I and II, evaluate r 2 , R, r, e, , and cr 2 
Also evaluate ratio = crj/cr straight 

Return and repeat for q = 100 to 10 at -10 decrements. 
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Program Output 

M = Bending moment = 

Stress in straight beam = 

2 kN • m h 

= 48.00 MPa 

PROBLEM 4.C4 (Continued) 

= 100.000 in. A = 2500.00 mm 2 



r \ 

rbar 

R 

e 


ct 2 

i] !h 

ratio 

mm 

mm 

mm 

mm 

MPa 

MPa 

- 

- 

1000 

1050 

1049 

0.794 

—49.57 

46.51 

10.000 

-1.033 

900 

950 

949 

0.878 

—49.74 

46.36 

9.000 

-1.036 

800 

850 

849 

0.981 

-49.95 

46.18 

8.000 

-1.041 

700 

750 

749 

1.112 

-50.22 

45.95 

7.000 

-1.046 

600 

650 

649 

1.284 

-50.59 

45.64 

6.000 

-1.054 

500 

550 

548 

1.518 

-51.08 

45.24 

5.000 

-1.064 

400 

450 

448 

1.858 

-51.82 

44.66 

4.000 

-1.080 

300 

350 

348 

2.394 

-53.03 

43.77 

3.000 

-1.105 

200 

250 

247 

3.370 

-55.35 

42.24 

2.000 

-1.153 

100 

150 

144 

5.730 

-61.80 

38.90 

1.000 

-1.288 

100 

150 

144 

5.730 

-61.80 

38.90 

1.000 

-1.288 

90 

140 

134 

6.170 

-63.15 

38.33 

0.900 

-1.316 

80 

130 

123 

6.685 

-64.80 

37.69 

0.800 

-1.350 

70 

120 

113 

7.299 

-66.86 

36.94 

0.700 

-1.393 

60 

110 

102 

8.045 

-69.53 

36.07 

0.600 

-1.449 

50 

100 

91 

8.976 

-73.13 

35.04 

0.500 

-1.523 

40 

90 

80 

10.176 

-78.27 

33.79 

0.400 

-1.631 

30 

80 

68 

11.803 

-86.30 

32.22 

0.300 

-1.798 

20 

70 

56 

14.189 

-100.95 

30.16 

0.200 

-2.103 

10 

60 

42 

18.297 

-138.62 

27.15 

0.100 

-2.888 


Find i\!h for (cr max )/(< 

^"straight ) ^ ^ 






52.70 

103 

94 

8.703 

-72.036 

35.34 

0.527 

-1.501 

52.80 

103 

94 

8.693 

-71.998 

35.35 

0.528 

-1.500 

52.90 

103 

94 

8.683 

-71.959 

35.36 

0.529 

-1.499 

Ratio of stresses is 1.5 for r x = 52.8 mm or tj//t = 0.529. 





[Note: The desired ratio 

i\lh is valid for any beam having a rectangular cross section.] 
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( 


PROBLEM 4.C5 

The couple M is applied to a beam of the cross 
section shown, (a) Write a computer program that, 
for loads expressed in either SI or U.S. customary 
units, can be used to calculate the maximum tensile 
and compressive stresses in the beam. ( b ) Use this 
program to solve Probs. 4.9, 4.10, and 4.11. 


SOLUTION 



TOP 



Z&770M 


Input: Bending moment M. 

For n = 1 to n . Enter b n and h n 

AArea = b n h n (Print) 

a n = a n-l+(K-i )!2 + h n /2 

[Moment of rectangle about base] 

Am = (AArea)a„ 

[For whole cross section] 

m = m + Am; Area = Area + AArea 
Location of centroid above base . 

y = m/Area (Print) 

Moment of inertia about horizontal centroidal axis . 

For;? = 1 to n , a n = a n A + (h n , )/2 + hJ2 

AI - b n h\l\2 + (b n h n )(y - a n ) 2 
I =1+ AI (Print) 

Computation of stresses . 

Total height : For n = 1 to n, 

H = H + h n 

Stress at top : 

M lop =-M^- (Print) 

Stress at bottom : 

M bottom= M y ( print ) 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


673 











































































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 4.C5 (Continued) 


Problem 4.9 

Summary of cross section dimensions: 


Width (in.) 

Height (in.) 

9.00 

2.00 

3.00 

6.00 

Bending moment = 600.000 kip • in. 


Centroid is 3.000 mm above lower edge. 

Centroidal moment of inertia is 204.000 in 4 . 

Stress at top of beam= -14.706 ksi 


Stress at bottom of beam = 8.824 ksi 


Problem 4.10 


Summary of cross section dimensions: 


Width (in.) 

Height (in.) 

4.00 

1.00 

1.00 

6.00 

8.00 

1.00 


Bending moment = 500.000 kip • in. 

Centroid is 4.778 in. above lower edge. 
Centroidal moment of inertia is 155.111 in 4 . 
Stress at top of beam = -10.387 ksi 
Stress at bottom of beam = 15.401 ksi 
Problem 4.11 

Summary of cross section dimensions: 


Width (mm) 

Height (mm) 

50 

10 

20 

50 


Bending moment = 1500.0000 N • m 
Centroid is 25.000 mm above lower edge. 
Centroidal moment of inertia is 512,500 mm 4 . 
Stress at top of beam = -102.439 MPa 
Stress at bottom of beam = 72.171 MPa 
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PROBLEM 4.C6 

A solid rod of radius c = 1.2 in. is made of a steel that is assumed to be 
elastoplastic with E = 29,000 ksi and a Y = 42 ksi. The rod is subjected to a 
couple of moment M that increases from zero to the maximum elastic 
moment M Y and then to the plastic moment M p . Denoting by y Y the half 
thickness of the elastic core, write a computer program and use it to calculate 
the bending moment M and the radius of curvature p for values of y Y from 
1.2 in. to 0 using 0.2-in. decrements. (Hint: Divide the cross section into 80 
horizontal elements of 0.03-in. height.) 


SOLUTION 


M y = a Y fc> = (42 ksi)^(l .2 in.) 3 = 57 kip • in. 

M p = a Y yc 3 = (42 ksi)y(1.2 in.) 3 = 96.8 kip • in. 

Consider top half of rod . 

Let i = Number of elements in top half. 

c 

A h = Height of each element: A h= — 



on fie**CnT 


For n = 0 to / -1 , Step 1: 
y = n(Ah ) 

z = |T 2 - {(n + 0.5)A h} 2 J <— z at midheight of element 
If y > y Y go to 100 

(n + 0.5)A/i ... 

a E = a Y - <— Stress in elastic core 

CT v 

go to 200 

100 a E = a Y <— Stress in plastic zone 

200 AArea = 2z(Ah) 

AForce =<J E (AArea) 

AMoment = AForce (n + 0.5)A/? 

M = M + AMoment 
P = y Y E/a Y 
Print v Y , M, and p. 

Next 


Repeat for y Y =1.2 in. 
to v y = 0 

At -0.2-in. decrements 
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PROBLEM 4.C6 (Continued) 


Program Output 

Radius of rod = 1.2 in. 

Yield point of steel = 42 ksi 

Yield moment = 57.0 kip • in. 

Plastic moment = 96.8 kip • in. 


Number of elements in half of the rod = 40 

For v y = 1.20 in., M = 57.1 kip • in. 

Radius of curvature = 828.57 in. 

For v y =1.00 in., 

M = 67.2 kip • in. 

Radius of curvature = 690.48 in. 

For y Y = 0.80 in., 

M = 76.9 kip • in. 

Radius of curvature =552.38 in. 

For y Y = 0.60 in., 

M= 85.2 kip -in. 

Radius of curvature =414.29 in. 

For Vy = 0.40 in.. 

M =91.6 lcip in. 

Radius of curvature = 276.19 in. 

For Vy = 0.20 in.. 

M =95.5 kip in. 

Radius of curvature =138.10 in. 

For y Y =0.00 in., 

M = infinite 

Radius of curvature = zero 
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PROBLEM 4.C7 



The machine element of Prob 4.178 is to be redesigned by removing part 
of the triangular cross section. It is believed that the removal of a small 
triangular area of width a will lower the maximum stress in the element. 
In order to verify this design concept, write a computer program to 
calculate the maximum stress in the element for values of a from 0 to 
1 in. using 0.1-in. increments. Using appropriate smaller increments, 
determine the distance a for which the maximum stress is as small as 
possible and the corresponding value of the maximum stress. 
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PROBLEM 4.C7 (Continued) 


Program Output 


a 

in. 

R 

in. 

ksi 

ksi 

b\ 

r 

e 

0.00 

3.855 

-8.5071 

2.1014 

0.00 

4.00 

0.145 

0.10 

3.858 

-7.7736 

2.1197 

0.08 

4.00 

0.144 

0.20 

3.869 

-7.2700 

2.1689 

0.17 

4.01 

0.140 

0.30 

3.884 

-6.9260 

2.2438 

0.25 

4.02 

0.134 

0.40 

3.904 

-6.7004 

2.3423 

0.33 

4.03 

0.127 

0.50 

3.928 

-6.5683 

2.4641 

0.42 

4.05 

0.119 

0.60 

3.956 

-6.5143 

2.6102 

0.50 

4.07 

0.111 

0.70 

3.985 

-6.5296 

2.7828 

0.58 

4.09 

0.103 

0.80 

4.018 

-6.6098 

2.9852 

0.67 

4.11 

0.094 

0.90 

4.052 

-6.7541 

3.2220 

0.75 

4.14 

0.086 

1.00 

4.089 

-6.9647 

3.4992 

0.83 

4.17 

0.078 

Determination of the maximum compressive stress that is 

as small as possible. 



a 

R 






in. 

in. 

ksi 

ksi 

b\ 

r 

e 

0.620 

3.961 

-6.51198 

2.6425 

0.52 

4.07 

0.109 

0.625 

3.963 

-6.51185 

2.6507 

0.52 

4.07 

0.109 

0.630 

3.964 

-6.51188 

2.6591 

0.52 

4.07 

0.109 


Answer: When a = 625 in., the compressive stress is 6.51 ksi. 
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PROBLEM 5.1 

B For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, ( b) determine the equations of the shear and bending-moment 
curves. 


SOLUTION 

Reactions: 



+ )ZM r = 0: -AL + wL ■ — = 0 A = — 
' B 2 2 


=0: BL - wL • — = 0 B = — 
/ 2 2 


Free body diagram for determining reactions: 

Over whole beam, 0 < x < L 
Place section at x. 

Replace distributed load by equivalent concentrated load. 

hf— - wL 


+ IZF V = 0:- wx-V = 0 

2 



M 


= 0: x + wx- + M = 0 

/ J rs n. 


Maximum bending moment occurs at x = 


w o 

M = —(Lx - x 2 ) 
2 


L 



v = I ◄ 



M - - x) A 




wL 
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PROBLEM 5.2 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, ( b ) determine the equations of the shear and bending-moment 
curves. 


SOLUTION 


Reactions: 



(+IM C = 0: LA- bP = 0 A = ™ 


+ )IM, = 0: LC-aP = 0 C = ^ 


r J^ r± A 

From A to B, 0 < x < a 

♦t 


Pa 


Pb 

IF. = 0: —- - V = 0 
y L 


r Pb 

+ :IM, = 0: M -x = 0 




L 


L 


From B to C, a < x < L 


Pbx . 

M = - ◄ 

L 


Pa 


+ \ IF = 0: V + — = 0 
y L 



+)IM k - 0: -M + ^-(L - x) = 0 


M = P q (L - x) 
L 


◄ 


At section B, 
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Vb 

0 

PROBLEM 5.3 

I ^rrtrnT[TnTr 


For the beam and loading shown, (a) draw the shear and bending- 

’ IT - 

B 

moment diagrams, ( b ) determine the equations of the shear and bending- 
moment curves. 


SOLUTION 

Free body diagram for determining reactions . 



Reactions: 


+tsF =0: Rj - — = 0 


R = w o L 


+)ZM a = 0: -M a - if—1 = 0 


3 3 

Use portion to left of the section as the free body. 




Vs? w 0 L* 


U) 0 L 

2 


Tl Uu , fT 

W 0 L I l* ' £ fw 


1 




2 L 


l) 


3 X 


Replace distributed load with equivalent concentrated load. 

+ t ZF = 0: M - r = o 

y 2 2 L 


+yLM j = 0: 


r Z 

WnL 


TpZ, 

l 2 


00 + 


1 VPq3C 

IT 


p = Wq£_WqX_ ^ 
2 21 


jc - +M = 0 


T 2 r 3 

rVn-L Wn-LX w n x 


, , trn- 

M =- y ^ 


61 
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PROBLEM 5.4 

For the beam and loading shown, (a) draw the shear and bending- 
moment diagrams, ( b ) determine the equations of the shear and bending- 
moment curves. 


SOLUTION 

Free body diagram for determining reactions . 

60 L 

A 






l / 2 




g, Reactions: 

+tsF v =0: R a -wL = 0 

r a = wL \ 

+)ZM A = 0 : -M a -{wL){^ = 0 

M A =^f C 

Use portion to the right of the section as the free body. 






vt* 



f 





L 

u- 

* 

—w 


V 


i 

u>CL-T<\ 

f 




l .—rx 

~2— 


6 


Replace distributed load by equivalent concentrated load. 
+tzF v = 0: V-w(L-x) = 0 

F = w(L - jc) ◄ 

+)EM y =0: - M - w(L - = 0 

w 1 

M = - (L - x)~ ◄ 

2 
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P 

P 

PROBLEM 5.5 

' 


Cl 

For the beam and loading shown, (a) draw the shear and bending-moment 

A 





1 

diagrams, (b) determine the equations of the shear and bending-moment 
curves. 





SOLUTION 



® 


-P 


-P.P 





From A to B\ 


I- *- 


\A 

5 


0 < x < a 

+tzF; =0: 


+y.Mj=0: 


From B to C: 


d. ■ — 

— oc — 


I- 

H), 


a < x < 2a 


A 


<r 

v 


ZF V = 0: 

y 


+)lMj= 0: 


-P-V =0 


V =-P ◄ 

Px + M = 0 

M = -Px ◄ 


-P-P-V = 0 


F = -2P ◄ 


Px + P(jc - a) + M = 0 

M = -2Px + Pa -4 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


685 








































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 5.6 

For the beam and loading shown, (a) draw the shear and bending-moment 
diagrams, (b) determine the equations of the shear and bending-moment 
curves. 


SOLUTION 

V 



1 


wa 


4 13 L 

waP-* 







wa 


Reactions: 
From A to B, 


wa 


w 

V 

1^=0: 


'f 


+ 


+ )XM, = 0: 


From B to C, 
IF y = 0 : 

= 0 : 

From C to D , 
+|SF v = 0: 

+yLMj = 0 : 


A = D = wa 
0 < x < a 


l w 


W* 


wa 


t) 


M 




wa - wx -V = 0 


R = w(a - x) -4 


-wax + (wx) — + M = 0 


a < x < L - a 
wa - wa - V = 0 


M = w 


< x^ 

ax - 

V 2 v 


V = 0 ◄ 


-wax + wa \ x — — \ + M = 0 M = —wa 1 4 


L — a < x < L 
V - w{L - x) + wa = 0 


L — x 


V = w{L - x - a) 4 


- M - w(L - x) -— + wa(L - x) = 0 


2 

M = w 


1 9 

a(L - x) + — (L — x) 
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3 kN 2 kN 5 kN 2 kN 



,1 

u 

u 

u 









0.3 m 

0.3 m 

0.3 m 

0.4 m 


PROBLEM 5.7 

Draw the shear and bending-moment diagrams for the beam and 
loading shown, and determine the maximum absolute value (a) of 
the shear, (b) of the bending moment. 


SOLUTION 


Origin at A : 




1 3t# | ZkN 

« cl ffi 


\ 


0.3 j Q>3 j OtZ 


E 

i, 


J 

J 


6 


Reaction at A: 


\IF y = 0: R a - 3 - 2 + 5 - 2 = 0 R A = 2 kN f 


+ :IM a = 0: M A - (3 kN)(0.3 m) - (2 kN)(0.6 m) + (5 kN)(0.9 m) - (2 kN)(1.3 m) = 0 

M A = 0.2 kN • m ' ◄ 


From A to C: 


SF v = 0: 

o.i kH*, «rr*~V x 

MW*** +) sm i =0: 


V = 2 kN 

0.2 kN • m - (2 kN)x + M = 0 


M = -0.2 + 2x 


From C to D: 


'V , a 


4’™ 


3EN | 

gl n + TXF = 0: 

g * i pA. 

0 . 3 v > j <§> V 


+yLM 2 = 0: 


2-3-V =0 

V = -1 kN 

+ 0.2 kN • m - (2 kN)x + (3 kN)(x - 0.3) + M = 0 


M = 0.7 - x 


From D to E: 


v 

v rf,- 


1 

> -1 

& T, 

1 

l /f 3~V -J 

x - n 


I ZkN 


IF y = 0: V + 5 - 2 = 0 V = -3 kN 
')EM 3 =0: -M + 5(0.9 - x) - (2)(1.3 — jc) = 0 
M = +1.9 -3jc 
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PROBLEM 5.7 (Continued) 


From E to B\ 


\ 2 '"’ 1F > =°- 2kN 
M \j t I 

1 J +)EM 4 = 0: -M - 2(1.3 - jc) = 0 

M = -2.6 + 2x 


V 

A 

A 1 






TV\ 


/** 




-0>2kN-in 




ESX5 


zW 

2? 


v/- 3^ 


■ o.l 


-O.B kN-w 


(a) \V\ = 3.00 kN -4 

' I Imax 

(Z?) |m| = 0.800 kN • m ◄ 

' I Imax 
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100 lb 

250 lb 

10C 

>ib PROBLEM 5.8 

- 

, c , 

1 D E ' 

Draw the shear and bending-moment diagrams for the beam 

A LZ 

b and loading shown, and determine the maximum absolute value 


U 

r 

4 


(a) of the shear, ( b ) of the bending moment. 


15 in. 

20 in. 

25 in. 

10 in. 



SOLUTION 


Reactions: 


\oo Vte 

zso \b 

' 



0 

Re 


\00 \b 


+)IM C = 0: R £ (45 in.) + 100 lb(15 in.) - 250 lb(20 in.) - 100 lb(55 in.) = 0 

R e = 200 lb 

+tIF V - 0: R c + 200 lb - 100 lb - 250 lb - 100 lb = 0 

R c = 250 lb 

At any point, V is the sum of the loads and reactions to the left (assuming +|) and M the sum of their moments 
about that point (assuming £)). 



(a) V max =150.0 lb ◄ 


(b) M max = 15001b • in. ◄ 
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PROBLEM 5.8 (Continued) 


Detailed computations of moments : 

M A = 0 

M c = -(100 lb)( 15 in.) = -1500 lb • in. 

M d = -(100 lb)(35 in.) + (250 lb)(20 in.) = +1500 lb • in. 

M e = -(100 lb)(60 in.) + (250 lb)(45 in.) - (250 lb)(25 in.) = -1000 lb • in. 

M b = -(100 lb)(70 in.) + (250 lb)(55 in.) - (250 lb)(35 in.) + (200 lb)(10 in.) = 0 


(Checks) 
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SOLUTION 

The distributed load is replaced with an equivalent concentrated load of 45 kN to compute the reactions. 
(25 kN/m)(l .8 m) = 45 kN 

+)IM A = 0: -(40 kN)(0.6 m) - 45 kN(1.5 m) - 40 kN(2.4 m) + i? B (3.0 m) = 0 

R b = 62.5 kN 


+ \LF y = 0: R a + 62.5 kN - 40 kN - 45 kN - 40 kN = 0 


R a = 62.5 kN 


At C: 


CL 


4S)cN 


4 : 


+ IIF =0: V = 62.5 kN 


+)SM 1 = 0: M = (62.5kN)(0.6m) = 37.5kN • m 


_ A 


WO kA* 40 /cA/ 


Bo 


At centerline of the beam : 

+\'LF y = 0: 62.5 kN - 40 kN - (25 kN/m)(0.9 m) - V = 0 
V = 0 
+)SM 2 = 0: 

M - (62.5 kN)(1.5 m) + (40 kN)(0.9 m) + (25 kN/m)(0.9 m)(0.45 m) = 0 
M = 47.625 kN • m 


A C. 

I 

4 




(.ZSlH 




0,i^rr\ 

<3 

. 1 


},*) 


M 


HoicN 
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PROBLEM 5.9 (Continued) 


Shear and bending-moment diagrams : 

vtU'O 





N\ CkN' 




(a) \V\ = 62.5 kN ◄ 

v y I Imax 


(b) \M\ = 47.6 kN • m ◄ 

v I Imax 


From A to C and D to B, V is unifonn; therefore M is linear. 
From C to D, V is linear; therefore M is parabolic. 
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PROBLEM 5.10 

Draw the shear and bending-moment diagrams for the beam and loading 
shown, and determine the maximum absolute value (a) of the shear, 
( b ) of the bending moment. 
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3 kN 3 kN 



PROBLEM 5.11 

Draw the shear and bending-moment diagrams for the beam and loading 
shown, and determine the maximum absolute value (a) of the shear, 
(b) of the bending moment. 


SOLUTION 


V (M 



M (N-i'”') 



+ )IM b = 0: (700)(3) - 450 + (300)(3) - 1000^4 = 0 


A = 2.55 kN | 


A 


I M a = 0: - (300)(3) - 450 - (700)(3) + 10005 = 0 


At^: 

A to C: 
At C: 


B = 3.45 kN | 

V = 2.55 kN M = 0 

V = 2.55 kN 

M 

0 


M c = 0: 




C to E: 
At D: 


3oo -i 
2.55 

V = -0.45 N • m 

3 M 


—3oo-4 

7.55 


2oo 


At D: 


2.56 




7- 

e 3oo-j 



0 

'V 


—(300)(2.55) + M = 0 
M - 765 N•m 


+ yLM D = 0 : 


-(500)(2.55) + (200X3) + M = 0 
M = 675 N•m 
+)IM d - 0: 

—(500)(2.55) + (200)(3) - 450 + M = 0 
M = 1125 N • m 


E to B : 
At E: 

At 5: 


V = -3.45 kN 

AV 


M c 


+)IM e = 0: 


le-300 * 

3. ns 

V = 3.45 kN, M = 0 


-M + (300)(3.45) = 0 
M = 1035 N • m 


(a) \V\ = 3.45 kN ◄ 

v y I Imax 

(b) \M\ = 1125 N • m -4 

v y I Imax 
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400 lb 1600 lb 400 lb 

UTH 


D 


PROBLEM 5.12 

8 in. Draw the shear and bending-moment diagrams for the beam and 


J— 

loading shown, and determine the maximum absolute value (a) of 
8 in the shear, (b) of the bending moment. 

cl 

h 



B 





12 in. 

12 in. 

12 in. 

12 in. 




SOLUTION 





4oo 

A 

e F 

1 




6 

-400 









+)IM G = 0: - 16C + (36)(400) + (12)(1600) 
- (12)(400) = 0 
±*~YF X = 0: -C + G x = 0 


+1 XF V = 0: 

y 


-400 - 1600 + G y - 400 = 0 


A to E: 

E to F: 

F to B: 

At A and B , 


V = -400 lb 

V = -2000 lb 

V = 400 lb 
M = 0 



C = 1800 lb 
G x = 1800 lb 

G y = 2400 lb 


At£>7 +)ZM d = 0: (12)(400) + M = 0 
At Dt +)ZM d = 0: (12)(400) - (8)(1800) + M = 0 

ME, +)IM e = 0: (24)(400) - (8)(1800) + M = 0 

At F; +)IM f = 0: -M - (8X1800) - (12)(400) = 0 

At Ft +)1 M f = 0: -M - (12)(400) = 0 



M = -4800 lb ■ in. 
M = 9600 lb ■ in. 
M = 4800 lb • in. 
M = -19,200 lb • in. 

M = -4800 lb • in. 


(i a) Maximum | V\ = 2000 lb A 

( b) Maximum \M\ = 19,200 lb • in. A 
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1.5 kN 1.5 kN 

PROBLEM 5.13 

ci 


■ 

Assuming that the reaction of the ground is uniformly distributed, draw 

A 


B the shear and bending-moment diagrams for the beam AB and determine 





the maximum absolute value (a) of the shear, ( b) of the bending 


6.3 m 


6.3 ill 

moment. 


SOLUTION 


I Sk*> 


A i-^ 


l.s kid 

L 




■l.s - 


w 


V (kN') 



M (W-m) 





Over the whole beam, 

+ tnF r = 0: 1.5w-1.5 -1.5 = 0 

. J 


w = 2 kN/m 


T 


3 


M 


r 
( 

v 2 ktJ/^ 


A to C: 0 < x < 0.3 m 


2F - 0: 2x-V = 0 


+)SM y = 0: —(2 jc) 

AtC7 jc = 0.3 m 

F = 0.6 kN, M = 0.090 kN • m 
= 90 N • m 

C to D : 0.3 m < x < 1.2 m 

+tzF = 0: 2 jc - 1.5 - F = 0 


+ M = 0 


V = (2x) kN 


M = (x 2 ) kN • m 



V = (2x - 1.5) kN 


+)IMj = 0: + (1-5)(jc - 0.3) + M = 0 

M = (x 2 - l.5x + 0.45) kN • m 

At the center of the beam, x = 0.75 m 

F = 0 M = -0.1125 kN -m 
= -112.5 N • m 


AtC, 


x — 0.3 m, V = -0.9 kN 


(a) Maximum | V\ = 0.9 kN = 900 N A 
(. b) Maximum \M\ = 112.5 N ■ m A 
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2 Idps/ft 24 ^ PS 2 ldps/ft 


A 




C D' 





B 














3 ft 

3 ft 

3 ft 

3 ft 


PROBLEM 5.14 

Assuming that the reaction of the ground is uniformly distributed, draw 
the shear and bending-moment diagrams for the beam AB and determine 
the maximum absolute value (a) of the shear, (b) of the bending moment. 


SOLUTION 

2.4 kCpi 


zW.piM 

2 . klp»y 


1 )c . 

O EFT” 


t t t 

■ 11 r 


-1- wl 



3ft 3fV 

3ft- 3fV 


W 




Z Wips/ft- 

TTXU. 


i > 4 • ‘ ■ 


3> k'vpj/f* 
X 


V 


tA 


Over the whole beam, 

+tzF v = 0: 12 w- (3)(2) - 24 - (3)(2) = 0 w = 3 kips/ft 
A to C: (0 < x < 3 ft) 

Z k'p £>/$\r 


At C, 


At £>7 



IF =0: 3x-2x-V = 0 


V = (x) kips 


+IMj = 0: -(3x)| + (2x)| + M = 0 M = (0.5x 2 ) kip • ft 


x = 3 ft 
F = 3 kips, M = 4.5 kip • ft 
C to D : (3 ft < x < 6 ft) 

+tlF =0: 3x - (2)(3) - V = 0 


+>MK = 0: -(3x)|JJ + (2)(3)^x - | 


F = (3x - 6) kips 


+ M = 0 


M = (1.5x 2 - 6x + 9) kip • ft 


x = 6 ft 


F = 12 kips, M = 27 kip • ft 
D to 5: Use symmetry to evaluate. 


(o) I F| max = 12.00 kips ◄ 

(b) |M| max = 27.0 kip • ft ◄ 
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10 kN 


1 


3 kN/m 100 mm 



r 

g 

B 

1.5 m 

1.5 m 

2.2 m 


200 mm 

_L 


PROBLEM 5.15 

For the beam and loading shown, determine the maximum 
normal stress due to bending on a transverse section at C. 


SOLUTION 



Using CB as a free body, 

+ ;IM C = 0: -M + (2.2X3 x 10 3 )(1.1) = 0 

M = 7.26 x 10 3 N • m 

Section modulus for rectangle: 

5 = —bh 2 
6 

= — (100)(200) 2 = 666.7 x 10 3 mm 3 
6 

= 666.7 x 10“ 6 m 3 


Normal stress: 


M 

a = — 
5 


7.26 xlO 3 
666.7 x!0“ 6 


= 10.8895 xlO 6 Pa 


cr = 10.89 MPa ◄ 
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750 lb 750 lb 



PROBLEM 5.16 

For the beam and loading shown, determine the maximum 
normal stress due to bending on a transverse section at C. 


SOLUTION 


! SO ib/-r 115^ 


ItSQib 




Reactions: C = A by symmetry. 

+tsF v = 0: A + C - (2X750) - (12)(150) = 0 

A = C = 16501b 

Use left half of beam as free body. 

+)IM E = 0 : 

—(1650)(6) + (750)(2) + (150)(6)(3) + M = 0 
M = 5700 lb • ft = 68.4 x 10 3 lb • in. 


Section modulus: 


Normal stress: 




(3)(12) 2 = 72 in 3 


M 

a - — 
5 


68.4 xlO 3 
72 


= 950 psi 


<7 = 950 psi 4 
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150 kN 150 kN 




W460 X 113 


PROBLEM 5.17 

For the beam and loading shown, determine the maximum 
normal stress due to bending on a transverse section at C. 


SOLUTION 


Use entire beam as free body. 


SO Wt4/vxt 


\Z \6 kt 4 
1 150 


'' ' 

1 V 

.1, 

1 ' 

' > 

' v 

f s 

150 k 

' 

















B 


+ XM b = 0: 

-4.8 A + (3.6)(216) + (1.6)(150) + (0.8)(150) = 0 
A = 237 kN* 


' 2.16 kM 




±* 




23T Usl 


7 

V 


Use portion AC as free body. 

+)ZM C = 0: 

M - (2.4)(237) + (1 -2)(216) = 0 

M = 309.6 kN • m 

For W460 x 113, 5 = 2390 x 10 6 mm 3 

Normal stress: 

_ M _ 309.6 x 10 3 N • m 
a ~ S ~ 2390 x 10 _6 m 3 

= 129.5 x 10 6 Pa 

cr = 129.5 MPa ◄ 
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30 kN 50 kN 50 kN 30 kN 



PROBLEM 5.18 

For the beam and loading shown, determine the maximum normal 
stress due to bending on section a-a. 


SOLUTION 


Reactions: By symmetry, A — B 

+| ZF y = 0 : A = B = 80 kN j 


Using left half of beam as free body, 



+)IMj = 0 : 

—(80)(2) + (30)(1.2) + (50X0.4) + M = 0 

M = 104 kN • m = 104 xlO 3 N • m 


For W310 x 52, 5 = 747 x 10 3 mm 3 

= 747 x 10 -6 m 3 

Normal stress: cr = — = 104 x 10 _ 139 2 x 10 6 Pa 

5 747 xlO -6 


cr = 139.2 MPa ◄ 
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8kN 




W310 X 60 


PROBLEM 5.19 

For the beam and loading shown, determine the maximum 
normal stress due to bending on a transverse section at C. 


SOLUTION 


Use portion CB as free body. 

+ )XM C = 0: -M + (3)(2.1)(1.05) + (8)(2.1) = 0 


M = 23.415 kN • m = 23.415 x 10 N • m 


3 kV/M 

JUiLULi 


<—?. i —> 


8 kU 


For W310 x 60, 5 = 844 x 10 3 mm 3 
= 844 x 10 _6 m 3 


Normal stress: a = 


\M\ 23.415 xlO 3 


S 844x10 


-6 


= 27.7x10° Pa 


cr = 27.7 MPa ◄ 
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5 5 2 2 2 


kips kips kips kips kips 



--6 @ 15 in. = 90 in. —- 


PROBLEM 5.20 



S8 X 18.4 


For the beam and loading shown, determine the maximum normal 
stress due to bending on a transverse section at C. 


SOLUTION 



Use entire beam as free body. 

+)S M b = 0: 

-90 A + (75)(5) + (60)(5) + (45)(2) + (30)(2) + (15)(2) = 0 
A = 9.5 kips | 



^ .5 


M 


Use portion AC as free body. 

+pM c = 0: M - (15)(9.5) = 0 

M = 142.5 kip • in. 


For 58x18.4, 5 = 14.4 in 3 

XT w M 142 - 5 

Normal stress: cr = — =- 

S 14.4 


<j = 9.90 ksi 4 
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80 kN/m 



Hinge 
- 2.4 m - 


160 kN 


k 


I 


1.5 m 1.5 m 


W310 X 60 


PROBLEM 5.22 

Draw the shear and bending-moment diagrams for the beam 
and loading shown and determine the maximum normal 
stress due to bending. 


0.6 m 


SOLUTION 


Statics: Consider portion AB and BE separately. 

itUkM MM , 60)cN | 

e.iiffi'ThA"' 


yoKd/fV) 

A 


1 . “fa. 


N 


3 £> 


•| I fe-I.Sui - I 

<?Ui4 ^kW'c. 




Portion BE: 

+)l M e = 0: 

(96)(3.6) + (48)(3.3) - C(3) + (160)(1.5) = 0 
C = 248kN T 
E = 56kN T 


M A = M B = M E = 0 




A 


V .)h 




B j t 

%kN\/ 

}6 oV/l 




B O 


HE 


V'V _f 


At midpoint of AB: 

'LFy = 0: V = 0 

IM = 0: M = (96)(1.2) - (96)(0.6) = 57.6 kN • m 
Just to the left of C: 

ZF y = 0: C = -96 - 48 = -144 kN 
IM C = 0: M = -(96)(0.6) - (48)(0.3) = -72 kN 
Just to the left of Z): 

IF V = 0: V = 160 - 56 = +104 kN 
I M d = 0: M = (56)(1.5) = +84 kN • m 
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i r 

□ 


30 mm 


PROBLEM 5.23 

Draw the shear and bending-moment diagrams for the beam 
and loading shown, and determine the maximum normal 
stress due to bending. 


SOLUTION 




Free body EFGH . Note that M E = 0 due to hinge. 


+)ZM e = 0: 0.6 H - (0.2)(40) - (0.40)(300) = 0 
H = 213.33 N 

+tZF V = 0: V E - 40 - 300 + 213.33 = 0 
V E = 126.67 N 

Vc 

Shear: V£ 



E to F: V = 126.67 N • m 

FtoG: V = 86.67 N • m 

G to H: V = -213.33 N • m 

Bending moment at F: 

+yLM F = 0: M F - (0.2)(126.67) = 0 
M f = 25.33 N • m 
Bending moment at G: 

+yLM G = 0: -M g + (0.2)(213.33) = 0 
M g = 42.67 N • m 
Free body ABCDE . 


B _ F 

fl 

laC-GT 




+£M b = 0: 0.6 A + (0.4X300) + (0.2)(300) 

-(0.2)(126.63) = 0 
A = 257.78 N 

+)ZM a = 0: -(0.2)(300) - (0.4)(300) - (0.8)(126.67) + 0.6D = 0 
D = 468.89 N 
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PROBLEM 5.23 (Continued) 


Bending moment at B . 


A 6 + )™ b = 0: - (0.2X257.78) + M B = 0 


n 


0 


i _i 


iS7.~n 


M, 

Ctd 

\i I 


M b = 51.56 N • m 


3oo Bending moment at C . 


"J +)SM C = 0: - (0.4)(257.78) + (0.2)(300) 


V 

m.33 


-t- — 0 


M c = 43.11 N • m 


Bending moment at D. 


+)XM d = 0: - M d - (0.2)(213.33) = 0 
M d = -25.33 N • m 


max |M| = 51.56 N • m A 

S = -bh 2 = — (20)(30) 2 
6 6 

= 3 x 10 3 mm 3 = 3 x 10' 6 m 3 


Nonnal stress: 
51.56 


cr 


3 x 10 -6 


= 17.19 x 10 6 Pa 


cr = 17.19 MPa ◄ 


= 342 N ◄ 


\m\ = 516 N • m ◄ 

I max 
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64 kN • m 
<C 




% 


-2 m- 


24 kN/m 


D 


-2m- 


-2m- 


S250 X 52 


PROBLEM 5.24 

Draw the shear and bending-moment diagrams for the beam 
and loading shown and determine the maximum normal stress 
due to bending. 


SOLUTION 


■24- kt 



Reactions: 

+)l.M n = 0: 4A - 64 - (24)(2)(1) = 0 A = 28 kN| 
+| TF y = 0: -28 + D- (24)(2) = 0 D = 76 kNf 
A to C: 0 < x < 2m 

A ——j j) 

V = -28 kN 


I- +|IF V = 0: - V - 28 - 0 

ir n 


28 kM 


C to D : 


=0: M + 28x = 0 
M = (-28x) kN • m 
2m < x < 4m 


<cA Ethwl 




+ 


\ZF v =0: -V - 28 - 0 


V = -28 kN 


2ft k*4 


D to B\ 




(*? 

v 


V +)ZMj = 0: M + 28x - 64 = 0 
M = (—28jc + 64) kN • m 
4m < x < 6 m 

2.4-kM/w, +} Y,F y - 0: 

V - 24(6 - x) = 0 

V = (-24jc + 144) kN 
(6-*)w, +)HMj = 0: 

-M - 24(6 - jc) 


V ' t 


6 - x 


= 0 


M = -12(6 - xy kN • m 
max|M| = 56 kN • m = 56 x 10 3 N • m 
For S250 x 52 section, S = 482 x 10 3 mm ' 


Normal stress: er = 


M = 56xltfN_m ||6|2xl0 . 


482 x 10 _ 6 m 3 


Pa 


a = 116.2 MPa ◄ 
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5 kips 


10 kips 



PROBLEM 5.25 



W14 X 22 


Draw the shear and bending-moment diagrams for the beam 
and loading shown, and determine the maximum normal stress 
due to bending. 


SOLUTION 

Reaction at C: 

Reaction at B: 

Shear diagram: 
A to C~: 

C + to ZT: 
D + toB\ 

At A and B, 

At C, 


t)S¥ s = 0: (18)(5) - 13C +(5)(10) = 0 


C = 10.769 kips 

/ c = 0: (5)(5) - 
B = 4.231 kips 


+)M C = 0: (5)(5) - (8)(10) + 13R = 0 


V = -5 kips 

V = -5 + 10.769 = 5.769 kips 

V = 5.769 - 10 = -4.231 kips 
M = 0 

+/M C = 0: (5)(5) + M c = 0 




k-Sft 


5 


M, 


M c = -25 kip • ft 

D 

Ci 


6 








At D, 


= 0: -M d + (5)(4.231) 
M d = 21.155 kip • ft 


l M lmax 0ccurs at c - 

For W14 x 22 rolled-steel section, S = 29.0 in 3 


Normal stress: 


M 300 

<T = - = - 

5 29.0 


V, k. ps 



Mj k-'p-li 



\V\ = 5.77 kips ◄ 

I Imax 

|M| max = 25 kip • ft = 300 kip • in. A 


a = 10.34 ksi A 
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SOLUTION 




By symmetry, A = B 


"m* 

II 

O 

^4-8 + 12-8 + 5 = 

A = B - 

2kN 

Shear: ^4toC~: 

V = 2kN 

C + to DA 

V = -6 kN 

D + to EA 

V = 6kN 

o 

+ 

V = -2 kN 

Bending moment: 


ii 

o 

0: M c - (1)(2) = 0 

A C 



I rw 


Z\c\J 


V 


At D, 


+ZM d = 0: M d - (2)(2) + (8)(1) = 0 


By symmetry, M = 2 kN • m at I). 

max|M| = 4.00 kN • m occurs at E. 


\v\ = 6.00 kN 4 

I max ^ 


M c = 2 kN • m 


M d = -4 kN • m 
M e = 2 kN • m 


For W310x23.8, S' = 280xl0 3 mm 3 = 280 xl0“ 6 m 3 


Normal stress: 




4x10 


280x10 


-6 


= 14.29 xlO 6 Pa 


cr mav = 14.29 MPa ◄ 
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PROBLEM 5.27 

Determine (a) the magnitude of the counterweight W for which 
the maximum absolute value of the bending moment in the beam 
is as small as possible, ( b ) the corresponding maximum normal 
stress due to bending. (Hint: Draw the bending-moment diagram 
and equate the absolute values of the largest positive and 
negative bending moments obtained.) 


SOLUTION 

By symmetry, 


A=B 


A 


Bending moment at C: 


Bending moment at D: 


Equate: 


SF v = 0: A-8 + W- S + B- 0 
A = B - 8-0.5 W 


+)ZM C = 0: -(8 - 0.5W)(l) + M c = 0 
M c = (8 - 0.5W) kN • m 


+)XM d = 0: -(8 - 0.5 00(2) + (8)(1) + M D = 0 
M d = (8 - W) kN • m 

-M D = M C fT-8 = 8-0.5 W 


t 


-1 ^ y 

%-o.svr 

A 


V 


M c 






0 


v 

W = 10.67 kN ◄ 


(a) W = 10.6667 kN 

M c = -2.6667 kN • m 
M d = 2.6667 kN • m = 2.6667.10 3 N • m 
|M| max = 2.6667 kN-m 

For W310x23.8 rolled-steel shape, 

= 280 x 10 3 mm 3 = 280 x 10“ 6 m 3 

-.3 


(b) cr„ 


\M\ 


max _ 2.6667x10^ =9 _ 52xl0 6 pa 


280x 10 


-6 


= 9.52 MPa ◄ 
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5 kips 


10 kips 



PROBLEM 5.28 

Determine (a) the distance a for which the maximum absolute 
value of the bending moment in the beam is as small as 
W[4 x Q1 possible, (b) the corresponding maximum normal stress due to 
bending. (See hint of Prob. 5.27.) 


SOLUTION 

Reaction at B: 

Bending moment at D\ 


+)EM C =0: 5a- (8)(10) + 13R S = 0 
R b = ^(80 - 5a) 


+pM D = 0: -M d + 5R b = 0 
M d = 5 Rg = — (80 - 5a) 


Bending moment at C: 


Equate: 


Then 


13 


( 5 , 


Ho 


& 


1 


i/Kft" 


ft 


0 


+)M C = 0 5a + M c = 0 
M r = -5a 


-M c = M d 


5a = — (80 - 5a) 

13 

a = 4.4444 ft 

—M c =M d = (5)(4.4444) = 22.222 kip • ft 
|M|max = 22.222 kip • ft = 266.67 kip • in. 


For W14 x 22 rolled-steel section, S = 29.0 in 
Normal stress: 


M 266.67 . 

cr = — =-= 9.20 ksi 

S 29.0 



7,0 li ip: 


A \' 






(a) a = 4.44 ft ◄ 


(. b) 9.20 ksi ◄ 
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PROBLEM 5.29 

Knowing that P = Q = 480 N, determine (a) the distance a for 
which the absolute value of the bending moment in the beam is 
as small as possible, ( b ) the corresponding maximum normal 
stress due to bending. (See hint of Prob. 5.27.) 


SOLUTION 


Reaction at A: 



M 






V\/ 


Bending moment at D\ = 0: -M D - 480(1 - a) = 0 

M d = -480(1 -o)N-m 




(a) Equate: 


-M d =M c 480(1 - a) = 480 - — 

a 


v 

Ct' 


1 


0 ^ 


L«- 


a = 0.86603 m 

A = 128.62 N M c = 64.31 N • m M D = -64.31 N • m 


B 

£w-=»l 

a = 866 mm -4 


1 i 

(b) For rectangular section, S = —bh " 

6 


5 = — (12)(13) 2 = 648 mm 3 = 648 x 10“ 9 m 3 
6 


Mr 


64 ' 31 = 99.2 x10 s Pa 


6.48x10" 


= 99.2 MPa ◄ 
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PROBLEM 5.30 


P Q 



12 mm 


t 

18 mm 

L 


Solve Prob. 5.29, assuming that P = 480 N and Q = 320 N. 

PROBLEM 5.29 Knowing that P — Q = 480 N, determine 
(a) the distance a for which the absolute value of the bending 
moment in the beam is as small as possible, ( b ) the 
corresponding maximum normal stress due to bending. (See 
hint of Prob. 5.27.) 


SOLUTION 


P = 480 N Q = 320 N 


Reaction at A: + = 0: Aa + 480(a - 0.5) - 320(1 - a) = 0 


r /^ ±v± D 


A = 


800 -^ 
V a 


N 


Bending moment at C: 


+yLM c = 0: -0.5 A + M c = 0 

( 4 oo-^ 

V a 

H 


M c = 0.5,4 = 


N • m 


F 1 






v 


Bending moment at D: +^ZM D - 0: —M D - 320(1 - a) - 0 

M d = (-320 + 320a) N • m 




(a) Equate: ~M D = M c 320 - 320a = 400 - 

a 

320a 2 + 80a - 280 = 0 a = 0.81873 m, -1.06873 m 

Reject negative root. 

A = 116.014 N M c = 58.007 N • m M D = -58.006 N • m 


a - 819 mm -4 


(b) For rectangular section, S = —bh 2 

6 


5 = — (12)(18) 2 = 648 mm 3 - 648 x 10“ 9 m 3 

6 


Wl 


58 - 0065 = 89.5 x 10 6 Pa 


648x10 


-9 


cr max = 89.5 MPa A 
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PROBLEM 5.31 

Determine ( a ) the distance a for which the absolute value 
of the bending moment in the beam is as small as possible, 
(b) the corresponding maximum normal stress due to bending. 
(See hint of Prob. 5.27.) 
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, d , PROBLEM 5.32 

I 

\\ 

B 

A -J. 

A solid steel rod of diameter d is supported as shown. Knowing that for 



steel y = 490 lb/ft 3 , determine the smallest diameter d that can be 


-- L = 10 ft -- 

used if the normal stress due to bending is not to exceed 4 ksi. 


SOLUTION 

Let W = total weight. 

Reaction at ^4: 


W = ALy = ^d 2 Ly 


A = —W 
2 


Bending moment at center of beam: 


+)XM C = 0: - 


WL n , 2t2 

M =-= —d L y 

8 32 


For circular cross section, (c = ]rd 


f W) 

f L2 

+ 

f w) 


ItJ 

u. 

ItJ 

UJ 


Normal stress: 


Solving for d. 
Data: 


/ = 


I n 




S = - = —<? = —d i 

c 4 32 


M _ -^d 2 L 2 y L 2 y 


a 


d = 


32 ‘ 


L 2 y 


L = 10 ft = (12)(10) = 120 in. 

y = 490 lb/ft 3 = ^ = 0.28356 lb/in 3 

12 3 

cr = 4 ksi = 4000 lb/in 2 


d = 


(120r(0.28356) 

4000 



d = 1.021 in. A 
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A C D B 


■ 

_ 

-*-1.2 m-*- 

-*—1.2 m—»• 

hz 

<—1.2 m—*- 


JA h 


PROBLEM 5.33 

A solid steel bar has a square cross section of side b and is 
supported as shown. Knowing that for steel p = 7860 kg/m 3 , 
determine the dimension b for which the maximum normal stress 
due to bending is (a) 10 MPa, ( b ) 50 MPa. 
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w 



PROBLEM 5.34 

Using the method of Sec. 5.2, solve Prob. 5.1a. 

PROBLEM 5.1 For the beam and loading shown, (a) draw the shear and 
bending-moment diagrams, ( b ) detennine the equations of the shear and 
bending-moment curves. 


SOLUTION 




= 0: -AL + wL-— = 0 A = — 
' B 2 2 

tlSM. = 0: BL - wL ■ — = 0 B = — 
' 2 2 


wL 


dV 

dx 


-w 


V -V A = -J Q ' wdx = -wx 
V — V A — wx — A — wx 
dM 


dx 


= V 


M-M A =\lVdx = \;[^-wx^dx 


wLx wx 


v wL ^ 

V - - wx 

2 


M = M a + 


wLx wx 


w 


M = —{Lx - x z ) ◄ 
2 


Maximum M occurs at x = —, where 

2 


dx 


\ M l 


wL 
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1 

p 

PROBLEM 5.35 


C Using the method of Sec. 5.2, solve Prob. 5.2a. 



^ b r 

PROBLEM 5.2 For the beam and loading shown, (a) draw the shear and 




bending-moment diagrams, ( b) determine the equations of the shear and 



bending-moment curves. 


SOLUTION 


At At 
A to B~ 


At Bt 
B + to C: 


+ )!M r = 0: LA-bP = 0 A = — 
/ c L 

+ )1M ,4=0: LC-aP = 0 C = — 

y A L 

Pb 

V = A = — M = 0 
L 


w 


0 < x < a 

= 0 \l M ’dx = 0 


v - v A = 0 


,, ,, eaPb , Pba 

M b -M a = j 0 Vdx = \ 0 —dx = — 


V = A-P=^-P = -?± 

L L 


w 


a < x < L 
= 0 \ x wdx = 0 

Ja 


v c -v B = o 


M c -M b = f L Vdx = -—{L -d) = 
l u ) a L L 


M c =M b - 


Pab Pba Pab 


= 0 



L 


,, Pba . 
M b = - ◄ 


L 


L 


,. Pab . 

I^lmax = — < 
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I 




PROBLEM 5.36 

Using the method of Sec. 5.2, solve Prob. 5.3a. 

PROBLEM 5.3 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, ( b ) determine the equations of the shear 
and bending-moment curves. 


SOLUTION 


Free body diagram for detennining reactions . 



Reactions: 

+|EF V = 0: V a - 


w 0 L = Q 


v = 

' A 


+)1M a = 0: ~M A - 


f W 0 L ) 

[ 2L ) 

l 2 J 

l 3 J 


M A = - 




W=W( 


0 7 ’ 


v A =Zt, 

A 2 

w 0 x 


dV _ 
dx L 


M A = - 


rZ 

WaL 


V -V A = -f *^dx = 

A 0 L 2 L 


WnX 


dM^y _ Wq L Wq X 
dx 2 2 L 


v _ Wq l Wp* ^ 
2 2 L 


M -M A = \lVdx = ^ 


w 0 L 


..2 \ 


WpX 

2 L 


dx 


= W 0 L x w o x 


6 L 


,, w n L w,,L w n x 

M = -y 


-x - ■ 


6 L 
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IV 

PROBLEM 5.37 








Using the method of Sec. 5.2, solve Prob. 5.4a. 

I- — 

B 

PROBLEM 5.4 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, ( b ) determine the equations of the shear 
and bending-moment curves. 


SOLUTION 



M 



+ |XF =0: V, - wL = 0 


y 


Va = wL 


A 


JIM a = 0: -M - (i wL ) 
dV 


\ ■ 


-1 = 0 M, = - 


wLf 


dx 


-w 


V ~ V A = -Jo = - 


wx 


F = w’Z - vvx -4 


dM 

dx 


= V = wL - wx 


M - = -Jp (wZ - wx)dx = wLx - 


wx 


. . wL~ wx . 

M = — - V wLx - ■% 


V = wL 

I max 


\M\ 


wL 
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P 

P 

PROBLEM 5.38 

' 

■ ■■ 

r c 

Using the method of Sec. 5.2, solve Prob. 5.5a. 

A 






PROBLEM 5.5 For the beam and loading shown, (a) draw the shear and 
bending-moment diagrams, (b) determine the equations of the shear and 
bending-moment curves. 





SOLUTION 



-ZP 







At A: 
Over AB: 


At point B: 
At point B + 

Over BC: 


At B: 


At C: 


v a = -p 


dV n 
-= -w = 0 

dx 


M = -Px + C 


dM 

dx 


= V = V, = -P A 


M = 0 atv = 0 Q = 0 


x — a M — -Pa 
V = —P — P = -IP 

dV n 
-= -w = 0 

dx 


M = -2 Px + C 2 

x — a M — -Pa 


—Pa = —2 Pa + C 2 Ct = Pa 


M = -Px ◄ 


dM 

dx 


= V =-2 PA 


M = -2 Px + Pa A 


x - 2a M = -3Pa 
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w 


w 



PROBLEM 5.39 

Using the method of Sec. 5.2, solve Prob. 5.6a. 

PROBLEM 5.6 For the beam and loading shown, (a) draw the shear and 
bending-moment diagrams, ( b ) determine the equations of the shear and 
bending-moment curves. 


SOLUTION 


Reactions: A = D = wa 

Ato B \ 0 < x < a w = w 


V A = A = wa, M A = 0 


\J 



V - V A = -Jy wdx = -wx 


V = w(a - x) A 


dM v 

-= V = wa - wx 

dx 

M - M A = J Q l Vdx = J Q ' (wa - wx)dx 


M = wax - — wx 2 A 



M - M b = \ ' a Vdx = 0 
M = M B 


V = 0 ◄ 
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PROBLEM 5.39 (Continued) 


L — a < x < L 

C to D\ V - V c = -j*_ a wdx = -w[x - (L - a)] 

V = w[L - x - a)] 4 

M - M c = J*_ a Vdx = \' L _ a ~ w [ x _ (L - a)]dx 


-w 


-w 


= —w 


y - (L - a)x 


L-a 


x~ , r „ (L - aY 


- - (L — a)x - 

2 2 


+ (X — a) 


x 2 (L - a) 2 

- (L - a)x + -- 

2 2 


. , 1 2 
M = —wa - w 
2 


x~ , r s (L - aY 


- (L — a)x + 

2 2 
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3 kN 2 kN 5 kN 2 kN 


A Ct 

u 

u 

u 






0.3 m 

0.3 m 

0.3 m 

0.4 m 


PROBLEM 5.40 

Using the method of Sec. 5.2, solve Prob. 5.7. 

PROBLEM 5.7 Draw the shear and bending-moment diagrams 
for the beam and loading shown, and determine the maximum 
absolute value (a) of the shear, ( b ) of the bending moment. 


SOLUTION 

Free body diagram for determining reactions . 

Reactions: 

+| ~LF y = 0: V A - 3 kN - 2 kN + 5 kN + 2 kN = 0 
V A = 2 kN 

+)ZM a = 0: M A - (3 kN)(0.3 m) - (2 kN)(0.6 m) + (5 kN)(0.9 m) - (2 kN)(1.3 m) = 0 
M A = 0.2 lcN • m 


Between concentrated loads and the vertical reaction, 
the scope of the shear diagram is <J), i.e., the shear is 
constant. Thus, the area under the shear diagram is equal 
to the change in bending moment. 

A to C: 

V = 2 kN M c -M a = +0.6 M c = + 0.4 kN 
C to D: 

V = - 1 kN M d -M c =- 0.3 M D = + 0.1 kN • m 
D to E\ 




V = -3 kN M e -M d = - 0.9 M e = - 0.8 kN • m 


E to B\ 

V = +2kN M b -M e = +0.8 M B = 0 (Checks) 
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100 lb 250 lb 100 lb 



PROBLEM 5.41 

Using the method of Sec. 5.2, solve Prob. 5.8. 

PROBLEM 5.8 Draw the shear and bending-moment diagrams 
for the beam and loading shown, and determine the maximum 
absolute value (a) of the shear, (b) of the bending moment. 


SOLUTION 

Free body diagram for determining reactions . 

Reactions: 

+| ZF Y = 0: V C +V E - 100 lb - 250 lb - 100 lb = 0 
V C = V E = 450 lb 

+)1M C = 0: V e (45 in.) + (100 lb)(15 in.) - (250 lb)C 
V E = 200 lb 


V c = 250 lb 


(100 lb)(55 in.) = 0 


loolb z £0 lb 

1 


' c. »o 

£ 


. ISio. f IS in. 


1 \J 



l oo lb 

(b 


Between concentrated loads and the vertical reaction, the vOk>) 
scope of the shear diagram is </), i.e., the shear is constant. 

Thus, the area under the shear diagram is equal to he change 
in bending moment. 

* 


-E 


A to C: 

V = -100 lb, M c -M a =- 1500, M c = -1500 lb • in. 
C to D: 

V = 1501b M d - M c = +3000, M D = +1500 lb • in. 
D to E\ 

V = -100 lb, M e -M d = -2500, M e = -1000 lb • in. 
E to B: 

V = 100 lb, M b -M e = +1000, M b = 0 (Checks) 


150 


(-'so o) 


(tiooo) 


-IOO 


too 


(-2SOob 




y. C\*>> 



-X( 
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25 kN/m 


£ 


D 


^40kN 40 k\ | 


0.6 m 


1.8 m 


0.6 m 


PROBLEM 5.42 

Using the method of Sec. 5.2, solve Prob. 5.9. 

PROBLEM 5.9 Draw the shear and bending-moment diagrams for the 
beam and loading shown, and determine the maximum absolute value 
(a) of the shear, ( b ) of the bending moment. 


SOLUTION 


Free body diagram to detennine reactions : 


+)ZM a = 0: 
V b (3.0 m) 



45 kN(1.5 m) - (40 kN)(0.6 m) 
V B = 62.5 kN 

V A - 40 kN - 45 kN - 40 kN + 
V A = 62.5 kN 


- (40 kN)(2.4 m) = 0 


62.5 kN = 0 



| 4S WM 

1 

25 IcM/wn 


c-LUM.LLLM.LLLo 

A. 



O.U -v. I \ .£> on 

0,U <nrs 


' 1' 1 



HdkAj itokjV 


Change in bending moment is equal to area under shear diagram. 


A to C: (62.5 kN)(0.6 m) = 37.5 kN • m 

C to E\ f (0.9 m)(22.5 kN) = 10.125 kN • m 

E to D\ ^-(0.9 m)(-22.5 kN) = -10.125 kN • m 

D to B\ (-62.5 kN)(0.6 m) = -37.5 kN • m 


V(kN^ 
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2.5 kips/ft 


15 kips 







C ' 

' D 

A 


2 

r 


■ 


6 ft 

3 ft 

6 ft 


PROBLEM 5.43 

Using the method of Sec. 5.2, solve Prob. 5.10. 

PROBLEM 5.10 Draw the shear and bending-moment diagrams for the 
beam and loading shown, and determine the maximum absolute value 
(a) of the shear, (b) of the bending moment. 
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SOLUTION 








o 



.X 


+£M B = 0 : 

-3 A + (1)(4) + (0.5)(4) = 0 

A = 2kN T 

+y.M A = 0: 3 B- (2)(4) - (2.5)(4) = 0 

B = 6 kN T 

Shear diagram: 

A to C: V = 2 kN 

C to D: V = 2 - 4 = -2 kN 

D to B: V = -2 - 4 = -6 kN 

Areas of shear diagram: 

A to C: fVdx = (1)(2) = 2 kN • m 

Cto D: j Vdx = (1)(—2) = -2 kN • m 

D to E: fVdx = (1)(—6) = -6 kN • m 

Bending moments: 

M A = 0 


M c - 

= 0 

+ 

2 = 

= 2kN ■ 

• 111 

M c+ 

= 2 

+ 

4 = 

= 6kN • 

• 111 

M 

= 6 

_ 

2 = 

= 4kN • 

111 

D 






M + 

D + 

= 4 

+ 

2 = 

= 6kN • 

111 

m b 

= 6 

- 

6 = 

= 0 



(a) \V\ = 6.00 kN ◄ 

7 I I max 

(b) \m\ = 6.00 kN • m A 

I Imax 
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E 

V 

y PROBLEM 5.45 

75 mm 



- 

*7_ B Draw the shear and bendins-moment diagrams for the beam and 


A C 

300 NT 

loading shown, and determine the maximum absolute value (a) of 

300 N ▼ the shear, (b) of the bending moment. 


. 1 . 

200 mm 200 mm 

’ ' 1 

200 mm 


SOLUTION 



£Oo 300 300 


v6f> 




+)I.M a = 0 : 

0.075 F ef - (0.2)(300) - (0.6)(300) = 0 
F ef = 3.2 x 10 3 N 

±JLF X = 0: A x - F ef - 0 A x = 3.2 x 10 3 N 
+| I F r = 0: Ay- 300 - 300 = 0 

A = 600 N 

y 

Couple at D: M D = (0.075)(3.2 x 10 3 ) 

= 240 N • m 


Shear: 

A to C: V = 600 N 

C to B: V = 600 - 300 = 300 N 


Areas under shear diagram: 

A to C: j Vdx = (0.2)(600) = 120 N • m 

C to D: j Vdx = (0.2)(300) = 60 N • m 

D to B: j Vdx = (0.2)(300) = 60 N • m 

Bending moments: 

M A = 0 

M c = 0 + 120 = 120 N • m 
M = 120 + 60 = 180 N • m 

D 

M d+ = 180 - 240 = -60 N • m 
M b = -60 + 60 = 0 

Maximum |F| = 600 N A 
Maximum |m| = 180.0 N • m 4 
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10 kN 

I 3 kN/m 


. < 

- c. 


-t — 


B 


1.5 m 1.5 m 2.2 m 


100 mm 





+ 

200 mm 
± 


PROBLEM 5.46 

Using the method of Sec. 5.2, solve Prob. 5.15. 

PROBLEM 5.15 For the beam and loading shown, determine 
the maximum normal stress due to bending on a transverse 
section at C. 


SOLUTION 


V <kNl 



M(k.N -"V s ) 



+)EM C = 0: 

-3 A + (1.5)(10) - (1.1)(2.2)(3) = 0 
A = 2.58 kN 

+ y,M A = 0 : 

—(1.5)(10) + 3C - (4.1)(2.2)(3) = 0 
C = 14.02 kN 

Shear: 

A to D~: V = 2.58 kN 

D + to C~: V = 2.58 - 10 = -7.42 kN 

C\ V = -7.42 + 14.02 = 6.60 kN 

B\ V = 6.60 - (2.2)(3) = 0 

Areas under shear diagram: 

A to D\ fVdx = (1.5)(2.58) = 3.87 kN • m 

D to C: fVdx = (1.5)(—7.42) = -11.13 kN -m 

C to B: j Vdx = f j J (2.2)(6.60) = 7.26 kN • m 


Bending moments: 

M A = 0 

M d = 0 + 3.87 = 3.87 kN • m 
M c = 3.87 - 11.13 = -7.26 kN • m 
M b = 7.26 - 7.26 = 0 

\M C \ = 7.26 kN • m = 7.26 x 10 3 N • m 
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PROBLEM 5.46 (Continued) 

1 2 

For rectangular cross section, S — —bh" = 

(100)(200) 2 

6 

v 6 J 

= 666.67 x 10 3 mm 3 = 666.67 x lO -6 m 2 

\M C \ 

7.26 xlO 3 

Normal stress: cr = - -= 

- 10.89 x 10 6 Pa 

S 

666.67 x 10~ 6 


10.89 MPa ◄ 
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750 lb 750 lb 


150 lb/ft 


























C 




D 


asl 

-*—4 ft — 

-—4 ft —*- 

-—4 ft—»- 


3 in. 


12 in. 


PROBLEM 5.47 

Using the method of Sec. 5.2, solve Prob. 5.16. 

PROBLEM 5.16 For the beam and loading shown, detennine the 
maximum nonnal stress due to bending on a transverse section at C. 


SOLUTION 



Reactions: C = /) by symmetry 

+| ZF y = 0: A + C - (2)(750) - (12)(150) = 0 

A = C = 16501b 

Shear: 

V A = 16501b 

R c _ = 1650 - (4)(1 50) = 10501b 
V c+ = 1050 - 750 = 3001b 
V E = 300 - (2)(150) = 0 


MUl-f+l 



For rectangular cross section, 


Normal stress: 


Areas under shear diagram: 
A to C: 


jVdx = Q-j(1650 + 1050)(4) 


C to E: 


= 5400 lb • ft 


jVdx = | - ](300)(2) = 300 lb • ft 


Bending moments: 

M A = 0 

M c = 0 + 5400 = 5400 lb • ft 
M e = 5400 + 300 = 5700 lb • ft 


M e = 5700 lb • ft = 68.4 x 10 J lb • in. 


1..2 (1 


S = —bh = 
6 


a = 


v6 

M I 68.4 xlO 3 


- |(3)(12) 2 = 72 in 3 


72 


= 950 psi 


◄ 
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30 kN 50 kN 50 kN 30 kN 

\ \ !«! \ 


PROBLEM 5.48 


W310 X 52 

Using the method of Sec. 5.2, solve Prob. 5.18. 

A 

amf r 

B ' 

2 

'a d 

-*■ -2 m- 4 

- -5 @ 0.8 m - 4 m -- 

k , 

PROBLEM 5.18 For the beam and loading shown, detennine 
the maximum normal stress due to bending on section a-a. 


SOLUTION 


V (UkH 
- 80 



Reactions: By symmetry, A-B. 

+\XF V =0: A = B = 80 kN T 
Shear diagram: 

A to C: V = 80 kN 

C to D: V = 80- 30 = 50 kN 

D to E: V = 50-50 = 0 

Areas of shear diagram: 

A to C: \Vdx — (80)(0.8) = 64 kN • m 

C to D: J Vdx = (50)(0.8) = 40 kN • m 

D to E: \Vdx = 0 

Bending moments: 

M A = 0 

M c = 0 + 64 = 64 kN • m 
M d = 64 + 40 = 104 kN • m 
M e = 104 + 0 = 104 kN • m 


| M 


max 


= 104kN-m = 104 x 10 3 N • m 


For W310 x 52, S = 747 x 10 3 mm 3 = 747 x 10" 6 m 3 


Normal stress: 



104 xlO 3 
747 xlO -6 


= 139.2 xlO 6 Pa 


cr = 139.2 MPa ◄ 
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5 5 2 2 2 

kips kips kips kips kips 



-— 6 @ 15 in. = 90 in. —► 


PROBLEM 5.49 

Using the method of Sec. 5.2, solve Prob. 5.20. 

PROBLEM 5.20 For the beam and loading shown, determine the 
maximum normal stress due to bending on a transverse section at C. 


SOLUTION 



Use entire beam as free body. 

= 0 : 

-90,4 + (75)(5) + (60)(5) + (45)(2) + (30)(2) + (15)(2) = 0 
A = 9.5 kips T 


Shears to C: V = 9.5 kips 

Area under shear curve A to C: J Vdx = (15)(9.5) 

= 142.5 kip • in. 

M A = 0 

M c = 0 + 142.5 = 142.5 kip • in. 

For S8x 18.4, S = 14.4 in 3 

xt i M 142.5 

Normal stress: a = — =- 

5 14.4 


cr = 9.90 ksi -4 
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PROBLEM 5.50 

Determine (a) the equations of the shear and bending-moment curves for 
the beam and loading shown, (b) the maximum absolute value of the 
bending moment in the beam. 


SOLUTION 


dV 

dx 


-w = —Wn 


j 


WnX 


. 1/2 


L 


1/2 


2u^ 

3 1 

V — 0 at x = L 


0 = ~-w 0 L + Cj 


c i = - w o L 


dM 

dx 


= V 


. . „ 2 2 2 w 0 x 

M = C 2 + —W 0 LX -- tjt 

2 3 35 L m 


. 5/2 


M = 0 at x = L 


0 = C + — WnZ 2 - — H’ 0 I 2 
3 15 0 


,,2 4 u ; 0 x 

M = —WnLx -iTT 

3 15 Z 1/2 


5/2 


2 r2 
-j-oi 






. 3/2 


rl/2 


r _ _ 2 ^2 
Q - ~^ w °l 


Ml occurs atx = 0 

I max 


|m| =—w n L 2 -4 

Imax c u 
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77 X 

-W = w o cos — 


TTTTt^j 



PROBLEM 5.51 

Detemiine (a) the equations of the shear and bending-moment curves for 
the beam and loading shown, ( b ) the maximum absolute value of the 
bending moment in the beam. 


SOLUTION 


dV 

dx 

V 

M 

V 
M 


-w = -w 0 cos 


nx 

'2Z 


2 Lwn . nx dM 

-^ sin— + C] = - 

n 2 L dx 

4 L 2 w n nx _ _ 

-z-f-cos— + C,x + C, 

n 2 21 1 2 

0 at x = 0. Hence, C] - 0. 

4 L~Wn 

0 at x- = 0. Hence, C 2 =- 

n~ 


(a) V = ~(2Lw 0 /n) sin{nx/2L) -4 
M = -(4I 2 w 0 /^' 2 )[1 - cos(^x/2I)] 4 
(, b) \M\ = 4w Cl L 2 /n 2 4 

v I Imax u 
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PROBLEM 5.52 

Determine (a) the equations of the shear and bending-moment curves for 
the beam and loading shown, ( b ) the maximum absolute value of the 
bending moment in the beam. 


SOLUTION 


(a) 


dV 

dx 


nx 

L 


WnL nx _ dM 

V = —— cos — + C] = - 

n L dx 


,, w 0 L . nx 
M = —— sin -j- + CjX + Ci 


n 

M = 0 at x = 0 
M = 0 at x = L 


C 2 = 0 


0 = 0 + C X L + 0 


C, =0 


dM 

dx 


= V -0 at 



(b) 


M 


max 


Wr>lJ . n 
= . sin — 

n 2 2 


V = 

M = - 


wM nx 

cos — 
n L 

w n L 2 . nx 
. sin — 
n 2 L 


◄ 

◄ 


M = W ° L ~ 


max a 

n 
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PROBLEM 5.53 

Determine ( a ) the equations of the shear and bending-moment curves for 
the beam and loading shown, ( b ) the maximum absolute value of the 
bending moment in the beam. 


SOLUTION 


(a) 


1 


1 


TT * * , 1 j2 

V = — w n -h — WnL 

2 0 L 6 


1 


. . . x 3 1 

M =-W„-1- Wn-Lx 

6 ° L 6 ° 


dM 


dV 

dx 


■ ~W = ~Wn - 

0 L 


v 1 x \r dM 
2 0 L 1 dx 

1 jc 3 

M = — Wq -—h Cjjc + C 2 
6 L 


M - 0 at jc = 0 C 2 = 0 


M = 0 at x = L 0 = — w 0 L +C X L C l =—w 0 L 


V = -w 0 (L 2 -3 x 2 )/L ◄ 
6 


M = -w 0 (Lx-x 2 /L) A 
6 


(b) M occurs when -= V = 0. L - 3x~ = 0 

v ' llldA » III 

dx 


x„, = 


L 


= ~Wn 


U 2 


L 


2 ^ 


‘ max 6 °l V3 3V3 


= 0.0642 w,L 2 ◄ 
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3 kips/ft 



S10 X 25.4 


PROBLEM 5.54 

Draw the shear and bending-moment diagrams for the beam and 
loading shown and determine the maximum normal stress due to 
bending. 


SOLUTION 


3 kCps/’H’ 


'' ' 

■s 

f \ 


’ 1 

D - 



Wimps') 



M ( p • W) 



+ )ZM C = 0: /? o (10) - (5.5)(15)(3) = 0 R D = 24.75 kips T 

+ r :I M d = 0: (4.5)(15)(3) - 7? c (10) = 0 R c = 20.25 kips T 

Shear: 

V A - 0 

V c = 0 - (2)(3) = -6 kips 
V c+ = -6 + 20.50 = 14.25 kips 

V = 14.25 - (10)(3) = -15.75 kips 

V + = -15.75 + 24.75 = 9 kips 
V B = 9 - (3)(3) = 0 


Locate point E where V 

= C 

e 

10-e 


14.25 

15.75 


Areas of shear diagram 


A to C: 

jVdx = 

(i) 

C to E: 

jVdx = 


E to D : 

fVdx - 

(i) 

D to B: 

fVdx - 

Cl) 


e = 4.75 ft 


10 - e = 5.25 ft 


(4.75)(14.25) = 33.84375 kip • ft 
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PROBLEM 5.54 (Continued) 

Bending moments: 

M A = 0 

M c = 0 - 6 = -6 kip • ft 

M E = -6 + 33.84375 = 27.84375 kip • ft 

M d = 27.84375 - 41.34375 = -13.5 kip • ft 

M b = -13.5 + 13.5 = 0 

Maximum | M = 27.84375 kip 

ft = 334.125 kip • in. 

For S10 x 25.4, 5 = 24.6 in 3 

1 M\ 334 125 

Normal stress: a = -—- = - : - = 13.58 ksi A 

S 24.6 
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16 kN/m 


A 

4^ 


-1.5 i 


-1 m- 


S150 X 18.6 


PROBLEM 5.55 

Draw the shear and bending-moment diagrams for the beam 
and loading shown, and determine the maximum normal 
stress due to bending. 


SOLUTION 


+)IM b = 0: -2.54 + (1.75)(1.5)(16) = 0 
^4 = 16.8 kN 

+)IM a =0: -(0.75)+ (1.5)(16)+ 2.55 = 0 
B = 7.2 kN 

Shear diagram: 

V A =16.8kN 

V c = 16.8- (1.5)(16) = -7.2 kN 
V B = -12 kN 


Locate point D where V — 0. 


4 1.5-4 

Ta8 _ 7.2 


244 = 25.2 


4 = 1.05 m 1.5 -4 = 0.45 m 


Areas of the shear diagram: 
A to D \ 

D to C: 

C to B : 

Bending moments: 


Vdx- 


1 

jvdx = 

jvdx = (1)(—7.2) = -7.2 kN • m 


- |(1.05)(16.8) = 8.82 kN • m 

v2. 

- | (0.45)(—7.2) = -1.62 kN-m 

, 


M A = 0 

M d = 0 + 8.82 = 8.82 kN-m 
M c =8.82-1.62 = 7.2 kN-m 
M b =12 -7.2 = 0 


Maximum \M\ = 8.82 kN-m = 8.82xl0 J N• m 


V (kw'l 



M (kU-m) 



For S150xl8.6 rolled-steel section, S — 120xl0 3 mm 3 = 120x10 6 m 3 

Normal stress: ^ = |M| = 8.82x10 = 73 _ 5xl0 6 pa 

S 120xl0“ 6 


cr = 73.5 MPa ◄ 
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9kN 

12 kN/m 


r 




- c » 


0.9 m 3 m 



W200 X 19.3 


PROBLEM 5.56 

Draw the shear and bending-moment diagrams for the beam 
and loading shown and determine the maximum normal 
stress due to bending. 


SOLUTION 


V (kW) 



M (kV-m) 



+ )XM C = 0: (0.9)(9) - (1.5)(3)(12) + 2B = 0 

B = 15.3 kN 

+)?.M b = 0: (3.9)(9) -3 C + (1.5)(3)(12) = 0 

C - 29.7 kN 

Shear: 

A to C: V =-9 kN 

C + : V - -9 + 29.7 = 20.7 kN 

B : V = 20.7 - (3)(12) = -15.3 kN 

\V\ = 20.7 kN ◄ 

I ■max 


Locate point E where V — 0. 
e 3 - e 


20.7 15.3 

e = 1.725 ft 


36e = (20.7)(3) 
3 - e = 1.275 ft 


Areas under shear diagram: 


A to C: 
C to E: 

E to B : 


jVdx = (0.9)(9) = 8.1 kN 


m 


fVdx = 


- |(1.725)(20.7) = 17.8538 kN • m 

v2. 


fVdx = (-1.275)(15.3) = -9.7538 kN • m 
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PROBLEM 5.56 (Continued) 


Bending moments: 

M a = 0 

M c = 0 - 8.1 = -8.1 kN • m 

M e = -8.1 + 17.8538 = 9.7538 kN • m 

M b = 9.7538 - 9.7538 = 0 

\m\ =9.7538 x 10 3 N • mat points 4 

| Imax 

For W200 x 19.3 rolled-steel section, S - 162 x 10 3 mm 3 = 162 x 1(T 6 m 3 


Normal stress: 



9.7538 xlO 3 
162 x 10 -6 


60.2 x 10 6 Pa = 60.2 MPa 


er = 60.2 MPa ◄ 
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500 lb 


25 lb/in. 



-16 in. 


24 in. 


PROBLEM 5.58 

Draw the shear and bending-moment diagrams for the beam and 
loading shown and determine the maximum normal stress due to 
bending. 


SOLUTION 



5fco 1V» 


25 Ife/f*. 


n~r 






v(\£) 



K\^lo • mD 



+)IM b = 0: R A (\6) - (4)(40)(25) - (24)(500) = 0 R A = 1000 lb i 
+)IM a = 0: R b ( 16) - (20)(40)(25) - (40)(500) = 0 R B = 2500 lb T 


Shear: 


V A = -1000 lb 

V B = -1000 - (16)(25) = -1400 lb 
V g+ = -1400 + 2500 = 11001b 
V c = 1100- (24)(25) = 5001b 


Areas of shear diagram: 


1 


A to B: fVdx = -(-1000 - 1400)06) - -19,200 lb • in. 


B to C: 




- (1100 + 500)(24) = 19,200 lb • in. 


Bending moments: 


m a = o 


M b = 0 - 19,200 = -19,200 lb ■ in. 
M c = -19,200 + 19,200 = 0 

Maximum |m| = 19.2 kip • in. 

For S4 x 7.7 rolled-steel section, S = 3.03 in 3 

\M\ 19.2 

Normal stress: a = } — =-= 6.34 ksi 

5 3.03 


◄ 
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SOLUTION 


80 


CoO Vttvl * 

a 

A 


IZ kU-v* 



1 1 *71 m 

u -> 

/. Co wi 

+- > 

I.7ya , 
-<-v| 


V(M) 



Normal stress: 


er 


| M 
~S 


Reaction: 


+yZM B = 0: -A A + 60 + (80)(1.6)(2) -12 = 0 

A = 76 kN T 


Shear: V A = 76 kN 

A to C : F = 76.0 kN ◄ 


V D = 76 - (80)(1.6) = -52 kN 
D to C : F = -52 kN 

Locate point where F= 0. 

F(x) = -80x + 76 = 0 x = 0.95 m 
Areas of shear diagram: 

A to C: \Vdx = (1.2)(76) = 91.2 kN • m 

C to E: \Vdx = i(0.95)(76) = 36.1 kN • m 

EtoD: \Vdx = ^(0.65)(-52) = -16.9 kN • m 

D to B\ j Vdx = (1,2)(—52) = -62.4 kN • m 
Bending moments: M A = -60 kN • m 


M c = -60 + 91.2 = 31.2 kN • m 


M e = 31.2 + 36.1 = 67.3 kN • m 


M d = 67.3 - 16.9 = 50.4 kN • m 


M b = 50.4 - 62.4 = -12 kN • m 


For W250 x 80, S = 983 x 10 3 mm 3 


67.3x10 N-m 6 

-t— 5 — = 68.5 x 10° Pa 

983 x 10 -6 m 3 


er = 68.5 MPa ◄ 
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400 kN/m 

PROBLEM 5.60 


A C 





D B u ^ 



Knowing that beam AB is in equilibrium under the loading 
' W200 x 22.5 shown, draw the shear and bending-moment diagrams and 

determine the maximum normal stress due to bending. 






t 








SOLUTION 


400 kM/m 


ttltiittti 


Mri— 



VJ700 x *7.5 


400 W/r* 




| M 


= 12.00 kN • m = 12.00 x 10 3 N • m 


+\^F y =0: (l)(w 0 ) - (0.4)(400) = 0 

w 0 = 160 lcN/m 

Shear diagram: V A = 0 

V c = 0 + (0.3X160) = 48 kN 
V D = 48 - (0.3)(400) + (0.3)(160) = -48 kN 
V B = -48 + (0.3X160) = 0 
Locate point E where V= 0. 

By symmetry, E is the midpoint of CD. 

Areas of shear diagram: 

A to C: ^-(0.3)(48) = 7.2 kN • m 

C to E: i(0.2)(48) = 4.8 kN • m 

E to D: ^-(0.2)(-48) = -4.8 kN • m 

D to B: ^-(0.3)(-48) - -7.2 kN • m 

Bending moments: M A = 0 

M c -0 + 12 = 12 kN 
M e = 7.2 + 4.8 = 12.00 kN 
M d = 12.0 - 4.8 = 7.2 kN 
M b = 12 -12 = 0 


For W200 x 22.5 rolled-steel shape, S x = 193xl0 3 mm 3 = 193 x 10 6 m 3 

\M\ 12.00 xlO 3 

Normal stress: a = -—- =-— = 62.2 x 10 6 Pa 

5 193 x 10 -6 


a = 62.2 MPa ◄ 
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PROBLEM 5.61 

Knowing that beam AB is in equilibrium under the loading shown, 
draw the shear and bending-moment diagrams and determine the 
maximum normal stress due to bending. 


SOLUTION 

A to C: 


0 < x < 1.2 ft 


w = 50| 1-— | = 50-41.667x 


V (jPbTi 


dV 

dx 


= -w- 41.667x -50 


v = v A + 


f (41.667x-50)dh 

J o 

dM 



- 3o 


= 0 + 20.833x - 50x = - 


dx 




M = M A +j X Vdx 


. 24 

= 0+ f (20.833x 2 -50 x)dx 

J 0 

> 

P 


= 6.944x 3 -25x 2 


e 

o 

o 

? 

II 

(N 

II 

X 



M = -24.0 lb-in. 


-24 


Maximum |M| = 24.0 lb • ft = 288 lb • in. 


Cross section: 


c = — ■ 
2 


- 1(0.75) = 0.375 in. 


n 4 

I = —c = 


n 


3-4 


- (0.375) = 15.532x10 in 


Normal stress: 


cr ■ 


|M|c _ (2.88X0.375) 
/ ~ 15.532xl0“ 3 


: 6.95xlO J psi 


a = 6.95 ksi 4 
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PROBLEM 5.62* 


C" D E" F 


A 

-AT 


24 mm 

n 

60 mm 


0.4 m 


0.3 m 


The beam AB supports two concentrated loads P and Q. The 
normal stress due to bending on the bottom edge of the beam 
is +55 MPa at D and +37.5 MPa at F. ( a ) Draw the shear and 
bending-moment diagrams for the beam. ( b ) Determine the 
maximum normal stress due to bending that occurs in the beam. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


751 





































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



1 ft 


1.5 ft 

--8ft 


lft 


1.5 ft 


PROBLEM 5.63* 

The beam AB supports a uniformly distributed load of 480 lb/ft and 
two concentrated loads P and Q. The normal stress due to bending 
on the bottom edge of the lower flange is +14.85 ksi at D and 
+ 10.65 ksi at E. (a) Draw the shear and bending-moment diagrams 
for the beam, (b) Determine the maximum normal stress due to 
bending that occurs in the beam. 
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PROBLEM 5.63* (Continued) 



Use free body EFB. 

+)HM b = 0: 1.50 + (1.25)(2.5)(0.48) + (2.5)(3.927) - 24.41 = 0 
Q = 8.728 kips 

+| 1F }> = 0: B - 3.927 - (2.5)(0.48) - 8.7 = 0 
B = 13.855 kips 
Areas of load diagram: 

A to C: (1.5)(0.48) = 0.72 kip • ft 

C to F: (5)(0.48) = 2.4 kip • ft 

F to B: (1.5X0.48) = 0.72 kip • ft 


Shear diagram: V A = 24.54 kips 


Vc = 24.54 - 0.72 = 23.82 kips 
Vc = 23.82 - 25.83 = -2.01 kips 
Vp = -2.01 - 2.4 = 4.41 kips 
Vp = -4.41 - 8.728 = -13.14 kips 
V B = -13.14 - 0.72 = -13.86 kips 
Areas of shear diagram: 

A to C: ^(1.5X24.52 + 23.82) = 36.23 kip • ft 

C to F: f (5)(-2.01 - 4.41) = -16.05 kip - ft 

FtoB: f (1.5)(-13.14 - 13.86) = 20.25 kip • ft 

Bending moments: M A = 0 

M c = 0 + 36.26 = 36.26 kip • ft 
M f = 36.26 - 16.05 = 20.21 kip • ft 
M b = 20.21- 20.25 = 0 

Maximum |m| occurs at C: \M\ = 36.26 kip • ft = 435.1 kip ■ in. 

I I I Imax 

\M\ 435 I 

(b) Maximum stress: a = -—=- cr = 15.82 ksi 4 

S 27.5 
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P Q 


2 kN/m 

I 


IT- 

1 - 

lA C 

1— 

D 



0.1 in 0.1m 0.125 m 


18 mm 


“t 

36 mm 


PROBLEM 5.64* 

Beam AB supports a uniformly distributed load of 2kN/m and two 
concentrated loads P and Q. It has been experimentally determined 
that the normal stress due to bending in the bottom edge of the beam 
is -56.9 MPa at A and -29.9 MPa at C. Draw the shear and bending- 
moment diagrams for the beam and determine the magnitudes of the 
loads P and Q. 


SOLUTION 



V 6 A 



/ = _L(18)(36) 3 = 69.984 xlO 3 mm 4 

c = —d =18 mm 
2 

S = — - 3.888xl0 3 mm 3 = 3.888xl0 _6 m 3 
c 

At A, M A = Sa A = (3.888x10 -6 )(—56.9) = -221.25 N • m 

AtC, M c =Sct c = (3.888xl0“ 6 )(-29.9) =-116.25 N-m 
+)IM a = 0: 221.23-(0.1)(400)-0.2P-0.3250 = 0 

0.2P + 0.3250 = 181.25 (1) 

+)IM C =0: 116.25- (0.05)(200) -0.1P- 0.225(9 = 0 

0. IP + 0.2250 = 106.25 (2) 

Solving (1) and (2) simultaneously, P = 500 N A 

Q = 250 N ◄ 


Reaction force at A : R A - 400 - 500 - 250 = 0 i? 4 =1150N-m 

V A = 1150 N V D = 250 

M a = -221.25 N-m M c =-116.25 N-m M D =—31.25 N• m 


|F| max = 1150 N ◄ 
|M| max =221N-rn ◄ 
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1.8 kN 3.6 kN 



PROBLEM 5.65 

For the beam and loading shown, design the cross section of the 
beam, knowing that the grade of timber used has an allowable 
normal stress of 12 MPa. 


SOLUTION 


Reactions: 


+)IM d = 0: -2.4A + (1.6)(1.8) + (0.8)(3.6) = 0 
+ ')^M a =0: —(0.8)(1.8) - (1 -6)(3.6) + 2AD = 0 
Construct shear and bending moment diagrams: 

|M| max =2.4 kN • m = 2.4xl0 3 N -m 


A = 2.4 kN 
D-3 kN 


cr all = 12 MPa 
= 12xl0 6 Pa 
? _ |M| max _ 2.4x10 3 
mm 12X10 6 

= 200 xlO -6 m 3 
= 200 xlO 3 mm 3 


V Otvj'i 



S = -bh 2 =-(40)/z 2 
6 6 

= 200 xlO 3 

2 _ (6)(200xl0 3 ) 

40 


M (LU-») 



= 30xl0 3 mm 2 


h = 173.2 mm -4 
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PROBLEM 5.66 

For the beam and loading shown, design the cross section of the 
beam, knowing that the grade of timber used has an allowable normal 
stress of 12 MPa. 


SOLUTION 


Reactions: 

A = B by symmetry 

+| lF y = 0: A + B - (5)(10) = 0 
A = B = 25 kN 

From bending moment diagram, 

|M| max = 31.25 kN • m = 31.25 x 10 3 N • m 


cr all = 12 MPa = 12x10 Pa 


M 


S mm =- 


cr. 


all 


31.25xl0 3 in _, 3 

-— = 2.604x10 3 m 3 

12xl0 6 


= 2.604 xlO b mm 


S = -bh 2 = l 

6 


(120)/? 2 = 2.604x10 s 


i 2 _ (6)(2.064 x10 6 ) _ 13Q 21x1() 3 mm 2 
120 





31.15 kvii^ 



h = 361 mm A 
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PROBLEM 5.67 

For the beam and loading shown, design the cross section of the beam, 
knowing that the grade of timber used has an allowable normal stress of 
1750 psi. 


SOLUTION 



Equivalent concentrated load: 


P = 



(6)(1.2) = 3.6 kips 


Bending moment at A: 

M A = (2)(3.6) = 7.2 kip • ft = 86.4 kip • in. 


I M L 


,S'= 1 " 1 = — = 49.37 in 3 


All 


1.75 


For a square section, 
a = Z/6S 

a mm = 3/(6)(49.37) 



6.67 in. -4 
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4.8 

dps 




4.8 

dps 



PROBLEM 5.68 


2 

kipSj 

1 i 

k 2 kips 






' B C 


D E ’ 


b 


For the beam and loading shown, design the cross section of the 

A 

A 



F 


t 

9 5 in 

beam, knowing that the grade of timber used has an allowable 










normal stress of 1750 psi. 


aft 

2 ft 

3 ft 

2 ft 

2 ft 






SOLUTION 


For equilibrium. 

B - E - 2.8 kips 

Shear diagram: 


A to B~: 

V = -4.8 kips 

B + to C~: 

V = -4.8 + 2.8 = - 

C + to D~: 

V = -2 + 2 = 0 

D + to E~: 

V = 0 + 2 = 2 kips 

E + toF: 

V = 2 + 2.8 = 4.8 k 

Areas of shear diagram: 


A to B : 

(2)(-4.8) = -9.6 kip • ft 

B to C: 

(2)(—2) = -4 kip • ft 

C to D : 

(3)(0) = 0 

D to E\ 

(2)(2) = 4 kip • ft 

E to F: 

(2)(4.8) = 9.6 kip • ft 

Bending moments: 

O 

II 

5 


V, k 






-z 


-4.3 

Mj k*V-Ft 


M b =0-9.6 = -9.6 kip-ft 
M c =-9.6 -4 = -13.6 kip -ft 
M d =-13.6 + 0 = -13.6 kip-ft 
M e =-13.6 + 4 = -9.6 kip -ft 
M f =-9.6+ 9.6 = 0 

|M|max =13.6 kip • ft = 162.3 kip - in. = 162.3xl0 3 lb • in. 



Required value for S: 


S = 




162.3x10 

= 93.257 in 


all 


1750 


1 , 

For a rectangular section, I = —bh , 


1. / bh 

c = —n 5 = — =- 

2 c 6 


(6)(9.5) 2 

6 


= 15.04176 


Equating the two expressions for S, 15.04176 = 93.257 


6 = 6.20 in. ◄ 
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SOLUTION 


By symmetry, B - C 

+tlF v =0: B + C + 2.5 + 2.5- (3)(6) = 0 

Shear: 

AtoB : V = 2.5 kN 

V a+ = 2.5 + 6.5 = 9 kN 
V c - = 9- (3)(6) = -9 kN 

CtoD : V = - 9+ 6.5 =-2.5 kN 

Areas of the shear diagram: 

,4 to 5: jvdx = (0.6)(2.5) = 1.5 kN -m 

B to E\ jvdx = f-^-j(1.5)(9) = 6.75 kN • m 

EtoC: jVc& = -6.75 kN-m 

CtoD: jvdx = -1.5 kN-m 

Bending moments: M A = 0 

M b =0 + 1.5 = 1.5 kN-m 
M e =1.5 + 6.75 = 8.25 kN-m 
M c =8.25-6.75 = 1.5 kN-m 
M d =1.5 -1.5 = 0 


B = C = 6.5 kN 






Maximum |M| = 8.25 kN • m = 8.25x!0 J N • m 


cr all = 12 MPa = 12x10 Pa 


5 mm = 


I^L 


k 25xl ° , = 687 _ 5xl0 -6 m 3 = 687 _ 5xl0 3 mm 3 


a. 


all 


12x10 


For a rectangular section, 


S = -bh 2 
6 

687.5 xl0 3 = -^j(100)/j 2 

, 2 (6)(687.5xl0 3 ) 1rt3 2 

h 2 =— -- = 41.25 x 10 3 mm' 

100 


: = 203 mm A 
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PROBLEM 5.70 

For the beam and loading shown, design the cross section of 
the beam, knowing that the grade of timber used has an 
allowable normal stress of 12 MPa. 


SOLUTION 


Shear: 


+)M b = 0: -2 A A + (0.6)(3.6)(3) = 0 
+)M a = 0: -(1.8)(3.6)(3) +2.45 = 0 
V A = 2.7 kN 

V B - = 2.7 - (2.4X3) = -4.5 kN 
V a+ =-4.5+ 8.1 = 3.6 kN 

D 


A = 2.7 kN 
5 = 8.1 kN 


V c = 3.6 — (1.2)(3) = 0 
Locate point D where V — 0. U_ ^ 


12d = 6.48 


2.7 4.5 

d= 0.9 m 2.4-t/ = 1.5 m 


Areas of the shear diagram: 
A to D \ 

D to B: 

B to C: 

Bending moments: 


r 

rn 

\Vdx- 



UJ 

r 

rn 

\Vdx- 



UJ 

[ Vdx = 

fl] 


UJ 


M A = 0 

M d = 0 + 1.215 = 1.215 lcN-m 
M b =1.215-3.375 = -2.16 kN-m 
M c =-2.16 + 2.16 = 0 



Maximum \M\ = 2.16 kN • m = 2.16 x 10 3 N • m 


cr al| =12 MPa = 12xlO b Pa 


S,„,„ =M = ^^_ = i80xl0“ 6 m 3 =180xl0 3 mm 3 


''all 


12 x10° 


For rectangular section, S =— bh 2 =— b(150) 2 = 180x10 J 

6 6 


b = 


(6)(180xl0 3 ) 

150 2 


b = 48.0 mm A 
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20 kips 
B 


i 


11 ldps/ft 


I 


20 kips 
E 


A 






a 

r 


C 

D 




2 ft 

2 ft 

6 ft 

2 ft 

2 ft 


PROBLEM 5.71 

Knowing that the allowable normal stress for the steel used is 24 ksi, 
select the most economical wide-flange beam to support the loading 
shown. 


SOLUTION 


By symmetry, R A = R F 

+| IF V = 0: R a - 20 - (6)(11) - 20 + R F = 0 
R a = R F = 50 kips 


Maximum bending moment occurs at center of beam. 

+pMj = 0: —(7)(53) + (5)(20) + (1,5)(3)(11) + Mj = 0 

Mj = 221.5 kip.ft = 2658 kip • in. 


Shape 

5 (in 2 ) 

W24 x 68 

154 

W21x 62 

127 

W18 x 76 

146 

W16 x 77 

134 

W14 x 82 

123 

W12 x 96 

131 


2658 

24 


110.75 in 3 



Use W21 x 62. ◄ 
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24 kips 



PROBLEM 5.72 

Knowing that the allowable nonnal stress for the steel used is 24 ksi, select 
the most economical wide-flange beam to support the loading shown. 


SOLUTION 


+)IM c =0: -24 A + (12)(24)(2.75) + (15)(24) = 0 
+)IM A =0: 24C-(12)(24)(2.75)-(9)(24) = 0 

Shear: V A = 48 

V B _ = 48 - (9)(2.75) = 23.25 kips 
V r = 23.25 - 24 = -0.75 kips 
V c = -0.75 - (15X2.75) = -42 kips 


Areas of the shear diagram: 
A to B: 

B to C: 

Bending moments: 


f 

r n 

1 Vdx = 

r 

,2j 

| Vdx = 

jj 


M a = 0 


M b = 0 + 320.6 = 320.6 kip • ft 
M c = 320.6-320.6 = 0 


Maximum \M\ = 320.6 kip • ft = 3848 kip • in. 


cr a u = 24 ksi 

„ \M\ 3848 

S m ,„ = -—- = — = 160.3 m 3 


y ali 


24 


A- 48 kips 
C = 42 kips 



Shape 

5, (in 3 ) 

W30x99 

269 

W27x84 

213 <— 

W24X104 

258 

W21X101 

227 

W18X106 

204 


Lightest wide flange beam: W27x84 @ 84 lb/ft -4 
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5 kN/m 



PROBLEM 5.73 

Knowing that the allowable normal stress for the steel used is 160 MPa, 
select the most economical wide-flange beam to support the loading shown. 


SOLUTION 


ft 

6 = 

v 

^'KiayT 

??.SM 




J I i 11 1 


3 tn *>>7 c ^ r 3 


D 




A 


70 kN 


70kfy 


D- Jl.SM 


—i 4 82.SUH , . 

(***>) / ~ >S ‘ 6 f 


-&L. 


(j-JS.iZ) 

Mr 


-JZ.CkH 
- 82 .(>'\<N 


(-tie) 


- T?.ckN 


+270 kN-'n 



AtL = 786 UN- on 
' 'may 


Section modulus 
cr all = 160 Mpa 


S- = = 286 kN m = 178y x 10 - 6 m 3 


'all 


160 MPa 


= 1787 x 10 3 mm 3 


Shape 

S, (10 3 mm 3 ) 

W610 x 101 

2520 

W530 x 92 

2080 <— 

W460 x 113 

2390 

W410 x 114 

2200 

W360 x 122 

2020 

W310x 143 

2150 


Use W530 x 92. ◄ 
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50 kN/m 


D 




0.8 m 


-2.4 m- 


0.8 m 


PROBLEM 5.74 

Knowing that the allowable normal stress for the steel used is 160 MPa, 
select the most economical wide-flange beam to support the loading 
shown. 


SOLUTION 


Shear: 


+JLM d = 0: -3.25 + (24)(3.2)(50) = 0 
+)IM B = 0: 3.2 D - (0.8)(3.2)(50) = 0 

V A = o 

V B -=0- (0.8)(50) = -40 kN 
V. = -40 +120 = 80 kN 

D 

V c = 80 - (2.4)(50) = -40 kN 


V D = -40 + 0 = -40 kN 


Locate point E where V = 0. 


e 

80 


2.4 -e 


40 
e = 1.6 m 


120e = 192 
2.4 — e — 0.8 m 


Areas: A to B\ jvdx = ( ^ j(0.8)(—40) = -16 kN • m 


B to E : Jvdx - 


E to C: \Vdx = 




j |(1,6)(80) = 64 kN • m 


(0.8)(-40) = -16 kN • m 


C to D: Jvdx = (0.8)(—40) = -32 kN • m 


Bending moments: 


M A = 0 

M B =0-16 = -16kN-m 
M e =- 16 + 64 = 48 kN-m 
M c =48-16 = 32 kN-m 
M d =32-32 = 0 


B = 120 kN 
D = 40 kN 
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PROBLEM 5.74 (Continued) 

Maximum \M | = 48 kN • m = 48 x 10 3 N • m 


<7 all = 160 MPa = 160xl0 6 Pa 


S = |M| = 48x10 = 300 xlO -6 m 3 = 300xl0 3 mm 3 
tr all 160xl0 6 

Shape 

5(10 3 mm 3 ) 

W310x32.7 

415 

W250x28.4 

W200x35.9 

Lightest wide flange beam: W250x28.4 @ 28.4 kg/m A 

342 
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3 Idps/ft 




iskps PROBLEM 5.75 


D Knowing that the allowable normal stress for the steel used is 24 ksi, 
select the most economical S-shape beam to support the loading shown. 


-6 ft - 


-6 ft - 


3 ft 


SOLUTION 


s'- 


l c 

f A 



Shape 


S12 x 31i 
SI0 x 35 



S( in 3 ) 


36.2 

29.4 


= 0 A 

= 9 kips 

= 0 c 

= 27 kips 

Shear: 

V A =9 kips 

B to C: 

V = 9 - (6)(3) = -9 kips 

Cto D : 

V = -9 + 27 = 18 kips 

Areas: 


A to E: 

(0.5)(3)(9) = 13.5 kip • ft 

E to B : 

(0.5)(3)(—9) = -13.5 kip • ft 

B to C: 

(6)(-9) = -54 kip • ft 

Cto D: 

(3)(18) = 54 kip • ft 


Bending moments: M A = 0 
M e = 0 + 13.5 = 13.5 kip ■ ft 


M b = 13.5 - 13.5 = 0 


M c = 0 + 54 = 54 kip • ft 


M d = 54 - 54 = 0 


Maximum M = 54 kip • ft = 648 kip • in. <r alI = 24 ksi 
S min = — = 27 in 3 

mm 24 


Lightest S-shaped beam: S12x31.8 A 
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48 kips 48 kips 48 kips 



PROBLEM 5.76 

Knowing that the allowable nonnal stress for the steel used is 24 ksi, 
select the most economical S-shape beam to support the loading shown. 


SOLUTION 


+yLM E = 0: (12)(48) - 105 + (8)(48) + (2)(48) = 0 
+)I]M b = 0: (2)(48) - (2)(48) - (8)(48) + 10^ = 0 


V (Lpi) 


sic 


1.C 


8 * 

-V8 


D 

-38.*V 



Shear: 


Areas: 


A to B: 

B to C: 

C to D\ 

D to E\ 

A to B: 

B to C: 

C to D\ 

D to E: 

Bending moments: M A = 0 
M B = 0 - 96 = -96 kip • ft 
M c = -96 + 115.2 = 19.2 kip • ft 


B = 105.6 kipsT 
E = 38.4 kipsT 

V = -48 kips 

V = -48 + 105.6 = 57.6 kips 

V = 57.6 - 48 = 9.6 kips 

V = 9.6 - 48 = -38.4 kips 
(2)(—48) = -96 kip • ft 
(2)(57.6) = 115.2 kip • ft 

(6)(9.6) = 57.6 kip • ft 
(2)(—38.4) = 76.8 kip - ft 


M d - 19.2 + 57.2 = 76.8 kip • ft 
M e = 76.8 - 76.8 = 0 
Maximum |M| = 96 kip - ft = 1152 kip • in. 
(Tan -24 ksi 



^min 

‘Tin 

1152 _ 
24 

Shape 

5 (in 3 ) 


SI 5 x 42.9 

59.4 


SI2 x 50 

50.6 



Lightest S-shaped beam: S15x42.9 -4 
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80 kN 


A 

-A: 


100 kN/m 


Aar B 


\r 

~ C 


PROBLEM 5.77 

Knowing that the allowable normal stress for the steel used is 160 MPa, 
select the most economical S-shape beam to support the loading shown. 


0.8 m 


1.6 m 


SOLUTION 


v) 



Shape 

S (10 3 mm 3 ) 

S510x98.2 

1950 

S460X104 

1685 


+^:EM b =0: 0.8^4 - (0.4)(2.4)(100) - (1.6)(80) = 0 

A = 280 kN i 

+ ')LM a = 0: 0.8 B - (1.2)(2.4)(100) - (2.4)(80) = 0 

B = 600 kN T 
Shear: V A = -280 kN 

V g - = -280 - (0.8X100) = -360 kN 
V. =-360+ 600 = 240 kN 

D 

V c = 240 - (1.6)(100) = 80 kN 
Areas under shear diagram: 

A to B: ^-(0.8)(-280 - 360) = -256 kN • m 

B to C: ^-(1.6)(240 + 80) = 256 kN • m 

Bending moments: M A = 0 

M b =0-256 = -256 kN-m 
M c = -256 + 256 = 0 

Maximum |m| = 256 kN• m = 256x 10 3 N • m 
cr all =160 MPa = 160xl0 6 Pa 

S = KI^ 256x10 = 1.6x10~ 3 m 3 = 1600x10 3 mm 3 
fJ all 160x10 s 


Lightest S-section: S510x98.2 4 
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PROBLEM 5.78 

Knowing that the allowable normal stress for the steel used is 160 MPa, 
select the most economical S-shape beam to support the loading shown. 


SOLUTION 


kid 

S' 

J 

4o kid 


V 

J v. 


/ 

p T 

V vl 

2 # 5w\ 

*2.5^ 

‘ ' 


Vtkt-l) 




Reaction: +^LM d = 0: -10,4 + (7.5)(60) + (5)(40) = 0 
A = 65 kN T 

Shear diagram: 

A to B\ V = 65 kN 
B to C: V = 65 - 60 = 5 kN 

C to D\ V = 5 - 40= -35 kN 

Areas of shear diagram: 

A to B: (2.5)(65) = 162.5 kN • m 

B to C: (2.5)(5) = 12.5 kN • m 
C to D: (5)(—35) = -175 kN • m 
Bending moments: M A = 0 

M b = 0 + 162.5 = 162.5 kN • m 
M c = 162.5 + 12.5 = 175 kN • m 
M d = 175 - 175 = 0 
|m| = 175kN-m = 175xl0 3 N-m 

I I max 


cr all = 160 MPa = 160xl0 6 Pa 


Shape 

S x , (10 3 mm 3 ) 

S610 x 119 

2870 

S510 x 98.2 

1950 

S460 x 81.4 

1460 <- 


\M\ 

a att 


175 xlO 3 
160 xlO 6 


1093.75 xlO" 6 m 3 


= 1093.75 xlO 3 mm 3 


Lightest S-section: S460x81.4 A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


769 


































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 5.79 

A steel pipe of 100-mm diameter is to support the loading shown. 
Knowing that the stock of pipes available has thicknesses varying 
from 6 mm to 24 mm in 3-mm increments, and that the allowable 
normal stress for the steel used is 150 MPa, determine the minimum 
wall thickness t that can be used. 
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20 kN 20 kN 20 kN 


PROBLEM 5.80 

T B fC ▼ D 


Two metric rolled-steel channels are to be welded along their edges 

-d 

E 

1 

and used to support the loading shown. Knowing that the allowable 





nonnal stress for the steel used is 150 MPa, determine the most 


- -4 @ 0.675 m = 2.7 m-- 


economical channels that can be used. 


SOLUTION 


V (kv/) 



A B C D E 


For a section consisting of two channels, 
For each channels, 


By symmetry, A= E 

+} HF y = 0: A + E- 20- 20 -20 = 0 
A = E = 30 kN 

Shear: 

AtoB: V = 30 kN 

B to C: V = 30 - 20 = 10 kN 

C to D: V = 10-20 = -10 kN 

DtoE: V = -10 - 20 = -30 kN 

Areas: 

A to B\ (0.675)(30) = 20.25 kN • m 

B to C: (0.675)(10) = 6.75 kN • m 

C to D\ (0.675X—10) = -6.75 kN • m 

D to E: (0.675)(—30) = -20.25 kN • m 

Bending moments: M A = 0 
M b = 0 + 20.25 = 20.25 kN • m 
M c = 20.25 + 6.75 = 27 kN • m 
M d = 27 - 6.75 = 20.25 kN • m 
M e = 20.25 - 20.25 = 0 

Maximum |m| = 27 kN • m = 27 x 10 3 N • m 
cr all = 150 MPa = 150 x 10 6 Pa 


e . - 

‘-'min 


C . — 

^min 


27 x 10 = 180 x 10 -6 m 3 = 180 x 10 3 mm 3 


150x10 6 


m 

^all 

^j(180xl0 3 ) = 90 x 10 3 mm 3 


Shape 

5(10 3 mm 3 ) 

C180x 14.6 

100 

C150 x 19.3 

94.7 <- 


Lightest channel section: Cl 80 x 14.6 A 
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20 kips 

2.25 kips/ft 



r C 




2 

r 

,3 ft 

-12 

jg 

-6ft-- 


PROBLEM 5.81 

Two rolled-steel channels are to be welded back to back and used to 
support the loading shown. Knowing that the allowable normal stress 
for the steel used is 30 ksi, determine the most economical channels that 
can be used. 


SOLUTION 


B 1 C 

u 


' 

' ' 

’ 

’ '• 

— 

1 34V 

B-■» 

3fV 

44-> 

-t -H 


V(VfS>') 




Shape 

5(in) 3 

CIO x 15.3 

13.5 

C9 x 15 

11.3 <- 

C8 x 18.7 

11.0 


Reaction: + :2 IM D = 0: -12 A + 9(20) + (6)(2.25)(3) = 0 
A = 18.375 kips t 

Shear diagram: 

A to B: V = 18.375 kips 

B to C: V = 18.375 - 20 = -1.625 kips 

V D = -1.625 - (6)(2.25) = -15.125 kips 
Areas of shear diagram: 

A to B: (3)(18.375) = 55.125 kip • ft 

B to C: (3)(—1.625) = -4.875 kip • ft 

C to D: 0.5(6)(-1.625 - 15.125) = -50.25 kip • ft 

Bending moments: M A = 0 

M b = 0 + 55.125 = 55.125 kip • ft 
M c = 55.125 - 4.875 = 50.25 kip • ft 
M d = 50.25 - 50.25 = 0 
|M|max = 55.125 kip • ft = 661.5 kip • in. 
cr all = 30 ksi 


For double channel, S mir . = ^ = 22.05 in 3 

O-all 30 

For single channel, S min = 0.5(22.05) = 11.025 in 3 

Lightest channel section: C9 x 15 A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


772 

























































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 5.82 

Two L4 x 3 rolled-steel angles are bolted together and used to support 
the loading shown. Knowing that the allowable nonnal stress for the 
steel used is 24 ksi, determine the minimum angle thickness that can 
be used. 


SOLUTION 


V (kip') 






For section consisting of two angles, 


For each angle, 


By symmetry, A = C 

+1^=0: A + C -2000- (6)(300) = 0 
A = C = 1900 lb 

Shear: 

V A = 1900 1b = 1.9 kips 
V n _ = 1900 - (3)(300) = 1000 lb = 1 kip 

v, = 1000 - 2000 = -1000 lb = -1 kip 

v c = -1000 - (3)(300) = -1900 lb = -1.9 kip 
Areas: 

AtoB: Q-j(3)(1.9 + l) = 4.35 kip-ft 

B to C: Qj(3)(-1 -1.9) = -4.35 kip -ft 

Bending moments: M A = 0 

M b = 0 + 4.35 = 4.35 kip • ft 
M c = 4.35 - 4.35 = 0 

Maximum |m| = 4.35 kip • ft = 52.2 kip • in. 

(Tan = 24 ksi 


S min = — = = 2-175 in 3 

c-aii 24 


C . - 

°min 


- |(2.175) = 1.0875 in 3 

v2. 
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PROBLEM 5.82 (Continued) 

Angle section 

S( in 3 ) 

L4 x 3 x i 

2 

1.87 

L4 x 3 x - 

1.44 

8 


L4 x 3 x i 

4 

3 

0.988 Smallest allowable thickness: t = — in. A 

8 
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Total load 

= 2 MN 

PROBLEM 5.83 

B 





D Assuming the upward reaction of the ground to be uniformly distributed and 

A 






knowing that the allowable normal stress for the steel used is 170 MPa, 







select the most economical wide-flange beam to support the loading shown. 


0.75 m 




0.75 m 


SOLUTION 

Downward distributed load: 

Upward distributed reaction: 

Net distributed load over BC: 
Shear: 


w = — = 2 MN/m 

1.0 


q = -= 0.8 MN/m 

2.5 


1.2 MN/m 


V A = 0 


V B = 0 + (0.75X0.8) = 0.6 MN 
V c = 0.6 - (1 -0)(1.2) = -0.6 MN 
V D = -0.6 + (0.75X0.8) = 0 


Areas: 

A to B: 

B to E\ 

E to C: 

C to D : 

Bending moments: 


(0.75)(0.6) = 0.225 MN • m 


V2 

|j(0.5)(0.6) = 0.150 MN-m 
|j(0.5)(-0.6) = -0.150 MN • m 
£j(0.75)(-0.6) = -0.225 MN • m 
M a = 0 

M B = 0 + 0.225 = 0.225 MN • m 
M e = 0.225 + 0.150 = 0.375 MN • m 
M c = 0.375 - 0.150 = 0.225 MN • m 
M d = 0.225 - 0.225 = 0 


Maximum \M\ = 0.375 MN • m = 375 x 10"’ N • m 
or ,11 = 170 MPa = 170 x 10 6 Pa 


e = 
^min 


\M\ _ 375 xlQ 3 
o- all ~ 170 xlO 6 


V (mn) 






= 2.206 x 10 -3 m 3 = 2206 x 10 3 mm 3 
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PROBLEM 5.83 (Continued) 

Shape 

S(10 3 mm 3 ) 

W690 x 125 

3490 

W610 x 101 

2520 <— Lightest wide flange section: W610 x 101 -4 

W530 x 150 

3720 

W460 x 113 

2390 
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200 kips 200 kips 


.1 


L 

A 


n 










4 ft —» 

—4 ft — 

«—4 ft —»• 



PROBLEM 5.84 

Assuming the upward reaction of the ground to be uniformly distributed and 
knowing that the allowable normal stress for the steel used is 24 ksi, select 
the most economical wide-flange beam to support the loading shown. 
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PROBLEM 5.84 (Continued) 

Shape 

S( m 3 ) 

W27 x 84 

213 

W24 x 68 

154 <— Lightest W-shaped section: W24 x 68 

W21 x 101 

227 

W18 x 76 

146 

W16 x 77 

134 

W14 x 145 

232 
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60 mm 



D 


n 20 mm 


60 mm 

I 


-20 mm 


0.2 m 


0.2 m 


PROBLEM 5.85 

Determine the largest permissible distributed load w for the 
beam shown, knowing that the allowable normal stress is 
+80 MPa in tension and -130 MPa in compression. 


SOLUTION 


v 




Reactions: By symmetry, B = C 

+tl^=0: B + C - 0.9w = 0 
B = C = 0.45w T 
Shear: V A = 0 

V D _ = 0 - 0.2w = -0.2w 
V + = -0.2w + 0.45w = 0.25w 
V c _ = 0.25w - 0.5w = -0.25w 
V c+ = -0.25w + 0.45>v = 0.2n^ 

V D = 0.2 w - 0.2m^ = 0 

Areas: AtoB: ^-(0.2)(-0.2w) =-0.02w 

BtoE: ^-(0.25)(0.25w) = 0.03125w 

Bending moments: M A = 0 

M b = 0 - 0.02w = -0.02w 
M e =-0.02w+ 0.03125w = 0.01125w 


Centroid and moment of inertia: 


Part 

A, mm 2 

y, mm 

Ay{ 10 3 mm 3 ) 

d, mm 

Ad 2 ( 10 3 mm 4 ) 

7(10 3 mm 4 ) 

® 

1200 

70 

84 

20 

480 

40 

© 

1200 

30 

36 

20 

480 

360 

Z 

2400 


120 


960 

400 


2400 


/ = X+W 2 + Y.I = 1360 x 10 3 mm 4 
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PROBLEM 5.85 (Continued) 

Top: I/y = (1360 x 10 3 )/30 = 45.333 x 10 3 mm 3 = 45.333 x 10“ 6 m 3 

Bottom: I/y = (1360xl0 3 )/(-50) = -27.2 xlO 3 mm 3 = -27.2 x 1(T 6 m 3 

Bending moment limits (M = -crl/y) and load limits w. 

Tension at B and C: -0.02w = -(80xl0 6 )(45.333xl(T 6 ) w= 181.3 x 10 3 N/m 

Compression at B and C: -0.02w = -(-130x 10 6 )(27.2x 10~ 6 ) w = 176.8xlO 3 N/m 

Tension at E: 0.01125w = -(80xl0 6 )(27.2xl0“ 6 ) n^= 193.4 x 10 3 N/m 

Compression at E: 0.01125n^ = -(-130 x 10)(45.333 x 10 -6 ) w= 523.8xlO 3 N/m 

The smallest allowable load controls. w = 176.8 x 10 3 N/m 

w = 176.8 kN/m -4 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


780 



Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


60 mm 



i 


0.2 m 


D 


T 

60 mm 

I 


20 mm 


-20 mm 


0.2 m 


PROBLEM 5.86 

Solve Prob. 5.85, assuming that the cross section of the beam is 
inverted, with the flange of the beam resting on the supports at 
B and C. 

PROBLEM 5.85 Determine the largest permissible distributed 
load w for the beam shown, knowing that the allowable nonnal 
stress is +80 MPa in tension and -130 MPa in compression. 


SOLUTION 

Reactions: 

Shear: 


Areas: 

A to B: 

B to E\ 

Bending moments: 


By symmetry, B = C 
+tl F y =0: R + C-0.9w = 0 
B = C = 0.45wT 

V a = 0 

V B - = 0-0.2w = -0.2w 
V B+ =-0.2w + 0.45w = 0.25rv 
V c _ =0.25w-0.5w =-0.25w 
V c+ = -0.25w + 0.45w = 0.2w 
V D = 0.2 w - 0.2 w = 0 


—(0.2)(-0.2w) = -0.02w 

^-(0.25)(0.25w) = 0.03125w 
M A = 0 


M B = 0 - 0.02w = -0.02u^ 

M e =-0.02m^+ 0.03125w = 0.01125w 


Centroid and moment of inertia: 




Part 

A, mm 2 

y, mm 

Ay, (10 3 mm 3 ) 

d, mm 

Ad 2 ( 10 3 mm 4 ) 

7, (10 3 mm 4 ) 

© 

1200 

50 

60 

20 

480 

360 

© 

1200 

10 

12 

20 

480 

40 

Z 

2400 


72 


960 

400 


_ 72 x 1 (r _ 

Y= -= 30 mm 1 = 1, Ad 2 +U =1360xl0 3 mm 3 

2400 
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PROBLEM 5.86 (Continued) 

Top: I/y = (1360 x 10 3 )/(50) = 27.2 x 10 3 mm 3 = 27.2 x 10 ' 6 m 3 

Bottom: liy = (1360 x 10 3 )/(-30) = -45.333 x 10 8 mm 3 = -45.333 x 10^ m 3 

Bending moment limits (M = —aI/y) and load limits w. 

Tension at B and C: -0.02tv = -(80xl0 6 )(27.2xl0 -6 ) w = 108.8 x 10 3 N/m 

Compression at B and C: -0.02w = -(-130 x 10 6 )(—45.333 x 10~ 6 ) w = 294.7 x 10 3 N/m 

Tension at E: 0.01125w = -(80xl0 6 )(-45.333xl0' 6 ) w = 322.4x 10 3 N/m 

Compression at E: 0.01125w = -(-130 xl0 6 )(27.2xl0~ 6 ) w = 314.3 xlO 3 N/m 

The smallest allowable load controls. w = 108.8 x 10 3 N/m 

w= 108.8 kN/m A 
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1 in. 


T 
5 in. 

t 



PROBLEM 5.87 

Determine the largest permissible value of P for the beam and 
loading shown, knowing that the allowable normal stress is 
+8 ksi in tension and -18 ksi in compression. 


SOLUTION 


Reactions: 

B = D = l.5Pt 

Shear diagram: 


A to B : 

V = -P 

B + to C : 

V = -P + l.5P = 0.5P 

C + to D : 

V = 0.5P-P = -0.5P 

D + to E: 

V = -0.5P + \.5P = P 

Areas: 


A to B : 

(\0)(-P) = -\0P 

B to C: 

(60)(0.5 P) = 30 P 

C to D : 

(60)(-0.5 P) = -30 P 

D to E: 

(10)(P) = 10 P 

Bending moments: 

m a = o 

M b =0-10P = -10P 

M c =-10P + 30P = 20P 
M D = 20P-30P = -10P 
M e =-10P + 10P = 0 




Largest positive bending moment: 20P 
Largest negative bending moment: -1 OP 
Centroid and moment of inertia: 


Part 

A, in 2 

v 0 , in. 

Ay 0 , in 3 

d, in. 

Ad 2 , in 4 

/, in 4 

® 

5 

3.5 

17.5 

1.75 

15.3125 

10.417 

© 

7 

0.5 

3.5 

1.25 

10.9375 

0.583 

Z 

12 


21 


26.25 

11.000 


Y = — = 1.75 in. I=YAd 2 + YJ = 37.25 in 4 
12 


Top: v = 4.25 in. Bottom: y = — 1.75 in. 


(7 = - 


My 

I 
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PROBLEM 5.87 (Continued) 


Top, tension: 

o (-10PX4.25) 

8_ " 37.25 

P = 7.01 kips 


Top, comp.: 

1C (20P)(4.25) 

37.25 

P = 7.89 kips 


Bottom, tension: 

o (20PX-1.75) 

8_ " 37.25 

P = 8.51 kips 


Bottom, comp.: 

10 _ (-10PX-1-75) 
37.25 

P = 38.3 kips 


Smallest value of P is the allowable value. 


P = 7.01 kips ◄ 
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1 

1 in. 


PROBLEM 5.88 

Solve Prob. 5.87, assuming that the T-shaped beam is inverted. 

PROBLEM 5.87 Determine the largest permissible value of P 
for the beam and loading shown, knowing that the allowable 
normal stress is +8 ksi in tension and -18 ksi in compression. 


SOLUTION 


Reactions: B = D =1.5PT 

Shear diagram: 

A to B : V = -P 

B + toC-. V = -P + l.5P = 0.5P 

C + to D : V = 0.5P-P = -0.5P 

D + to E : V = -<d.5P + l.5P = P 

Areas: 

A to B : (10)(-P) =-10P 

B to C: (60)(0.5R) = 30R 

C to D : (60)(-0.5R) = -30P 

DtoE: (\0)(P) = 10P 

Bending moments: 

M a = 0 

Mg =0-10P = -10P 
M c = -10P + 30R = 20P 
M d =20P-30P = -\0P 
M e =-WP + l0P = 0 

Largest positive bending moment = 20 P 
Largest negative bending moment = -10 P 




Centroid and moment of inertia: 


Part 

A, in 2 

To, in. 

Ay 0 , in 3 

d , in. 

Ad 2 , in 4 

/, in 4 

® 

5 

2.5 

12.5 

1.75 

15.3125 

10.417 

© 

7 

5.5 

38.5 

1.25 

10.9375 

0.583 

Z 

12 


51 


26.25 

11.000 


Top: y = 1.75 in. 7 = — = 4.25 in. 

12 

Bottom: y = -4.25 in. 1 = ^Ad 2 + £/ = 37.25 in 4 


a = - 


My 

I 
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PROBLEM 5.88 (Continued) 


Top, tension: 

o (-10PX1.75) 
8 “ 37.25 

P = 17.03 kips 


Top, compression: 

10 _ (20/0(1.75) 

37.25 

P = 19.16 kips 


Bottom, tension: 

o (20PX-4.25) 
8 “ 37.25 

P = 3.51 kips 


Bottom, compression: 

jo (-10PX-4.25) 

37.25 

P = 15.78 kips 


Smallest value of P is the allowable value. 


P = 3.51 kips 4 
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12.5 mm 



. 











$T 

A 

B C 

- -7.2 m-- 

D 


PROBLEM 5.89 

Beams AB, BC, and CD have the cross section shown 
and are pin-connected at B and C. Knowing that the 
allowable normal stress is +110 MPa in tension and 
-150 MPa in compression, determine (a) the largest 
permissible value of w if beam BC is not to be 
overstressed, ( b ) the corresponding maximum distance 
a for which the cantilever beams AB and CD are not 
overstressed. 


SOLUTION 


- 531,250 ,, 

Y =-= 121.43 mm 

4375 

i2 


/ = EAd z +£/ = 10.621 x 10 6 mm 4 


Location 

y(mm) 

I/y(\ 0 3 mm 3 ) 

Top 

41.07 

258.6 

Bottom 

-121.43 

-87.47 




I2.S-J L- 
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PROBLEM 5.89 (Continued) 


Bending moment limits: 

M = -ally 


Tension at E: 

-(110 x 10 6 )(-87.47 x 10~ 6 ) = 9.622 x 10 3 N • m 


Compression at E: 

-(-150 x 10“ 6 )(258.6 x 10 -6 ) = 38.8 x 10 3 N • m 


Tension at A and D\ 

-(110 x 10 6 )(258.6 x 10~ 6 ) = -28.45 x 10 3 N • m 


Compression at A and D\ 

-(-150xl0 6 )(-87.47xl0~ 6 ) = -13.121xl0 3 Nm 


(a) Allowable load w: 

6.48w = 9.622 xlO 3 w = 1.485 xl0 3 N/m 

w = 1.485 kN/m ◄ 

Shear at A: 

V A = (a + 3.6) w 


Area A to B of shear diagram: ~ a (V A + V B ) =-^a(a + 7.2) w 

Bending moment at A (also D): M 4 = — — a(a + 7.2)w 



~a(a + 7.2)(4.485x 10 3 ) = -13.121 x 10 3 


( b ) Distance a: 

-a 2 +3.6a -8.837 = 0 

a = 1.935 m -4 

2 
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12.5 mm 




PROBLEM 5.90 

Beams AB , BC, and CD have the cross section shown 
and are pin-connected at B and C. Knowing that the 
allowable normal stress is +110 MPa in tension and 
-150 MPa in compression, determine (a) the largest 
permissible value of P if beam BC is not to be 
overstressed, ( b ) the corresponding maximum 
distance a for which the cantilever beams AB and CD 
are not overstressed. 


SOLUTION 


m b =m c = 0 

v B =-v c = p 


Area B to E of shear diagram: 2AP 


M E =0 + 2AP = 2AP = M F 



Centroid and moment of inertia: 



E F 


Part 

A (mm 2 ) 

y (mm) 

Ay (mm 3 ) 

d (mm) 

Ad 1 { mm 4 ) 

7 (mm 4 ) 

® 

2500 

156.25 

390,625 

34.82 

3.031 x 10 6 

0.0326 x 10 6 

© 

1875 

75 

140,625 

46.43 

4.042 x 10 6 

3.516 xlO 6 

Z 

4375 


531,250 


7.073 x 10 6 

3.548 xlO 6 


- 531,250 .. 

Y = -= 121.43 mm 

4375 

I = YAd 2 +£/= 10.621 xlO 6 mm 4 


Location 

v(mm) 

Hy (10 3 mm 3 ) 

Top 

41.07 

258.6 

Bottom 

-121.43 

-87.47 


also (10~ 6 nr) 
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PROBLEM 5.90 (Continued) 


Bending moment limits: 


M = -ally 


Tension at E and F: 


-(110 x 10 6 )(—87.47 x 10~ 6 ) = 9.622 x 10 3 N • m 


Compression at E and F: -(-150xl0 6 )(258.6xl0 6 ) = 38.8 x 10 3 N • m 


Tension at A and D: 


-(110 x 10 6 )(258.6 x 10~ 6 ) = -28.45 x 10 3 N • m 


Compression at A and D: -(-150xl0 6 )(-87.47xl0 6 ) = -13.121 xlO 3 N-m 

2AP = 9.622 x 10 3 P = 4.01xl0 3 N 


(a) Allowable load P : 

Shear at A: 

Area A to B of shear diagram: 

Bending moment at A: M A = —aP = -4.01 x lO^a 

(. b ) Distance a: -4.01 x 10 3 a =-13.121 x 10 3 


V A =P 


aV A =aP 


P = 4.01 kN ◄ 


= 3.27 m ◄ 
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PROBLEM 5.91 

Each of the three rolled-steel beams 
shown (numbered 1, 2, and 3) is to 
carry a 64-kip load uniformly 
distributed over the beam. Each of 
these beams has a 12-ft span and is 
to be supported by the two 24-ft 
rolled-steel girders AC and BD. 
Knowing that the allowable normal 
stress for the steel used is 24 ksi, 
select (a) the most economical S 
shape for the three beams, (b) the 
most economical W shape for the 
two girders. 
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A 



PROBLEM 5.92 

A 54-kip is load is to be supported at the center of the 16-ft span shown. 
Knowing that the allowable normal stress for the steel used is 24 ksi, 
determine (a) the smallest allowable length / of beam CD if the 
W12 x 50 beam AB is not to be overstressed, (b) the most economical 
W shape that can be used for beam CD. Neglect the weight of both 
beams. 
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66 kN/m 66 kN/m PROBLEM 5.93 

( __ \ 

A 

2 

j 



\ w 

460 X 74 

j A uniformly distributed load of 66 kN/m is to be supported over 

/ the 6-m span shown. Knowing that the allowable normal stress for 







B the steel used is 140 MPa, determine (a) the smallest allowable 

— length l of beam CD if the W460x74 beam AB is not to be 

overstressed, ( b ) the most economical W shape that can be used 
for beam CD. Neglect the weight of both beams. 

r 

C D 

-/-► 

- L = 6 m- 

— 


SOLUTION 

For W460x 74, 

S = 1460 x 10 3 min 3 = 1460 x 10~ 6 m 3 
cr alI = 140 MPa = 140 x 10 6 Pa 
M all = Sa ai = (1460x1 (T 6 )(l 40 x 1 0 6 ) 
= 204.4 xl0 3 N-m = 204.4 kN-m 
Reactions: By symmetry, A = B, C = D 

+TZF V =0: A + B-( 6)(66) = 0 
A = B = 198 kN = 198x 10 3 N 

+HF y =0: C + D-661 = 0 
C = D = (331) kN 

Shear and bending moment in beam AB: 

0 <x<a, K = 198 - 66x kN 

M = 198x - 33x 2 kN -m 
At C, x = a. M = M max 

M = 198a -33a 2 kN-m 
Set M = M all . 198a - 33a 2 = 204.4 

33a 2 -198a+ 204.4 = 0 
a = AJxJ^rCm, 1.32487 m 


( 1 ) 










(a) By geometry, / = 6-2a = 3.35 m l = 3.35 m -4 

From (1), C = £> = 110.56 kN 

Draw shear and bending moment diagrams for beam CD. V = 0 at point E, the midpoint of CD. 
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PROBLEM 5.93 (Continued) 

Area from A to E : 

jvdx = i(l 10.560); i/j = 92.602 kN-m 

M e = 92.602 kN-m = 92.602x10 3 N-m 

M, = 92 .6 02 xKl 3 = 66i 44xio- 6m 3 

o- all 140 xlO 6 

= 661.44 x 10 3 mm 3 

Shape 

5(10 3 mm 3 ) 

W410x 46.1 

773 

W360x44 

688 <- (b) Use W360x44. ◄ 

W310x52 

747 

W250x58 

690 

W200x 71 

708 
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PROBLEM 5.94 



A roof structure consists of plywood and roofing material 
supported by several timber beams of length L = 16 m. The 
dead load carried by each beam, including the estimated weight 
of the beam, can be represented by a uniformly distributed load 
w D = 350 N/m. The live load consists of a snow load, 
represented by a uniformly distributed load w L = 600 N/m, and 
a 6-kN concentrated load P applied at the midpoint C of each 
beam. Knowing that the ultimate strength for the timber used is 
a v = 50 MPa and that the width of the beam is b = 75 mm, 
determine the minimum allowable depth h of the beams, using 
LRFD with the load factors y D = 1.2, y L = 1.6 and the 
resistance factor (j) = 0.9. 
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PROBLEM 5.95* 


Solve Prob. 5.94, assuming that the 6-kN concentrated load P 
applied to each beam is replaced by 3-kN concentrated loads Pi 
and P 2 applied at a distance of 4 m from each end of the beams. 


W D + W L 




PROBLEM 5.94* A roof structure consists of plywood and 
roofing material supported by several timber beams of length 
Z. = 16 m. The dead load carried by each beam, including the 
estimated weight of the beam, can be represented by a uniformly 
distributed load w D =350 N/m. The live load consists of a snow 
load, represented by a uniformly distributed load w L = 600 N/m, 
and a 6-kN concentrated load P applied at the midpoint C of each 
beam. Knowing that the ultimate strength for the timber used is 
a u = 50 MPa and that the width of the beam is b = 75 mm, 
determine the minimum allowable depth h of the beams, using 
LRFD with the load factors y D = 1.2, y L = 1.6 and the resistance 
factor (j) = 0.9. 
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PROBLEM 5.95* (Continued) 



Design: y D M D + y L M L = cpM u = (pcr u S 

s _ r D M D +y L M L _ (1.2)(11.2x10 3 ) + (1.6)(31.2x1Q 3 ) 
qxr u (0.9)(50xl0 6 ) 

= 1.408 x 10~ 3 m 3 = 1.408 x 10 6 mm 3 
For a rectangular section. 


5 = 
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PROBLEM 5.96* 



A bridge of length L = 48 ft is to be built on a secondary road whose 
access to trucks is limited to two-axle vehicles of medium weight. It 
will consist of a concrete slab and of simply supported steel beams 
with an ultimate strength of a u = 60 ksi. The combined weight of 
the slab and beams can be approximated by a uniformly distributed 
load w = 0.75 kips/ft on each beam. For the purpose of the design, it 
is assumed that a truck with axles located at a distance a = 14 ft from 
each other will be driven across the bridge and that the resulting 
concentrated loads P, and P 2 exerted on each beam could be as 
large as 24 kips and 6 kips, respectively. Determine the most 
economical wide-flange shape for the beams, using LRFD with the 
load factors y D =1.25, y L =1.75 and the resistance factor 0 = 0.9. 
[Hint: It can be shown that the maximum value of \M L \ occurs under 
the larger load when that load is located to the left of the center of the 
beam at a distance equal to aP 2 /l(P ] +P 2 ).] 
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PROBLEM 5.97* 



Assuming that the front and rear axle loads remain in the same ratio 
as for the truck of Prob. 5.96, determine how much heavier a truck 
could safely cross the bridge designed in that problem. 

PROBLEM 5.96* A bridge of length L = 48 ft is to be built on a 
secondary road whose access to trucks is limited to two-axle vehicles 
of medium weight. It will consist of a concrete slab and of simply 
supported steel beams with an ultimate strength of a u = 60 ksi. The 
combined weight of the slab and beams can be approximated by a 
uniformly distributed load w= 0.75 kips/ft on each beam. For the 
purpose of the design, it is assumed that a truck with axles located at 
a distance a = 14 ft from each other will be driven across the bridge 
and that the resulting concentrated loads P, and P 2 exerted on each 
beam could be as large as 24 kips and 6 kips, respectively. Determine 
the most economical wide-flange shape for the beams, using LRFD 
with the load factors y D =1.25, y L =1.75 and the resistance factor 
(j) = 0.9. [Hint: It can be shown that the maximum value of | M L \ 
occurs under the larger load when that load is located to the left of 
the center of the beam at a distance equal to aP 1 /2(P l + P 2 ).] 


SOLUTION 


L = 48 ft a = 14 ft 7^=24 kips 

P 2 = 6 kips W = 0.75 lcip/ft 


See solution to Prob. 5.96 for calculation of the following: 


M d = 2592 kip-in. M L =3831 kip -in. 


For rolled-steel section W27 x 84, S'= 213 in 3 


Allowable live load moment M* L : 


Yd m d + Yl m *l = <P M u = (PVuS 
~ Yd^d 

Yl 

(0.9)(60)(21 3) - (1,25)(2592) 

1.75 

= 4721 kip-in. 


M*, 4721 

Ratio: L = =1.232 = 1 + 0.232 

M l 3831 

Increase: 23.2% A 
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<«o 










B C 




a 

a 


PROBLEM 5.98 

(a) Using singularity functions, write the equations defining the shear 
and bending moment for the beam and loading shown. ( b) Use the 
equation obtained for M to detennine the bending moment at point C and 
check your answer by drawing the free-body diagram of the entire beam. 


SOLUTION 


w=w 0 - w 0 (x - ay 
dV 
dx 


r t r / \1 dM 

(a) V = ~w 0 x + Wq(x - a) = - 

dx 


At point C, 


x = 2 a 


1 2 1 2 

( b ) M c =-—w 0 (2a) +— w G a 


Check: 


+>M C =0: 

3 2 

M c =~ w o a 


(■ w 0 a ) + M c = 0 


vJo 


M = — -w n x 2 +— Wnix-a) 1 4 
2 2 


I- 3 2 ^ 

M c =--w 0 ci < 


Li 

-1 

' ' 

■ ' 

f ' 

’ ' 

■ 



; : n 






5 ) 

If 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


802 



































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



c 


PROBLEM 5.99 

(a) Using singularity functions, write the equations defining the shear 
and bending moment for the beam and loading shown. ( b ) Use the 
equation obtained for M to determine the bending moment at point C 
and check your answer by drawing the free-body diagram of the entire 
beam. 


SOLUTION 


w =^_ Wq ( x 


a 

dV 

dx 


(a) F = +w 0 (x-a) 1 +-^-(x-a) z =^~ 


2 a 


2 a 


v2 _ dM 
dx 


At point C, 
0 b) M c =- 

Check: 


x = 2 a 


w 0 (2«y w 0 a w 0 a 


H-h _ 

6 a 2 6 a 


+yiM c = 0: 


4a 


- w 0 a + M c = 0 


„ 2 , 
M c =-- w o a 


M = -2^_ + ^( x -a) 2 +^(x-a) 3 ◄ 
6 a 2 6 a 


2 7 ^ 
M c = * 


.slrfffU 'JLSnt. _i A 2 i 

r b — 
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««0 



PROBLEM 5.100 

(a) Using singularity functions, write the equations defining the shear 
and bending moment for the beam and loading shown. ( b ) Use the 
equation obtained for M to determine the bending moment at point C 
and check your answer by drawing the free-body diagram of the entire 
beam. 
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PROBLEM 5.101 

(a) Using singularity functions, write the equations defining the shear 
and bending moment for the beam and loading shown. ( b ) Use the 
equation obtained for M to determine the bending moment at point E, 
and check your answer by drawing the free-body diagram of the portion 
of the beam to the right of E. 


SOLUTION 

60 60 
i i ■ "B c. e 


w = w — w{x - a )° + w(x - 3a)° 


a. a. -f 


ill' ■ (a) V = wa- [wdx 


= wa - wx + w(x - a) 1 - w{x - 3a) 1 


600 . 


LOO. 




!r)e 


CO 


X JL£2' 


M =\Vdx 

= wax - wx 2 / 2 + (w/ 2)(x - a) 2 - (w/2)(x - 3a) 2 A 

(b) At point E, x = 3a 

M E = n^a(3a) - w(3a) 2 /2 + (w/2)(2a) 2 = wa 2 !2 A 


U1A. 


~)1LM e = 0: wa(a)-(wa) — \-M E =0 M E =wa z /2 (Checks) 


/ E 
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PROBLEM 5.102 


w 0 


B 








(a) Using singularity functions, write the equations defining the shear 






• 



D and bending moment for the beam and loading shown, (b) Use the 

i. 

j 

—a — 

An c 

E 

— a — ► 

equation obtained for M to determine the bending moment at point E, 
and check your answer by drawing the free-body diagram of the portion 


of the beam to the right of E. 
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p 

p 


PROBLEM 5.103 

A 81 

r ct 

r i 

D 

(a) Using singularity functions, write the equations defining the shear 




1 

1 « 



oooo 

and bending moment for the beam and loading shown. ( b) Use the 
equation obtained for M to determine the bending moment at point E, 
and check your answer by drawing the free-body diagram of the portion 
of the beam to the right of E. 

r* a *1 





SOLUTION 


+yLM D = 0: -4aA + 3aP + 2aP = 0 A = \25P 


(a) V = 1 .25P-P(x-a) 0 -P(x - 2a)° 


◄ 

M = \25Px - P(x - a) 1 - P(x - 2a) 1 ◄ 


{b) At points, x = 3a 


Reaction: 


+ 1 ZF, =0: 


A-P-P+D =0 


+)ZM £ = 0: -M e + 0.15C) Pa = 0 



o.nso p 


M E =\25P{3a)-P(2a)-P{a) = 0.150Pa ◄ 
D = 0.750^7 


M e = 0.150Pa 
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aT 


PROBLEM 5.104 

(a) Using singularity functions, write the equations for the shear and 
bending moment for beam ABC under the loading shown, (b) Use the 
equation obtained for M to determine the bending moment just to the right 
of point B. 


SOLUTION 




Pa 

'C 


ii 


Be 


(a) I M c = 0: (2a)P + aP-2(Pa) + 2 aR A = 0 

r a =-p 
A 2 

V = (R A -P)-P(x-a)° 

= -^P-P(x-a)° 

^- = ~P-P(x-a)° 
ax 2 

M = - p( x - a) 1 + Pa + Pa(x - a)° 


(b ) Just to the right of point B, x = a 


M = —Pa -0 + Pa + Pa = —Pa A 
2 2 
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PROBLEM 5.105 

(a) Using singularity functions, write the equations for the shear and 
bending moment for beam ABC under the loading shown. ( b ) Use the 
equation obtained for M to determine the bending moment just to the 
right of point B. 


SOLUTION 


(a) 


V = -P(x - a >° 


dM 

dx 


-P(x - a>° 


◄ 


Just to the right of B, x = a . 
(. b ) M = - 0-Pa 


l 

A 


M =-P(x - a) 1 - Pa(x - a) 0 A 


M = -Pa ◄ 
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48 kN I 60 kN I |60kN PROBLEM 5.106 



(a) Using singularity functions, write the equations for the shear and 
bending moment for the beam and loading shown. ( b ) Determine the 
maximum value of the bending moment in the beam. 


SOLUTION 


=0: -4.5 R a + (3.0)(48) + (1.5)(60)-(0.9)(60) = 0 
R A = 40 kN 


(a) V = 40-48<x-1.5)° -60<x-3.0>° + 60<x-3.6>° kN 

M = 40jc-48<jc-1.5> 1 -hO^-S.O) 1 +60<x-3.6> 1 kN-m 


(b) 


Pt. 

x(m) 

M( kN-m) 

A 

0 

0 

B 

1.5 

(40)(1.5) = 60 kN • m 

C 

3.0 

(40)(3.0) - (48X1 -5) = 48 kN • m 

D 

3.6 

(40X3.6) - (48)(2.1) - (60)(0.6) = 7.2 kN • m 

E 

4.5 

(40)(4.5) - (48)(3.0) - (60)(1.5) + (60)(0.9) = 0 


◄ 

◄ 


= 60 kN • m ◄ 
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6 kips 

c 

i 

tikips PROBLEM 5.107 

g yci) usm^, siii^uidiiiy iuiietiuius, wine me ecjuitiiuns tut me isnedi tmu 

— 

hsz 

-*-4 ft— ► 

<*-4 ft-*- 

bending moment for the beam and loading shown, (b) Determine the 
maximum value of the bending moment in the beam. 

- 4 ft - 


3ft 


SOLUTION 

+)IM b = 0: (15)(3) - 12C + (8)(6 )C + (4)(6) = 0 

C = 9.75 kips T 


{a) V = -3 + 9.75(x- 

3>° - 6(x - 7)° - 6(x -11>° kips 

◄ 

M = -3x + 9.75< 

x - 3) 1 - 6{x - 7) 1 - 6<jc - 11) 1 kip • ft 

◄ 

Pt. 

v(ft) M(kip-ft) 


A 

0 0 


C 

3 (3)(3) = -9 


D 

7 —(3)(7) + (9.75)(4) = 18 


E 

11 —(3)(11) + (9.75)(8) - (6)(4) = 21 <- maximum 


B 

15 (3)(15) + (9.75X12) - (6)(8) - (6)(4) = 0 


(b) 

l^lmax 

= 21.0 kip ft ◄ 
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25 kN/m 



PROBLEM 5.108 

(a) Using singularity functions, write the equations for the shear and 
bending moment for the beam and loading shown. ( b ) Determine the 
maximum value of the bending moment in the beam. 


SOLUTION 


(a) 

By symmetry, R A = R D 



+\^ F y = 0: r a + r d- 40 - (1.8)(25) - 40 = 0 



R a =R d = 62.5 kN 



w = 25(x - 0.6)° - 25(x - 2.4)° = 

dx 



V = 62.5 - 25(x - 0.6) 1 + 25<x - 2.4) 1 - 40<x - 0.6>° - 40<x - 2.4)° kN 

◄ 


M = 62.5x -\2.5{x - 0.6) 2 + 12.5(jc - 2.4> 2 - 40(x - 0.6) 1 - 40(* - 2.4) 1 kN • m 

◄ 

(b) 

Locate point where V = 0 . Assume 0.6 < x* <1.8 



0 = 62.5-25(/-0.6) + 0-40-0 jc*=1.5m 



M = (62.5)(1.5) - (12.5)(0.9) 2 + 0 - (40)(0.9) - 0 = 47.6 kN • m 

◄ 
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3 Idps/ft 


8 kips 

L 




3ft 


-4 ft —— 4 ft 


3 Idps/ft 



3 ft 


PROBLEM 5.109 

(a) Using singularity functions, write the equations for the shear and 
bending moment for the beam and loading shown. ( b) Determine the 
maximum value of the bending moment in the beam. 


SOLUTION 

+)^M B =0: -14 A + (12.5)(3)(3) + (7)(8) + (1.5)(3)(3) = 0 
,4 = 13 kips T 

w = 3-3<jc-3>°+3<jc-11> 0 = -— 

dx 

{a) V = 13 - 3x + 3 <jc - 3) 1 - 8(x - 7)° - 3(x -11) 1 kips ◄ 

M = 13x- 1.5x 2 + 1.5(x- 3) 2 - 8(x - 7) 1 - 1.5(x -11) 2 kip - ft ◄ 

V c = 13 - (3)(3) = 4 kips 
V D =13- (3)(7) + (3)(4) = 4 kips 
V D+ = 13 - (3)(7) + (3)(4) - 8 = -4 kips 
V E = 13 - (3)(11) + (3)(8) - 8 = -4 kips 
kg = 13 - (3)(14) + (3)(11) - 8 - (3)(3) = -13 kips 

{b) Note that V changes sign at D. 

I^lrnax =M d = (13)(7) - (1.5)(7) 2 + (1.5)(4) 2 - 0 - 0 

l M lmax =41.5 kip-ft ◄ 
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24 kN 24 kN 



PROBLEM 5.110 



W250 X 28.4 


(a) Using singularity functions, write the equations for 
the shear and bending moment for the beam and 
loading shown. ( b ) Determine the maximum normal 
stress due to bending. 


SOLUTION 

+)IM e = 0: - 3R a + (2.25)(24) - (1.5)(24) - (0.75)(24) + (0.75)(24) = 0 
R a =30 kips 

+)IM a = 0: - (0.75)(24) - (1.5)(24) - (2.25)(24) + 3 R E - (3.75)(24) = 0 
R e = 66 kips 

(a) V = 30 -24<x- 0.75)° -24<x-1.5)° -24<x- 2.25)° + 66(x - 3)° kN ◄ 


M = 30x- 

24(x - 0.75) 1 

- 24(x -1.5) 1 - 24(x - 2.25) 1 + 66(x - 3) 1 kN • m 

Point 

x(m) 

M(kN-m) 

B 

0.75 

(30)(0.75) = 22.5 kN-m 

C 

1.5 

(30)(1.5) - (24)(0.75) = 27 kN • m 

D 

2.25 

(30)(2.25) - (24)(1.5) - (24)(0.75) = 13.5 kN • m 

E 

3.0 

(30)(3.0) - (24)(2.25) - (24)(1.5) - (24)(0.75) = -18 kN • m 

F 

3.75 

(30X3.75) - (24)(3.0) - (24)(2.25) - (24)(1.5) + (66)(0.75) = 0 / 


Maximum \M\ = 27 kN • m = 27 x 30 3 N • m 


For rolled-steel section W250x28.4, S = 308 x 10 3 mm 3 = 308 x 10 6 m 3 


(b) Normal stress: 



27 x IQ 3 
308 xlO^ 6 


= 87.7 x 10 6 Pa 


cr = 87.7 MPa ◄ 
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50 kN 


125 kN 


” > - 

<C D ' 



ST 


is 





0.3 m 

0.4 m 


3.2 m 


50kN PROBLEM 5.111 

E ! f si50 x 18.6 ( fl ) Using singularity functions, write the equations for 
the shear and bending moment for the beam and loading 
shown. ( b ) Determine the maximum stress due to bending. 


SOLUTION 


+pM D = 0: (1.2)(50) - 0.9 B + (0.5)(125) - (0.2)(50) = 0 
B = 125 kN T 

+yLM B = 0: (0.3X50) - (0.4)(125) + 0.9 D - (1.1)(50) = 0 
D = 100 kN t 

(a) V = -50 + 125(x-0.3)° -125 (jc- 0.7)° + 100(x-1.2}° kN 


M = -50x + 125(x- 0.3) 1 - 125(x - 0.7) 1 + 100(x-1.2) 1 kN-m 


Point 

x(m) 

B 

0.3 

C 

0.7 

D 

1.2 

E 

1.4 


M (kN • m) 

—(50)(0.3) + 0-0 + 0 = -15 kN-m 
-(50X0.7) + (125)(0.4) - 0 + 0 = 15 kN-m 
—(50)(1.2) + (125)(0.9) - (125X0.5) + 0 = -10 kN • m 
-(50X1 -4) + (1 25)0 -1) - (125)(0.7) + (100)(0.2) = 0 (checks) 


Maximum \m\ = 15 kN • m = 15 x 10 3 N • m 


◄ 

◄ 


For S150xl8.6 rolled-steel section, 5' = 120xl0 3 mm 3 =120x10 6 m 3 


{b) Normal stress: 



15 x 10 3 
120 x 10 -6 


= 125 x 10 6 Pa 


cr = 125.0 MPa ◄ 
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40 kN/m 



S310 X 52 


PROBLEM 5.112 

(a) Using singularity functions, find the 
magnitude and location of the maximum 
bending moment for the beam and loading 
shown. ( b ) Determine the maximum normal 
stress due to bending. 


SOLUTION 

+)M C = 0: 18 - 3.6,4 + (1.2)(2.4)(40) - 27 = 0 
A = 29.5 kN T 
V = 29.5 -40(x-1.2) 1 kN 

Point D . V = 0 29.5 - 40(x z > -1.2) = 0 

x D = 1.9375 m 

M = -18 + 29.5x - 20 (x - 1.2) 2 kN • m 
M a = -18 kN • m 

M d = -18 + (29.5)(1.9375) - (20)(0.7375) 2 = 28.278 kN • m 
M e = -18 + (29.5)(3.6) - (20)(2.4) 2 = -27 kN • m 

(a) Maximum \M\ = 28.3 kN • m at x = 1.938 m 

For S310 x 52 rolled-steel section, S = 624 x 10 3 mnr’ 

= 624 x 10 _6 m 3 

\m\ 28 278 x 10 3 

(b) Normal stress: a = -—- = — : -—- = 45.3 x 10 6 Pa 

S 624 xlO” 6 


◄ 


cr = 45.3 MPa ◄ 
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PROBLEM 5.113 



W530 X 66 


(a) Using singularity functions, find the magnitude and 
location of the maximum bending moment for the beam and 
loading shown, (b) Determine the maximum normal stress 
due to bending. 


SOLUTION 


+)ZM B = 0: -4.5 A + (2.25)(4.5)(40) + (2.7)(60) + (0.9)(60) = 0 
+£M A =0: -(2.25)(4.5)(40)-(1.8)(60)-(3.6)(60)+ 4.55 = 0 

dV 

w = 40 kN/m =- 

dx 

V = -40x +138 - 60(x -1.8>° - 60(x - 3.6>° = — 

dx 

M = - 20jc 2 -138jc-60<jc-1.8) 1 -60<jc-3.6)‘ 

Vq = —(40)(1.8) +138 - 60 = 6 kN 
Vp = —(40)(3.6) +138 - 60 = -66 kN 
Locate point E where V = 0. It lies between C and D. 

V E =—40x £ +138-60 + 0 = 0 x E = \.95m 

M e = —(20)(1.95) 2 +(138)(1.95) - (60)(1.95 -1.8) = 184 kN • m 


A = 138 kN T 

B = 162 kN T 


(a) |M| max =184 kN-m = 184xl0 3 N-m at jc = 1.950 m^ 

For W530 x 66 rolled-steel section, S = 1340 x 10 3 mm 3 = 1340 x 10~ 6 m J 

0 b ) Normal stress: 0 . = l M lmax = 184x10 = i37.3 x 10 6 Pa cr = 137.3 MPa ◄ 

S 1340x10 6 
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2.4 kips/ft i 

12 kips 

f y 

12kips PROBLEM 5.114 





A beam is being designed to be supported and loaded as snown. (a) using 
singularity functions, find the magnitude and location of the maximum 

4 




B 

c 

32 

bending moment m tne beam, (p) ismowing tnat tne allowable normal 
stress for the steel to be used is 24 ksi, find the most economical wide- 
flange shape that can be used. 

6 ft 

6 ft 

3 ft 


SOLUTION 


+>M C = 0: -1 5R a + (7,5)(15)(2.4) - (9)(12) - (3)(12) = 0 
R a = 27.6 kips 

dV 

w = 2.4 kips/ft =- 

dx 


V = 27.6 - 2.4x - \2(x - 6)° - \2{x - 12>° kips 
V B _ = 27.6 - (2.4)(6) = 13.2 kips 

Fg+ = 27.6 — (2.4)(6) — 12 = 1.2 kips j Point where V = 0 
V= 27.6 - (2.4)(12) - 12 = -13.2 kipsj lies between B and C. 

Locate point E where V = 0. 


0 = 27.6 - 2Ax e - 12 - 0 x E = 6.50 ft 
M = 27.6jc - 1.2x 2 - I2(x - 6) 1 - 12(x - 12) 1 kip • ft 


At point E, 0 = 6.5 ft) M = (27.6)(6.5) - (1.2)(6.5) 2 — (12)(0.5) — 0 

= 122.70 kip • ft = 1472.40 kip - in. 

Maximum|M| 122.7 kip-ft at x = 6.50 ft 


◄ 


\M\ 1472.40 


‘'■'min 

^all 

24 

Shape 

S( in 3 ) 

W21 x 44 

81.6 

W18x50 

88.9 

W16x40 

64.7 

W14x43 

62.6 

W12x50 

64.2 

WlOx 68 

75.7 


Answer: W16x40 A 
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22.5 kips 



PROBLEM 5.115 

A beam is being designed to be supported and loaded as shown, (a) Using 
singularity functions, find the magnitude and location of the maximum 
bending moment in the beam. ( b ) Knowing that the allowable normal 
stress for the steel to be used is 24 ksi, find the most economical wide- 
flange shape that can be used. 


SOLUTION 

+)SAf c = 0: -15* 4 +(7.5)(15)(3) + (12)(22.5) = 0 


R A = 40.5 kips T 


w = 3 kips/ft = 

dx 


V = 40.5 — 3jc — 22.5(x - 3)° kips 


M = 40.5x -1,5x 2 - 22.5(x - 3) 1 kip • ft 

(a) Location of point D where V = 0. Assume 3 ft < x D < 12 ft. 


0 = 40.5 - 3x d - 22.5 x D = 6 ft 

At point D, (x = 

6 ft). M = (40.5)(6) - (1.5)(6) 2 - (22.5)(3) 


= 121.5 kip • ft = 1458 kip • in. 

Maximum \M\: 

M max = 121.5 kip • ft at x = 6.00 ft A 


_ M 1458 . 3 

5 min = = = 60 ' 75 m 

Call 24 

( b ) Shape 

S (in 3 ) 

W21 x 44 

81.6 

W18 x 50 

88.9 

W16 x 40 

64.7 <— Wide-flange shape: W16x40 A 

W14 x 43 

62.6 

W12 x 50 

64.2 

W10 x 68 

75.7 
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480 N/m 



30 mm 



PROBLEM 5.116 

A timber beam is being designed with supports and loads as 
shown, (a) Using singularity functions, find the magnitude and 
location of the maximum bending moment in the beam. 
( b ) Knowing that the available stock consists of beams with an 
allowable normal stress of 12 MPa and a rectangular cross section 
of 30-mm width and depth h varying from 80 mm to 160 mm in 
10 -mm increments, determine the most economical cross section 
that can be used. 


SOLUTION 


480 N/m = 0.48 kN/m 




ZM C = 0: -4R a + (3) 


— |(1.5)(0.48) + (1.25)(2.5)(0.48) = 0 


= 0.645 kN T 

0.48 0.48 . .1 „ .. „ ... ,i ,... dV 

w = - x -(x-1.5) =0.32x-0.32(x-1.5) kN/m =- 

1.5 1.5 dx 

V = 0.645 - 0.16* 2 + 0.16(x -1.5) 2 kN 
M = 0.645x - 0.053333* 3 + 0.053333<x -1.5 ) 3 kN • m 


(a) Locate point D where V = 0. 


Assume 1.5 m < x D < 4 m. 


At point D, 


0 = 0.645 -0A6xp + Q.\6(x d -1.5 ) 2 
= 0.645 - 0^6x^ + - 0 A%x D + 0.36 

x D = 2.0938 m 

M d = (0.645)(2.0938) - (0.053333)(2.0938) 3 + (0.053333)(0.59375) 3 
M d =0.87211 


= 2.09 m ◄ 


M d = 0.872 kN -m ◄ 


M d 0.87211x10 g 3 3 3 

=—— =-;— = 72.676x10 m =72.676x10 mm 


''all 


12 x10° 


For a rectangular cross section, S = — bh~ 


= 


(6)(72.676 xlO 3 ) 


30 


= 120.562 mm 


(//) At next larger 10-mm increment. 


; = 130 mm A 
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PROBLEM 5.117 


500 N/m 



30 mm 



A timber beam is being designed with supports and loads as 
shown, (a) Using singularity functions, find the magnitude and 
location of the maximum bending moment in the beam. 
( b ) Knowing that the available stock consists of beams with an 
allowable stress of 12 MPa and a rectangular cross section of 
30-mm width and depth h varying from 80 mm to 160 mm in 
10 -mm increments, determine the most economical cross section 
that can be used. 


SOLUTION 


+ \'LM C = 0: -4R a +(3.2)(1.6)(0.5) +(1.6)1 - |(2.4)(0.5) = 0 


500 N/m = 0.5 kN/m 


w = 0.5 - — <* -1. 6) 1 = 0.5 - 0.20833(* -1. 6) 1 kN/m = -— 
2.4 dx 

V = 0.880-0.5v + 0.104167(v-1.6> 2 kN 

V A = 0.880 kN 


R,= 0.880 kNt 


V B = 0.880 - (0.5)(1. 6 ) = 0.080 kN 

V c = 0.880 -(0.5)(4) + (0.104167)(2.4) 2 =-0.520 kNj 


Sign change 


Locate point D (between B and C) where V = 0. 


0 = 0.880-0.5^ +0.104167^-1.6) 2 


0.104167^-0.83333^+1.14667 = 0 


x n = 


0.83333 ± 7(0-83333) 2 - (4)(0.104167)(1.14667) 


= 1.7658 m 


(a) 


S = 


(2)(0.104167) 

M = 0.880x- 0.25v 2 + 0.347222<v -1. 6) 3 lcN • m 
M d = (0.880)(1.7658) - (0.25)(1.7658) 2 + (0.34722)(0.1658) 3 =0.77597 lcN-m 

M ma x =0.776 kN-m at x = 1.766 m A 

4L 0.77597x10 g 3 . n 3 3 

max - =64.664x10 m =64.664x10 mm 


'all 


12 x 10 s 


1 2 

For a rectangular cross section, S = —bh 
(b) At next higher 10-mm increment, 


7 6S 7 

h = ih~ Km = 
V b 


(6)(64.664x 10 3 ) 


30 


= 113.7 mm 
h = 120 mm A 
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i2kN al = 0.4m PROBLEM 5.118 


16 kN/m 


r B- 






Using a computer and step functions, calculate the shear and bending 

c moment tor the beam and loading shown. Use the specmed increment 


- — 

-4 m-» 

A L, starting at point A and ending at the right-hand support. 


1.2 m 


SOLUTION 

+)IM C =0: (5.2)(12) -4B + (2)(4)(16) = 0 

B = 47.6 kN T 

+)IM b = 0: (1,2)(12) - (2)(4)(16) + 4C = 0 

C = 28.4 kN T 

w = 16(x -1.2) =- 

dx 

V = — 1 6<jc — 1.2)' -12 +47.6(jc-1.2)° ◄ 
M = —8<jc —1.2) 2 - 12x + 47.6(x-1.2) 1 ◄ 


X 

V 

M 

111 

kN 

kN-m 

0.0 

-12.0 

0.00 

0.4 

-12.0 

-4.80 

0.8 

-12.0 

-9.60 

1.2 

35.6 

-14.40 

1.6 

29.2 

-1.44 

2.0 

22.8 

8.96 

2.4 

16.4 

16.80 

2.8 

10.0 

22.08 

3.2 

3.6 

24.80 

3.6 

-2.8 

24.96 

4.0 

-9.2 

22.56 

4.4 

-15.6 

17.60 

4.8 

-22.0 

10.08 

5.2 

-28.4 

-0.00 


\V\ = 35.6 kN ◄ 

I ■max 

\M\ = 25.0 kN -m ◄ 

I 'max 
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120 kN 


AL = 0.25 m 
36 kN/m 


te 


1 3b kJ\l/m 

D 


PROBLEM 5.119 

Using a computer and step functions, calculate the shear and bending 
moment for the beam and loading shown. Use the specified increment A L, 
starting at point A and ending at the right-hand support. 


->4* —- - 3 m 

2 m 1 ill 


SOLUTION 


S-V 

M 

§; 

to 

II 

0: -6 R a 

+ (4)020) + (l)f 

03)(36) = 0 






R a = 89 kN 



w = 

36 

T ( > 

= 12<jc — 3) 1 






V 

= 89 - 120(x - 2)° - 6(x - 3> 2 kN ◄ 





M 

= 89x-120(;c-2> 1 -20t-3> 3 kN-m ◄ 


V 

M 




m 

lcN 

kN • m 


X 

V M 







0.0 

89.0 

0.0 


m 

kN kN • m 

0.3 

89.0 

22.3 


5.0 

-55.0 69.0 

0.5 

0.8 

89.0 

89.0 

44.5 

66.8 


5.3 

5.5 

-61.4 54.5 

-68.5 38.3 

1.0 

89.0 

89.0 



1.3 

89.0 

111.3 


5.8 

-76.4 20.2 

1.5 

89.0 

133.5 


6.0 

-85.0 -0.0 

1.8 

89.0 

155.8 




2.0 

-31.0 

178.0 




2.3 

-31.0 

170.3 




2.5 

-31.0 

162.5 




2.8 

-31.0 

154.8 




3.0 

-31.0 

147.0 




3.3 

-31.4 

139.2 




3.5 

-32.5 

131.3 




3.8 

-34.4 

122.9 




4.0 

-37.0 

114.0 




4.3 

-40.4 

104.3 




4.5 

-44.5 

93.8 




4.8 

-49.4 

82.0 



\V\ = 89.0 kN ◄ 






1 ■max 






Ml = 178.0 kN-m ◄ 

1 •max 
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PROBLEM 5.120 

Using a computer and step functions, calculate the shear and bending 
moment for the beam and loading shown. Use the specified increment 
AL, starting at point A and ending at the right-hand support. 


SOLUTION 






li 

o 

5= 

w 

0: -I2i? 4 + (6)(12)(1.8) + (10)^1 

(6)(1.8) = 0 




Ra = 

15.3 kips 




1.8 1.8, ,, 




w = 

3.6 - x H - (x - 6) 1 





6 6 





3.6 - 0.3jc + 0.3<jc - 6) 1 





V = 15.3 

-3.6x + 0.15x 2 -0.15(x-6) 2 kips A 

X 

V 

M 

M = 15.3x - 1.8x 2 + 0.05x 3 - 0.05(x - 6> 3 kip • ft ◄ 

ft 

kips 

kip ■ ft 



0.0 

15.30 

0.0 

x V 

M 

0.5 

1.0 

13.54 

11.85 

7.2 

13.6 

ft kips 

kip • ft 



1.5 

10.24 

19.1 

9.5 -7.20 

23.6 

2.0 

8.70 

23.8 

10.0 -8.10 

19.8 

2.5 

7.24 

27.8 



3.0 

5.85 

31.1 

10.5 -9.00 

15.5 

3.5 

4.54 

33.6 

11.0 -9.90 

10.8 

4.0 

3.30 

35.6 



4.5 

2.14 

37.0 

11.5 -10.80 

5.6 

5.0 

1.05 

37.8 

12.0 -11.70 

0.0 

5.5 

0.04 

38.0 



6.0 

-0.90 

37.8 



6.5 

-1.80 

37.1 



7.0 

-2.70 

36.0 



7.5 

-3.60 

34.4 



8.0 

-4.50 

32.4 



8.5 

-5.40 

29.9 



9.0 

-6.30 

27.0 


\v\ =15.30 kips ◄ 

1 'max 





Ml =38.0 kip-ft ◄ 

1 'max 
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A L = 0.5 ft 




--4.5 ft-- 


3 ft—»- 


1.5 ft 


PROBLEM 5.121 

Using a computer and step functions, calculate the shear and bending 
moment for the beam and loading shown. Use the specified increment A L, 
starting at point A and ending at the right-hand support. 


SOLUTION 


3 

— x- 

4.5 

-3<;c-4.5> 0 - 

4.5 

(x - 4.5) 1 

2 

—x-. 

3 

3<*-4.5> 0 -|<;c- 

-4.5)'=-^ 

dx 

--x 2 

3 

+ 3<jc - 4.5) 1 +-(. 

3 

r-4.5) 2 -4 (jc-6)° 

--x 3 
9 

+ —(x - 4.5) 2 + — 
2 9 

(a: - 4.5) 3 - 4(x - 6) 

X 

V 

M 

ft 

kips 

kip • ft 

0.0 

0.00 

0.00 

0.5 

-0.08 

-0.01 

1.0 

-0.33 

-0.11 

1.5 

-0.75 

-0.38 

2.0 

-1.33 

-0.89 

2.5 

-2.08 

-1.74 

3.0 

-3.00 

-3.00 

3.5 

-4.08 

-4.76 

4.0 

-5.33 

-7.11 

4.5 

-6.75 

-10.13 

5.0 

-6.75 

-13.50 

5.5 

-6.75 

-16.88 

6.0 

-10.75 

-20.25 

6.5 

-10.75 

-25.63 

7.0 

-10.75 

-31.00 

7.5 

-10.75 

-36.38 

8.0 

-10.75 

-41.75 

8.5 

-10.75 

-47.13 

9.0 

-10.75 

-52.50 


\V\ =10.75 kips ◄ 

I ! max 

\M\ = 52.5 kip ■ ft ◄ 

I I max 
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5 kN/m 




W200 X 22.5 
L = 5 m 
A L = 0.25 m 


PROBLEM 5.122 

For the beam and loading shown, and using a computer and 
step functions, (a) tabulate the shear, bending moment, and 
maximum normal stress in sections of the beam from x = 0 
to x = L, using the increments A L indicated, ( b ) using 
smaller increments if necessary, determine with a 2% 
accuracy the maximum normal stress in the beam. Place the 
origin of the x axis at end A of the beam. 


SOLUTION 


+)IM D = 0: 

-5 R a + (4.0)(2.0)(3) + (1.5)(3)(5) + (1.5)(3) = 0 

R a = 10.2 kN 

w = 3 + 2{x - 2)° kN/m = 

dx 

V = 10.2 — 3jc — 2{x - 2) 1 - 3(jc - 3.5)° kN 
M = 10.2* - 1.5x 2 - {x - 2) 2 - 3<jc - 3.5) 1 kN • m 


◄ 

◄ 


(i b ) For rolled-steel section W200 x 22.5, 


S = 193 x 10 3 mm 3 = 193 x 10“ 6 m 3 




M 

_ max 

16.164 x 10 3 



^max g 

193 x 10“ 6 

X 

V 

M 

cr 

m 

kN 

kN • m 

MPa 

0.00 

10.20 

0.00 

0.0 

0.25 

9.45 

2.46 

12.7 

0.50 

8.70 

4.73 

24.5 

0.75 

7.95 

6.81 

35.3 

1.00 

7.20 

8.70 

45.1 

1.25 

6.45 

10.41 

53.9 

1.50 

5.70 

11.93 

61.8 

1.75 

4.95 

13.26 

68.7 

2.00 

4.20 

14.40 

74.6 

2.25 

2.95 

15.29 

79.2 

2.50 

1.70 

15.88 

82.3 

2.75 

0.45 

16.14 

83.6 


= 83.8 x 10 Pa 


cr = 83.8 MPa 4 
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PROBLEM 5.122 (Continued) 




X 

V 

M 

a 



m 

kN 

kN • m 

MPa 



3.00 

-0.80 

16.10 

83.4 



3.25 

-2.05 

15.74 

81.6 



3.50 

-6.30 

15.08 

78.1 



3.75 

-7.55 

13.34 

69.1 



4.00 

-8.80 

11.30 

58.5 



4.25 

-10.05 

8.94 

46.3 



4.50 

-11.30 

6.28 

32.5 



4.75 

-12.55 

3.29 

17.1 



5.00 

-13.80 

0.00 

0.0 



2.83 

0.05 

16.164 

83.8 



2.84 

0.00 

16.164 

83.8 

<- 


2.85 

-0.05 

16.164 

83.8 


(a) 





\V\ = 13.80 kN ◄ 

I 'max 






Ml = 16.16 kN • m ◄ 

1 !max 
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PROBLEM 5.123 

For the beam and loading shown, and using a computer and 
step functions, (a) tabulate the shear, bending moment, and 
maximum normal stress in sections of the beam from x = 0 
to x = L, using the increments A L indicated, (b) using 
smaller increments if necessary, determine with a 2% 
accuracy the maximum normal stress in the beam. Place the 
origin of the x axis at end A of the beam. 


SOLUTION 


(a) 


+)IM d =0: -4 R g + (6)(5) + (2.5)(3)(20) = 0 

■20(jc- 5>° kN/m = -— 
dx 


w = 20(x - 2) 


R b = 45 kN 


V = -5 + 45(x - 2)° - 20(x - 2) 1 + 20(x - 5) 1 kN 
M = -5x + 45(x-2) 1 - 10(x-2) 2 + 10(x-5) 2 kN-m 


◄ 

◄ 



V 

M 

stress 

m 

kN 

kN-m 

MPa 

0.00 

-5 

0.00 

0.0 

0.50 

-5 

-2.50 

-3.3 

1.00 

-5 

-5.00 

-6.7 

1.50 

-5 

-7.50 

-10.0 

2.00 

40 

-10.00 

-13.3 

2.50 

30 

7.50 

10.0 

3.00 

20 

20.00 

26.7 

3.50 

10 

27.50 

36.7 

4.00 

0 

30.00 

40.0 <- 

4.50 

-10 

27.50 

36.7 

5.00 

-20 

20.00 

26.7 

5.50 

-20 

10.00 

13.3 

6.00 

-20 

0.00 

0.0 


(b) Maximum |M| = 30.0 kN • m at x = 4.0 m 
Maximum |f| = 40.0 kN 


◄ 

◄ 


6 


For rectangular cross section, S = —bh~ = \ — |(50)(300) = 750 x 10 mm = 750 x 10 m 




30x 10 
750x10“ 


= 40x 10 Pa 


cr m „ v = 40.0 MPa A 
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2 Idps/ft 



300 lb 


2 in. 



L = 5ft 
A L = 0.25 ft 


PROBLEM 5.124 

For the beam and loading shown, and using a computer and 
step functions, (a) tabulate the shear, bending moment, and 
maximum normal stress in sections of the beam from x = 0 to 
x = L, using the increments A L indicated, (b) using smaller 
increments if necessary, determine with a 2% accuracy the 
maximum normal stress in the beam. Place the origin of the 
x axis at end A of the beam. 


SOLUTION 








300 lb = 0.3 kips 




v + y 

M 

b 

II 

o 

<!* 

>3 

X. 

+ (4.25)(1.5X2) + (2.5)(2)(1.2) + (1,5)(0.3) = 0 






R 4 = 3.84 kips 



w = 2-0.8(x- 

-1.5)°-1.2<jc 

-3.5)° kip/ft 




V = 3.84-2x + 0.8<jc-1.5) 1 

+ 1.2<jc-3.5> 1 - 

0.3<jc- 3.5>° kips 

◄ 


M = 3Mx-x 2 

+ 0.4(x -1.5) 

2 + 0.6(*-3.5) 2 

-0.3<jc- 3.5) 1 kip-ft 

◄ 


X 

V 

M 

stress 



ft 

kips 

kip • ft 

ksi 



0.00 

3.84 

0.00 

0.000 



0.25 

3.34 

0.90 

0.224 



0.50 

2.84 

1.67 

0.417 



0.75 

2.34 

2.32 

0.579 



1.00 

1.84 

2.84 

0.710 



1.25 

1.34 

3.24 

0.809 



1.50 

0.84 

3.51 

0.877 



1.75 

0.54 

3.68 

0.921 



2.00 

0.24 

3.78 

0.945 



2.25 

-0.06 

3.80 

0.951 



2.50 

-0.36 

3.75 

0.937 



2.75 

-0.66 

3.62 

0.906 



3.00 

-0.96 

3.42 

0.855 



3.25 

-1.26 

3.14 

0.786 



3.50 

-1.86 

2.79 

0.697 



3.75 

-1.86 

2.32 

0.581 
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PROBLEM 5.124 (Continued) 




V 

M 

stress 


ft 

kips 

kip • ft 

ksi 


4.00 

-1.86 

1.86 

0.465 


4.25 

-1.86 

1.39 

0.349 


4.50 

-1.86 

0.93 

0.232 


4.75 

-1.86 

0.46 

0.116 


5.00 

-1.86 

-0.00 

-0.000 


2.10 

0.12 

3.80 

0.949 


2.20 

0.00 

3.80 

0.951 <- 


2.30 

-0.12 

3.80 

0.949 


Maximum \M | = 3.804 kip • ft = 45.648 kip • in. at x 

= 2.20 ft 


◄ 

Maximum F = 3.84 kip 




◄ 

Rectangular section: 

2 in.xl2 

in. 




S' = —bh 2 = 
6 

ij(2)(12) 2 




= 48 in 3 





M 45.648 


cr = 0.951 ksi A 


S 48 
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4.8 kips/ft 



PROBLEM 5.125 

For the beam and loading shown, and using a computer and 
step functions, (a) tabulate the shear, bending moment, and 
maximum normal stress in sections of the beam from x = 0 
to x = L, using the increments A L indicated, (b) using 
smaller increments if necessary, determine with a 2% 
accuracy the maximum normal stress in the beam. Place the 
origin of the x axis at end A of the beam. 


SOLUTION 

+)ZM D =0: - 12.5 R B + (12.5)(5.0)(4.8) + (5)(10)(3.2) = 0 

R b = 36.8 kips 

w = 4.8-1 ,6(x - 5)° kips/ft 

V = -4.8* + 36.8(x - 2.5)° +1 .6(x - 5) 1 kips ◄ 

M = -2.4x 2 + 36.8(x - 2.5) 1 + 0.8(x - 5) 2 kip • ft ◄ 



V 

M 

stress 

ft 

kips 

kip • ft 

ksi 

0.00 

0.00 

0.00 

0.00 

1.25 

-6.0 

-3.75 

-1.17 

2.50 

24.8 

-15.00 

-4.66 

3.75 

18.8 

12.25 

3.81 

5.00 

12.8 

32.00 

9.95 

6.25 

8.8 

45.50 

14.15 

7.50 

4.8 

54.00 

16.79 

8.75 

0.8 

57.50 

17.88 

10.00 

-3.2 

56.00 

17.41 

11.25 

-7.2 

49.50 

15.39 

12.50 

-11.2 

38.00 

11.81 

13.75 

-15.2 

21.50 

6.68 

15.00 

-19.2 

0.00 

0.00 

8.90 

0.32 

57.58 

17.90 

9.00 

-0.00 

57.60 

17.91 <- 

9.10 

-0.32 

57.58 

17.90 
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PROBLEM 5.125 (Continued) 


Maximum \V\ = 24.8 kips 

◄ 

Maximum \M\ = 57.6 kip -ft = 691.2 kip -in. at jc = 9.0 ft 

For rolled-steel section W12 x 30, 

◄ 

S = 38.6 in 3 


Maximum normal stress: 


M 691.2 

ct = 17.91 ksi A 

a = — =- 

5 38.6 
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PROBLEM 5.126 

The beam AB, consisting of a cast-iron plate of uniform thickness b and 
length L, is to support the load shown, (a) Knowing that the beam is to 
be of constant strength, express h in terms of x, L, and h 0 . (b) Determine 
the maximum allowable load if L = 36 in., h 0 = 12 in., b = 1.25 in., and 
cail = 24 ksi - 


SOLUTION 

+lSF v =0: 

+)IMj = 0 : 


vJ 



For a rectangular cross section, 


R a + R b - wL = 0 

WL X It A 

- x-wx—+M = 0 

2 2 

s = J Mi = wx ( L ~ x ) 

^all 2cr all 


S = —bh 2 
6 


Equating, 


(a) 


, L 
At x = —, 
2 



wx(L - x) 

2cr all 


h = h 0 = 


[ 3wL 2 

i 4 ^ 



(h) Solving for w, 


4cT aU M 0 2 (4)(24)(1.25)(12) 2 
31 2 (3)(36) 2 




= ^ = 


wT 

2 


w 


M = — x(L - x) 
2 


h = 


3 wx(L — x) 

O'all b 


1/2 


h = h n 


f D 

1 -- 

V ^7 


nl/2 


w = 4.44 kip/in. 4 
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PROBLEM 5.127 

^4 


1 The beam AB, consisting of a cast-iron plate of uniform thickness b and 



/ io length L, is to support the load shown, (a) Knowing that the beam is to 



be of constant strength, express h in terms of x, L, and 1iq. (b) Determine 


B 

t the maximum allowable load if L = 36 in., h 0 = 12 in., b = 1.25 in., and 


- L -- 

(Tail = 24 ksi. 


SOLUTION 

V = -P 

M = —Px 

5 =M = 

°"all 

\M\ 

P 

-X 

°"all 

= Px 

> 

[P 






) 

For a rectangular cross section. 

5 = —bh 2 
6 





'V 

Equating, 

hh 2 =^ 

6 o- all 

h = 

C >1/2 

6 Px 



(1) 

ll 

H 

3 

ii 

O 

II 

6 PL\ 
^n h 1 

1/2 



(2) 

(a) Divide Eq. (1) by Eq. (2) and solve for h. 




h = h 0 (x/L) v2 ◄ 

(b) Solving for P, 

„ (24)(1.25)(12) 2 


P = 20.0 kips 4 

6 L 

(6)(36) 
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PROBLEM 5.128 

The beam AB, consisting of a cast-iron plate of uniform thickness b and 
length L, is to support the distributed load w(x) shown, (a) Knowing 
that the beam is to be of constant strength, express h in terms of x, L, 
and h 0 . (b) Determine the smallest value of h 0 if L = 750 mm, 
b = 30 mm, w 0 = 300 kN/m, and cr al | = 200 MPa. 


SOLUTION 


dV 


w Q x 

dx 


L 

V = 

w 0 x 2 

dM 

2 L 

dx 

M = 

w 0 x 3 


6 L 


C - 

\M\ _ 

w 0 x 3 


^aii 6Zcr all 


\M\= 


6 L 


For a rectangular cross section, 



Equating, 



Wq * 3 

6 ^all 


h = 


WqX^_ 

V a ^ bL 


At x = L, 


h = h 0 =. 


\ wqL 


(a) 

Data: 

0 b) 


L = 750 mm = 0.75 m, b = 30 mm = 0.030 m 
w Q = 300 kN/m = 300 x 10 3 N/m, cr all = 200 MPa = 200 x 10 6 Pa 


1 (300 x10 3 )(0.75) 2 
]/ (200 x 10 6 )(0.030) 


= 167.7 xl0 _3 m 


h = h n 


f \3/2 
x 


V-W 


h 0 =167.7 mm 4 
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. TTX 

w = w 0 sin — 



PROBLEM 5.129 

The beam AB, consisting of a cast-iron plate of uniform thickness b and 
length L, is to support the distributed load w(x) shown, (a) Knowing 
that the beam is to be of constant strength, express h in tenns of x, L, and 
h 0 . (b) Determine the smallest value of h 0 if L = 750 mm, b = 30 mm, 
w 0 = 300 kN/m, and cr all = 200 MPa. 
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PROBLEM 5.130 

The beam AB, consisting of an aluminum plate of uniform thickness b and 
length L, is to support the load shown, (a) Knowing that the beam is to be 
of constant strength, express h in terms of x, L, and h 0 for portion AC of the 
beam. ( b ) Determine the maximum allowable load if L = 800 mm, 
h o = 200 mm, b = 25 mm, and cr al | = 72 MPa. 
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. 7TX 

w = Wq sin — 



PROBLEM 5.131 

The beam AB, consisting of an aluminum plate of unifonn thickness b and 
length L, is to support the load shown, (a) Knowing that the beam is to be of 
constant strength, express h in terms of x, L, and h {) for portion AC of the 
beam. ( b ) Determine the maximum allowable load if L — 800 mm, 
ho = 200 mm, b = 25 mm, and cr all = 72 MPa. 


SOLUTION 


dV . kx 

-= -w = -w n sin — 

dx L 


d AL =v = 

dx k 


w n L KX 


cos —+ C, 


L 


M =■ 


w n L 


KX 


—sin — + C,x + C 7 

K 2 L 


At A, x = 0 M = 0 
At B, x = L M = 0 


0 — 0 + 0 + Ci 


C 2 = 0 


0 = 


jrZ 

w n L 


K 


sin k + C X L Cj = 0 


M = W ° L 


For constant strength, 

For a rectangular section, 


5 = 


K 

| M 
a. 


. KX 

, sin — 
2 L 


w n Lr . kx 

—7-sin — 


all 


71 <J, 


all 


/ = — bh\ c — —, S = — = -bh 2 
12 2 C 6 


Equating the two expressions for S. 
L 


i = “ 


-sin- 


k a. 


all 


At x = ■ 


h = h n 


2 6 

(a) Dividing Eq. (1) by Eq. 2, 

(b) Solving Eq. (1) for wo. 
Data: 


l bh 2 =7AL 


71 (J r 


all 


n . 7TX 

—— = sin— 

K L 


Wn =■ 


7T 2 CT M bh 2 


6 L l 


h = h n 


(1) 

(2) 

i 

KxTi 


sin- 


cr an = 72xl0 6 Pa, L = 800 mm = 0.800 m, 
b = 25 mm = 0.025 m 

;r(72xl0 6 )(0.025)(0.200) 2 


= 200 mm = 0.200 m, 


Wn =■ 


(6)(0.800) 2 


= 185.1 xl0 J N/m 


185.1 kN/m ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


838 





























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 5.132 

A preliminary design on the use of a cantilever prismatic timber 
beam indicated that a beam with a rectangular cross section 2 in. 
wide and 10 in. deep would be required to safely support the load 
shown in part a of the figure. It was then decided to replace that 
beam with a built-up beam obtained by gluing together, as shown in 
part b of the figure, five pieces of the same timber 
as the original beam and of 2 x 2-in. cross section. Determine the 
respective lengths /, and l 2 of the two inner and outer pieces of 
timber that will yield the same factor of safety as the original 
design. 
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w 














B 

--6.25 ft-- 



(a) 



PROBLEM 5.133 

A preliminary design on the use of a cantilever prismatic timber beam 
indicated that a beam with a rectangular cross section 2 in. wide and 
10 in. deep would be required to safely support the load shown in part 
a of the figure. It was then decided to replace that beam with a built-up 
beam obtained by gluing together, as shown in part b of the figure, five 
pieces of the same timber as the original beam and of 2 x 2-in. cross 
section. Determine the respective lengths l x and l 2 of the two inner 
and outer pieces of timber that will yield the same factor of safety as 
the original design. 


SOLUTION 


- r :ZM, = 0: wx— + M = 0 

/ j 2 



M = |M|=- 

At B, 

\ m \ b =\mu 

At C, 

Me =MU (V6.25) 2 

At D, 

\M\ d =|M| max (x d /6.25) 2 

At B, 

S B =-bh 2 = l -b{5bf =^b 
0 0 0 

A to C: 

s =-bh 2 =-b(bf =-b 3 
c 6 6 6 

CtoD: 

1 , 1 , 9 , 

S D =~bh 2 =-b(ibf =-b 2 
0 0 o 


Me _ f x c i 


Mb V 6.25 J S B 25 


W 


IJiiUU 




0 


M 



6.25 I IS ft 
r = -- = 1.25 ft 

725 


l x =6.25 -1.25 ft 


/j = 5.00 ft ◄ 


\M\ D f x D f S D 9 
Mb 1 6-25 J 25 


X n = 


6.2579 

725 


= 3.75 ft 


l 2 = 6.25 -3.75 ft / 2 = 2.50 ft ◄ 
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PROBLEM 5.134 

A preliminary design on the use of a simply supported prismatic timber 
beam indicated that a beam with a rectangular cross section 50 mm wide 
and 200 mm deep would be required to safely support the load shown in 
part a of the figure. It was then decided to replace that beam with a 
built-up beam obtained by gluing together, as shown in part b of the 
figure, four pieces of the same timber as the original beam and of 
50x50-mm cross section. Determine the length / of the two outer 
pieces of timber that will yield the same factor of safety as the original 
design. 
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B 



(b) 


PROBLEM 5.135 

A preliminary design on the use of a simply supported prismatic timber 
beam indicated that a beam with a rectangular cross section 50 mm 
wide and 200 mm deep would be required to safely support the load 
shown in part a of the figure. It was then decided to replace that beam 
with a built-up beam obtained by gluing together, as shown in part b of 
the figure, four pieces of the same timber as the original beam and of 
50x50-mm cross section. Determine the length l of the two outer 
pieces of timber that will yield the same factor of safety as the original 
design. 


SOLUTION 


Shear: 

A to C: 

D to B : 

Areas: 

A to C: 

C to E\ 

Bending moments: 
AtC, 

A to C: 

AtC, 




0.8 N 


= 0.4w 


V = 0.4w 

V = -0.4w 

(0.8)(0.4)w = 0.32w 

-|(0.4)(0.4)w = 0.08w 

v2, 


M c = 0.40w 


M=OAOwx 


S c = ] -bh 2 c 

o 


M C = M max =0.40W 


Let F be the point where the thickness changes. 
At F, 


S F = —bhp 
6 


M F = OAOwXp 


JL — AJL 
S c hp 


100 mm 
200 mm 


1 M k 


4 M. 


c 


0.40m: F 

0.40w 



x F = 0.25 m — = 1.2 — Xp =0.95 m 

f 2 f 


/ = 1.900 m ◄ 
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P 

r 

PROBLEM 5.136 

A machine element of cast aluminum and in the shape of a solid of 

B revolution of variable diameter d is being designed to support the load 

A 



2 

--L/2-- 

_ hJl 

c 

-- L/2 -► 

shown. Knowing that the machine element is to be of constant strength, 
express d in terms of x, L, and d 0 . 
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PROBLEM 5.137 

A machine element of cast aluminum and in the shape of a solid of 
revolution of variable diameter d is being designed to support the load 
shown. Knowing that the machine element is to be of constant strength, 
express d in terms of x, L, and d 0 . 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


844 












































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 5.138 

A transverse force P is applied as shown at end A of the conical taper AB. 
Denoting by d 0 the diameter of the taper at A, show that the maximum 
normal stress occurs at point H, which is contained in a transverse section 
of diameter d = 1.5 d 0 . 


SOLUTION 


Let 



dx 


M = -Px 


d = d 0 + kx 


For a solid circular section, 


Stress: 

At H, 


T 71 4 77 ,3 

1 = —c = —d 

4 64 

d e I 77 ,3 77 , . , , x3 

2 c 32 32 

dS 2>7 t . i \21 , 9 , 

— = —( d n +kx ) k = — d~k 
dx 32 0 32 


a = - 


|M| Px 


da 1 


dx 


dS 


-= —s- PS - Px„ — 


dx j 
2>n ,2 


= 0 


s - x — = —d 3 - x H —d z k 
H dx 32 H 32 

kx H =-d =-(d 0 +k H x H ) kx H =-d 0 


d — dn + d n — dr\ 

2 2 



d = 1.5 d 0 A 
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PROBLEM 5.139 

A cantilever beam AB consisting of a steel plate of uniform depth h and variable 
width b is to support the distributed load w along its centerline AB. (a) Knowing 
that the beam is to be of constant strength, express b in terms of x, L, and b 0 . 
( b ) Determine the maximum allowable value of w if L = 15 in., b 0 = 8 in., 
h = 0.75 in., and cr all = 24 ksi. 


SOLUTION 


+)XM,- 0: £« 0 

M = - w (L-x) 2 

2 2 

5 _ |M| w(L-x) 2 

°"aii 2<r all 

1 , 

For a rectangular cross section, S = —bh 

6 

1 bh 2 = wjL-xf b = 3w(Z - x) 2 
^ 2cr a |[ O'aii^ 2 


(a) At 

( b) Solving for w, 


x = 0, 


b = b 0 = 


3wL 2 

vji 2 


a M b 0 h 2 (24)(8)(0.75) 2 
3 L 2 (3)(15) 2 


0.160 kip/in. 



b = K 


r x ^ 2 
1 -- 
v Lj 


w = 160.0 lb/in. A 
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PROBLEM 5.140 

Assuming that the length and width of the cover plates used with the beam of Sample Prob. 5.12 are, 
respectively, l = 4 m and b = 285 mm, and recalling that the thickness of each plate is 16 mm, determine the 
maximum normal stress on a transverse section (a) through the center of the beam, (b) just to the left of D. 


SOLUTION 







2soy v 


k W690 x 12S A = B = 250 kN t 




At center of beam, 
At D, 

At center of beam. 


(a) Normal stress: 
At D, 

( b ) Normal stress: 


'XM, = 0: -25 Ox +M = 0 
M = 25 Ox kN • m 


x = 4 m M c = (250)(4) = 1000 kN • m 
x = 1(8 - /) = ^-(8 - 4) = 2 m M 0 = 500 kN • m 


7 Aicain ^^plate 


= 1190x10+21 (285)(16) — + — + —(285)(16) 


678 16 


1 


12 


= 2288 x 10 6 mm 4 


c = 


678 


/ 


+ 16 = 355 mm S = — = 6445 x 10 3 mm 


= 6445 x 10 _6 m 3 


cr = 


M 1000 xlO 3 


a-6 


= 155.2 x 10 Pa 


5 6445 x 10“ 

S = 3490 x 10 3 mm 3 = 3510 x 10“ 6 m 3 
M 500 xlO 3 


cr = 


3490 x 10 


-6 


= 143.3 x 10° Pa 


cr = 155.2 MPa M 


cr = 143.3 MPa ◄ 
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160 kips 



PROBLEM 5.141 

Two cover plates, each j in. thick, are welded to a 
W27x84 beam as shown. Knowing that / = 10 ft and 
Z? = 10.5 in., determine the maximum normal stress on a 
transverse section (a) through the center of the beam, (b) just 
to the left of D. 
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PROBLEM 5.142 

Two cover plates, each j in. thick, are welded to a W27 x 84 
beam as shown. Knowing that cr all = 24 ksi for both the beam 
and the plates, determine the required value of (a) the length 
of the plates, ( b ) the width of the plates. 
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PROBLEM 5.143 

Knowing that cr all = 150 MPa, determine the largest concentrated 
load P that can be applied at end E of the beam shown. 
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PROBLEM 5.143 (Continued) 


Section properties over portion BCD : 

W410 x 85: d = 417 mm, -d = 208.5 mm, I = 316 x 10 6 mm 4 

2 


Plate: 


For section, 


A = (18)(220) = 3960 mm 2 d = 208.5 + - |(18) = 217.5 mm 

v2 

7 = (220)(18) 3 = 106.92 x 10 3 mm 4 Ad 2 = 187.333 x 10 6 mm 4 


1=1+ Ad 2 = 187.440 x 10 6 mm 4 


/ = 316 x 10 6 + (2)(187.440 x 10 6 ) = 690.88 x 10 6 mm 4 
c = 208.5 + 18 = 226.5 mm 

S = - = 69(188 x 10 = 3 0 50.2 x 10 3 mm 3 = 3050.2 x 10“ 6 m 3 


c 226.5 
Allowable load based on strength at C: cr = 


\M C \ 


lip 

150 x 10 6 =---- P = 208.0 x 10 3 N 


3050.2 x 10 


-6 


The smaller allowable load controls. 


P = 193.8 x 10 N 


P = 193.8 kN ◄ 
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40 kN/m 



\~ b ~\ 


7.5 mm 


t 


W460x74 / 


PROBLEM 5.144 

Two cover plates, each 7.5 mm thick, are welded to 
a W460 x 74 beam as shown. Knowing that l = 5 m and 
b = 200 mm, determine the maximum normal stress on 
a transverse section (a) through the center of the beam, 
( b ) just to the left of D. 


SOLUTION 


At center of beam, 
At D, 

At center of beam, 


(a) Normal stress: 

At D, 

( b ) Normal stress: 


R a =R b =160 kNt 


+) IMj = 0: -160x + (40x) ~ + M = 0 


M = 160x - 20x kN-m 


x = 4 m M c = 320 kN • m 


'iX. 


h 


Mo IcWM 

O 


ICO 




V 


x = — (8 —/) = 1.5 m M d =195 kN -m 

I A>eam ^ Opiate 


= 333xl0 b + 2 (200)(7.5) 


457 7A 

V 2 + 2 


+—(200)(7.5) 3 


= 494.8 xlO 6 mm 4 


457 

c =-h 7.5 = 236 mm 


S = — = 2097 xl0 3 mm 3 = 2097xl0~ 6 m 3 


M 320 x 10 , 

cr = — =-— = 152.6 x 10 6 Pa 

5 2097 x 10~ 6 


S = 1460 xl0 3 mm 3 = 1460xl0~ 6 m 3 


cr = 152.6 MPa ◄ 


M 195 x 10 in6 „ 

cr = — =- r = 133.6xl0 Pa 

5 1460 xlO” 6 


cr = 133.6 MPa ◄ 
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40 kN/m 



PROBLEM 5.145 

Two cover plates, each 7.5 mm thick, are welded to a 
W460x 74 beam as shown. Knowing that <r all = 150 MPa 
for both the beam and the plates, determine the required 
value of (a) the length of the plates, ( b) the width of the 
plates. 


SOLUTION 


R a =R b =160kNt 


+ ;XMj = 0: -16 Ox + (40x) 

V 

M = 160x - 20x 2 kN • m 



+ M = 0 


For W460x74 rolled-steel beam, 

S = 1460xl0 3 mm 3 = 1460xl0~ 6 m 3 
Allowable bending moment: 

M aU = cr all 5 = (150 x 10 6 )(1460 x 10~ 6 ) 

= 219x10 3 Nm = 219 kN• m 
To locate points D and E, set M = M all 

160x - 20x 2 = 219 20x 2 -160x + 219 = 0 


40 kW /* 



0 





X == 


160 + ^160 2 — (4)(20)(219) 


( 2 )( 20 ) 

(a) x D = 1.753 ft x E = 6.247 ft 


x = 1.753 m and x = 6.247 m 


457 


At center of beam, M = 320 kN • m = 320 x 10’N • m c =-t- 7.5 = 236 mm 4 

2 


I = x E - x D = 4.49 m A 


M 320x10 rA -6 3 m , n 3 3 

S = -=-= = 2133x10 m =2133x10 mm 


'all 


150x10° 


Required moment of inertia: I = Sc = 503.4 x 10 6 mm 4 

But /=/ b e am +2/ plate 


503.4 X 10 6 = 333 x 10 6 + 2\ (6)(7.5) 


457 7.5 

v 2 + 2 , 


+ —(6)(7.5) 3 


(b) 


= 333 xlO 6 +809.2 xl0 3 h 


6 = 211 mm A 
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30 kips/ft 



PROBLEM 5.146 

Two cover plates, each | in. thick, are welded to a W30 x 99 beam 
as shown. Knowing that 1=9 ft and b = 12 in., determine the 
maximum normal stress on a transverse section (a) through the 
center of the beam, ( b ) just to the left of D. 
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30 kips/ft 



PROBLEM 5.147 

Two cover plates, each | in. thick, are welded to a W30 x 99 
beam as shown. Knowing that a. M = 22 ksi for both the beam 
and the plates, determine the required value of (a) the length 
of the plates, (ft) the width of the plates. 


SOLUTION 



R a = R b = 240 kips t 



For W30 x 99 rolled-steel section, S = 269 in 3 
Allowable bending moment: 

M m = cr all S = (22)(269) = 5918 kip • in. = 493.167 kip • ft 


To locate points D and E, set M = M all . 

240x - 15x 2 = 493.167 15x 2 - 240x + 493.167 = 0 

_ 240 ± 240) 2 - (4)(15)(493.167) 

(2X15) 


x = 


= 2.42 ft, 13.58 ft 


(a) 


I = x E -x D = 13.58-2.42 


Center of beam: 


M = 960 kip • ft = 11,520 kip • in. 


M 11,520 . 3 29.7 „ r ~ c . _ . 

S = -=-= 523.64 in 3 c = -+ 0.625 = 15.475 in. 

22 2 


a. 


all 


Required moment of inertia: 


1 = Sc = 8103.3 in 4 


l = 11.16 ft ◄ 


But 


7 Aicam + 2/ p i ate 


0 b ) 


8103.3 = 3990 + 2Aft)(0.625) 


29.7 0.625 

-H- 


+ ^(ft)(0.625) 3 


= 3990 + 287.42ft 


ft = 14.31 in.4 
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w 20 mm 



PROBLEM 5.148 

For the tapered beam shown, determine (a) the transverse 
section in which the maximum normal stress occurs, ( b ) the 
largest distributed load w that can be applied, knowing 
that cr all = 140 MPa. 


SOLUTION 


w 


R A =R B =-wLr 

1 


L = 1.2 m 


For the tapered beam, 


For rectangular cross section, 
Bending stress: 


'EM ,=0: wL + wx — \-M=0 


M=—(Lx-x 2 ) 

2 

w 

= -x{L-x ) 

h = a + kx 

a = 120 mm 
, 300-120 

k =-= 300 mm/m 

0.6 

S=-bh 2 = —b(a + kx) 1 
6 6 



't' 1 'l\ 

1 ' 

T 



i*L 


t) 

r 

V 


H 



a = 


M 3w Lx - x" 


S b (a + kx) 2 
da 


To find location of maximum bending stress, set = 0. 

dx 


da 3 w d Lx—x 


dx b dx I (a + kx 


3mm (a + kxY (L - 2x) - {Lx - )2(a + kx)k 

b | (a + kx) 3 


3w I {a + kx){L - 2x) - 2k(Lx - x) I 
b | {a + kx) 3 j 

2>w J aL + kLx — 2ax — , )d(X' — 2kLx + 2kx^ ] 


3m^ I aL - (2 a + kL)x 
hi (a + kx) 2 


(a + kx) 
= 0 
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PROBLEM 5.148 (Continued) 


(«) X m = 


aL 


(120X1.2) 


- = 0.240 m 


2 a + kL (2)(120) +(300)(1.2) 
h m = a + kx m = 120 + (300)(0.24) = 192 mm 

S m =-bh 2 m =—(20)(192) 2 =122.88 xlO 3 mm 3 = 122.88 xlO'V 3 
6 6 

Allowable value of M m : M m =S m a M =(122.88 x 10~ 6 )(140 x 10 6 ) 

= 17.2032 xl0 3 N -m 
2 M m (2)(17.2032 x 10 3 ) 


(b) Allowable value of w: 


w = - 


xJL-xJ (0.24X0.96) 
= 149.3 xl0 3 N/m 


x m = 240 mn A 


w = 149.3 kN/m ◄ 
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w 20 mm 



PROBLEM 5.149 

For the tapered beam shown, knowing that w = 160 kN/m, 
determine (a) the transverse section in which the maximum 
normal stress occurs, ( b ) the corresponding value of the 
normal stress. 
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PROBLEM 5.149 (Continued) 


(a) 


aL 


= - 


(120)(1.2) 


= 0.240 m 


2 a + kL (2)(120) +(300)(1.2) 

= a + kx m = 120 + (300)(0.24) = 192 mm 


S m =~bh 2 m = —(20)(192) 2 = 122.88 xl0 3 mm 3 = 122.88 x 10^m 3 
6 6 

M m = ^x m (L -x m ) = 16 °^ 10 (0.24)(0.96) = 18.432x 10 3 N • m 


(b) Maximum bending stress: 


M„ 


0 \„ — ■ 


18.432xlQ 3 
122.88 x 10~ 6 


= 150 x 10 6 Pa 


x m = 240 mm A 


cr m =150.0 MPa ◄ 
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- 30 in. 


-30 in.- 


PROBLEM 5.150 

For the tapered beam shown, determine (a) the transverse section 
in which the maximum normal stress occurs, (b) the largest 
distributed load w that can be applied, knowing that 
cr a n = 24 ksi. 
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{a) 


(b) 


Allowable value of M m : 
Allowable value of w: 


PROBLEM 5.150 (Continued) 

(4)(60) 


aL 


= 


2 a + kL (2)(4) + (£)(6.0) 


S m =\bhl = 



' 2 

= 4 + 



J5 

H[ 

' 3> | 

UJl 

,4, 


(15) = 6.00 in. 


(6.00) 2 = 4.50 in 3 


M m = S m a M = (4.50)(24) = 180.0 kip • in. 
2 M m (2)(108.0) 


w = ■ 


xJL-xJ (15)(45) 


■ = 0.320 kip/in. 


x m =15.00 in. A 


w = 320 lb/in. A 
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p 

! 

n. 

PROBLEM 5.151 



r R 



4 in. 





~r, 

For the tapered beam shown, determine (a) the transverse 

T - - 2 


h 8 

in. . 


r 

section in which the maximum normal stress occurs, (b) the 







largest concentrated load P that can be applied, knowing 


-V *- 





that cr all = 24 ksi. 


- -30 

in. — ► 

-30 in.- 





SOLUTION 



For a tapered beam. 

For a rectangular cross section. 

Bending stress: 


h = a + kx 

S = —bh 2 = —b(a + kx) 2 
6 6 


M 


3 Px 


a = - 


S b(a + kx) 
da 


To find location of maximum bending stress, set -= 0. 

dx 


Data: 


3 P d \ x | 

3 P ( a + kx) 1 - x - 2 (a + kx)k 

b dx | (a + kx) 2 j 

b (a + kx) 4 

3 P a- kx 
b (a + kx) 3 

a 

X m =J 

k 

a = 4 in., k = 

8-4 

-0.13333 in./in. 


30 


(o) 


(b) 


x,„ =- 


= 30 in. 


0.13333 
= a + kx,„ = 8 in. 


S m =^bh 2 m = 

o 


'iy 3 

v6 


|(8)" =8 in" 


M m = <^all S m = ( 24 )(8) = 192 ki P ' in. 

p _ 2 A 4 n L _ ( 2 )( 192 ) _ 12 g kips 

30 


x m = 30.0 in. -4 


P = 12.80 kips A 
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250 mm 

250 mm 250 mm 

PROBLEM 5.152 


c JJd 

Draw the shear and bending-moment diagrams for the beam and loading 
shown, and determine the maximum absolute value (a) of the shear, ( b) of 

50 mm —U 

*— -*j \~*— 50 mm 

the bending moment. 

75 N 

75 N 



SOLUTION 

Reaction at^: + \M B = 0: -0.750/^ + (0.550)(75) + (0.300)(75) = 0 


R a = 85 Nt 


Also, 

A to C: 

C to D \ 

D to B : 

At A and B, M = 0 
Just to the left of C, 


R b = 65 Nt 


V = 85 N 

V = ION 

V = -65 N 


+jLM c = 0: —(0.25)(85) + M = 0 
M = 21.25 N • m 



M N* 





Just to the right of C, 


1 


1 


+ XM C = 0: —(0.25)(85) + (0.050)(75) + M = 0 
M = 17.50 N • m 

Just to the left of D, 

+ XM d = 0: -(0.50)(85) + (0.300)(75) + M = 0 

M = 20 N • m 

Just to the right of D, 

= 0: -M + (0.25)(65) = 0 
M = 16.25 kN 





M 


C 


6 




6S 


(a) 


|F| max = 85.0 N ◄ 


(b) |M| max =21.3N-m ◄ 
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PROBLEM 5.153 

Draw the shear and bending-moment diagrams for the 
beam and loading shown and determine the maximum 
nonnal stress due to bending. 
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0.8 kips 


1.2 kips 


D 


u 


1.2 laps 


I 


1.5 ft 1.2 ft 0.9 ft 


S3 X 5.7 


PROBLEM 5.154 

Determine ( a ) the distance a for which the absolute value of the 
bending moment in the beam is as small as possible, ( b ) the 
corresponding maximum nonnal stress due to bending. (See hint of 
Prob. 5.27.) 


SOLUTION 


+;ZM C = 0: 0.8a - (1.5)(1.2) - (2.7)(1.2) + (3.6)5 = 0 B = 1.4 - 0.22222a t 

+)YM b = 0: (0.8)(3.6 + a) - 3.6C + (2.1)(1.2) + (0.9)(1.2) = 0 C = 1.8 + 0.22222a t 




L- a -y 


o.% 


o.s 


n 


& 


d 


5 


Bending moment at C: +yi]M c = 0: M c + (0.8)(a) = 0 

M c = -0.8a 

Bending moment at D: Y. M D = 0: 

M d + (0.8)(a + 1.5) - 1.5C = 0 
M d = 1.5 - 0.46667a 

Bending moment at E\ +YYM E = 0: ~M E + 0.9 B = 0 


M e = 1.26 - 0.2a 


C 


{= 


6 


Assume = M E : 0.8a = 1.26 - 0.2a a = 1.260 ft -4 

M c = -1.008 kip • ft M e = 1.008 kip • ft M D = 0.912 kip • ft 


Note that \M d \ < 1.008 kip • ft max|M| = 1.008 kip • ft = 12.096 kip • in. 
For rolled-steel section S3 x 5.7: 5 = 1.67 in 3 

|M| 12.096 


Normal stress: 


a = 


1.67 


a = 7.24 ksi 4 
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PROBLEM 5.155 

For the beam and loading shown, determine the equations of the shear 
and bending-moment curves, and the maximum absolute value of the 
bending moment in the beam, knowing that (a) k= l,(b) k= 0.5. 


SOLUTION 


(a) k = 1 . 


Maximum M occurs at 


m k = 2 


At 

At 


L L 

dV ; n ,\ W 0 X 

— = -w = kw 0 - (1 + k)-y- 
ax L 


kw 


V = kw 0 x-(l + k) 


2 L 1 


x = -L, 
3 

x = L, 


V=0 at x = 0 C, =0 

dM t r l „ , S W 0 X 2 

—— = V = kw 0 x-(l + k)—^— 
ax 2 L 


M = 


kw n x 


-(1 + k) 


6 L 


+ C, 


M = 0 at x = 0 C 7 = 0 


M = 


kw 0 x 1 (1 + k)w 0 x 3 


6 L 


x = L. 


V = 0 at x = —L 
3 


M = - 


w, 


(!0 2 M$ L f 


4 L 


Wr.Lr r. 

-5—= 0.03704 W() L 2 
21 


M = 0 


M = 


r = w 0 x 

w 0 x 2 

L 

w 0 x 2 

w 0 x 3 

2 

3 L 

\m\ 

1 Imax 

_ w 0 L 2 
6 


3w 0 x 2 

2 

4 L 

w ; o* 2 

w 0 x 3 

4 

4 L 


◄ 

◄ 

◄ 

◄ 

◄ 
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250 kN 150 kN 




W410 X 114 


PROBLEM 5.156 

Draw the shear and bending-moment diagrams for the beam 
and loading shown and determine the maximum normal stress 
due to bending. 


SOLUTION 


' 

250 

150 

. 7 

1 - 

k 



tf?p 


V (kU) 




l^o 

So 


(3oo) 



(looV 

(-‘joo') 



-2o o 



M (kU-w'l 



Maximum \v\ = 200 kN 


w = 0 

+£M d = 0: 

- 4 R a + (2X250) - (2)050) = 0 

R.j = 50 kN T 

+)I M a = 0: 

4 R d - (2)(250) - (6)(150) = 0 

R d = 350 kN T 


Shear: 

Va 

= 50 kN 

A to C: 

V 

= 50 kN 

C to D: 

V 

= 50- 250 = -200 kN 

D to B : 

V 

= -200 + 350 = 150 lcN 


Areas of shear diagram: 

A to C: l Vdx = (50)(2) = 100 kN • m 

Cto D: \ Vdx = (-200X2) = -400 kN • m 

D to B\ \Vdx = (150)(2) = 300 kN • m 
Bending moments: M A = 0 

M c = M A + \ Vdx = 0 + 100 = 100 kN • m 
M d = M c + f Vdx = 100 - 400 = -300 kN • m 
M b =M d + \ Vdx = -300 + 300 = 0 


Maximum \M\ = 300 kN • m = 300 x 10 3 N • m 


For W410 x 114 rolled-steel section, 


S r = 2200 x 10 3 mm 3 = 2200 x 10“ 6 m 3 


o’,,, — 


\ M l 


300 x 10 


2200x 10 


-6 


= 136.4 xlO 6 Pa 


cr = 136.4 MPa ◄ 
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PROBLEM 5.157 

Beam AB, of length L and square cross section of side a, is 
supported by a pivot at C and loaded as shown, (a) Check that the 
beam is in equilibrium, (b) Show that the maximum normal stress 
due to bending occurs at C and is equal to w 0 Z 2 /(l ,5a)\ 


SOLUTION 

(a) Replace distributed load by equivalent concentrated load at the centroid of the area of the load diagram. 

2 L 1 

For the triangular distribution, the centroid lies at x = W = —w 0 L 

(a) +| Y.F v =0: R d - W = 0 R D = — w 0 Z +^X M c =0: 0 = 0 equilibrium A 


V = 0, M = 0, at jc = 0 

. 2 L dV w n x 

0 < x < —, -= -w =- — 


■vr 


dx 

dM 


L 


_ = F = _V +C : 

dx 2 L 2 L 


m = _V + c 2 =- 3^ 


6 L 


6 L 


Just to the left of C, 
Just to the right of C, 


v = _M2L/3 T= _2 
2 L 9 


2 5 

V = —WnL + R n = —WaZ. 
9 18 0 



Note sign change. Maximum |m| occurs at C. 


Maximum \M\ = —w n C 2 
1 1 81 0 


M c =~ 


w 0 (2I/3) 3 
6 L 


rZ 

=- w n L 

81 


For square cross section. 
| M 


/ = —a 4 

12 


c = —a 
2 


( b ) °m = 


max C _ ^ W 0 L ^ _ 8 W Q L 


81 a 3 27 a 3 


2 

v3y 


w 0 L 


cr„. = 


w 0 L 

(1.5a) 3 
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PROBLEM 5.158 

For the beam and loading shown, design the cross section of the 
beam, knowing that the grade of timber used has an allowable 
normal stress of 1750 psi. 


SOLUTION 


+ 


1.5 lo'pi/ft" 



V (kips) 




Reactions: By symmetry, A=D. 

|X/\, = 0: A - ^-(3X1.5) - (6X1.5) - |(3)(1.5) -D = 0 
A = D = 6.75 kips t 
Shear diagram: V A = 6.75 kips 

V B = 6.75 - i(3X1.5) = 4.5 kips 

V c = 4.5 - (6X1.5) = -4.5 kips 

V D = -4.5 - y(3)(1.5) = -6.75 kips 

Locate point E where V = 0. 

By symmetry, E is the midpoint of BC. 

Areas of the shear diagram: 

A toB: (3)(4.5) + |(3)(2.25) = 18 kip • ft 


B to E: —(3)(4.5) = 6.75 kip • ft 


E to C: — (3)(-4.5) = -6.75 kip • ft 
C to D : By antisymmetry, - 18 kip • ft 
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PROBLEM 5.158 (Continued) 

Bending moments: M A = 0 
M b = 0 + 18 = 18 kip • ft 
M e = 18 + 6.75 = 24.75 kip • ft 
M c = 24.75 - 6.75 = 18 kip • ft 
M d = 18-18 = 0 


| M 


I max 


M 


I max 


(24.75 kip • ft)(12 in./ft) 
1.750 ksi 


= 169.714 in 


max 


max 


For a rectangular section, 


5 = —bh 
6 



h = 14.27 in. -4 
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SOLUTION 


A 


ZM C =0: (17)(62)-125 + (5)(62) = 0 
+ \ZM B = 0: (5)(62) + 12C + (17)(62) = 0 


Shear diagram: 

A to B : 

B + to C : 

C7 to D: 

Areas of shear diagram: 
A to B: 

B to C: 

C to D : 

Bending moments: 


(5)(—62) = -310 kip • ft 
(12)(51.667) = 620 kip-ft 
(5)(—62) = -310 kip • ft 


M a = 0 


M b = 0 — 310 = -310 kip-ft 
M c = -310 + 620 = 310 kip - ft 
M d = 310-310 = 0 

|M|max= 310 kip • ft = 3.72 x 10 3 kip - in. 


Required S n 


e = 

‘“’min 


Wl 


y all 


3.72x 10 3 ,„. 3 

-= 155 in 

24 


C = - 


5 = 113.667 kips T 
113.667 kips or C = 113.667 kips i 


V = -62 kips 

V = -62 + 113.667 = 51.667 kips 

V = 5 \ .667 -113.667 = -62 kips 




Te, 


Shape 

S(in 3 ) 

W27 x 84 

213 

W21 x 101 

227 

W18 x 106 

204 

W14 x 145 

232 


Use W27 x 84. ◄ 
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PROBLEM 5.160 

Three steel plates are welded together to form the 
beam shown. Knowing that the allowable nonnal stress 
for the steel used is 22 ksi, detennine the minimum 
flange width b that can be used. 


SOLUTION 

Reactions: 


+)SM £ = 0: -42 A + (37.5)(8) + (23.5)(32) - (9.5)(32) = 0 
A = 32.2857 kipsT 

+yLM A = 0: A2E- (4.5)(8) - (18.5)(32) - (32.5)(32) = 0 
E = 39.7143 kips T 


Shear: 
A to B 
B to C 
C to D 
D to E 
Areas: 


8 ki 32 k> ps 32 kv pi 


32.2857 kips 

32.2857-8 = 24.2857 kips 
24.2857-32 = -7.7143 kips 
-7.7143-32 = -39.7143 kips 


4 

A 



■ 

14 fV 
« > 

1444 
«-*■ 

t 

I.STVi 


4.S44 

V, k>’p& 


A to B : 

(4.5)(32.2857) = 145.286 kip-ft 


32.2857 
-1 24.2857 


B toC: 

(14)(24.2857) = 340 kip - ft 



<1 P £ 

C toD: 

(14)(—7.7143) = -108 kip-ft 

A 

B 

-7.7143 



Bending moments: 


M a = 0 

M b = 0 +145.286 = 145.286 kip • ft 
M c = 145.286 + 340 = 485.29 kip • ft 
M d = 485.29 -108 = 377.29 kip • ft 
M e = 377.29 -377.286 = 0 


M > U’>p-F+ 


405.21 


■31.7143 


377.21 



Maximum \M\ = 485.29 kip • ft = 5.2834 x 10 J kip • in. 


<r all = 22 ksi 


5 min = 


\M\ 5.2834 xlO 3 


'all 


I = — 
12 v 


22 


~ |(19) 3 + 2 


= 264.70 in 3 


^(h)(l) 3 + (h)(l)(10) 2 


= 428.69 + 200.17b 


c = 9.5+1 = 10.5 in. 

S min =- = 40.828 + 19.063b = 264.70 
c 


b = 11.74 in. ◄ 
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10 kN 


80 kN/m 









1 m 

1 m 



D 


W530 X 150 


PROBLEM 5.161 

(a) Using singularity functions, find the magnitude and 
location of the maximum bending moment for the beam 
and loading shown. ( b ) Determine the maximum normal 
stress due to bending. 


SOLUTION 

+)M d = 0: (6)(10) - 5 R b + (2)(4)(80) = 0 

R b = 140 kN 


w = 80 ^x - 2^° kN/m = -dV/dx 

V = -10 + 140(x - l)° - 80(x - 2)' lcN 

A to B\ 

V = -10 kN 

B to C: 

V = -10+ 140 = 130 kN 

D . (x = 6) 

V = -10+ 140 - 80(4) = -190 kN 

V changes sign at B and at point E (x = x E ) between C and D. 


V = 0 = -10 + 140(x £ - 1)° - 80(x £ - 2) 1 


= -10 + 140 - 80(x £ - 2) x E = 3.625 m 


M = -10* + 140(x - l) 1 - 40(x - 2) 2 kN • m 

At pt. B , x = 1 

M b = —(10)(1) = -lOkN • m 

Atpt . E, x = 3.625 

M e = -(10)(3.625) + (140)(2.625) - (40)(1.625) 2 = 225.6 kN • m 

0) 

\M\ = 225.6 kN • m at x = 3.63 m ◄ 

1 Imax 

For W530 x 150, 

S = 3720 X 10 3 mm 3 = 3720 x 10“ 6 m 3 

(b) Normal stress: 

\M\ 225.6 xlO 3 in6n 

c = J — 1 =-- = 60.6 x 10 Pa 

5 3720 x 10“ 6 


cr = 60.6 MPa ◄ 
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PROBLEM 5.162 

The beam AB, consisting of an aluminum plate of uniform thickness b and 
length L , is to support the load shown, (a) Knowing that the beam is to be 
of constant strength, express h in terms of x, L, and ho for portion AC of the 
beam. ( b ) Determine the maximum allowable load if L = 800 mm, 
h 0 = 200 mm, b = 25 mm, and cr al | = 72 MPa. 
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PROBLEM 5.163 

A cantilever beam AB consisting of a steel plate of uniform depth h and variable 
width b is to support the concentrated load P at point A (a) Knowing that the beam 
is to be of constant strength, express b in terms of x, L, and b 0 . (b) Determine the 
smallest allowable value of h if L = 300 mm, b () = 375 mm, P = 14.4kN, and 
er all =160 MPa. 


SOLUTION 


For a rectangular cross section, 
Equating, 

(a) At x = 0, 


Solving for h, 
Data: 

(b) 


+)IMj= 0: -M-P(L-x) = 0 
M = -P(L —x) 

\M\ = P(L-x) 

\M\ P(L-x) 


S = - 


'all 


'all 


5 = —bh 2 
6 


b = 


6 P{L-x) 


'all 




b = b 0 = 


6 PL 


h = 


6PL 






C J 




L = 300 mm = 0.300 m, b 0 = 375 mm = 0.375 m 
P = 14.4 kN = 14.4x 10 3 N m, cr all =160 MPa = 160x 10 6 Pa 


(6X14.4x10^0.300) =m8xl0 _ 3m 
1 (160x 10 6 )(0.375) 




b = b n 


f X^ 

1 -- 
V Lj 


' = 20.8 mm A 
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"~l 



fcj 

p 2 

' ' 

p, 

1 


A-21- 


PROBLEM 5.Cl 

Several concentrated loads P i (i = 1, 2,..., n ) can be applied to a beam as 
shown. Write a computer program that can be used to calculate the shear, 
bending moment, and normal stress at any point of the beam for a given 
loading of the beam and a given value of its section modulus. Use this 
program to solve Probs. 5.18, 5.21, and 5.25. {Hint: Maximum values will 
occur at a support or under a load.) 


SOLUTION 

Reactions at A and B 

+yLM A = 0: R b L - ’^P j (x i - a) 

i 

r a =^v-r, 

i 

We use step functions (See bottom of Page 348 of text.) 

We define: 

If x > a Then STP ,4=1 Else STP ,4 = 0 

If x>a + L Then STP B = \ ElseSTPR = 0 

If x > Xj Then STP (/) = 1 Else STP (I) =0 

V = R a STP,4 + R b STP B-^Pi STP (I) 

i 

M = R a (x - a) STP A + R B (x-a-L) STP R-^/)(x-x ; ) STP (I) 

i 

a = M/S, where S is obtained from Appendix C. 

Program Outputs 

Problem 5.18 

R a = 80.0 kN R b = 80.0 kN 


X 

V 

M 

(J 

m 

kN 

kN-m 

MPa 

2.00 

0.00 

104.00 

139.0 
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L 

1 


1 A' 


ts J 

(X 

c L ^ 

r b' ] 
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PROBLEM 5.C1 (Continued) 



Program Outputs ( Continued) 






Problem 5.21 







i?, = 52.5 kips 

R 2 = 22.5 kips 







X 

V 

M 

(7 




ft 

kips 

kip • ft 

ksi 




0.00 

-25.00 

0.00 

0.00 




1.00 

27.50 

-25.00 

-7.85 




3.00 

2.50 

30.00 

9.42 




9.00 

-22.50 

45.00 

14.14 


◄ 


11.00 

0.00 

0.00 

0.00 



Problem 5.25 







R l = 10.77 kips 

R 2 = 4.23 kips 







X 

V 

M 


<J 



ft 

kips 

kip • in. 


ksi 



0 

-5.00 

0 


0 



5 

5.69 

-300.00 


-10.34 



13 

-4.23 

253.8 


8.75 



18 

-4.23 

0 


0 
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PROBLEM 5.C2 




A timber beam is to be designed to support a distributed load and 
up to two concentrated loads as shown. One of the dimensions of 
its uniform rectangular cross section has been specified and the 
other is to be determined so that the maximum normal stress in 
the beam will not exceed a given allowable value cr all . Write a 
computer program that can be used to calculate at given intervals 
A L the shear, the bending moment, and the smallest acceptable 
value of the unknown dimension. Apply this program to solve 
the following problems, using the intervals A L indicated: 
(a) Prob. 5.65 (AL = 0.1 m), ( b ) Prob. 5.69 (AT = 0.3 in), 
(c) Prob. 5.70 (A L = 0.2 m). 


SOLUTION 

Reactions at A and B\ 


+ ;ZM 4 = 0: R b L - P i (xj - a)-P 2 ( x 2 -a)- w(x 4 -x 3 ) 


-a 


= 0 


Rr =~ 
B L 


P x (xj - a) + P 2 ( x 2 -a) + — w(x 4 - x 3 ){x 4 + x 3 - 2d) 


r a = p \ + P 2 + W ( X 4 ~ x 3 )~ r b 


We use step functions. (See bottom of Page 348 of text.) 

Set n = 

(a + b + L)/AL 


For i = 

0 to n: x = (A L)i 


We define: 



If x > a 

Then STP A = 1 

Else STP ^4 = 0 

If x>a + L Then STP B = 1 

Else STP B = 0 

If x > x 1 

Then STP 1 = 1 

Else STP 1 = 0 

If x> x 2 

Then STP 2 = 1 

Else STP 2 = 0 

If x> x 3 

Then STP 3=1 

Else STP 3 = 0 

If x> x 4 

Then STP 4 = 1 

Else STP 4 = 0 



- , 

P 



'I 1 'f' 







/>/■. . 

7^ 

\Jl A 

/ —Su—, 


a- 


V = R a Step A + R b STP B - P x STP1 -P 2 STP2 - w(x -x 3 )STP3 + w(x - x 4 )STP4 
M = R A (x - a)STP A + R B (x - a- Z,)STP B - /](x -Xj)STPl 
—P 2 (x-x 2 ) STP2 - y w{x - x 3 ) 2 STP3 + ^-w(x-x 4 ) 4 STP4 


S mm = 


\M\ 


^ all 
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PROBLEM 5.C2 (Continued) 


If unknown dimension is h : 

From 



we have h = \j6S/t 


If unknown dimension is t \ 

From 



we have t = 6Slh 2 


Program Outputs 

Problem 5.65 R A = 2.40 kN R g = 3.00 kN 


X 

m 

V 

kN 

M 

kN-m 

H 

mm 

0.00 

2.40 

0.000 

0.00 

0.10 

2.40 

0.240 

54.77 

0.20 

2.40 

0.480 

77.46 

0.30 

2.40 

0.720 

94.87 

0.40 

2.40 

0.960 

109.54 

0.50 

2.40 

1.200 

122.47 

0.60 

2.40 

1.440 

134.16 

0.70 

2.40 

1.680 

144.91 

0.80 

0.60 

1.920 

154.92 

0.90 

0.60 

1.980 

157.32 

1.00 

0.60 

2.040 

159.69 

1.10 

0.60 

2.100 

162.02 

1.20 

0.60 

2.160 

164.32 

1.30 

0.60 

2.220 

166.58 

1.40 

0.60 

2.280 

168.82 

1.50 

0.60 

2.340 

171.03 

1.60 

-3.00 

2.400 

173.21 

1.70 

-3.00 

2.100 

162.02 

1.80 

-3.00 

1.800 

150.00 

1.90 

-3.00 

1.500 

136.93 

2.00 

-3.00 

1.200 

122.47 

2.10 

-3.00 

0.900 

106.07 

2.20 

-3.00 

0.600 

86.60 

2.30 

-3.00 

0.300 

61.24 

2.40 

0.00 

0.000 

0.05 


◄ 
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PROBLEM 5.C2 (Continued) 

Program Outputs (Continued) 

Problem 5.69 

R a = 6.50 kN R b = 6.50 kN 


X 

111 

V 

kN 

M 

kN • m 

H 

min 

0.00 

2.50 

0.000 

0.00 

0.30 

2.50 

0.750 

61.24 

0.60 

9.00 

1.500 

86.60 

0.90 

7.20 

3.930 

140.18 

1.20 

5.40 

5.820 

170.59 

1.50 

3.60 

7.170 

189.34 

1.80 

1.80 

7.980 

199.75 

2.10 

-0.00 

8.250 

203.10 

2.40 

-1.80 

7.980 

199.75 

2.70 

-3.60 

7.170 

189.34 

3.00 

-5.40 

5.820 

170.59 

3.30 

-7.20 

3.930 

140.18 

3.60 

-2.50 

1.500 

86.60 

3.90 

-2.50 

0.750 

61.24 

4.20 

0.00 

0.000 

0.06 
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PROBLEM 5.C2 (Continued) 

Program Outputs (Continued) 

Problem 5.70 

R a = 2.70 kN R b = 8.10 kN 


X 

m 

V 

kN 

M 

kN-m 

T 

mm 

0.00 

2.70 

0.000 

0.00 

0.20 

2.10 

0.480 

10.67 

0.40 

1.50 

0.840 

18.67 

0.60 

0.90 

1.080 

24.00 

0.80 

0.30 

1.200 

26.67 

1.00 

-0.30 

1.200 

26.67 

1.20 

-0.90 

1.080 

24.00 

1.40 

-1.50 

0.840 

18.67 

1.60 

-2.10 

0.480 

10.67 

1.80 

-2.70 

0.000 

0.00 

2.00 

-3.30 

-0.600 

13.33 

2.20 

-3.90 

-1.320 

29.33 

2.40 

3.60 

-2.160 

48.00 

2.60 

3.00 

-1.500 

33.33 

2.80 

2.40 

-0.960 

21.33 

3.00 

1.80 

-0.540 

12.00 

3.20 

1.20 

-0.240 

5.33 

3.40 

0.60 

-0.060 

1.33 

3.60 

0.00 

- 0.000 

0.00 
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PROBLEM 5.C3 



Two cover plates, each of thickness t, are to be welded to a wide- 
flange beam of length L that is to support a uniformly distributed 
load w. Denoting by cr all the allowable normal stress in the beam 
and in the plates, by d the depth of the beam, and by I h 
and S b , respectively, the moment of inertia and the section 
modulus of the cross section of the unreinforced beam about a 
horizontal centroidal axis, write a computer program that can 
be used to calculate the required value of ( a ) the length a of the 
plates, ( b ) the width b of the plates. Use this program to solve 
Prob. 5.145. 


SOLUTION 

(a) Required length of plates : 


But 


FB = AD: 


+^LM D = 0: M d +wx 


— | - R a x = 0 


Divide by jw: 


Set /fc = ^IL 


w 


Solving the quadratic, 


R a =—wL and M d =Sct m . 


x 2 - Lx + (2Scr all /w) = 0 


x l — Lx + k = 0 
L -^L 2 -4k 


x = - 


Compute x and 

( b) Required width of plates : 

At midpoint C of beam: 


a = L - 2x 


FB = AC: 


Compute 


r „. , „ wL L wL L 

+ ,LAL — 0: LIL H-— 0 

' c c 2 4 2 2 


1 , 

M c = — wL 





◄ 
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PROBLEM 5.C3 (Continued) 


Compute 

From 

But 

Solving for 6, 

Program Outputs 

Problems 5.155: 


Problem 5.145 


Problem 5.157: 


Problem 5.143 


C — t H —d 
2 

M c C , M r C 

<r all = —-— compute 1 = —-— 

1 ^all 


I -^beam Opiates ^ 


1,3 , (d + 

—bi + bt 
12 


b — ■ 


6 (I-I b ) 


t[t 2 +3(d + tf] 


W460 x 74, cr all =150 MPa 

w — 40 kN/m, L = 8m, t = 7.5 mm 

d = 457 mm, I h = 333x 10 6 mm 4 , S = 416x 10 J mm J 

a = 4.49 m 
6 = 211 mm 

W30 x 99, <r all = 22 ksi 

w = 30 kips/ft, L = 16ft, ? = 5/8 in. 
d = 29.65 in., /,, = 3990 in. 4 , S'= 269 in. 3 

<3=11.16 ft 
6 = 14.31 in. 


◄ 
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•*1 

1“ 

25 kips PROBLEM 5.C4 


H 

X 

]__1 slowly across the 18-ft beam AB. Write a computer program and 

use it to calculate the bending moment under each load and at the 
-— 9 ft —- midpoint C of the beam for values of x from 0 to 24 ft at intervals 

l8f t -► Ax-1.5 ft. 


SOLUTION 

Notation : 

Loads: 


Length of beam = L = 18 ft 

/J = P 2 = P = 25 kips 
Distance between loads = d = 6 ft 


We note that d < LI 2. 
(1) From 


Under P{. 
At C: 

(2) From 


Under P x \ 
Under P 2 : 
(2A) From 


x = 0 to x = d : 


+)IM b =0: P(L-x)-R a L = 0 
R a = P(L-x)/L 


Mj = R 4 x 


(L' 

| JL ) 

- 


U, 

! U J 


x = d to x = L: 

+)LM b = 0: P(L-x) + P(L-x+d) 

-R a l = o 

R a =P(2L-2x + d)/L 
M, = R a x - Pd 
M 2 =R 4 (x-d) 
x — d to x = L/2: 


f- 

-P 

f L ) 

Lj 


l2 J 


-P 


L 

-x + d 

v2 


= R 4 (L/2)-P(L-2x + d) 




ft 


A 


Z. 


3 






1 


4*- C 


1 — - L — 



3 
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PROBLEM 5.C4 (Continued) 


(2B) From 


x = L! 2 to x = L/2 + d\ 


M c = R a (L/2)-P 


L 

- x + d 

2 


(2C) From 


(3) From 


Under P 2 : 
At C: 

Program Output 



X = 

= L/2 + d 

to x = 

L: 


M c - 

= R a LI 2 




X - 

- L to x 

— L ~\~ d\ 




= 0: P(L- 

■x + d) — 

r a l = o 


R a = 

+ 

H 

d)/L 



M z = 

= R a (x - d) 




M c = 

~-R a (L/2) 




P = 

-- 25 kips. 

<++ 

OC 

II 

D = 6 ft 

X 

M c 

M, 


m 2 

ft 

kip • ft 

kip • ft 


kip • ft 

0.0 

0.00 

0.00 


0.00 

1.5 

18.75 

34.38 


0.00 

3.0 

37.50 

62.50 


0.00 

4.5 

56.25 

84.38 


0.00 

6.0 

75.00 

100.00 


0.00 

7.5 

112.50 

131.25 


56.25 

9.0 

150.00 

150.00 


100.00 

10.5 

150.00 

156.25 


131.25 

12.0 

150.0 

150.00 


150.00 

13.5 

150.00 

131.25 


156.25 

15.0 

150.00 

100.00 


150.00 

16.5 

112.50 

56.25 


131.25 

18.0 

75.00 

0.00 


100.00 

19.5 

56.25 

0.00 


84.38 

21.0 

37.50 

0.00 


62.50 

22.5 

18.75 

0.00 


34.38 

24.0 

0.00 

0.00 


0.00 



^ = P 
x-aL^-l 
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PROBLEM 5.C5 

Write a computer program that can be used to plot the shear and 
bending-moment diagrams for the beam and loading shown. Apply this 
program with a plotting interval A L = 0.2 ft to the beam and loading 
of (a) Prob. 5.72, ( b ) Prob. 5.115. 


SOLUTION 


Reactions at A and B: 


Using FB diagram of beam, 


f) I.M a = 0: R B L — Pb — wa{al 2) = 0 

f 1 2 

R B =(l/L) Pb H— wa 2 
V 2 

R a = P + wa - R b 


a.■ 


Wa 


4P 


We use step functions (see bottom of Page 348 of text). 

set n = L/AL. For i = 0 to n: x = (A L)i 


We define: 

Ifx3=fl Then STP A = 1 Else STP,4 = 0 

If jc 35 b Then STP B = 1 Else STP B = 0 


V = R a -wx+ w(x - a) STP A -P STP B 
M = R a x-^wx 2 w(x - a) 2 STP A - P(x - b )STP B 

Locate and Print (x, v) and (x, M ) 

See next pages for program outputs 
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PROBLEM 5.C5 (Continued) 

Program Outputs 

Problem 5.72 

R 4 = 48.00 kips R g = 42.00 kips 


Shear Diagram 



Moment Diagram 
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PROBLEM 5.C5 (Continued) 

Program Outputs (Continued) 

Problem 5.115 


R 4 = 40.50 kips R b = 27.00 kips 

Shear Diagram 



Moment Diagram 



0 5 10 15 20 

x (ft) 
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PROBLEM 5.C6 

Write a computer program that can be used to plot the shear and 
bending-moment diagrams for the beam and loading shown. Apply 
this program with a plotting interval A L = 0.025 m to the beam and 
loading of Prob. 5.112. 


SOLUTION 


Reactions at A andR : 

+}YM a = 0: R b L+M b -M A =w(b-a)^(a + b) = 0 


M A ~M b + ^w(b 2 -fl 1 ) 


R B =m 

R a = w(b -a)-R g 

We use step functions (see bottom of Page 348 of text). 

T. 

Set 


For 

We define: 


n = — 

A L 

i = 0 to n : x = (A L)i 

If x ^ a Then STPJ = 1 Else STPJ = 0 
If x 3* b Then STPR = 1 Else STPR = 0 


I 'A, 


A 


S (a+b) "AAf(b - n) 





1—;— 

t 3 

l'I 



i. 

*N- 

L 

f 

-5- 


3 


V = R a - w(x - a) STPyf + w(x- b) STPR 
M = M A + R a x - — w(x - a) 2 STPj4 + —w(x — b) 2 STPR 


Locate and print (x, V) and (x, M). 
Program output on next page 
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PROBLEM 5.C6 (Continued) 


Program Output 

Problem 5.112 


R 4 = 29.50 kips R B = 66.50 kips 

Shear Diagram 



Moment Diagram 
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CHAPTER 6 
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PROBLEM 6.1 

Three full-size 50 x 100-mm boards are nailed together to form a 
beam that is subjected to a vertical shear of 1500 N. Knowing that the 
allowable shearing force in each nail is 400 N, determine the largest 
longitudinal spacing s that can be used between each pair of nails. 


SOLUTION 


I = —bh 3 = — (100)(150) 3 = 28.125 x 10 6 mm 4 
12 12 

= 28.125 x 10“ 6 m 4 


A = (100)(50) = 5000 mm 2 
y x = 50 mm 

Q = Ay x = 250 x 10 3 mm 3 = 250 x 10 “ 6 m 3 

VQ = (1500X250 x Hr*) = ^ 3333 „ N/m 
/ 28.125 xl0 “ 6 


qs = 2F r 


2 K 


nail 


S = 


nail 


(2)(400) 
13.3333 x 10 3 


= 60.0 x 10 “ 3 m 



5 = 60.0 mm A 
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PROBLEM 6.2 

For the built-up beam of Prob. 6.1, determine the allowable shear if 
the spacing between each pair of nails is s = 45 mm. 

PROBLEM 6.1 Three full-size 50 x 100-mm boards are nailed 
together to form a beam that is subjected to a vertical shear of 1500 N. 
Knowing that the allowable shearing force in each nail is 400 N, 
determine the largest longitudinal spacing s that can be used between 
each pair of nails. 
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SOLUTION 


Dividing Eq. (2) by Eq. (1), 


L = — bh 2 + Ad 2 
1 12 

= ~(6)(2) 3 + (6)(2)(3) 2 = 112 in 4 

/, = —bh 2 = —(2)(4) 3 = 10.6667 in 4 
" 12 12 

/ 3 = /j = 112 in 4 
/ = /j + i 2 + i 3 = 234.67 in 4 
Q = 4?i = (6)(2)(3) = 36 in 3 

0* = F nail (0 

( 2 ) 

1 _ VQ 


v _ ^ _ (150X234.67) 
0s (36)(3) 


®'rT- 

®-E__ 


X 

y. 


F = 326 lb ◄ 
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PROBLEM 6.4 

80 mm t 

20 mm ' 

L ' 

A square box beam is made of two 20x80-mm planks and two 
20xl20-mm planks nailed together as shown. Knowing that the 
spacing between the nails is 5 = 30 mm and that the vertical shear in 
the beam is V = 1200 N, determine (a) the shearing force in each nail, 

(b) the maximum shearing stress in the beam. 

120 imrT^ 



SOLUTION 


I = —b 2 hl ~—b£ 

12 2 2 12 1 1 

= ^(120)(120) 3 -^(80)(80) 3 =13.8667 xlO 6 mm 4 
= 13.8667 xl(T 6 m 4 


(a) 4 = (120)(20) = 2400 mm 2 

y x = 50 mm 

Q t = AJ X = 120 x 10 3 mm 3 = 120 x 10~ 6 m 3 

Z g = (1200)(120xl0- 6 ) =i03846 x 1 Q 3N/m 

/ 13.8667 x 10~ 6 

W = 2F nail 

_ qs _ (10.3846xl0 3 )(30xl0~ 3 ) 
nail ~ 2 ~ 2 


(b) Q = Q\+ (2)(20)(40)(20) 

= 120xl0 3 +32xl0 3 =152xl0 3 mm 3 
= 152xl0~ 6 m 3 


(1200)(152 x 10~ 6 ) 


VQ = _ 

It (13.8667 xl0~ 6 )(2x 20 xl0~ 3 ) 


= 329 x 10 Pa 




T 

50v* 


F na ,i = 155.8 N ◄ 


7///////A 


i 


Z/, 

£ 


4ov. 


= 329 kPa ◄ 
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""" ~r 

V" 



L--—S31 

M. 






16 X 200 mm PROBLEM 6.5 

The American Standard rolled-steel beam shown has been reinforced by 
attaching to it two 16 x 200 -mm plates, using 18-mm-diameter bolts 
spaced longitudinally every 120 mm. Knowing that the average allowable 
shearing stress in the bolts is 90 MPa, determine the largest permissible 
vertical shearing force. 


SOLUTION 


Calculate moment of inertia: 


Part 

A (mm 2 ) 

d (mm) 

Anf 2 ( 10 6 mm 4 ) 

7(1 0 6 mm 4 ) 

Top plate 

3200 

*160.5 

82.43 

0.07 

S310x 52 

6650 

0 


95.3 

Bot. plate 

3200 

*160.5 

82.43 

0.07 

Z 



164.86 

95.44 


* juj io 

cl = -1-= 160.5 mm 

2 2 

/ = ZAd 2 + Z7 = 260.3 x 10 6 mm 4 = 260.3 x 10“ 6 m 4 
Q = A vlate d p ]ate = (3200)(160.5) = 513.6 x 10 3 mm 3 = 513.6 x 10“ 6 m 3 


\o\l 

^boit 

qs 


q 


^boit = ^( 18 x 10 “ 3 ) 2 = 254.47 x 10 _ 6 m 2 
r aiiAoit = (90 x 10 6 )(254.47 x 10“ 6 ) = 22.90 x 10 3 N 


2 R 


bolt 


q = 


2 F, 


bolt 


(2)(22.90 x 10 3 ) 


120 x 10 


,-3 


= 381.7 x 10 3 N/m 


VQ 

I 


v= l 1= (260.3 xlQ- 6 )(381.7xl0 3 ) = ^ $ ^ N 


Q 


513.6x 10 


-6 


V = 193.5 kN ◄ 
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y , PROBLEM 6.6 

s 16 in. X j in. 


V- 

— 1 


'V 

J 

c 

u 


-C12 X 20.7 


The beam shown is fabricated by connecting two channel shapes and two 
plates, using bolts of -|-in. diameter spaced longitudinally every 7.5 in. 
Determine the average shearing stress in the bolts caused by a shearing 
force of 25 kips parallel to the y axis. 


SOLUTION 


For top plate, 


02 x 20.7: d = 12.00 in., I x =129 in 4 


f 1 ! 


UJ 

UJ 


y = - 


i (i V (i i 

I t = —(16) - +(16) - |(6.25) 2 =312.667 in 4 

\ 2 , 


12 




For bottom plate, I b = 312.667 in 4 

Moment of inertia of fabricated beam: 

1 = (2)(129) + 312.667 + 312.667 
= 883.33 in 4 

2 = VeF P iate=06)^ j(6.25) = 5O in 3 

VQ (25X50) ,. 

q = — = -———- = 1.41510 kips/in. 

/ 883.33 


j-i 1 

^boit =T^ = 


j |(1.41510)(7.5) = 5.3066 kips 


A — ^ (si \2 _ ft 
Aolt “ v^bolt / - ~ 


-I =0.44179 in 2 
4 , 




bolt 


5.3066 


Act 0.44179 


= 12.01 ksi 


*boit = 12.01 ksi ◄ 
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y 


PROBLEM 6.7 


m 

m 

A columm is fabricated by connecting the rolled-steel members shown by 

C8 X 13.7 


bolts of j-in. diameter spaced longitudinally every 5 in. Determine the 
average shearing stress in the bolts caused by a shearing force of 30 kips 
parallel to the y axis. 

/ V 





S10 X 25.4 — 





cu 

dJ 



SOLUTION 


yzzzzzzz ^ 


i 

x_ 

J, * 


1 r I 


Geometry: 

/ = +«w)c 

= — +0.303 = 5.303 in. 

2 

x = 0.534 in. 

y x =f-x = 5.303 - 0.534 = 4.769in. 


Determine moment of inertia. 


Part 

A( in 2 ) 

d (in.) 

+W 2 (in 4 ) 

/ (in 4 ) 

C8 x 13.7 

4.04 

4.769 

91.88 

1.52 

S10 x 25.4 

7.45 

0 

0 

123 

C8 x 13.7 

4.04 

4.769 

91.88 

1.52 

Z 



183.76 

126.04 


/ = IAd z + U = 183.76 + 126.04 = 309.8 in 4 
Q = Ay x = (4.04)(4.769) = 19.2668 in 3 
VQ (30)(19.2668) 


<7 = 


/ 


309.f: 


= 1.86573 kip/in. 


j-i 1 

^boit = 2 qs = 


| | (1.86573)(5) = 4.6643 kips 


A - — d 2 - — 

^bolt _ ^ “bolt _ ^ 


Aiolt 


Fy 


bolt 


^bolt 


4.6643 

0.44179 


= 0.44179 in" 


= 10.56 ksi 


r boit =!0.56ksi ◄ 
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PROBLEM 6.8 



CL 


The composite beam shown is fabricated by connecting two W6 x 20 rolled-steel 
members, using bolts of J--in. diameter spaced longitudinally every 6 in. Knowing 
that the average allowable shearing stress in the bolts is 10.5 ksi, determine the largest 
allowable vertical shear in the beam. 


V 





SOLUTION 


Composite: 


Bolts: 


Shear: 


W6 x 20: A = 5.87 in 2 , d = 6.20 in., I x = 41.4 in 4 

y = —d = 3.1 in. 

2 


/ = 2 [41.4 + (5.87)(3.1) 2 ] 

= 195.621 in 4 

Q = Ay = (5.87)(3.1) = 18.197 in 3 


d = — in., r all = 10.5 ksi, s = 6 in. 


A -- 

A bolt - 4 


f 


= 0.30680 in 


v°y 

^boit = rail Aoit = (10.5X0.30680) = 3.2214 kips 
2F bolt _ (2)(3.2214) 


<7 = 


6 


= 1.07380 kips/in. 


VQ Ig (195.621)(1.0780) 

/ ~ Q~ 18.197 



V = 11.54 kips ◄ 
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PROBLEM 6.9 

For the beam and loading shown, consider 
section n-n and determine (a) the largest shearing 
stress in that section, ( b ) the shearing stress at 
point a. 


Dimensions in mm 


SOLUTION 

+)IM b = 0: -23 A + (1.5)(72) = 0 
A = 46.957 kN t 

At section n-n, V = A = 46.957 kN 

Calculate moment of inertia: 



At a. 


At b. 


At NA, 


1 = 2 


— (15)(40) 3 


+ 2 


—(15)(80) 3 


+ ~(30)(120 3 ) 


= 5.76 x 10 6 mm 4 = 5.76x 10~ 6 m 4 


t a = 30 mm = 0.030 m 
a=(30x20)(50) = 30xl0 3 mm 3 
= 30x 10~ 6 m 3 

VQ a (46.957 xl0 3 )(30xlQ- 6 ) 
Ta ~ It a ~ (5.76 x 10 6 )(0.030) 

= 8.15 x 10 6 Pa = 8.15 MPa 



t b = 60 mm = 0.060 m 

Q b =Q a +(60x20)(30) = 30x10 3 +36x 10 3 =66xl0 3 ium 3 =66xl0 _ 6 m 4 



(46.957 x 10 3 )(66 x 10 ~ 6 ) 
(5.76 x 10 6 )(0.060) 


= 8.97 xl0 6 Pa= 8.97 MPa 


? na = 90 mm = 0.090 m 

g NA =^+(90x20)(10) = 66xl0 3 +18xl0 3 = 84xl0 3 miu 3 =84xl0 _6 m 3 
r NA A = (46 - 9 j 7X !.° 3 6 )(84X 10 " } = 7.6!x 10*Pa = 7.61 MPa 


It 


NA 


(5.76x 10 )(0.090) 


(«) r max occurs at b. r max = 8.97 MPa ◄ 

(b) v a =8.15 MPa A 
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0.3 m 


10 kN 

11 


1.5 m 


PROBLEM 6.10 



200 mm 


For the beam and loading 
shown, consider section n-n 
and determine (a) the largest 
shearing stress in that section, 
( b ) the shearing stress at 
point a. 
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1 25 kips 


t 



PROBLEM 6.11 

For the beam and loading shown, 
consider section n-n and determine 
(a) the largest shearing stress in that 
section, ( b ) the shearing stress at point a. 
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PROBLEM 6.11 (Continued) 


(b) r„: At point a, t = 0.25 in. 


See sketch above. 


Q a = 4.5 in 3 + 8.203 in 3 = 12.70 in 3 


VQ a (25 kips)(12.70 in 3 ) 

r a = 11.16 ksi ◄ 

" It (113.8 in 4 )(0.25 in.) 
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i in. PROBLEM 6.12 

A _ 

| For the beam and loading shown, consider 

I i„. section n-n and determine (a) the largest shearing 
stress in that section, ( b ) the shearing stress at 
point a. 


SOLUTION 

By symmetry, R A = R B . 


From the shear diagram, 


+JZF v = 0: ^+2^-10-10 = 0 
R a = R b = 10 kips 

V = 10 kips at n-n. 

I = —b 2 hl - —bhf 
12 2 2 12 1 1 

= —(4)(4) 3 - —(3)(3) 3 = 14.5833 in 4 
12 12 


(a) 


Q = + A 2 y 2 = (3)^— 1(1.75) + (2)^— |(2)(1) = 4.625 in 

1 1 , ■ 

t = —i— = 1 in. 

2 2 

_ VQ _ (10)(4.625) 


3 


(b) 


It (14.5833)(1) 


Q - Aty - (4)(1.75) = 3.5 in 3 

1 1 , ■ 

t = —i— = 1 in. 

2 2 


r = 


VQ (10)(3.5) 


It (14.5833)(1) 


vOd ps ) 


\o 


-\o 


5 

s 

yy/sss:. 

\ 


$ 



2 in. 


W = 3.17 ksi ◄ 

2 m. 

_'l' 

= 2.40 ksi 4 
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Dimensions in mm 


10 10 


— 


* 30 ^ 

t 

40 

1 



t 

40 

I 


t 

40 

I 




PROBLEM 6.13 

For a beam having the cross section shown, determine the largest 
allowable vertical shear if the shearing stress is not to exceed 60 MPa. 


SOLUTION 



Calculate moment of inertia. 


/ =2 


^-(10 mm)(120 mm) 3 


1 ■, 

+ — (30 mm)(40 mm) 


= 2[1.440 x 10 6 mm 4 ] + 0.160 x 10 6 mm 4 
= 3.04 x 10 6 mm 4 


/ = 3.04 x 10 -6 m 4 





*JO 

Zo 



20 


Assume that r m occurs at point a. 
t = 10 mm = 0.01 m 
Q = (10 mm x 40 mm)(40 mm) 

= 16xl0 3 mm 3 0 = 16 x 10 -6 m 3 


For r all = 60 MPa, 


Cm Ci ii 


VQ 

It 


60 x 10 6 Pa = 


V(16 x 10~ 6 m 3 ) 
(3.04 x 10 _6 m 4 )(0.01m) 


V = 1 14.0 kN ◄ 


Check r at neutral axis: 
t = 50 mm = 0.05 m 

Q = 2[(10 x 60)(30)] + (30 x 20)(10) = 42 x 10 3 m 3 = 42 x 10 _6 m 3 


J = (114.0kN)(42xlQ-V 3 ) = 3i5Mpa<60Mpa QK 
It (3.04 x 10“ 6 m 4 )(0.05 m) - 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


906 























































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


Dimensions in mm 


10 10 


1 


* 30 * 




+ 

30 

t 




1 

40 

1 


i 

30 

1 







PROBLEM 6.14 

For a beam having the cross section shown, determine the largest 
allowable vertical shear if the shearing stress is not to exceed 60 MPa. 


SOLUTION 



Calculate moment of inertia. 


/ = y~(50 mm )(120 mm ) 3 - 2 


-f-(30 mm) 4 + (30 mm x 30 mm)(35 mm) 2 


/ = 7.2 x 10 6 mm 4 - 2[1.170 x 10 6 mm 4 ] = 4.86 x 10 6 mm 4 


= 4.86 x 10 m 


6 4 


Assume that r m occurs at point a. 


i*———J 



t = 2(10 mm) = 0.02 m 

Q = (10 mm x 50 mm)(55 mm) + 2[(10 mm x 30 mm)(35 mm)] 
= 48.5 x 10 3 mm 3 =48.5 x 10“ 6 m 3 
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PROBLEM 6.14 (Continued) 

For r all = 60 MPa, 

_ VQ 

^ m ^"all ^ 

60 x 10 6 Pa = F ( 48 - 5 ^ 10 m ) y _ 120.3 kN -4 

(4.86 x 10 _6 m 4 )(0.02 m) 

Check t at neutral axis: 

t = 50 inm = 0.05 m 

Q = ( 50 x 60)(30) - (30 x 30)(35) = 58.5 x 10 3 nun 3 

r = = d 20 - 3 ^ 8 - 5 ; 10 “ 6m3 ) = 29.0 MPa < 60 MPa OK 

It (4.86 x 10“ 6 m 4 )(0.05m) - 
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- 220 mm 


PROBLEM 6.16 


W250 X 58 


12 mm 


252 mm 


Two steel plates of 12 x 220-mm rectangular cross section are welded to the 
W250 x 58 beam as shown. Determine the largest allowable vertical shear if 
the shearing stress in the beam is not to exceed 90 MPa. 



12 mm 


SOLUTION 

Calculate moment of inertia. 


Part 

i(mm 2 ) 

c7(mm) 

Ad 2 ( 10 6 mm 4 ) 

/(10 6 mm 4 ) 

Top plate 

2640 

*132 

45.999 

0.032 

W250 x 58 

7420 

0 

0 

87.3 

Bot. plate 

2640 

*132 

45.999 

0.032 

Z 



91.999 

87.364 


* , 252 ^ 12 
*d = -1- 

2 2 


/ = ILAd 2 + U = 179.363 x 10 6 mm 4 = 179.363 x 10 _6 m 4 
r ninv occurs at neutral axis, t = 8.0 mm = 8.0 x 10 -3 m 


<D 










Part 

4 mm 2 ) 

v(rnm) 

Ay( 10 3 mm 3 ) 

© Top plate 

2640 

132 

348.48 

0 Top flange 

2740.5 

119.25 

326.805 

0 Half web 

900 

56.25 

50.625 

Z 



725.91 


Dimensions in mm: 0 12 x 220; 


13.5 x 203; (D 8.0x112.5 


Q = ZAy = 725.91 x 10 3 mm 3 = 725.91 x 10“ 6 m 3 


T = 


VQ 

It 


_hr__ (179.36 3 x 10“ 6 )(8.0 x 10“ 3 )(90 x 10 6 ) 


Q 


725.91 x 10 


-6 


= 177.9 x 10 N 


V = 177.9 kN -4 
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PROBLEM 6.17 

Two W8 x 31 rolled-steel sections may be welded at A and B in either 
of the two ways shown in order to form a composite beam. Knowing 
that for each weld the allowable shearing force is 3000 lb per inch of 
weld, determine for each arrangement the maximum allowable vertical 
shear in the composite beam. 
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SOLUTION 


+) = 0: -3 A + (2)(2.4) + (1)(4.8) - (0.5)(7.2) = 0 


^4 = 2 kN T 

Draw the shear and bending moment diagrams. 

|F| max =7.2 kN = 7.2 x 10 3 N 
|M| max =3.6 kN-m = 3.6xl0 3 N-m 

M 


2.4-M 4-.SM 7.2WkI 


J 

[. , 

r c D ' 

\ 


1 



Bending: 


a = - 


S = 


S 

I Ml 


I l >v\ 
kr-—=4 


l 


l 


3.6 x 10 


V, Li4 
2 . 


12 x 10 6 
= 300 xl0 3 mm 3 


= 300 x 10 _6 m 3 


o, 5 tv 
1 . 2 . 


-0.4- 


-S.2 


For a rectangular section, 


S = —bh 2 

6 

b _ 6S_ (6)(300xIQ 3 ) 
~ h 2 ~ (150) 2 


= 80 mm 



Shear: Maximum shearing stress occurs at the neutral axis of bending for a rectangular section. 

A = —bh, y=—h, Q = Ay=—bh 1 
2 4 ’ 8 

I = —bh 3 t = b 
12 


T = 


b = 


VQ V(\bh-) 3 V 

It ~ (±bh 3 Xb) ~ 2 bh 


(3)(7.2x 10 3 ) 


3V 


2 hr (2)(150 x 10 -3 )(825 x 10 3 ) 
The required value of b is the larger one. 


= 87.3 x 10 m 


b = 87.3 mm -4 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


912 








































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 6.19 



A timber beam AB of length L and rectangular cross section carries a 
single concentrated load P at its midpoint C. (a) Show that the ratio 
t J<J m of the maximum values of the shearing and normal stresses in 
the beam is equal to 2h/L, where h and L are, respectively, the depth and 
the length of the beam, (b) Determine the depth h and the width b of the 
beam, knowing that L = 2 m, P = 40 kN, z m = 960 kPa, and 
c7 m = 12 MPa. 


SOLUTION 


Reactions: 


R a =R b = PI 2 t 


( 1 ) 

( 2 ) 

(3) 

(4) 


V = R 

v max 1X A 


p 

~2 


A = bh for rectangular section. 


3 V 


Tm 2 ’ A 




PL 


- for rectangular section. 

4 bh 


(5) 


S 



for rectangular section. 


( 6 ) 


^ max _ 3 PL 
S 2b h 2 


(a) 



(. b ) Solving for h, 

Solving Eq. (3) for b, 


/2 A= ( 2 )(2)( 960 x 1 0 3) = 320 xl0 _ 3m 
<J m 12 x 10 6 


h = 320 mm A 


i, = 2P 

4hT m 


(3)(40 x IQ 3 ) 

(4)(320 x 10 _3 )(960 x 10 3 ) 


97.7 x 10“ 3 m 


b = 97.7 mm A 
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PROBLEM 6.20 


W 



A timber beam AB of length L and rectangular cross section carries a 
uniformly distributed load w and is supported as shown, (a) Show that 
the ratio tJ a m of the maximum values of the shearing and normal 
stresses in the beam is equal to 2 h/L, where h and L are, respectively, 
the depth and the length of the beam. ( b ) Determine the depth h and 
the width b of the beam, knowing that L = 5m,w=8 kN/m, 
r m = 1.08 MPa, and a m =12 MPa. 
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SOLUTION 


4.611 



R a =R b = 25 kips 

At section n-n, V = 25 kips 

Locate centroid and calculate moment of inertia. 


Part 

^(in 2 ) 

v(in.) 

Ay{ in 3 ) 

of(in.) 

Ad 2 ( in 4 ) 

7(in 4 ) 

® 

4.875 

6.875 

33.52 

2.244 

24.55 

0.23 

© 

10.875 

3.625 

39.42 

1.006 

11.01 

47.68 

Z 

15.75 


72.94 


35.56 

47.91 




(a) 


o-lS 

i 


0 b ) 









T- 

VAV 


b 

I 

_iL 
Ls- 


— _ ZAy 


72.94 


= 4.631 in. 


ZA 15.75 
/ = ZAd 2 + Zl = 35.56 + 47.91 = 83.47 in 4 


(3 


a=4F = l 4 y 


A 


(1.5)(4.631-0.75) = 4.366 in 3 


t = — = 0.75 in. 

4 


r = 


(25X4.366) 


It 

Q b = A y = 


(83.47X0.75) 
^ 3 


r =1.744 ksi -4 


v4 

t = 0.75 in. 


(3)(4.631-1.5) = 7.045 in J 


T h =- 


Lg (25)(7.045) 


It (83.47)(0.75) 


r, = 2.81 ksi -4 
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PROBLEM 6.22 

For the beam and loading 
shown, consider section n-n 
and determine the shearing 
stress at (a) point a, (b) point b. 


SOLUTION 


Draw the shear diagram. 


|F| max = 90 kN 


Part 

i(mm 2 ) 

v(mm) 

Ay( 10 3 mm 3 ) 

t/(mm) 

Ad 2 ( 10 6 mm 4 ) 

/(10 6 mm 4 ) 

® 

3200 

90 

288 

25 

2.000 

0.1067 

© 

1600 

40 

64 

-25 

1.000 

0.8533 

© 

1600 

40 

64 

-25 

1.000 

0.8533 

E 

6400 


416 


4.000 

1.8133 


V 



°[0 kM 


—<90 kN 




y _ ^y 
1A 


416 xlO 3 „ 

-= 65 mm 

6400 


I = IAd 2 + S/ = (4.000 + 1.8133) x 10 6 mm 4 
= 5.8133 x 10 6 mm 4 = 5.8133 x 10“ 6 m 4 




[CD 

1 (a) 











<§) 

r 

L 


r~ 





AO** 





~ ~r~ (b) 



A = (80)(20) = 1600 mm 2 


v = 25 mm 

Q a = Ay = 40 x 10 3 mm 3 = 40 x 10“ 6 m 3 


= (90 x 10 3 )(40 x 10~ 6 ) =310xlQ6pa 

It (5.8133 X 10“ 6 )(20 X 10“ 3 ) 


T 


a 


A = (30)(20) = 600 mm 2 y = 65 - 15 = 50 mm 
Q b = Ay = 30 x lO^mm 3 = 30 x 10 _6 m 3 



(90 x 10 3 )(30 x 10~ 6 ) 
(5.8133 x 10“ 6 )(20x 10“ 3 ) 


= 23.2 x 10 6 Pa 




31.0 MPa ◄ 


23.2 MPa ◄ 
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SOLUTION 


R a =R b =25 kips 

At section n-n, V = 25 kips 

Locate centroid and calculate moment of inertia. 


[t* -<l—» 


p 






—®r~ 





Part 

^(in 2 ) 

y( in-) 

Ay (in 3 ) 

t^(in.) 

^ 2 (in 4 ) 

2 (in 4 ) 

© 

4.875 

6.875 

33.52 

2.244 

24.55 

0.23 

CD 

10.875 

3.625 

39.42 

1.006 

11.01 

47.68 

E 

15.75 


72.94 


35.56 

47.91 


V= ZAV 


72.94 


EA 15.75 


= 4.631 in. 


/ = EAd 2 +EI = 35.56 + 47.91 = 83.47 in 4 


Largest shearing stress occurs on section through centroid of entire cross section. 











1 

1 

4.&ji in 


-»l !*• i <». 


Q = Ay 



(4.631) 


' 4.630 

, 2 J 


= 8.042 in 3 


t = — = 0.75 in. 

4 

VQ (25)(8.042) 
T ~ It “(83.47)(0.75) 


r m = 3.21 ksi 4 
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PROBLEM 6.24 

For the beam and loading 
shown, determine the largest 
shearing stress in section n-n. 


SOLUTION 


v 


Qr 





1 


1 © 

_ 








© 

i 



f 

0>S> tp 

L 


i 




Draw the shear diagram. |F| max = 90 kN 


Part 

A (mm 2 ) 

x' 

^(10 3 mm 3 ) 

d(mm) 

Ad 2 { 10 6 mm 4 ) 

7(10 6 mm 4 ) 

© 

3200 

90 

288 

25 

2.000 

0.1067 

© 

1600 

40 

64 

-25 

1.000 

0.8533 

© 

1600 

40 

64 

-25 

1.000 

0.8533 

Z 

6400 


416 


4.000 

1.8133 


- _ EAy _ 416 x 10 3 
EA 6400 


65 mm 


/ = EAd 2 +EI = (4.000 + 1.8133) x 10 6 mm 4 
= 5.8133 x 10 6 mm 4 = 5.8133 x 10 _6 m 4 


Part 

A( mm 2 ) 

v(mm) 

Ay(\0 3 mm 3 ) 

© 

3200 

25 

80 

© 

300 

7.5 

2.25 

© 

300 

7.5 

2.25 

2 



84.5 


Q = EAy = 84.5 x 10 3 mm 3 = 84.5 x 10 6 m 3 
t = (2)(20) = 40 mm = 40 x 10“ 3 m 

_ VQ_ _ (90 x 10 3 )(84.5 x 10~ 6 ) 

iax ~ It ~ (5.8133 xl0 _6 )(40xl0“ 3 ) 

= 32.7 x 10 6 Pa T m = 32.7 MPa ◄ 
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PROBLEM 6.25 



A beam having the cross section shown is subjected to a vertical shear V. Determine (a) the 
horizontal line along which the shearing stress is maximum, ( b ) the constant k in the following 
expression for the maximum shearing stress 



where A is the cross-sectional area of the beam. 
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PROBLEM 6.26 



A beam having the cross section shown is subjected to a vertical shear V. Determine (a) the 
horizontal line along which the shearing stress is maximum, ( b ) the constant k in the 
following expression for the maximum shearing stress 


T 

‘'max 



where A is the cross-sectional area of the beam. 
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PROBLEM 6.27 



A beam having the cross section shown is subjected to a vertical shear V. Determine (a) the 
horizontal line along which the shearing stress is maximum, ( b ) the constant k in the 
following expression for the maximum shearing stress 

r 

L max A 


where A is the cross-sectional area of the beam. 
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PROBLEM 6.28 



A beam having the cross section shown is subjected to a vertical shear V. Determine 
(a) the horizontal line along which the shearing stress is maximum, (b) the constant k in 
the following expression for the maximum shearing stress 


T 

‘'max 



where A is the cross-sectional area of the beam. 
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2 in. 


PROBLEM 6.29 

The built-up timber beam shown is subjected to a vertical shear of 
1200 lb. Knowing that the allowable shearing force in the nails is 75 lb, 
determine the largest permissible spacing s of the nails. 


SOLUTION 



h = ~^ b \ h \ + A d \ 

= ~(2)(2) 3 + (2)(2)(4) 2 = 65.333 in 4 

= ~(2)(10) 3 = 166.67 in 4 

I = 4/j + / 2 = 428 in 4 

Q = a = 4Ti = (2)(2)(4) = 16 in 3 
VQ (1200)(1 6) 

/ 428 

^nail = <i s 


q = 


= 44.86 lb/in. 


F,. 


s = 


nail 


75 


44.86 


= 1.672 in. 


◄ 
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20 mm 


PROBLEM 6.30 

The built-up beam shown is made by gluing together two 20 x 250-mm 
plywood strips and two 50 x 100-mm planks. Knowing that the allowable 
average shearing stress in the glued joints is 350 kPa, determine the largest 
permissible vertical shear in the beam. 


SOLUTION 

/ = -L(i40)(250) 3 - y^-(100)(150) 3 = 154.167 x 10 6 mm 4 

= 154.167 x 10 -6 m 4 

Q = Ay = (100)(50)(100) = 500 x 10 3 mm 3 

= 500 x 10 _6 m 3 

t = 50 mm + 50 mm = 100 mm = 100 x 10 -3 m 

It 

_ Ut__ (154.167 x 1Q- 6 )(10Q x 10~ 3 )(350 x 10 3 ) 

Q 500 x 10 -6 

= 10.79 x 10 3 N 



V = 10.79 kN ◄ 
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PROBLEM 6.31 

The built-up beam was made by gluing together several wooden planks. 
Knowing that the beam is subjected to a 1200-lb vertical shear, determine 
the average shearing stress in the glued joint (a) at A, ( b ) at B. 
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20 mm 60 mm 20 mm 



PROBLEM 6.32 

Several wooden planks are glued together to form the box beam shown. 
Knowing that the beam is subjected to a vertical shear of 3 kN, determine the 
average shearing stress in the glued joint (a) at A, ( b ) at B. 


SOLUTION 


I A = 12 3 + Ml = ]^ (60)(20)3 + ( 6 °)( 2 °)( 50 ) 2 

= 3.04 x 10 6 mm 4 


(a) 


I B = —bh 1 = —(60)(20) J = 0.04 x 10° mm 4 


12 

1 


12 

1 


/ = —bh = — (20)(120r = 2.88 x 10° mm 4 


12 


12 


I = 21 A + I B + 2 I c = 11.88 x 10 6 mm 4 = 11.88 x 10 _6 m 4 
Q a = Ay = (60)(20)(50) = 60 x 10 3 mm 3 = 60 x 10 _6 m 3 
t = 20 mm + 20 mm = 40 mm = 40 x 10 - " 1 m 


T A = 


VQ a _ (3 x 10 3 )(60 x 10~ 6 ) 

It ~ (11.88 x10“ 6 )(40x10“ 3 ) 


= 379 x 10 Pa 






^ ~T 

50 


Jl 


Qb=o 


t a = 379 kPa ◄ 


(b) 


Tr = 


VQb 

It 


= 0 


= 0 ◄ 
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SOLUTION 


(a) 


(b) 


I x = 1.504 x 10 9 mm 4 = 1504 x 10“ 6 m 4 
s A = 60 mm = 0.060 m 
s B = 25 mm = 0.025 m 

Q a =Q x = A i y 1 = (50)(100)(150) = 750 x 10 3 mm 3 

= 750 x 10 _6 m 3 

f a = < 1a s a 

_ VQ\S A _ (8 x 10 3 )(750 x 10~ 6 )(0.060) 

/ 1504 xl0“ 6 

Q 2 = A 2 y 2 = (300)(50)(175) = 2625 x 10 3 mm 3 
Q b = 2Q l +Q 2 = 4125 x 10 3 mm 3 
= 4125 x 10“ 6 m 3 



F a = 239 N ◄ 


F b - q b s b ~ 


f Qb s b 

I 


(8 x 10 3 )(4125 x 10~ 6 )(0.025) 
1504 xl0“ 6 


F B = 549 N ◄ 
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105mm PROBLEM 6.34 

h-i 



Knowing that a W360 x 122 rolled-steel beam is subjected to a 250-kN vertical shear, 
determine the shearing stress (a) at points, (b) at the centroid C of the section. 


SOLUTION 

ForW360 x 122, d = 363 mm, b F = 257 mm, t F = 21.70 mm, t w = 13.0 mm 
/ = 367 x 1 0 6 mm 4 = 367 x 10“ 6 m 4 


(a) A a = (105)(21.70) = 2278.5 mm 2 

- d t F 363 21.70 

2 2 2 2 

Q a = A a y a = 388.8 x 10 3 mm 3 = 388.8 x 10“ 6 m 3 
t a = t F = 21.70 mm = 21.7 x 10 -3 m 


r„ = 


VQ a _ { 250xl0 3 )(388.8 xl0- 6 ) =12 _ 21xl()6pa 


Itn 


(367 x 10 _ 6 )(21.7 x 10 -3 ) 


(b) 4 = b F tp = (257)(21.70) = 5577 mm 2 


_ d 

y\ = K 


363 21.70 


= 170.65 mm 


A 2 = t w | - - t F | = (13.0)(159.8) = 2077 mm 2 


k 2 = 


1 


d 

( d 

- h 

U 


= 79.9 mm 


Q c = YAy = (5577)(170.65) + (2077)(79.9) = 1117.7 x 10 3 mm 3 

= 1117.7 x 10 -6 m 3 

t c = t w = 13.0 mm = 13 x 10 _3 m 

VQ C 


r,. = 


It■ 


(250 x 10 )(1117.7 x 10 ) _ 58 6 >, 1Q 6 pa 
(367 x 10 _6 )(13 x 10“ 3 ) 




= 12.21 MPa ◄ 


PZZZZ 




"ZZZ3 


i± 


r„ = 58.6 MPa ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


928 




































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



1 

b 




• 


— 


- 12 6 

— 


80 


6 

a 

• 



1 




t 


- 150- 

Dimensions in mm 


PROBLEM 6.35 

An extruded aluminum beam has the cross section shown. 
Knowing that the vertical shear in the beam is 150 kN, determine 
the shearing stress at (a) point a, ( b ) point b. 


SOLUTION 


/ = ~(150)(80) 3 - j^-(126)(68) 3 
= 3.098 x loSnm 4 = 3.0985 x 10 _6 m 4 


(a) 




y/yy/y //fyy;ys/sy . 




& 


(b) 


Qa = 4ki + 2 A 2 y 2 

= (126)(6)(37) + (2)(12)(40)(20) 

= 47.172 x 10 3 mm 3 = 47.172 x 10 _6 m 3 
t a = (2)(12) = 24 mm = 0.024 m 

^ L= (150xl0 3 )(47.172 xl0- 6 ) = 95 2 xi()6pa 
It a (3.0985 x 10 _6 )(0.024) 

t c , = 95.2 MPa ◄ 

Q b = A x y x = (126)(6)(37) = 27.972 x 10 3 mm 3 

= 27.972 x 10“ 6 m 3 
t b = (2)(6) = 12 mm = 0.012 m 

M =(150 x 10 3 )(27.972 xlQ- 6 ) =ii28xio6pa 
It h (3.0985 x 10“ 6 )(0.012) 

z h = 112.8 MPa ◄ 
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PROBLEM 6.36 

An extruded aluminum beam has the cross section shown. Knowing that the 
12 vertical shear in the beam is 150 kN, detennine the shearing stress at 
t (o) point a, ( b ) point b. 


-- 80 -- 

Dimensions in mm 


SOLUTION 



/ = -L(80)(80) 3 -^(56)(68) 3 =1.9460 x 10 6 mm 4 
= 1.946 x 10“ 6 m 4 


(a) 


(b) 


Q a = Ay\ + 1A iy2 

= (56)(6)(37) + (2)(12)(40)(20) = 31.632 x 10 3 mm 3 
= 31.632 xl0“ 6 m 3 
t a = (2)(12) = 24 mm = 0.024 m 

rU = (150xl0 3 )(31.632 xl0") =i0i6xl06pa 
It a (1.946 x 10“ 6 )(0.024) 

r a =101.6 MPa ◄ 

Q b = = (56)(6)(37) = 12.432 x 10 3 mm 3 

= 12.432 xl0“ 6 m 3 
t b = (2)(6) = 12 mm = 0.012 m 

^ = (150 x 10 3 )(12.432 x 10~ 6 ) = ^ x 1()6pa 
It b (1.946 xl0“ 6 )(0.012) 

r b = 79.9 MPa ◄ 
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PROBLEM 6.37 

Knowing that a given vertical shear V causes a maximum shearing stress of 
75 MPa in an extruded beam having the cross section shown, determine the 
shearing stress at the three points indicated. 


SOLUTION 

VO 

r = —j— t is proportional to Q/t. 

Point c: Q c = (30)(10)(75) 

= 22.5 x 10 J mm 3 
t c = 10 mm 
QJt c = 2250 mm 2 

Point b: Q b = Q c + (20)(50)(55) 

= 77.5 x 10 3 mm 3 
t b = 20 mm 
Q h /t h = 3875 mm 2 

Point a: Q a = 2Q b + (120)(30)(15) 

= 209 x 10 3 mm 3 
t a = 120 mm 
QJt a = 1741.67 mm 2 
(Q/t) m occurs at b. r m = r h = 75 MPa 

^b _ *c 

QJta QJh ~ QJtc 
T a _ 75 MPa _ r a 
1741.67 mm 2 3875 mm 2 2250 mm 2 


c 


1 

771 77777, 

i 



(X 



—1 1— 



b 


r a = 33.7 MPa ◄ 
r h = 75.0 MPa ◄ 
t c = 43.5 MPa ◄ 
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0.5 in. 

\ 1 

-*—5 in.—► 

- PROBLEM 6.38 

8 

t 

n. 

T- 

a • - 

11 The vertical shear is 1200 lb in a beam having the cross section 

shown. Knowing that d = 4 in., determine the shearing stress at 
| (a) point a, ( b ) point b. 

4 in. 

i 

t 

0.5 in. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


932 





























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 6.39 

The vertical shear is 1200 lb in a beam having the cross section 
shown. Determine (a) the distance d for which z a = p,, (b) the 
corresponding shearing stress at points a and b. 
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t 

1.25 m. 

1 

1 

1.25 in. 

1 

1 ^ 

1 

c b 

• • 

e I 

PROBLEM 6.40 

The extruded aluminum beam has a uniform wall thickness of j in. Knowing 
^ " that the vertical shear in the beam is 2 kips, determine the corresponding shearing 
stress at each of the five points indicated. 






1.25 in. 

1.25 in. 



SOLUTION 


/ = y^(2.50)(2.50) 3 - (2.125)(2.25) 3 = 1.23812 in 4 

t = 0.125 in. at all sections. 


V = 2 kips 


Qa=0 


= 


m 

n 


Q b = 


(0.125)(1.25) 



0.097656 in 3 


VQ b _ (2X0.097656) 
It (1.23812)(0.125) 


Q c = Q b + (1.0625)(0.125)(1.1875) = 0.25537 in. 2 

r _VQ C _ (2X0.25537) 
c It (1.23812)(0.125) 


Qd = 2Qc + (0.125) 2 (1.1875) = 0.52929 


VQ d _ (2)(0.52929) 

It (1.23812)(0.125) 


Qe 


Q d 


+ (0.125)(1.125) 


' 1.125 "I 

, 2 J 


0.60839 


VQ (2)(0.60839) 

It “(1.23812)(0.125) 


r fl =0 4 


T h = 1.262 ksi A 


t c =3.30 ksi A 


T d = 6.84 ksi A 


z e = 7.86 ksi A 
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SOLUTION 



/ = ^(2.50)(2.50) 3 - 

^-(2.125)(2.25) 3 =1.23812 in 4 


Add symmetric points c\ b\ and a\ 



P 

II 

o 



Q d - (0.125)(1.125)^ 1 ' 125 j- 0.079102 in 3 

t d = 0.125 in. 


Q c = Q d + (0.125) 2 (1.1875) = 0.097657 in 4 

t c = 0.25 in. 


Q h = Qc + (2)(1.0625)(0.125)(1.1875) = 0.41309 in 3 

t b = 0.25 in. 


Qa = Qb + (2)(0.125)(1.25) ^ ~~ j = 0.60840 in 3 

_ _VQa_ (2X0.60840) 
a It a (1.23812)(0.25) 

t a = 0.25 in. 

r a = 3.93 ksi -4 

_ _ VQ h (2)(0.41309) 

h It h (1.23812)(0.25) 


r b = 2.67 ksi A 

_ v Qc _ (2)(0.097657) 

T ° ~ It c (1.23812X0.25) 


t c = 0.631 ksi -4 

VQ d (2)(0.079102) 

Td ~ It d ~ (1.23812)(0.125) 


r d = 1.02 ksi 4 

r 

' Ite 


r e = °4 
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40 mm 12 mm 40 mm 







a 


30 ti 


b 



c 

50 n 






30 n 

1 


PROBLEM 6.42 

Knowing that a given vertical shear V causes a maximum shearing stress of 
50 MPa in a thin-walled member having the cross section shown, detennine 
the corresponding shearing stress (a) at point a, ( b) at point b, (c) at point c. 


SOLUTION 


Qa 

Qt 

Qc 

Qm 


= (12)(30)(25 + 10 + 15) = 18 x 10 3 mm 3 
= (40)(10)(25 + 5) = 12 x 10 3 mm 3 


= Q a + 2 Qb + (12)(10)(25 + 5) = 45.6 x 10 3 mm 3 


= Q C +(12)(25) 


r 25 ^ 


= 49.35 x 10 3 mm 3 


\ ^ J 


t a =t c = t m = 12 mm 

4 =10 mm 






^ m 


50 MPa 

(a) 


Qa 

t,n 

18 

12 

=0.36474 


Qm 

*a 

49.35 

12 

(b) 

h 

Q b 

tm 

12 

12 

=0.29179 

T ,n 

Qm 

h 

49.35 

10 

(c) 


_ Qc 

t,n 

45.6 

12 

=0.92401 

^ m 

Qm 

t c 

49.35 

12 


r a =18.23 MPa ◄ 
r b = 14.59 MPa ◄ 
r c = 46.2 MPa ◄ 
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PROBLEM 6.43 

Three planks are connected as shown by bolts of f-in. diameter spaced every 
6 in. along the longitudinal axis of the beam. For a vertical shear of 2.5 kips, 
determine the average shearing stress in the bolts. 


SOLUTION 

Locate neutral axis. 


i 




iri 


_i_ 

T 


\ \ 


6.S 


ZA = (2)(2)(10) + (10)(4) = 80 in" 

ZAy = (2)(2)(10)(5) + (10)(4)(8) = 520 in 3 
- ZAy 520 


Y = 


ZA 


80 


= 6.5 in. 


/ = 2 ^(2)(10) 3 + (2)(10)(1.5) 2 


+ j^-(10)(4) 3 + (10)(4)(1.5) 2 = 566.67 in 4 

Q = (2)(10)(1.5) = 30 in 3 

„ VQs (2.5)(30)(6) 

F = qs = ~^=— = --—— = 0.79411 kips 


566.67 


4 - —d 2 - — 

ix)lt - , “bolt - , 


3 

v8y 


= 0.110447 in 2 


^"bolt 


F 


^bolt 


0.79411 

0.110447 


= 7.19 ksi ◄ 
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PROBLEM 6.44 

A beam consists of three planks connected as shown by steel bolts with a 
longitudinal spacing of 225 mm. Knowing that the shear in the beam is 
vertical and equal to 6 kN and that the allowable average shearing stress in 
each bolt is 60 MPa, determine the smallest permissible bolt diameter that 
can be used. 


SOLUTION 


Part 

Amin 2 ) 

y(rnm) 

Xy 2 (10 6 mm 4 ) 

7(10 6 mm 4 ) 

® 

7500 

50 

18.75 

14.06 

© 

7500 

50 

18.75 

14.06 

© 

15,000 

-50 

37.50 

28.12 

I 



75.00 

56.24 



/ = £Ay 2 +1/ = 131.25 xlO 6 mm 4 = 131.25 x 10“ 6 m 4 
Q = A{y x = (7500)(50) = 375 x 10 3 mm 3 
= 375 x 10 -6 m 3 


Aolt ^"boltAolt '7 s ' 


VQs 

I 


Aolt 


= (6 x 10 3 )(375 x 10~ 6 )(0.225) = ^ x ^ 
r Mt I (6 x 10 6 )(131.25 x 10 6 ) 

= 64.286 mm 2 


4Aon / (4)(64.286) 

n V n 


rfboit = 9-05 mm A 
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PROBLEM 6.45 

A beam consists of five planks of 1.5 x 6-in. cross section connected by steel 
bolts with a longitudinal spacing of 9 in. Knowing that the shear in the beam is 
vertical and equal to 2000 lb and that the allowable average shearing stress in 
each bolt is 7500 psi, determine the smallest permissible bolt diameter that can be 
used. 


SOLUTION 


Part 

A(in 2 ) 

v 0 (in.) 

Ay 0 ( in 3 ) 

v(in-) 

Ay 2 (in 4 ) 

/(in 4 ) 

© 

9 

5 

45 

0.8 

5.76 

27 

© 

9 

4 

36 

-0.2 

0.36 

27 

© 

9 

3 

27 

-1.2 

12.96 

27 

© 

9 

4 

36 

-0.2 

0.36 

27 

© 

9 

5 

45 

0.8 

5.76 

27 

Z 

45 


189 


25.20 

135 


Between ® and 
Between © and 


- _ ZAy _ 189 
ZA ~ 45 


*0 = 


= 4.2 in. 


/ = ZAd 2 +ZI = 160.2 in 4 


Qn = 0i = 47i = (9)(0.8) = 7.2 in 3 
023 = Qi + A yi = 7-2 + (9X-0.2) = 5.4 in 3 
VQ 


<7 = 


/ 


Maximum q is based on Q n = 7.2 in 3 . 


<7 = 


(2000)(7.2) 


= 89.888 lb/in. 


160.2 

F bolt = qs = (89.888)(9) = 809 lb 


F, 


r bolt “ 


bolt 


’bolt 


A _ ^bolt 
^bolt _ 

^"bolt 


809 

7500 


= 0.1079 in 


A — —d 1 

^bolt _ ^ “bolt 


^bolt _ 


4 A, 


bolt 


71 


(4)(0.1079) 


71 


© 


© 


© 


© 


Q 


“Wt = 0-371 m. 4 
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PROBLEM 6.46 


\ 


r 

Four LI02 x 102 x 9.5 steel angle shapes and a 12 x 400-mm plate are bolted 

400 

mm 


together to form a beam with the cross section shown. The bolts are of 22-mm 




diameter and are spaced longitudinally every 120 mm. Knowing that the beam 


J 


is subjected to a vertical shear of 240 kN, determine the average shearing stress 


J 


3 in each bolt. 


SOLUTION 


For one L102 x 102 x 9.5, 


" ~r 




^4 = 1845 mm 2 
/ = 1.815 x 10 6 mm 2 
g = (1845 mm 2 )(171mm) 
= 315.5 x 10 3 mm 3 
= 315.5 xl0“ 6 m 4 


For 12-mm x 400-mm plate and four angle, 


/ = ^-(12mm)(400mm) 3 + 4[1.815 x 10 6 mm 4 + (1845 mm 2 )(171 mm) 2 ] 
= 287.06 x 10 6 mm 4 = 287.06 x 10“ 6 m 4 


One angle: q = -= 


VQ (240 kN)(315.5 x 10 _6 m 3 ) 


287.06 x 10“ 6 m 4 


= 263.78 kN/m 


F = qs = (263.78 kN/m)(0.120 m) = 31.65kN 


Diam. bolt = 22 mm 


F _ 31.65 kN 

A ^( 0.022 m ) 2 


t = 83.3 MPa ◄ 
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D 


t 

1.6 in. 

1 A- B 



E F 

L— 2 in.—»- 



2 in.—J 


1.2 in. 1.2 in. 


PROBLEM 6.47 

A plate of -f-in. thickness is corragated as shown and then used as a 
beam. For a vertical shear of 1.2 kips, determine (a) the maximum 
shearing stress in the section, ( b ) the shearing stress at point B. Also, 
sketch the shear flow in the cross section. 
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- 22 mm 


7l 


b c 


d 50 i 


PROBLEM 6.48 

A plate of 2-mm thickness is bent as shown and then used as a beam. For a vertical 
shear of 5 kN, determine the shearing stress at the five points indicated and sketch the 
shear flow in the cross section. 


10 mm 10 mm 


SOLUTION 


1=2 


_ L (2)(48) 3 +-^(2)(52) 3 +^(20)(2) 3 + (20)(2)(25) 2 


= 133.75 x 10 3 mm 4 =133.75 x 1(T 9 mm 4 
Q a = (2)(24)(12) = 576 mm 3 = 576 x 10“ 9 mm 3 
Qa =° 

Q c =Q b - (12)(2)(25) = -600 mm 3 = -600 x 10“ 9 m 3 
Q d =Q C - (2)(24)(12) = -1.176 xlO 3 mm 3 = -1.176 x 10“ 6 m 3 
Q e = Q d + (2)(26)(13) = -600 mm 3 = -500 x 10“ 9 m 3 


Tn = 


T h = 


r„ = 


VQl 

It 

VQ b 

it 

YQc_ 

n 


(5 x 10 3 )(576 x iO -9 ) =10 _ 77xlQ6pa 


(133.75 x 10“ v )(2 x 10“ 3 ) 


(5 x 10 3 )(600 x 1Q~ 9 ) 
(133.75 xl0“ 9 )(2xl0“ 3 ) 


= 11.21 x 10 Pa 


r,, = 


A = 


(5 x 10 3 )(1.176 x 10 -6 ) = 22 _ 0xl()6pa 


It 

YQe. 

It 


(133.75 xl0“ 9 )(2xl0“ 3 ) 

(5 x 10 3 )(500 x 1Q~ 9 ) 
(133.75 xl0- 9 )(2xl0“ 3 ) 


= 9.35 x 10° Pa 


r a = 10.76 MPa ◄ 
*6 = 0 ◄ 
t c = 11.21 MPa ◄ 

r d = 22.0 MPa ◄ 
z e = 9.35 MPa ◄ 
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60 mm 



PROBLEM 6.49 

An extruded beam has the cross section shown and a uniform wall 
thickness of 3 mm. For a vertical shear of 10 kN, determine (a) the 
shearing stress at point A, (b) the maximum shearing stress in the beam. 
Also, sketch the shear flow in the cross section. 


SOLUTION 

tan« = — a = 28.07° 

30 

Side: A = (3 sec a)(30) = 102 mm 2 

7 = —(3 sec «)(30) 3 = 7.6498 x 10 3 mm 4 


Part 

A (mm 2 ) 

To (mm) 

Ay (10 3 mm 3 ) 

d (mm) 

Ad 2 ( 10 3 mm 4 ) 

/ (10 3 mm 4 ) 

Top 

180 

30 

5.4 

11.932 

25.627 

neglect 

Side 

102 

15 

1.53 

3.077 

0.966 

7.6498 

Side 

102 

15 

1.53 

3.077 

0.966 

7.6498 

Bot. 

84 

0 

0 

18.077 

27.449 

neglect 

I 

468 


8.46 


55.008 

15.2996 


y _ W 

0 ZA 


8.46 xlO 3 
468 


= 18.077 mm 


I = ZAd 2 +ZI =70.31xl0 3 mm 4 = 70.31xl0~ 9 m 4 


(a) Q a = (180)(11.932) = 2.14776 x 10 3 mm 3 = 2.14776 x 10^ m 


-6 3 


t = (2)(3 x 10~ 3 ) = 6 x 10~ 3 m 

VQ (lQx 10 3 )(2.14776x 10~ 6 ) 
Ta ~ It ~ (70.31x10 -9 )(6x10 -6 ) 


= 50.9 x 10 s Pa 


(b) Q m = Q a + (2)(3 sec «)(11.932)^x11.932 

= 2.14776 x 10 3 + 484.06 = 2.6318 x 10 3 mm 3 
= 2.6318xl0~ 6 m 3 
t = 6 x 10 3 m 

VQ m (10 x 10 3 )(2.63 1 8x10 -6 ) 


= 


It (70.31xl0~ y )(6xl0~ 3 ) 


= 62.4x10° Pa 


t a = 50.9 MPa ◄ 



z m = 62.4 MPa ◄ 
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PROBLEM 6.49 (Continued) 


Q b = (28)(3)(18.077) = 1.51847 x 10 3 mm 3 

Sb.4 


ib.t Ji " — 


= a 1.51847,10= 

Q a 2.14776x10 3 



= 36.0 MPa 

SUe^v"> ^ 

^ s-f^es's (MPa.'l 

Multiply shearing stresses by t( 3 mm = 0.003 m) to get shear flow. 
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-*- 6 in. 

PROBLEM 6.50 

4.8 

D E 

in. \\ / / 

A plate of thickness ? is bent as shown and then used as a beam. For a 
vertical shear of 600 lb, determine (a) the thickness ? for which the 
maximum shearing stress is 300 psi, ( b ) the corresponding shearing 


A \\b f// G 

stress at point E. Also, sketch the shear flow in the cross section. 


[<— 3 in.-*- ■<— 3 in.— 

2 in. 



SOLUTION 


Lbd ~ L ef 


= VTi 


: 2 + 2 2 = 5.2 in. 


Neutral axis lies at 2.4 in. above AB. 
Calculate /. 


(a) At point C, 


I AB = ( 3 ?)( 2 . 4) 2 = 17 . 28 * 

I bd = ^( 5 . 20 ( 4 . 8) 2 = 9 . 984 ? 

I DE = ( 6 ?)( 2 . 4) 2 = 34 . 56 ? 

Ief ~ Idb = 9 . 984 ? 

^ FG = IAB = 17 . 28 ? 

I = 1,1 = 89 . 09 ? 

Qc = Qab + Qbc = ( 30 ( 2 . 4 ) + ( 2 . 6 ?)( 1 . 2 ) = 10 . 32 ? 
VQ C 


T = 


It 


?= Fg = (600X10.32?) = 023168m 
tI (300X89.09?) 


? = 0.232 in. ◄ 


(6) / = (89.09)(0.23168) = 20.64 in 4 

2/-: = Qff + Qfg 

= 0 + (3)(0.23168)(2.4) = 1.668 in 3 
VQ e _ (600)(1.668) 





It (20.64)(0.23168) 


& 


r £ = 209 psi 4 



201 pi, 


3oo p s i 
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fin. fin. 



PROBLEM 6.51 

The design of a beam calls for connecting two vertical rectangular 2x4 -in. plates 
by welding them to horizontal 7x2 -in. plates as shown. For a vertical shear V, 
determine the dimension a for which the shear flow through the welded surface is 
maximum. 


SOLUTION 


1 = ( 2 ) 


12 


f i\ 


v<v 


(4f + (2) 


f i h 


V 1 2 y 


(2) - +(2X2) - a 


= 4.041667 +2a 2 in 4 


e - ax l 


q = 


a = am 

Va 


VQ 


I 4.041667 + 2 a' 


Set ^ = 0. 


dq 

da 


(4.041667 + 2qT) - (a)(4a) 
(4.041667 + 2a 2 ) 2 


da 


V = 0 


2 a z = 4.041667 


a = 1.422 in. A 
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SOLUTION 




4=4 = ^(3-25 4 - 2.75 4 ) 
= 4.53125 in 4 

Since products of inertia = 0, 

I x ~~ 1y ~~ ~~ Iv 

I x = 4.53125 in 4 


V = 15 kips 

/,oio 7*. 


Q na = 2[(3 in. x 0.25 in.)(1.0607 in.)] = 1.59105 in 3 

r =r _ VQ na _ (15 kips)(1.59105 in 3 ) 

m NA I(2t) (4.53125 in 4 )(2)(0.25 in.) 


r m = 10.53 ksi ◄ 
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PROBLEM 6.53 

An extruded beam has a uniform wall thickness t. Denoting by V the vertical 
shear and by A the cross-sectional area of the beam, express the maximum 
shearing stress as r max = k{VIA) and determine the constant k for each of the 
two orientations shown. 


SOLUTION 



(a) 



2 

Ai = A 2 = at 


3 

7, = A.h 2 = ath 2 = —a 3 ? 

1 1 4 

r 1 . l2 1 3 2 1 3 

l-,=—A 1 h =—at—a =—at 

2 3 3 4 4 

7 = 27, +47, = -a 3 t 
2 


2 

2 4 

Q„, = 0 , + 202 = Sa 2 t 


Q\ = A^h = a 2 t 
Q 2 = A 1 '-^ = 2tA-a 1 t 


VQ Fy/Wf V3 F 
Tm ~ 7(20 " (\a\)2t ~ 5 at 

6^3 V 6yf3 V V 

5 6 at 5 A A 

. 6>/3 


5 


k = 2.08 ◄ 



y 4[ = at 

A = — at 

“ 2 


7, =/, + A x d. 7 


= — ath 2 + at 
12 


^a h 
v 2 + 2 


1 3 93 7 3 

= —a tH-a t = —a t 

48 16 12 


7, =—t 
2 3 


1 fa^ 




1 3, 

= —a t 
24 


7 = 47, + 4 / 2 =|a 3 t 

^ 1 a h \ 3 -> 

Qi=at\— + —\ = —a~ 


2 2 


Qi = ~ at 


1 2 

— | = —a 
4 


t 

f 


0 = 20 ! +202 = ^-a 3 t 

F0 F-|a 3 t 
fm " 7(2t) “ (|a 3 t)(2t) 

7 F _ 42 F _ 21 F 
20 at 20 6 at 10 ^4 



k = — = 2.10 ◄ 
10 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


948 

































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


A = 2jrrJ J = Arl=2nrlt I = -J = n? m t 

- sin 9 . . , 

r =- tor a circular arc. 

9 

A p = 2rGt 

Q p = Apr = 2 rt sin 9 


_ _ VQ P (V)(2rt sin 9) 

\d) Tp — — , v 

7 ( 2f ) ( /rr l t )(2t) 


(b) 


2V sin^ 
2nr m t 



2V_ 

A 


◄ 
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PROBLEM 6.55 

For a beam made of two or more materials with different moduli of elasticity, show that Eq. (6.6) 

r =-^ 
ave It 

remains valid provided that both Q and / are computed by using the transformed section of the beam 
(see Sec. 4.4), and provided further that t is the actual width of the beam where r ave is computed. 


SOLUTION 

Let E ref be a reference modulus of elasticity. 


71, = 


«-> =- 


1 — ? H') 

E Kt ~ E 


-, etc. 


ref 


H«- 


- 


?/// 

yyy 








Actual 

SecfioiA 


** -n 2 b- 

Tc u * s /■ m eA 
Sficd*! on 


Widths b of actual section are multiplied by /j’s to obtain the transformed section. The bending stress 
distribution in the cross section is given by 


o\ = — 


; iMy 
I 


where / is the moment of inertia of the transformed cross section and y is measured from the centroid of the 
transformed section. 


The horizontal shearing force over length Ax is 


Q(AM) 


Shear flow: 


AH = -{(A * x )dA = \ n ^ )y dA = ^l\nydA 

Q = J 7iy dA = first moment of transfonned section. 
AH AM Q VQ 


Ax Ax I I 
q is distributed over actual width t, thus 


r =—. 
t 

VQ 


T = 


It 
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90 mm | 
* 


L PROBLEM 6.56 

j:l 

A composite beam is made by attaching the timber and steel portions shown with 
bolts of 12-mm diameter spaced longitudinally every 200 mm. The modulus of 
elasticity is 10 GPa for the wood and 200 GPa for the steel. For a vertical shear of 

4 kN, determine (a) the average shearing stress in the bolts, (b) the shearing stress 
at the center of the cross section. (Hint: Use the method indicated in Prob. 6.55.) 

6 mm 

t 

84 mm 

* 


t 

90 mm y 

i 


6 mm —*\ 

-►140 min’- 


SOLUTION 


Let steel be the reference material. 
n„ = 1.0 


lOGPa =0Q5 
w E, 200 GPa 


Depth of section: 

For steel portion, 

For the wooden portion. 

For the transformed section. 


d = 90 + 84 + 90 = 264 mm 


1 


12 


12 


I s = 2—bd J = (2) — (6)(264) = 18.400 x 10 6 mm 4 


l -b{d^ - d \) = ^-(140)(264 3 - 84 3 ) = 207. 


I w = —t 
w 12 


1 = n Js + n Jw 


75 x 10 6 mm 4 


/ = (1.0)(18.400 x 10 6 ) + (0.05)(207.75 x 10 6 ) = 28.787 x 10 6 mm 4 = 28.787 x 10“ 6 m 4 
(a) Shearing stress in the bolts. 

For the upper wooden portion, Q K = (90)(140)(42 + 45) = 1.0962 x 10 6 mm 3 

For the transformed wooden portion, 

Q = n w Q w = (0.05X1.0962 x 10 6 ) = 54.81 x 10 3 mm 3 = 54.81 x 10“ 6 m 3 

Shear flow on upper wooden portion: 

VQ (4000)(54.81 xl0“ 6 ) 

/ 28.787 x 10 -6 


F bolt = qs = (7616)(0.200) = 1523.2 N 


Aoit = f<it = f(m 2 = 113.1mm 2 = 113.1 x 10" 6 m 2 


Double shear: 


^ bol t 1523.2 

2 Aon (2)(113.1 x IQ” 6 ) 


= 6.73 x 10 6 Pa 


^"bolt 


6.73 MPa ◄ 
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PROBLEM 6.56 (Continued) 

(b) Shearing stress at the center of the cross section. 

For two steel plates, 

Q s = (2X6X90 + 42X90 - 42) = 76.032 x 10 3 mm 3 = 76.032 x 10“ 6 m 3 

For the neutral axis, 

Q = 54.81 x 10“ 6 + 76.032 x 10“ 6 = 130.842 x 10“ 6 m 3 

Shear flow across the neutral axis: 

VQ (4000X130.842 x 10 -6 ) 10 101 1a3xt/ 

a = — = 4-42--- - = 18.181 x 10 J N/m 

/ 

28.787 x 10“° 

Double thickness: 

2 1 = 12 mm = 0.012 m 

Shearing stress: 

r= 18 ' 181 X 103 = 1.515 xlO 6 Pa 

2 1 0.012 


t = 1.515 MPa ◄ 
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p 


150 mm 

an 

PROBLEM 6.57 

250 


mtei \ 

A WJP 

A composite beam is made by attaching the timber and steel portions shown with 
bolts of 12-mm diameter spaced longitudinally every 200 mm. The modulus of 
elasticity is 10 GPa for the wood and 200 GPa for the steel. For a vertical shear of 



YTII 

r/1/1 

4 kN, determine (a) the average shearing stress in the bolts, ( b ) the shearing stress at 
the center of the cross section. {Hint: Use the method indicated in Prob. 6.55.) 

t 




SOLUTION 

Let 


E rcf = E s =2Q() GPa 


= 1 


10 GPa 


1 


200 GPa 20 


Widths of transformed section: 

/?,. =150 mm 


b,„ = 


— | (150) = 7.5 mm 

v20. 


1 = 2 


^-(150)(12) 3 + (150)(12)(125 + 6) 2 


+ —(7.5)(250) 3 
12 


= 2[0.0216 x 10 6 + 30.890 x 10 6 ] + 9.766 x 10 6 
= 71.589xl0 6 mm 4 =71.589xl0' 6 m 4 


(a) Q x = (150)(12)(125 + 6) = 235.8xl0 3 mm 3 = 235.8 x 10“° m 


-6 


g = a = (4xl0-)(235.8xl0-) =13J75xl0lN/m 


I 


71.589x10' 


F bolt = qs = (23.187 x 10 j )(200 x 10' 3 ) = 2.635 x 10 3 N 

(12) 2 =113.1 mm 2 =113.1 xl0' 6 m 2 


A -—d 2 - 

-'’bolt “ ^ “bolt ~~ 


( 

n 






r bolt _ ' 


bolt 


2 - 635xl ° - = 23.3xl0 6 Pa 


Aon 113.1x10 


-6 


EZZZZZ 




7.S W'fc* 


r bolt = 23.3 MPa ◄ 


o b ) Q 2 =Qi + (7.5)(125)(62.5) = 235.8x 10 3 + 58.594x 10 3 = 294.4x 10 3 mm 3 = 294.4x 10" 6 m 3 

t = 150 mm = 150 x 10' 3 m 

vq 2 ^- ,a3 


G = 


It 


(4x10 )(294.4x 10 ) =109 _ 7xlQ 3 pa 


(71.589x 10' 6 )(150x 10' 3 ) 


=109.7 kPa ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


953 
































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 6.58 


Aluminum - 


Steel - 


1.5 in. 


2 in. 


t 

1 in. 


A steel bar and an aluminum bar are bonded together as shown to form a 
composite beam. Knowing that the vertical shear in the beam is 4 kips and that 
the modulus of elasticity is 29xlO h psi for the steel and 10.6xl0 6 psi for the 
aluminum, determine (a) the average stress at the bonded surface, (b) the 
maximum shearing stress in the beam. (Hint: Use the method indicated in 
Prob. 6.55.) 


SOLUTION 


n = 1 in aluminum. 


n = 


29 x 10 6 psi 
10.6 x 10 6 psi 


= 2.7358 in steel. 


Part 

nA (in 2 ) 

X(in.) 

nAy( in 3 ) 

t/(in.) 

nAd 2 ( in 2 ) 

nl (in 4 ) 

Alum. 

3.0 

2.0 

6.0 

0.8665 

2.2525 

1.0 

Steel 

4.1038 

0.5 

2.0519 

0.6335 

1.6469 

0.3420 

I 

7.1038 


8.0519 


3.8994 

1.3420 




—y 

I.2&7 

i 




A 


USSiw 


Y = 


ZnAy _ 8.0519 
ZnA ~ 7.1038 


= 1.1335 in. 


I = ZnAd 2 + Znl = 5.2414 i 


in 


(a) At the bonded surface, 


(b) At the neutral axis, 


Q = (1.5X2X0.8665) = 2.5995 in 3 
VQ (4)(2.5995) 


T = 


It 


Q = (1.5X1.8665) 


(5.2414)(1.5) 
f 1.8665 


= 2.6129 in 3 


VQ _ (4)(2.6129) 
It ~ (5.2814)(1.5) 


t = 1.323 ksi ◄ 


Fnax = !- 329 ksi ^ 
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PROBLEM 6.59 


Steel - 


Aluminum - 


1.5 i 


2 in. 


1 in. 


A steel bar and an aluminum bar are bonded together as shown to form a 
composite beam. Knowing that the vertical shear in the beam is 4 kips and 
that the modulus of elasticity is 29 x 10 (1 psi for the steel and 10.6 xlO 6 psi for 
the aluminum, determine (a) the average stress at the bonded surface, (b) the 
maximum shearing stress in the beam. (Hint: Use the method indicated in 
Prob. 6.55.) 


SOLUTION 


(a) At the bonded surface, 


(b) At the neutral axis, 


n = 1 in aluminum. 


29x10 psi 

n = ---= 2.7358 m steel. 


10.6 x 10 psi 


Part 

nA (in 2 ) 

y(in.) 

nAv (in 3 ) 

d (in.) 

nAd 1 (in“) 

nl ( in 4 ) 

Steel 

8.2074 

2.0 

16.4148 

0.2318 

0.4410 

2.7358 

Alum. 

1.5 

0.5 

0.75 

1.2682 

2.4125 

0.1250 

S 

9.7074 


17.1648 


2.8535 

2.8608 


F= £^£j i= 17.1648 = 1 76S2 , n 
2L4 9.7074 

/ = ILnAd 2 + S«7 = 5.7143 in 4 


Q = (1.5)(1.2682) = 1.9023 in ! 
VQ (4)(1.9023) 

T = - ~ 


It (5.7143)(1.5) 

Q = (2.7358)(1.5)(1.2318) 

_VQ _ (4)(3.1133) 
nax It (5.7143)(1.5) 


'1.2318 

V 2 


= 3.1133 in 




~T 

1.231% 

i 



-Hf- 

t.7‘82. 





t = 0.888 ksi -4 


r max =1 - 453 ksi < 
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PROBLEM 6.60 


Plastic 



Neutral axis 


Consider the cantilever beam AB discussed in Sec. 6.5 and the 
portion ACKJ of the beam that is located to the left of the transverse 
section CC 1 and above the horizontal plane JK, where AT is a point at 
a distance y < y Y above the neutral axis. (See figure.) ( a ) Recalling 
that a x = a Y between C and E and a x = {a Y /y Y )y between E and K, 
show that the magnitude of the horizontal shearing force H exerted 
on the lower face of the portion of beam ACKJ is 



f 

2c - y Y 
V 



y Y ) 


( b ) Observing that the shearing stress at K is 


AH 1 AH 1 dH 

= lim-= lim-=- 

^ aa->o A A Ax^o b Ax b dx 


and recalling that v Y is a function of x defined by Eq. (6.14), derive 
Eq. (6.15). 


SOLUTION 


Point K is located a distance y above the neutral axis. 
The stress distribution is given by 


cr = cr y 


_y_ 

y Y 


for 0 <y<y Y 


and a = a Y 


for y Y < y < c. 
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PROBLEM 6.60 (Continued) 


For equilibrium of horizontal forces acting on ACKJ, 

ryv a Y yb 


Note that y Y is a function of x. 


H=\adA=[ Y —^—dy + [' a Y bdy 

J J y y Y J }’y 


<J Y b y Y -y 


y Y 

2 h 


y Y 


H = —bc J v 


+ a v b(c-y Y ) 


f i\ 

2 c-y Y - — 

\ 


b dx 


1 dH 1 

= —<Jv 


r i y 2 dy y ^ 
dx y 2 dx 


= - <J v 


1- 


y 


\ 


y r -j 


dv Y 

dx 


But 


M = Px = -M, 


1 2 h 

, _IZl 

1 T 2 

i c j 


Differentiating, 


c/x 


= P = -M V — 


2 t/p r 


c/x 


Then 


dy Y 

dx 


Pc 


Pc 


y Y M Y y Y -4(j Y bc 


T *y ~ o 


1- 


v 


v >W 


2 cr Y by Y 

f 


3P 


2 cr Y b<J Y 4by Y 


1-^- 

v 


◄ (a) 


◄ (h) 
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A 

— i» 

O* 

,_ r 

a 

D E 1 

_■ - j- 

a 

hr 

\ 

1 - h 

F G | 

a 

-i 


i 

a J 


PROBLEM 6.61 

Determine the location of the shear center O of a thin-walled beam of uniform 
thickness having the cross section shown. 
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PROBLEM 6.62 

Determine the location of the shear center O of a thin-walled beam of uniform 
thickness having the cross section shown. 
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PROBLEM 6.62 (Continued) 


Part DB: 


_ , . 3o 

Q = (fa) — + txa 


= ta 


3 a 


- + x 


T = 


_VQ _Va( 3a 


It 


I \ 2 


+ x 




Ux -4 


2—f 


L 


Fi = 


f . . r 2a Va 

' a 

, Vta 

r 2a (3a } 

zdA = — 

- hX 

tdx = - 


J Jo / 

l 2 J 

/ 

0 U J 


f 3 ax x 2 

2 a 

Vta 3 

\ (3)(2) | 

(2) 2 1 

lr + ^J 

0 

I 

2 

2 


I 


g Vta 15 
/ “28 


+)T,M h =+)I,M h : Ve = F 2 (2a) - 2F l (2a) 

= —Va- — Va=-Va 
28 56 7 


e = 


—a = 0.714a 
7 


◄ 
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D 

B 

PROBLEM 6.63 


A 


Determine the location of the shear center 0 of a thin-walled beam of uniform 
thickness having the cross section shown. 

E 

U -2 a - J 

F 



SOLUTION 


F-l 


Pa 


11F 




Part AB: 


Part BD\ 


I — / fg — ta I db — ^ cp — 2 ata -t 2 att ~ 2 ta 


16 


I nF = — t(2a) = —ta I = U = —ta 
DE 12 V 7 3 3 

A = t y y = ^ Q = \ f y 2 


VQ V ■ \ty 2 3 Vy 


T = 


It 


^-ta 2 t 


32 a 3 ? 


W ea 2 ,. 1 


F = f rdA = f a rtdv = - 5 - f„ v dt = —V 

1 J Jo ' 32a 3Jo ' ^ 


32 


Q = Q b + t xa = —ta + tax 


32 a 2 

F 2 = f rdA = — — t( u + 2 x)dx 

J Jo 32a 2 

3P 9 | 2 a 

=- T (ax + x") 

32a 2 lo 

3V ■> 7 9 

= ~^—r(2 a 2 + 4a 2 ) = — F 
32a 2 16 

=+)'LM h : 

Ve = (2a)(2F 1 ) + (2a)(F 2 ) 

= —Fa + —Va = — Va 
8 8 4 


B r 

5 

A D 


r 

J. 




Vt 

1 2 

—a" + ax 

v2 J 

D t= 


F, 

It 

fa 3 t 





3 V 



Ij 


e = —a = 1.250a A 
4 
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PROBLEM 6.64 

Determine the location of the shear center O of a thin-walled beam of uniform 
thickness having the cross section shown. 
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B 

6 mm 

1 


PROBLEM 6.65 


t A 

An extruded beam has the cross section shown. Determine (a) the location of the 

12 mm — ► 

_ 


shear center O, ( b ) the distribution of the shearing stresses caused by the vertical 

o 

1— 

|c 

192 

shearing force V shown applied at O. 

mm 

1 

6 mm 



V = 110 kN 1 

i 



D 

t 

E 



72 mm 




SOLUTION 


1 = 2 


12 


(72)(6) 3 + (72)(6) 


192 


+—(12)(192) J 


= 15.0431 x 10 6 mm 4 = 15.043 lxl(T 6 m 4 


Part AB: 


A = 6x Q= Ay = (6.x) 

VQ 576Vx 
q = -=- 


192 


= 576x 


x = 0 at point A. x = l AB = 72 mm at point B. 


Fj = f XB qdx= f 

J x A J 

(288)(72) 2 


72 576 Fx , 576 F (72) 

- dx = - 

o / 12 


15.0431x10° 


-V = 0.099247F 


+)M C =+)M C : Ve = (0.099247)P(192) 


(а) e = 19.0555 mm 

(б) Point^4: x = 0, 2 = 0, <7 = 0 

Point 5 in part AB: x = 72 mm 


2 = (576)(72) = 41.472 x 10 3 inm 3 = 41.472 x 10~ 6 m 3 
t = 6 mm = 0.006 m 

F2 (110 x 10 3 )(41.472 x 10~ 6 ) 


t r =■ 


It (15.0431 x 10~ 6 )(0.006) 


= 50.5 x 10 Pa 






F, 


F, 


’ = 19.06 mm -4 


^=0 4 


r R = 50.5 MPa 4 
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PROBLEM 6.65 (Continued) 


Part BD: 
Point B : 


Point C : 


y = 96 mm Q = 41.472 x 10 3 mm 3 = 41.472x l(T 6 m 3 
t = 12 mm = 0.012 m 

VQ (110 x 1Q 3 )(41.472 x 10~ 6 ) 

B ~ It ~ (15.0431 x 10~ 6 )(0.012) 

= 25.271 xl0 6 Pa 



y = 0, t = 0.012 m 
Q = 41.472 x10 3 + (12)(96) 


— I = 96.768 x 10 3 mm 3 = 96.768 x 10^m 3 


T = 


VQ _ (110 x 10 3 )(96.768 x 10~ 6 ) 
It ~ (15.0431 x 10~ 6 )(0.012) 


= 58.967 xl0 6 Pa 


r c = 59.0 MPa ◄ 
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SOLUTION 


(a) Part AB: 


I ab = ~(0-125)(3) 3 =1.125 in 4 

I BD = i-(4)(0.125) 3 + (4)(0.125)(3) 2 =4.50065 in 4 

/ O£ =^(0.125)(6) 3 =2.25 in 4 

1 ef = j bd = 4.50065 in 4 
I FG = I AB = 1.125 in 
1 = 1.1 = 13.50 in 4 


Q(y) = ty = 0.5ty 2 

q(y)= rm = ™i y 2 


Fab = 


I I 

3 0.517 r 3 2 


f q(y)dy- 

J 0 


/ Jo 


f y 2 dy = 4.5^ t 
Jo / 


Its moment about H is 


Part /?£>: 


4F =18—^ 

Hr AB ~ 10 j- / 

Qb = (0.5)(?)(3) 2 =4.5? 

Q(x) = Q b + xt( 3) = (4.5 + 3 x)t 

, . Vq(x) Vt 
q{x ) = -= —(4.5 + 3x) 

I 7 



^BO ~ 


Vt 


r 4 vr r 4 

q(x)dx =— (4.5 + 3x)<ir = 42—<— 

Jo /Jo / 


17 ^ 

Its moment about H: 3F BD =126— 7 




a 


2d = [4-5 + (3)(4)]f = 16.51 
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PROBLEM 6.66 (Continued) 


Vt 

Part EF: By symmetry with part BD, F ef = 42 —— > 

Vt\ 

Its moment about His 3 F ef = 126 — y 

VT + 

Part FG: By symmetry with part AB, F fg = 4.5—^— T 

Vt x 

Its moment about His 4 F fg =18 — y 


Moment about H of force in part DE is zero. 


Vt 144 Vt 

Ve ~ 1LM H - (18 + 126 + 0 + 126 + 18)- 


_ 144? _ (2.88)(0.125) 

/ 13.50 

e = 2.67 in. -4 

0 b) Qa=Qg=U 

Ta =t g =0 ◄ 

Qb = Qf = 


. „ _ ... VQ b (2.75)(4.50 

B F It 13.50? 

t b = t f = 0.917 ksi 4 

Qd = Qe = 16.5? 


_ VQ 0 _ (2.75)(16.5?) 

T r\ — T f — — 

It 13.50? 

t d =t e = 3.36 ksi 4 

At H (neutral axis), Q H =Q D + ?(3)(1.5) = 21? 


_ VQ h (2.75X21?) 

H It 13.50? 

t h = 4.28 ksi 4 
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B 


O 



1 - 

-I 


E 



2.75 kips 

r 




4 in. —| 
f = j in. 


PROBLEM 6.67 

An extruded beam has the cross section shown. Determine (a) the location of 
the shear center O, (b) the distribution of the shearing stresses caused by the 
vertical shearing force V shown applied at O. 


SOLUTION 


Part 

A (in 2 ) 

d (in.) 

Ad\ in 4 ) 

/ (in 4 ) 

BD 

0.50 

3 

4.50 

«0 

ABEG 

1.25 

0 

0 

10.417 

EF 

0.50 

3 

4.50 

«0 

2 

2.25 


9.00 

10.417 


I = HAd 2 +2,1 =19.417 in 4 


(a) Part BD: 


Its moment about H: 


Q(x) = 3 tx 

, x VQ(x) V , 
q{x ) =-= —(3ft) 

I f 


Fbd ~ 


3 Vt 


• 4 3 Vt 

xdx = -(8) 

o I 


24 Vt 
I 


(Mbd )h ~ bd ~ 


12Vt 

I 


Part EF: By same method, 

Moments of F AB , F BE , and F EG 


Fef ~ 


24 Vt 


about H are zero. 


(M E f)h 


12Vt 

I 


Ve = T.M H 


e = 


144 1 
I 


12Vt 12Vt 

-1- 

I I 

(144)(0.125) 

19.417 


144 Vt 
I 






e = 0.927 in. ◄ 
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PROBLEM 6.67 (Continued) 


(. b ) At A, D, F, and G, 

to 

ii 

o 

^ = *f = r G = 0 ◄ 

Just above B: 

Q l= Q AB =(2t)(4) = 8 t 



_ VQ X (2.75)(80 

1 It (19.417)* 

r, =1.133 ksi ◄ 

Just to the right of B: 

02=0iH>=(3)f(4) = 12f 



. _ VQ 2 _ (2.75)(12t) 

2 It (19.417)* 

r 2 = 1.700 ksi A 

Just below B: 

83 = Q\ + Qi = 20 * 



„ _ VQ 3 _ (2.75)(200 

Ti It (19.417)* 

r 3 = 2.83 ksi A 

At H (neutral axis), 

Qh = & + Qbh = 20* + *(3)(1.5) = 24.5 * 



_ _ VQ h _ (2.75X24.5*) 

" It (19.417)* 

t h = 3.47 ksi A 

By symmetry. 


r 4 = r 3 = 2.83 ksi A 



r 5 = t 2 = 1.700 ksi A 



t 6 = t x =1.133 ksi A 
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PROBLEM 6.68 

An extruded beam has the cross section shown. Determine (a) the location 
of the shear center O, (b) the distribution of the shearing stresses caused by 
the vertical shearing force V shown applied at O. 


SOLUTION 


(«) 


Iab = Ihj = ~(30)(6) 3 + (30)(6)(45) 2 = 0.365 x 10 6 mm 4 
I DE = I F q =— (30)(4) 3 +(30)(4)(15) 2 = 0.02716 xl0 6 mm 4 


I AH = ^-(6)(90) 3 = 0.3645 x 10 6 mm 4 

/ = Z/ = 1.14882 xlO 6 mm 4 
For a typical flange, A(s ) = ts 






Q(s) = yts 


q ( S) = rm = Vy,s 
/ / 

F = f h q(s)ds = Vytb 

Jo yw 21 

Flange AB: 

F(45)(6)(30 2 ) =0 105?6 ^ 

(2)(1.14882 x 10 6 ) 

Flange DE\ 

VmWOf = 0 .0235 0 2F <- 
(2)(1.14882x 10 6 ) 

Flange FG\ 

F fg = 0.023502F 

Flange F[J\ 

F hj = 0.10576F -> 


+)*M K =+yM K : Ve = 45F AB +15F DE +15F I 
+ 45 F hj = 10.223F 


Dividing by V, 



e = 10.22 mm A 
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PROBLEM 6.68 (Continued) 


(b) Calculation of shearing stresses. 


V = 35 x 10 3 N / = 1.14882 xl(T 6 m 4 


At B, E, G, and J, 

T = 0 4 

At A and H, 


Q = (30)(6)(45) = 8.1 x 10 3 mm 3 = 8.1 x 1 (T 6 m 3 


t = 6 x 1CT 3 m 


r= VQ = (35xl0 3 )(81xl0-) =4Uxl()6pa 

It (1.14882 x KT 6 )^ x 1(T 3 ) 

r = 41.1 MPa ◄ 

Just above D and just below F: 


Q = 8.1 x 10 3 + (6)(30)(30) = 13.5 x 10 3 mm 3 =13.5 x l(T 6 m 3 
t = 6 x l(T 3 m 


r = C 2= (35xl0 3 X13 5xl0- 6 ) =685xl0 « pa 

It (1.14882 x 10 -6 )(6 x 10 -3 ) 

r = 68.5 MPa ◄ 

Just to right of D and just to the right of F: 


Q = (30X4X15) = 1.8 x 10 3 mm 3 =1.8 xl(T 6 m 3 i = 4xl0^ 3 m 


f = F2 = (35 x 10 3 )(1.8 x 10 -6 ) =1371xl()6pa 

It (1.14882xl(T 6 X4xl(r 3 ) 

r = 13.71 MPa ◄ 

Just below D and just above F: 


Q = 13.5 x 10 3 + 1.8 x 10 3 = 15.3 x 10 3 mm 3 =15.3 x 10^ 6 m 3 
t = 6 x 1 (T 3 m 


r = ce = (35 x 10 3 )(15.3 x 1CT 6 ) 

It (1.14882x 10 6 )(6x 10 3 ) 

r = 77.7 MPa ◄ 

At K, Q = 15.3 x 10 3 + (6X15X7.5) = 15.975 x 10 3 mm 3 = 15.975 x 10 _6 m 3 


r = Fe = (35xl0 3 )(15.975xl0-V 811xl06pa 

It (1.14882 x 10 6 )(6 x 1(T 3 ) 

r = 81.1 MPa ◄ 
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PROBLEM 6.70 

Determine the location of the shear center O of a thin-walled beam of 
uniform thickness having the cross section shown. 
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PROBLEM 6.72 

Determine the location of the shear center O of a thin-walled beam of 
uniform thickness having the cross section shown. 
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SOLUTION 

For whole cross section. 


A = 2n at 


J = Aa =27iat I = —J = nat 
2 


Use polar coordinate 0 for partial cross section. 

A = st = aOt 
sinar 


r =a- 


a 


where a =—6 
2 


s = arc length 

1 


v = r sm a = a - 


sin’ a 


a 


_ sin 1 a 2^-2 

Q = Ay = aOt a -= a t 2 sin a 

a 

Q 

= a 2 t 2sin 2 — = a 2 t( l-cos#) 


VQ Va 2 n 

T = -=-(1-COS 60 

It I 

■2 *Va 



r ,, r 171 Va n ^ Va A t , n . 

M c = J azdA = J -(1-cos 0)tadd = - (O-'imO) 


27t Va t 
jza^t 


= 2 aV 


But 


M c = Ve, hence 


e = 


2 a -4 
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PROBLEM 6.74 

o 

\ a \ 

Determine the location of the shear center 0 of a thin-walled beam of uniform thickness 



v 

having the cross section shown. 







e-»] 
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PROBLEM 6.75 

A thin-walled beam has the cross section shown. Determine the 
location of the shear center O of the cross section. 


SOLUTION 


Right flange: 


/ = — h/z, 3 + —t 7 h% 
12 1 1 12 2 2 


A = 


T / 2 2 -y V: 


_ 1 

y = - 


l 


h i +y \h 


Q = Ay 

1 


1 


~ h 2 -y T h 2 + y r: 


f 

2 


1 ,2 2 

^ -y 


T =- 


VQ 


It 2 2 It 2 


1,2 2 

~ h 2~y 


f 2 = 


\ zdA = \ 


V 2 Vt 1 


hW2 


2 1/2 


^ h l - /j k d y 



Vt 2 
21 


1 ,2 

-h 2 y 



V 2 

lt 2 /2 



+—hl — 
4 - 2 





- Ve = -F 2 b = -V 


t 2 h 2 b 


f/j , 3 + G '- 3 


n n 1 ^^“2 


e = 


t 2 h 2 b 


(0.75)(6) 3 (8) 


f,/? 3 + t 2 h\ (0.75)(8) 3 + (0.75)(6) 3 


F, 




- H 


J 


4 


Rf,/z 3 

12 / 


Vt 2 h\ 

t|/7j + 


e = 2.37 in. -4 
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PROBLEM 6.76 

A thin-walled beam has the cross section shown. Determine the 
location of the shear center O of the cross section. 
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PROBLEM 6.76 (Continued) 


Likewise, for Part DE, 

F tiv 

2 h\ + h\ + hi 


and for Part FG, 

F h l V 

3 h( + h 3 2 + hi 

+)ZM H =+)ZM H -. Ve = bF 2 + 2bF i = V 

^ ^ h[ + h 2 + hi 



.. *4 + 2hl (60) 3 + (2)(40) 3 

h( + hi + hi (80) 3 + (60) 3 + (40) 3 1 



= 21.7 mm 

e = 21.7 mm ◄ 
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Y~ 

■ A 

PROBLEM 6.77 

60 mm 1 



j— 

B 

1 d A thin-walled beam of uniform thickness has the cross section shown. Determine the 

1 


dimension b for which the shear center O of the cross section is located at the point 

60 mm 
| r 


° indicated. 

r~ 

F 


60 mm 




- G 



—b — 



SOLUTION 

Part AB: 


At B, 

By symmetry, 
Part BD: 


A(s) = ts y(s) = y A --s 
Q(s) = A(s)y(s) = ty A s ~jts 2 


q(s) = 


Fab ~ 


VQ(s) Vt 


I 


I 


f 1 2 

Va*--* 

V z 


f q(s) ds 

J o 


_ ^ ( yA^AB lAB ^ 

u 2 " 6 . 

1 2 

Qb = tyA^AB ~ 2 AB 

Ffg = Fab 
A(x) = tx 

Q(x) = Q b + }'b A ( x ) = Qb + f yB x 

, s VQ(x) V 
q{x) = —-— = — {Q b + ty B x) 


Fbd ~ 


r b 

q(x)dx- 

Jo 


f 1 

QB h + -tyriF 

V A 


Fef - Fbd 


By symmetry, 

F de is not required, since its moment about O is zero. 



AB 


B L 


F*d 
-V 


Frp 

F f& 


D 

0 

V 

J E 


6 ' 


B 


V77ZZY 


U- ts 



D 
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PROBLEM 6.77 (Continued) 


M 0 — 0: b(F AB + F fg ) y B F BD + y F F EF — 0 
2-bF A g — 2y B F BD = 0 


lb • 

Vt 



T 

2 Vt 

Jl 

I 

12 


f ,2 

yj. 


AB 


7 3 3 

l AB 

6 


—/ 3 
6 


1 V 


1 2^1 

-2 y B - 

QBb + 

-ty B b 2 

J 1 

V 

2 ) 

1 , 2Vt 

^ yJ-AB 

1 ,2 ^ 

f--| 

- - 

n. 1 AB 

z y 


= 0 


y B b 


1 

2 


v ^ 2 =0 


Dividing by and substituting numerical data, 

|~(90)(60) 2 -i(60) 3 |6-|(90)(60)-i(60) 2 |(30)Z7 + ^(30) 2 Z7 2 =0 
126 x10 3 Z?-108x10 3 6 + 4506 2 =0 

18xl0 3 6-450£ 2 =0 b = 0 and Z? = 40.0mm^ 
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PROBLEM 6.78 

A thin-walled beam of uniform thickness has the cross section shown. 
Determine the dimension b for which the shear center O of the cross section 
is located at the point indicated. 


SOLUTION 

Part AB\ 


Part DE: 


A = tx y = 5 in. Q = Ay = 5tx 

_VQ_ V.5/x _ 5Vx 

T ~ It // / 

F x = jrdA = jy^^-tdx = ^-f^xdx 

= = 22.5— 

2 1 I 

A = tx y = 4 in. Q = Ay = 4tx 

VQ _ V4 to _ Wx 
I 


T = 


It 


It 


F 2 = J zdA = ^^j^-tdx 

ra , 

= — !o xdx 
2 Vta 2 


+ = + 'T,M. 




l o 


— jA' 


/ 


‘o- 0 = ( 10)|22.5y 


( 8 ) 


2 Vta 1 


g2 = (10X22.5) =R0625in2 


(8)(2) 


A czzeza 6 




Ux =4 



a = 3.75 in. -4 
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PROBLEM 6.79 


For the angle shape and loading of Sample Prob. 6.6, check that J q dz = 0 along the horizontal leg of the angle 
and \q dy = P along its vertical leg. 


SOLUTION 

Refer to Sample Prob. 6.6. 
Along horizontal leg: 


Along vertical leg: 


3 P(a - z)(a -3 z) 3P 2 * ?, 

v f =—---- =- -{a - 4az + 3z ) 

1 4 ta 3 4 ta 3 

^qdz = ^ Tj-tdz = (n 2 -4az + 3z 2 )dz 

_ 3 P 
~4 a 3 
3P 


4a 3 Jo 
' 2 2 \ 

a~z - 4o — + 3 — 

2 


A = 


-(a 3 -2a 3 + a 3 ) = 0 
4 tr 

3P(o - 7 )(a + 5 v) 3P 2 


4 ta* 


4 ta~ 


(a~ + 4ay - 5 y ) 


f r 3P r a 2 2 

\q dy = T e tdy = —- (a~ + 4 ay - 5 y )dy 

J Jo An J 0 


4 a 


3P 


= ^4_| a ~y+ 4a- -5 — 

4a 3 

3 P 


,.3 h 


y 


4a J 


o 3 +2a 3 - I = 


3 P 4 


4 a 3 3 


=P 


◄ 


◄ 
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PROBLEM 6.80 

For the angle shape and loading of Sample Prob. 6.6, ( a ) determine the points where the shearing stress is 
maximum and the corresponding values of the stress, ( b ) verify that the points obtained are located on the 
neutral axis corresponding to the given loading. 


SOLUTION 


Refer to Sample Prob. 6.6. 
(a) Along vertical leg: 


Along horizontal leg: 


At the comer: 


A = 


3 P(a - v)(a + 5_y) 3P 2 


Ata 


Ata 


(a~ + A ay - 5_y ) 


dz 3 P 

= -——{Aa - 10v) = 0 
dy Ata 3 


T = - 


3 P 


Ata 


i 2 

a 2 + (4a) —a | - (5) 
v 5 


2 

— a 

v5 j 


3P (9 ^ 


Atcr 


— a 

v5 y 


T f = 


3P(a - z)(a - 3 z) _ 3 P 


dr f 3 P 


dz Ata 3 

3 P 


A =- 


4?a 3 


Ata 3 Ata‘ 


{-Aa + 6 z) = 0 


a 2 -(4«)| ja | + (3) 


(a" - 4az + 3z ) 




3P 


Ata 


1 1 — a 
31 3 


y = o, z = o, 



TT_P_ ^ 
20 ta 



1 P 
A ta 


◄ 


T 


3_P_ 
A ta 


◄ 


(b) 


If = —ta 3 

y 3 


I z f = —ta 3 
~ 12 


0 = 45° 


tan cp = y~ tan 0 = = 14.036° 


0-q> = 45 -14.036 = 30.964° 

_ I 'Ay at {all) 1 

y = -=-= — a 

YA 2 at A 

_ YAz at {a/ 2) 1 

z =-=-= — a 

YA 2 at A 
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PROBLEM 6.80 (Continued) 

Neutral axis intersects vertical leg at 

y = y + z tan 30.964° 

= | - +-tan30.964°la = 0.400a 
U 4 J 

Neutral axis intersects horizontal leg at 

z = z + y tan (45° + cp) 

= (— + —tan59.036° la = 0.667a 
U 4 J 



z = 


2 

3 


a A 
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PROBLEM 6.81* 

Determine the distribution of the shearing stresses along line D'B' 
in the horizontal leg of the angle shape for the loading shown. The 
x and y axes are the principal centroidal axes of the cross 
section. 



SOLUTION 


Coordinate transformation. 


In particular, 


J3 = 15.8° V; = P cos J3 V’ = -Ps\n fj 


A(y) = (2a-y)t v = — (2a + y), x = 0 


T =]. v --« 7 


cos /3 | x ~~ a | s i n P 


x = | x ~~ a jcos/? + n v ~~ a |sin/7 


y' = 


(_ 2 \ (_ 1 , 
V-— ajcos/?- x-—u|sin/? 


6 


= (i' v+ j a ] cos ^— \ a i sin ^ 

= 0.4811 ly + 0.36612a 

x 1 = fx-^ajcos/? + |sin^ 

( 1 h f l l 

— a cos/? + — y + — a|sin/? 
6 ) v2 3 

= 0.13614v-0.06961a 
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y(a) 


-T 


at 


PROBLEM 6.81* (Continued) 


V 'Ax' V .Ay' 

+ T = — -+ - J 


V 


IJ 


(P cos J3)(2a - >0(0(0.13614.V - 0.06961a) 
(0.1557ra 3 )(0 

(-Psin J3)(2a - .y)(0.48 Illy + 0.36612a) 
(1.428a 3 f)(0 
P(2a - ^)(0.750_v - 0.500a) 
ta 



- 1.000 


-0.417 


0.250 


0.333 


0.250 
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PROBLEM 6.82* 

For the angle shape and loading of Prob. 6.81, detennine the 
distribution of the shearing stresses along line D'A' in the vertical 
leg. 

PROBLEM 6.81* Detennine the distribution of the shearing 
stresses along line D'B' in the horizontal leg of the angle shape for 
the loading shown. The x and y axes are the principal centroidal 
axes of the cross section. 


SOLUTION 


Coordinate transfonnation. 


In particular, 


P = 15.8° V X ,=P cos/? 

V x ' = -P sin P A(x) - (a - x)t 

x=-^-(a+*), y = 0 


y' = | y ~~ a jcos/?- |sin p 


1 

x = | x- a 

6 


cos P + 


V - a 

/ 3 j 


sin P 


y = f y ~~ a jcos P ~ ( x ~~^ a | s i n 


f 2 > 

- a 

v 3 j 


cos P | ^ x + ^ a |si n 7? 


=-0.13614*-0.73224a 

x 1 =fj-fa jcos/? + |j_v -ya | s i n ^ 

(1 1 ) (2 

= I — x + — a Jcos/? + ——a |sin/? 

= 0.4811 lx + 0.13922a 
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PROBLEM 6.82* (Continued) 



+1 _ V x 'A(x)x _ V y 'A(x)y' 

|r “ Iyt V 

(P cos y0)(o-x)(r)(O.48111x + O.13922a) 
(0.1557ta 3 )(0 

(-P sin /3){a - x)(Q(-0.13614x - 0.73224a) 
(1.428 ta 3 )(t) 

_ P(a-x)( 3.00x + 1.000a) 


x(a) 


1 

1 

1 

2 

5 


0 






1 


6 

3 

2 

3 

6 



1.000 

1.250 

1.333 

1.250 

1.000 

0.583 

0 

\at) 
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PROBLEM 6.83* 

A steel plate, 160 mm wide and 8 mm thick, is bent to form the channel 
shown. Knowing that the vertical load P acts at a point in the midplane of 
the web of the channel, determine ( a ) the torque T that would cause the 
channel to twist in the same way that it does under the load P, 
(b) the maximum shearing stress in the channel caused by the load P. 


SOLUTION 

Use results of Example 6.06 with b = 30 mm, h = 100 mm, and t = 8 mm. 


e = 


9 _i_ _ h _ 9 100 

^ " r 3b ^ “ r (3)(30) 


30 = 9.6429 mm = 9.6429x 10 3 m 


/ = _L th\6b + h) = ^(8)(100) 2 [(16)(30) + 100] = 1.86667 x 10 6 mm 4 =1.86667 x 10~ 6 m 4 


U = 15 x 10 3 N 

(a) T = Ve = { 15xl0 3 )(9.6429xl0~ 3 ) 

Stress at neutral axis due to V: 


T = 144.6 N-m ◄ 


f /2 l 

f h ) 

UJ 

UJ 


= —(8)(100)[l00 + (4)(30)] = 22 x 10 3 mm 3 = 22 x 10 _6 m 3 
8 

t = 8 x 10~ 3 m 

(15xl0 3 )(22xlQ-9 =22-1Qxl06pa=22-10MPa 


V 




J-Ve 


e h 


It (1.86667x 10 )(8x 10 ) 


Stress due to T : 


a = 2b + h = 160 mm = 0.160 m 
1 

c, = — 

3 


r o i 

8 

1 - 0.630— = — 

1 - (0.630 — 

l a) 3 

160 


Tv = 


144.64 


V c x at 2 (0.3228)(0.160)(8x 10~ 3 ) 2 


= 0.3228 


= 43.76xlO 6 Pa = 43.76 MPa 


(b) By superposition, 


=65.9 MPa A 
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p 


PROBLEM 6.84* 

Solve Prob. 6.83, assuming that a 6-mm-thick plate is bent to form the 
channel shown. 

PROBLEM 6.83* A steel plate, 160 mm wide and 8 mm thick, is bent to 
form the channel shown. Knowing that the vertical load P acts at a point in 
the midplane of the web of the channel, determine (a) the torque T that 
would cause the channel to twist in the same way that it does under the 
load P, (b) the maximum shearing stress in the channel caused by the load P. 


SOLUTION 

Use results of Example 6.06 with b = 30 mm, h = 100 mm, and t = 6 mm. 


e = 


9 _i_ _ h _ 9 i 100 

A 3b A " r (3)(30) 


30 = 9.6429 mm = 9.6429 x 10~ 3 m 


/ = -^th 2 (6b + h) = ^(6)(100) 2 [(6)(30) + 100] = 1.400 x 10 6 mm 4 =1.400 x 10~ 6 m 4 
V = 15 x 10 3 N 

(a) T = Ve = ( 15xl0 3 )(9.6429xl0~ 3 ) 

Stress at neutral axis due to V: 


T = 144.6 N -m ◄ 


= —(6)(100)[l00+ (4)(30)] = 16.5 x 10 3 mm 3 = 16.5 x 10' 6 m 3 
8 

t = 6 x 10 _J m 

= (15X1Q3)(1 6 6 - 5X10 ^ = 29.46 x 10*Pa = 29.46 MPa 

It (1.400 x 10~ 6 )(6x 10~ 6 ) 

Stress due to T : 


v 


2 > 

T- Ve 


(b) By superposition, 


2 b + h 

= 160 mm = 0.160 m 


ifi- 

0.630—1 = — 

1 - (0.630)f 

— T 

31 

a) 3 


160 ^ 

T 


144.64 


.2 

c x a t 

(0.32546)(0.160)(6 x 10 

-3)2 


^"max 

+ Tj 



■l 

= 0.32546 

= 77.16 x 10 6 Pa = 77.16 MPa 

=106.6 MPa A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


991 
























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 6.85* 

The cantilever beam AB, consisting of half of a thin- 
walled pipe of 1.25-in. mean radius and |-in. wall 
thickness, is subjected to a 500-lb vertical load. 
Knowing that the line of action of the load passes 
through the centroid C of the cross section of the 
beam, determine (a) the equivalent force-couple 
system at the shear center of the cross section, 
(b) the maximum shearing stress in the beam. {Hint: 
The shear center O of this cross section was shown 
in Prob. 6.74 to be located twice as far from its 
vertical diameter as its centroid C.) 
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PROBLEM 6.85* (Continued) 

(b) Shearing stresses. 


(1) DuetoF: 

r _F2 raax 
r It 

(P)(ah) = 2P = (2)(500) 

f n 3 t\t) nat -25X0.375) 

1 2 a r 


(2) Due to the torque M 0 : 

For a long rectangular section of length l and width t, the shearing stress due to torque M 0 is 


Data: 

= ° 2 where c, = 1 0.630 1 

c x lt 3y l) 

l = na = n( 1.25) = 3.927 in. i = 0.375 in. c x =0.31328 

397 9 

% =--y = 2 300 psi 

(0.31328)(3.927)(0.375) 2 


By superposition, r = t v + z M = 679 psi + 2300 psi r = 2980 psi 4 
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PROBLEM 6.86* 

Solve Prob. 6.85, assuming that the thickness of the 
beam is reduced to j in. 

PROBLEM 6.85* The cantilever beam AB, consisting 
of half of a thin-walled pipe of 1.25-in. mean radius 
and |-in. wall thickness, is subjected to a 500-lb 
vertical load. Knowing that the line of action of the 
load passes through the centroid C of the cross section 
of the beam, determine (a) the equivalent force-couple 
system at the shear center of the cross section, ( b ) the 
maximum shearing stress in the beam. (Hint: The 
shear center O of this cross section was shown in 
Prob. 6.74 to be located twice as far from its vertical 
diameter as its centroid C.) 
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PROBLEM 6.86* (Continued) 


(b) Shearing stresses . 

(1) Due to V, t v = 


m, 


Tv — ' 


It 


(P)(a~t ) 2 P 


(2)(500) 


f. at{t) 


jzat ;r(1.25)(0.250) 


= 1019 psi 


(2) Due to the torque M 0 : 

For a long rectangular section of length / and width t, the shearing stress due to torque M 0 is 


M r 


t m=—TT where C 1 = T 

c,/t i 


l-0.630y 


Data: 


l = 7Ta = ;r(1.25) = 3.927 in. t = 0.250 in. q =0.31996 

397.9 . 

= 5067 psi 


(0.31996)(3.927)(0.250)- 
By superposition, r = r v + r M = 1019 psi + 5067 psi 


t = 6090 psi ^ 
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PROBLEM 6.87* 

The cantilever beam shown consists of a 
Z shape of j-in. thickness. For the given 
loading, determine the distribution of the 
shearing stresses along line A'B' in the 
upper horizontal leg of the Z shape. The x 
and y axes are the principal centroidal axes 
of the cross section and the corresponding 
moments of inertia are I x ' =166.3 in 4 and 
I y =13.61 in 4 . 
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PROBLEM 6.88* 



For the cantilever beam and loading of 
Prob. 6.87, determine the distribution of the 
shearing stress along line B'D' in the 
vertical web of the Z shape. 

PROBLEM 6.87* The cantilever beam 
shown consists of a Z shape of /in. 
thickness. For the given loading, determine 
the distribution of the shearing stresses 
along line A'B' in the upper horizontal leg 
of the Z shape. The x and y axes are the 
principal centroidal axes of the cross section 
and the corresponding moments of inertia 
are / x - =166.3 in 4 and I y . =13.61 in 4 . 


SOLUTION 


For part AB\ 


For part B'Y, 


Due to V/. 


V = 

3 kips P = 22.5° 

K' = 

V sin p V y =V< 

A = 

41(6) = 1.5 in 2 


UJ 

x = 

-3 in., y = 6 in. 

A = 

7(6-v) 

4 

x = 

0 v=^(6 + y) 

t 

X = 

x cos P + y sin P 

y' = 

y cos P - x sin p 



r, =- 


Ft’ (AAB X AB + ^BY X BY ) 

V 


r, = 


(V sin/?)[(1.5)(-3cos J3 + 6sin J3 ) + /6- y)\{ 6 + y) sin /?] 
(13.61)(|) 

(V sin y0)[-O.7133 +1.7221 - 0.047835 v 2 ] 


3.4025 


= 0.3404-0.01614/ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


997 

































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 6.88* (Continued) 


Due to Vy: 


V/C^ab?ab + A B yV ) 

Tn =— - 


(V cos/?)[(1.5)(6 cos p + 3 sin P) + ^(6- v)\(6 + v)cos p] 

* 2 ~ (166.3)(;) 

= (^osMlQ.037, 4 1575-0.11548/] = Q ^_ 000770 / 
(166.3)(1) 

Total: fj + r 2 = 1.2867 - 0.02384 v 2 


y (in-) 

0 

+ 2 

+4 

±6 

r (ksi) 

1.287 

1.191 

0.905 

0.428 


◄ 
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SOLUTION 


Part 

A (mm 2 ) 

d (mm) 

Ad 2 ( 10 6 mm 4 ) 

7(10 6 mm 4 ) 

Top Plank 

7200 

60 

25.92 

2.16 

Middle Plank 

12,000 

0 

0 

3.60 

Bottom Plank 

7200 

60 

25.92 

2.16 

E 



51.84 

7.92 



/ =X Ad 2 + 17 = 59.76 X 10 6 mm 4 = 59.76 x 10“ 6 m 4 
Q = (7200)(60) = 432 x IQ 3 mm 3 = 432 x 10 -6 m 3 
VQ T7 

V = — F nail = V 

_ ^*nai1 y = = ^*nail 

s Q Qs 

(59.76 x 10~ 6 )(400) 

~ (432 x 10“ 6 )(75 x 10“ 3 ) 
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PROBLEM 6.90 

For the beam and loading shown, consider section 
n-n and determine (a) the largest shearing stress in 
that section, ( b ) the shearing stress at point a. 


Dimensions in mm 


SOLUTION 


At section n-n, V = 80 kN 

Consider cross section as composed of rectangles of types ®, ©, and ©. 

/, = j^(12)(80) 3 + (12)(80)(90) 2 = 8.288 x 10 6 mm 4 

I 2 = ^-(180)(16) 3 + (180)(16)(42) 2 = 5.14176 x 10 6 inm 4 

/ 3 = j^-(16)(68) 3 = 419.24 x 10 3 mm 4 

/ = 4/, + 2 1 2 + 2/ 3 = 44.274 x 10 6 mm 4 
= 44.274 x 10“ 6 m 4 


r 

lJ 

160 ktf 



1 y 



So kvJ 


kw 



(a) 


Calculate Q at neutral axis. 


a 

a 

03 

Q 


(12)(80)(90) = 86.4 x 10 3 mm 4 
(180)(16)(42) = 120.96 x 10 3 mm 4 
(16)(34)(17) = 9.248 xlO 3 mm 4 

201 + 02 + 2ft = 312.256 x 10 3 mm 3 = 312.256 x 10“ 6 m 



^ = (^° x 10 3 )(312.256 x 10 ~ 6 ) = ^ x 1()6pa 

It (44.274 xl0“ 6 )(2x 16 xl0“ 3 ) 


t = 17.63 MPa ◄ 


(. b ) At point a, 


0 


0! = 86.4 x 10 3 mm 4 = 86.4 x 10 _6 m 4 


Y9. = (80xl0 3 )(86.4 xl0") =1301xlQ6pa 

It (44.274 x 10“ 6 )(12x10“ 3 ) 


t = 13.01 MPa ◄ 
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1 

- 

^-W24 X 104 

c 

— 

-—eft—- 

B -A. 

--9 ft-- 


PROBLEM 6.91 

For the wide-flange beam with the loading shown, determine the 
largest load P that can be applied, knowing that the maximum 
normal stress is 24 ksi and the largest shearing stress using the 
approximation r m = V/A web is 14.5 ksi. 
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I in.- 


4 in. 


|~1 in. 
j 1 in. 


PROBLEM 6.92 

For the beam and loading shown, consider 
section n-n and determine the shearing stress 
at (a) point a, ( b ) point b. 



SOLUTION 


V (Ibps) 








© 


1 »i*i 




i 

b 




CD 


Draw shear diagram. 

Determine section properties. 


R a = R B = 12 kips 

V = 12 kips 




Part 

^(in 2 ) 

v(in.) 

4v(in 3 ) 

c/(in.) 

Ad 2 (in 4 ) 

/(in 4 ) 

® 

4 

4 

16 

2 

16 

5.333 

© 

8 

1 

8 

-1 

8 

2.667 

E 

12 


24 


24 

8.000 


- ZAv 24 ^ . 

Y = —21 = — = 2 m. 

ZA 12 

/ = ZAd 2 + Zl = 32 in 4 


(a) 

A = 1 in 2 

t = 1 in. 

y =3.5 in. Q a = Ay =3.5 in 3 



r = = 

a It 

(12)(3.5) 

(32)(1) 

r a = 1.313 ksi -4 

(b) 

A = 2 in 2 

t = 1 in. 

y = 3 in. Q b = Ay = 6 in 3 



^4 

C5- 

II 

O' 

11 

(12)(6) 

(32)(1) 

T b = 2.25 ksi M 
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PROBLEM 6.93 

The built-up timber beam is subjected to a 1500-lb vertical shear. Knowing 
that the longitudinal spacing of the nails is 5 = 2.5 in. and that each nail is 
3.5 in. long, determine the shearing force in each nail. 


2 in. 


2 in. 


2 in. 


SOLUTION 


h = ~(2)(4) 3 + (2)(4)(3) 2 
= 82.6667 in 4 
I 2 = ~(2)( 6 ) 3 = 36 in 4 

/ = 2/j + 2 1 2 

= 237.333 in 4 

Q = 4 y x = (2)(4)(3) = 24 in 3 

fg= (1500X24) = 151 685 1b/in 
/ 237.333 

2^naii = qs ^naii = \< 1 * = [0151.685)(2.5) 



K 


nail 


189.6 1b ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1003 































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 6.94 

Knowing that a given vertical shear V causes a maximum shearing 
stress of 75 MPa in the hat-shaped extrusion shown, determine the 
corresponding shearing stress at (a) point a, (b) point b. 


SOLUTION 


At 



(a) 

r = — ■ 

l c 

' — T r 

1568 

6 

Qc 

ta 

4260 

4 

(b) 

T 

t h ~ - 

■ — T 

1568 

6 

Qc 

t b 

4260 

4 


Neutral axis lies 30 mm above bottom. 


la 

T, 


V& 

It 

_ QJc 
Qja 


=- 

lb_ 

T, 


YQa 

It, 


Tu =- 


m, 

Itu 


. Qb l c 
Qch 


Q c = (6)(30)(15) + (14)(4)(28) = 4260 inm J 
t c = 6 mm 

Q a = (14)(4)(28) =1568 mm 3 
t a =4 mm 

Q h = (14)(4)(28) =1568 mm 3 
t b =4 mm 


z, = 75 MPa 


z a =41.4 MPa ◄ 
z b =41.4 MPa ◄ 
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100 mm 



PROBLEM 6.95 

Three planks are connected as shown by bolts of 14-rmn diameter 
spaced every 150 mm along the longitudinal axis of the beam. For a 
vertical shear of 10 kN, determine the average shearing stress in the 
bolts. 


SOLUTION 


Locate neutral axis and compute moment of inertia. 


Part 

4(mm 2 ) 

y(mm) 

^4v(mm 3 ) 

cjf(mm) 

Ad 2 ( mm 4 ) 

7(mm 4 ) 

® 

12,500 

200 

2.5 x 10 6 

37.5 

17.5781 x 10 6 

10.4167 x 10 6 

© 

25,000 

125 

3.125 xlO 6 

37.5 

35.156 x 10 6 

130.208 x 10 6 

© 

12,500 

200 

2.5 x 10 6 

37.5 

17.5781 x 10 6 

10.4167 x 10 6 

I 

50,000 


8.125 x 10 6 


70.312 xlO 6 

151.041 x 10 6 


Y 


YAy _ 8.125 x 10 6 
ZA 50 x 10 3 


162.5 mm 


I = ZAd 2 + 1,1 = 221.35 x 10 6 mm 4 
= 221.35 x 10 _6 m 4 


Q = A,y, = (12,500)(37.5) = 468.75 x 10 3 mm 3 

= 468.75 x 10 -6 m 3 


_ VQ_ _ (10 x 10 3 )(468.75 x 10 ~ 6 ) 
/ 221.35 xl0“ 6 

= 21.177 x 10 3 N/m 


© 

© 

® 









Y 







F bolt =qs = (21.177 x 10 4 )(150 x 10“ 3 ) = 3.1765 x 10" N 


7T 


A bol{ = —(14) = 153.938 mm z = 153.938 x 10"° m z 




^"bolt 


bolt 


^bolt 


3 - 1765 xl ° = 20.6 x 10 6 Pa 


153.938 x 10 


-6 


^"bolt 


20.6 MPa ◄ 
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PROBLEM 6.96 

Three 1 x 18-in. steel plates are bolted to four L6 x 6 x 1 angles to form a beam 
with the cross section shown. The bolts have a 2--in. diameter and are spaced 
longitudinally every 5 in. Knowing that the allowable average shearing stress in 
the bolts is 12 ksi, determine the largest permissible vertical shear in the beam. 
(Given:I x =6123 in 4 .) 


18 in. 


SOLUTION 



Flange: 

h 


Web: 

K 

=>< 18,: 

Angle: 

1 

= 35.5 in 4 , 


y = 1.86 in. d = 9 - 1.86 = 7.14 in. 
1=7+ Ad 2 = 596.18 in 4 


/ = 2/y + I w + 4 I a =6123 in 4 , which agrees with the given value. 


Flange: 

Angle: 



Q f = (18)(1)(9.5) = 171 in 3 

Q a = Ad = (11.0)(7.14) = 78.54 in 3 
Q = Qf + 2 Q a = 328.08 in 3 


^bolt 


7 

v8y 


0.60132 in 2 


F bolt = 2r boIt 4 olt = (2X12)(0.60132) = 14.4317 kips 


F, 


‘/all _ 


bolt 


14.4317 


= 2.8863 kip/s 


VQ v q an I (2.8863)(6123) 
/ a11 Q 328.08 


V M = 53.9 kips A 
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PROBLEM 6.97 

The composite beam shown is made by welding C 200x17.1 rolled-steel channels to the 
flanges of a W250x80 wide-flange rolled-steel shape. Knowing that the beam is 
subjected to a vertical shear of 200 kN, determine (a) the horizontal shearing force per 
meter at each weld, ( b ) the shearing stress at point a of the flange of the wide-flange 
shape. 


SOLUTION 




T" 

3c 

Jl 


J a J a )1 


ls 


3 T 


w\k\ 1fM rv, y 

_ T 


For W250 x 80, d = 257 mm, tf = 15.6 mm, I x = 126 x 10 6 mm 4 
For C200 x 17.1, A = 2170 mm 2 , bf = 57.4 mm, tj- = 9.91 mm 
1 y = 0.545 x 10 6 mm 4 , x = 14.5 mm 
For the channel in the composite beam, 

257 


y c = 


+ 57.4-14.5 = 171.4mm 


For the composite beam, 

/ = 126 x 10 6 +2[0.545 x 10 6 + (2170)(171.4) 2 ] 

= 254.59 x 10 6 mm 4 = 254.59 x 10“ 6 m 4 
(a) For the two welds, 

Q w = Ay c = (2170) (171.4)= 371.94 x 10 3 mm 3 = 371.94 x 10“ 6 m 3 


q = 


Kg _ (200 xlO 3 ) (371.94 x 10-^) = 292 _ 2xlo3N/m 


254.59 x 10 


-6 


For one weld, = 146.1 x 10 3 N/m 
Shearing force per meter of weld: 


146.1 kN/m A 


(b) For cuts at a and a ' together, 

A a = 2(112)(15.6) = 3494.4 mm 2 y a = 1 ^- - ^ = 120.7 mm 

Q a = 371.94 x 10 3 + (3494.4)(120.7) = 793.71 x 10 3 mm 3 = 793.71 x 10“ 6 m 3 
Since there are cuts at a and a', t = 2tf = (2)(15.6) = 31.2 mm = 0.0312 m. 

^ = (200 xl0 3 )(793.71 xl0- 6 ) =i9 _ 99xi06pa 


It 


(254.59 xl0°)(0.0312) 


= 19.99 MPa ◄ 
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0.5 in. 



PROBLEM 6.98 

The design of a beam requires welding four horizontal plates to a 
vertical 0.5 x 5-in. plate as shown. For a vertical shear V, 
determine the dimension h for which the shear flow through the 
welded surface is maximum. 


SOLUTION 



Horizontal plate: 

h = ~(4-5)(0-5) 3 + (4.5)(0.5)/j 2 



= 0.046875 + 2.25h 2 


Vertical plate: 

7 V = J-(0.5)(5) 3 =5.2083 in 4 


Whole section: 

7=47* +7 V =9h 2 +5.39583 in 4 


For one horizontal plate, 

Q = (4.5)(0.5)/z = 2.25 h in 3 



VQ 2.25Vh 



q I 9h 2 + 5.39583 


To maximize q, set 

*Uo. 

dh 



„„^(9A 2 + 5.39583) -18/z 2 n 
(9/r • 5.395S3) 2 

h = 0.774 in. ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1008 


























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


A 

-r 



60 mm 



60 mm 



G 


K 


E 

45 mm 


45 mm 



PROBLEM 6.99 

A thin-walled beam of uniform thickness has the cross section shown. Determine 
the dimension b for which the shear center O of the cross section is located at the 
point indicated. 


30 mm 


SOLUTION 


Part AB\ 


Part DE: 


F. 




F-*. 

3 , 


A = ft y = 60 mm 
Q = Ay = 60ft mm 3 
VQ 60Vx 


T = 


It 


I 


6 = 


\ TdA = \ , 


30 60 Vx 


I 


-t dx = 


60 Vt [-3Q 

/ Jo 


xdx 


60Vt x~ 


30 


( 6 °)( 30 ) -^ = 27x103-^ 
2 1 I 


A = tx y = 45 mm 
Q = Ay = 45 ft 
F0 45F* 


r = 


It 


I 


„ f ,, r b 45Vx , 45Vt r b , 45 b 2 Vt 

b 2 = J t dA = ———tdx =—- —J Q xdx = 


21 


+^M 0 =+)I M 0 : 0 = (2)(45)F 2 - (2)(60)F, 
[(45) 2 6 2 - (2)(60)(27 x 10 3 )]— = 0 


A'* 


, 2 (2)(60)(27 x 10 ) .... 2 

b = - L = 1600 mm 

45 2 




8 


V 




4 x |*- 


b = 40 mm A 


Note that the pair of F x forces form a couple. Likewise, the pair of F 2 forces form a couple. The lines of 
action of the forces in BDOGK pass through point O. 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1009 































































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


\ in. 


B 

PROBLEM 6.100 


6(r^ 

1.5 in. 

Determine the location of the shear center O of a thin-walled beam of 



u 

uniform thickness having the cross section shown. 



F | 

1.5 in. 

_L 

E 
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PROBLEM 6.Cl 



A timber beam is to be designed to support a distributed load and 
up to two concentrated loads as shown. One of the dimensions of 
its uniform rectangular cross section has been specified and the 
other is to be determined so that the maximum normal stress and 
the maximum shearing stress in the beam will not exceed given 
allowable values cr aU and r all . Measuring x from end A and using 
either SI or U.S. customary units, write a computer program to 
calculate for successive cross sections, from x = 0 to x = L and 
using given increments Ax, the shear, the bending moment, and 
the smallest value of the unknown dimension that satisfies in that 
section (1) the allowable normal stress requirement and (2) the 
allowable shearing stress requirement. Use this program to solve 
Prob. 5.65, assuming cr all = 12 MPa and r all = 825 kPa and using 
Ax = 0.1 m. 


SOLUTION 

See solution of Prob. 5.C2 for the determination of R A , R B , V (x), and M(x) 

We recall that 

V(x) = R a STPyf + R B STP B - P { STP1 - P 2 STP2 
-w(x -x 3 ) STP3 + w(x -x 4 ) STP4 
M(x) = R a (x- a) STP^ + R B (x — a — L) STP B -P x (x-x x ) STP1 

—P 2 (x -x 2 ) STP2 tv(x-x 3 ) 2 STP3 + ^-w(x -x 4 ) 2 STP4 

where STP^, STPS, STP1, STP2, STP3, and STP4 are step functions defined in Problem 5.C2. 
(1) To satisfy the allowable normal stress requirement: If unknown dimension is h : 


From 

If unknown dimension is t : 

From 


S mm =N/cx a ,i. 

S = —th 2 , we have h a =h = y/6S/t 
6 


Smin =\M\ /0-an- 

.S' =—th 2 , we have t„ = t = 63/h 2 
6 


(2) To satisfy the allowable shearing stress requirement ; 
We use Equation (6.10), Page 378: 

If unknown dimension is /?: 


3|F| = 3|F| 
2 

m 


Tmax 2 A 2 th 


2 tz. 


all 


If unknown dimension is t: 


t=t = - 


3 M 


2 hr. 


all 
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PROBLEM 6.C1 (Continued) 

Program Outputs 

Problem 5.65 


R a = 2.40 kN 
R b =3.00 kN 


X 

m 

V 

kN 

M 

kN-m 

HSIG 

mm 

HTAU 

mm 

0.00 

2.40 

0.000 

0.00 

109.09 

0.10 

2.40 

0.240 

54.77 

109.09 

0.20 

2.40 

0.480 

77.46 

109.09 

0.30 

2.40 

0.720 

94.87 

109.09 

0.40 

2.40 

0.960 

109.54 

109.09 

0.50 

2.40 

1.200 

122.47 

109.09 

0.60 

2.40 

1.440 

134.16 

109.09 

0.70 

2.40 

1.680 

144.91 

109.09 

0.80 

0.60 

1.920 

154.92 

27.27 

0.90 

0.60 

1.980 

157.32 

27.27 

1.00 

0.60 

2.040 

159.69 

27.27 

1.10 

0.60 

2.100 

162.02 

27.27 

1.20 

0.60 

2.160 

164.32 

27.27 

1.30 

0.60 

2.220 

166.58 

27.27 

1.40 

0.60 

2.280 

168.82 

27.27 

1.50 

0.60 

2.340 

171.03 

27.27 

1.60 

-3.00 

2.400 

173.21 

136.36 

1.70 

-3.00 

2.100 

162.02 

136.36 

1.80 

-3.00 

1.800 

150.00 

136.36 

1.90 

-3.00 

1.500 

136.93 

136.36 

2.00 

-3.00 

1.200 

122.47 

136.36 

2.10 

-3.00 

0.900 

106.07 

136.36 

2.20 

-3.00 

0.600 

86.60 

136.36 

2.30 

-3.00 

0.300 

61.24 

136.36 

2.40 

0.00 

0.000 

0.05 

0.00 


The smallest allowable value of h is the largest of the values shown in the last two columns. 

For Problem 5.65, h = h a = 173.2 mm -4 
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PROBLEM 6.C2 

A cantilever timber beam AB of length L and of uniform rectangular 
section shown supports a concentrated load P at its free end and a 
uniformly distributed load w along its entire length. Write a 
computer program to determine the length L and the width b of the 
beam for which both the maximum normal stress and the maximum 
shearing stress in the beam reach their largest allowable values. 
Assuming cr all =1.8ksi and r aI1 = 120 psi, use this program to 
determine the dimensions L and b when (a) P = 1000 lb and w = 0, 
( b ) P = 0 and w = 12.5 lb/in., (c) /’ = 500 lb and w = 12.5 lb/in. 


SOLUTION 


Both the maximum shear and the maximum bending moment occur at A. We have 

V A = P + wL 

M, =PL + -wL 2 
A 2 


To satisfy the allowable normal stress requirement : 


M. 


M, 


‘Tall ~ ' 


b=b = 


■ b(8bY 


32 CT. 


all 


1/3 


3 Ma 
32 b 3 


To satisfy the allowable shearing stress requirement : 

We use Equation (6.10), Page 378. 


3V 3 V. 


3V, 


r all — ' 


2 A 2b(8b) 16 b z 

- 11/2 
V. 

b=b = 


16 T. 


all 


Program 

For L = 0, V A = P and b z > 0, while M A = 0 and b a = 0. 


Starting with L = 0 and using increments A L = 0.001 in., we increase L until b a and b T become equal. We 
then Print L and b. 
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PROBLEM 6.C2 (Continued) 


Program Outputs 


For P = 1000 lb, w = 0.0 lb/in. 

For P = 0 1b, w — 12.5 lb/in. 


Increment = 0.0010 in. 

Increment = 0.0010 in. 


L = 37.5 in., b = 1.250 in. 

For P = 500 lb, w = 12.5 lb/in. 

Increment = 0.0010 in. 

L = 59.8 in., b = 1.396 in. 

L = 70.3 in., 6 = 1.172 in. 
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h— ^—*j 

Kf~ | 


/l£ 




hi 





-h 2 ^\ 
-hi -- 



PROBLEM 6.C3 

A beam having the cross section shown is subjected to a vertical 
shear V. Write a computer program that, for loads and dimensions 
expressed in either SI or U.S. customary units, can be used to 
calculate the shearing stress along the line between any two 
adjacent rectangular areas forming the cross section. Use this 
program to solve (a) Prob. 6.10, ( b ) Prob. 6.12, (c) Prob. 6.22. 


SOLUTION 

1. Enter V and the number n of rectangles. 

2. For i = I to n, enter the dimensions b t and h t . 

3. Determine the area A t =b i h i of each rectangle. 

4. Determine the elevation of the centroid of each rectangle: 

/ 

u =Za ~°- 5h > 

k =1 


and the elevation y of the centroid of the entire section: 


y = 


\ K \ 

V i )! V i 


5. Determine the centroidal moment of inertia of the entire section: 


/ = 



+ A i {y i -yf 


6. For each surface separating two rectangles i and i +1, determine Q of the area below that surface: 


7. 


Qi =Yj= Myk ~y) 


k =1 


Select for t t the smaller of 6, and b M . 

The shearing stress on the surface between the rectangles i and i +1 is 



◄ 
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PROBLEM 6.C3 (Continued) 


Program Outputs 

Problem 6.10 

Shearing force = 10 kN 

Between Elements 1 and 2: 

Between Elements 2 and 3: 

Between Elements 3 and 4: 

Between Elements 4 and 5: 

Problem 6.12 

Shearing force = 10 kips 

Between Elements 1 and 2: 

Between Elements 2 and 3: 

Between Elements 3 and 4: 


y = 75.000 mm above base 
/ = 39.580 xl0~ 6 mm 4 

t = 418.39 kPA 

r = 919.78 kPA 

r = 765.03 kPA 

t = 418.39 kPA 


l_® I : 




®c 

V 

© 


1_ CD 1 ’ 


k-->| 


IZ mm 

20 m 
35" rnrvi 

1 9? b'l'V} 

I 'Zrr»V' 


◄ (a) 

◄ (b) 


v = 2.000 in. 
7 = 14.58 in 4 

t = 2.400 ksi 

t = 3.171 ksi 

t = 2.400 ksi 


4 \v\. 



O.h, in 
I S - in 

1.5‘in. 
0. ?,«. 


◄ (a) 

◄ (b) 
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PROBLEM 6.C3 (Continued) 


Program Outputs (Continued) 

Problem 6.22 

Shearing force = 90 kN 


Between Elements 1 and 2: 


Between Elements 2 and 3: 


y = 65.000 mm 
/ = 58.133 xl0~ 6 mm 4 


IbOmm 


1 

( 5 ) 

A 




\ 











r = 23.222 MPA 

r = 30.963 MPA 


◄ ( 6 ) 
◄ ( a) 
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y 

PROBLEM 6.C4 

t > 1 

A plate of uniform thickness t is bent as shown into a shape 

J 

i 

; 

- x 2 - *\ _ 

^- X 1 - 

with a vertical plane ot symmetry and is then used as a beam. 
Write a computer program that, for loads and dimensions 
expressed in either SI or U.S. customary units, can be used to 
determine the distribution of shearing stresses caused by a 
vertical shear V. Use this program ( a ) to solve Prob. 6.47, (b) to 
find the shearing stress at a Point E for the shape and load of 
Prob. 6.50, assuming a thickness t = j in. 


SOLUTION 


For each element on the right-hand side, we compute (for i = I to n ): 
Length of element = L, = -x i+l ) 2 + (y ; -y M ) 2 

Area of element = A t = tL : 

where t = — in. 

4 

Distance from x axis to centroid of element = y t =— (y, + y M ) 
Distance from x axis to centroid of section: 

7 = (Z4,v,.)/z4 


Note that y n = 0 and that x n+l = y n+x = 0. 

Moment of inertia of section about centroidal axis : 

TtrCL -jai ) 2 +(y, -yf 


I = 2LA i 


Computation of Q at Point P where stress is desired : 

Q = 'LA j (y j - y) where sum extends to the areas located between one end of section and Point P. 
Shearing stress at P : 


T 


VQ 

It 


Note : r max occurs on neutral axis, i.e., for y P = y. 
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PROBLEM 6.C4 (Continued) 

Program Outputs 


Part (a): 

7 = 0.5333 in 4 

r max= 2 - 02ksi < 

t b = 1.800 ksi 4 

Part ( b ): 

I = 22.27 in 4 

t e =194.0 psi 4 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1019 




Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 6.C5 

The cross section of an extruded beam is symmetric with respect to 
the x axis and consists of several straight segments as shown. Write 
a computer program that, for loads and dimensions expressed in 
either SI or U.S. customary units, can be used to determine (a) the 
location of the shear center O, ( b ) the distribution of shearing 
stresses caused by a vertical force applied at O. Use this program to 
solve Prob. 6.70. 



) 


SOLUTION 

Since section is symmetric with x axis, computations will be 
done for top half. 

For i = 1 to n +1 : (Note: n +1 is the origin) 

Enter t ; , x t , y t 

Compute length of each segment . 

For / = 1 to n : 

Ax , =x M -x, 

A y t =y M -yi 

L = (Ax ; 2 + Ayf ) 1/2 


Calculate moment of inertia I x . 


Consider each segment as made of 100 equal parts . 


For / = 1 to n \ 

A Area = Z.,7,/100 
For j = 1 to 100: 

T = T,+Ay,(./-0.5)/100 
A I = (AArea)r 2 
I X =I X +AI 
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PROBLEM 6.C5 (Continued) 


Program Output 

Problem 6.70 


T(K) mm 

X(K) mm 

Y(K) mm 

L(K) mm 

1 

6.00 

60.62 

0.00 

70.00 

2 

6.00 

0.00 

35.00 

35.00 

3 

6.00 

0.00 

0.00 


Moment of inertia: I x = 

514487 mm 4 

Shear = 1000.000 N 



Junction of 

Q 

Tau Before 

Tau After 

Force in 

Segments 

mm 3 

MPa 

MPa 

Segment kN 

1 and 2 

7350.00 

2.38 

2.38 

335.01 

2 and 3 

11,025.00 

3.57 

3.57 

666.27 


Moment of shear forces about origin: M = 20.309 N • m + counterclockwise 
Distance from origin to shear center: e = 20.309 mm 
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SOLUTION 


Distribution of shearing stresses in element i . 

Let V = Shear in cross section 


/ = Centroidal moment of inertia of section 
We have for shaded area 


Force exerted on element i. 


Q = Ay=t i (a i -y) 


a-, + v 


QV V 2 2 

r =-= — (ci: - v ) 

It 21 ' 




f ' r(t t dy) 

J -di 


Yh 

i 


3 1 . 

a ; — a, 
3 


y 2 )dy 

£ ‘T 

f*T 

r 

y 2 )dy 


CT. 

3^1 2 V 3 

I. =- tO: 

J 3 1 


_L 
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PROBLEM 6.C6 (Continued) 


The system of the forces F t must be equivalent to V at shear center. 

'ZF = 'ZF: 


Divide (2) by (1): 

Program Output 

Problem 6.75 

For Element 1: 


For Element 2: 


HM a =ZM a : 


A 




' c 

* 

1 —b 

N 

.. 



e = 




2 V , 

-W = V 

3 1 ' 

=eV 

V 


< £^\ 


Answer: 


t = 0.75 in., a = 4 in., b = 0 

t = 0.75 in., a = 3in., Z? = 8in. 
e = 2.37 in. 


( 1 ) 

( 2 ) 


◄ 


◄ 
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PROBLEM 7.1 

For the given state of stress, determine the normal and shearing stresses exerted 
on the oblique face of the shaded triangular element shown. Use a method of 
analysis based on the equilibrium of that element, as was done in the derivations 
of Sec. 7.1 A. 


SOLUTION 




Areals 



8 A co%20 * 


3A cos 2o 


Fa fees 


3A si^o’ 
v HA 70° 


+/IF = 0: a A — 8A cos 20° cos 20° - 3 A cos 20° sin 20° - 3,4 sin 20° cos 20° - 4 A sin 20° sin 20° = 0 

cr = 8cos 2 20° + 3 cos 20° sin 20° + 3sin20°cos20° + 4sin 2 20° = 0 

cr = 9.46 ksi 4 

+'' IF = 0: tA + 8A cos 20° sin 20° - 3A cos 20° cos 20° + 3 A sin 20° sin 20° - 4A sin 20° cos 20° = 0 

t = -8 cos 20° sin 20° + 3(cos 2 20° - sin 2 20°) + 4 sin 20° cos 20° 

t = 1.013 ksi 4 
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60 MPa PROBLEM 7.2 


For the given state of stress, detennine the normal and shearing stresses exerted on 
the oblique face of the shaded triangular element shown. Use a method of analysis 
based on the equilibrium of that element, as was done in the derivations of Sec. 7.1 A. 


90 MPa 
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lOksi 



PROBLEM 7.3 

For the given state of stress, determine the normal and shearing stresses 
exerted on the oblique face of the shaded triangular element shown. Use a 
method of analysis based on the equilibrium of that element, as was done in 
the derivations of Sec. 7.1 A. 
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, 80 MPa 


55°/ 

( 

40 MPa 







PROBLEM 7.4 

For the given state of stress, determine the normal and shearing stresses exerted 
on the oblique face of the shaded triangular element shown. Use a method of 
analysis based on the equilibrium of that element, as was done in the derivations 
of Sec. 7.1 A. 
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PROBLEM 7.5 

For the given state of stress, determine (a) the principal planes, (b) the principal 
stresses. 


SOLUTION 


c t x = -60 MPa a y = -40 MPa r xy = 35 MPa 


(a) tan 2 6 = 


2r xv (2)(35) 


a x - cr v -60 + 40 


= -3.50 


26 p = -74.05° 


6„ = -37.0°, 53.0° ◄ 


(b) ct„ 


a, + (J y 


-60-40 


/ \2 

(7 X - (7 


+ T 


xy 


- 60+40 : his? 

v 2 


= -50 + 36.4 MPa 


^max =-13-60 MPa ◄ 
= -86.4 MPa ◄ 
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10 ksi 


2 ksi 


3 ksi 


PROBLEM 7.6 

For the given state of stress, determine (a) the principal planes, (b) the principal 
stresses. 


SOLUTION 


a x = 2 ksi a = 10 ksi r = _ 3ksi 

(a) tan 20 = —V— = (2)( ~ 3) = 0.750 

p a - a 2-10 


2 0 p = 36.87° 


(b) <j„ 


a r + a 


2 

2 + 10 


i + 


°x ~ G y 


+ r: 


xy 


2-10 


+ (-3 ) 2 


= 6 ± 5 ksi 


0 p = 18.4°, 108.4° ◄ 


Omax = 11.00 ksi ◄ 


= 1.000 ksi ◄ 
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SOLUTION 


<j x = +150 MPa, a v = +30 MPa, r^, = -80 MPa 


(a) tan 26 = 


2 T 


XV 


2(—80 MPa) 


<j x - a y (+150 MPa - 30 MPa) 


= -1.33333 MPa 


2 0 p = -53.130° and 126.870° 


(b) 0- lr 


^ S + 


f ^ ^ ^ 

a x - a y 


+ r: 


xy 


Vv J 

_ 150 MPa + 30 MPa 
2 

= 90 MPa ± 100 MPa 


150 MPa -30 MPa 


v 




-26.6° and +63.4° ◄ 


+ (-80 MPa)“ 



<J mm = 190.0 MPa ◄ 
<T min = -10.00 MPa ◄ 
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12 ksi 

- *' 8 ksi 





1 18 ksi 










PROBLEM 7.8 

For the given state of stress, determine (a) the principal planes, (b) the principal 
stresses. 


SOLUTION 


a x = 18 ksi a y = —12 ksi r = 


8ksi 


(a) tan 29 = 


It 


(2)(8) 


cr v - cr„ 18 + 12 


*y 


0.5333 


(P) CT,r 


2<9 p = 28.07° 


cr v + cr 


2 

18-12 






+ r: 




+ 


18 + 12 

v 2 , 


+ ( 8) 2 


— 3 ± 17 ksi 


0 p = 14.0°, 104.0° ◄ 


O'max = 20.0 ksi 


-14.00 ksi 


◄ 

◄ 
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PROBLEM 7.9 

For the given state of stress, detennine (a) the orientation of the planes of 
maximum in-plane shearing stress, ( b ) the maximum in-plane shearing stress, 
(c) the corresponding normal stress. 


SOLUTION 


cr. = -60 MPa cr = -40 MPa r , = 35 MPa 


(a) tan 26 s 


(7 , - a. 


2 r v 


-60 + 40 
(2)(35) 


: 0.2857 


26, =15.95 c 


(b) 


/ \2 

cr.. - cr,. 


+ T r . 


(c) 


-60 + 40 


+ (35)“ 


<J X + cr,. -60 - 40 


6 S = 8.0°, 98.0° ◄ 


W = 36 - 4 MPa ^ 
cr' =-50.0 MPa ◄ 
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PROBLEM 7.10 

For the given state of stress, determine ( a ) the orientation of the planes of 
maximum in-plane shearing stress, ( b ) the maximum in-plane shearing stress, 
(c) the corresponding normal stress. 


SOLUTION 


a x = 2 ksi a v = 10 ksi r xy = -3 ksi 
<7 - CT 2 - 10 

(a) tan 2^ =— -^ —- = -1.33333 


2 r 


.rv 


(2)(-3) 


26> r = —53.13 C 


(b) r n 


- a y 


+ T 


xy 


2-10 


+ (~3) 2 


(^) ^ ^avc 


Cx + C7 v 2 + 10 


0, = -26.6°, 63.4° ◄ 


r max = 5.00 ksi ◄ 


cr' = 6.00 ksi ◄ 
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‘ 30 MPa 





150 MPa 








80 MPa 


PROBLEM 7.11 

For the given state of stress, determine (a) the orientation of the planes of 
maximum in-plane shearing stress, ( b ) the maximum in-plane shearing stress, 
(c) the corresponding normal stress. 


SOLUTION 

cr = +150 MPa, 


a v = +30 MPa, = -80 MPa 


(a) tan 20 s = — 


cr.. - cr.. 


150-30 


2 T 


xy 


2(—80) 


= +0.750 


29. = 36.87° and 216.87° 


(^0 ^"max 


f _ \ 2 

CT a- “ a v 


+ r 


■O' 


+ <-sor 


(c) cr = <T ave =-— L 


150 + 30 


0 S = 18.4° and 108.4° ◄ 


r max = 100-0 MPa A 


o' = 90.0 MPa ◄ 
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12 ksi 

' * 8 ksi 





18 ksi 






PROBLEM 7.12 

For the given state of stress, determine (a) the orientation of the planes of 
maximum in-plane shearing stress, (b) the maximum in-plane shearing stress, 
(c) the corresponding normal stress. 


SOLUTION 


cr v = 18 ksi a„ = —12 ksi = 8ksi 

x y xy 


(a) tan 29 s 


2 = _,, 875 


2t 


xy 


(2)(8) 


29 = -61.93 c 


(b) 


a x ~ <T y 


\ 2 


+ r 


xy 


18 + 121 + ( 8) 2 


, , r ^x+Cy 18-12 

(c) & = o- avc =-—^ =--- 


9 S = -31.0°, 59.0° ◄ 


W = 17.00 ksi ◄ 

o’ = 3.00 ksi ◄ 
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PROBLEM 7.13 

5 ksi 

For the given state of stress, determine the normal and shearing stresses after the 
element shown has been rotated through (a) 25° clockwise, (b) 10° counterclockwise. 


SOLUTION 


(a) 


g x =0 <r v = 8 ksi r w = 5 ksi 

cr + a a - g 

-— = 4 ksi —-— = -4 ksi 


cr + cr,. cr,. - cr 


cr , = ■ 


2 

cr v - cr,, 


— cos 2 0 + r sin 26* 
2 ^ 


r *y = 


sin 20 + r rv cos 20 
2 ^ 


cr + cr cr - cr 

cr . =----cos 20 - r sin 26 

y o 


0 = -25° 20 = -50° 


cr v . = 4 - 4 cos (-50°) + 5 sin (-50°) 
r x y = 4 sin (-50°) + 5 cos (-50°) 
cr v , = 4 + 4 cos (-50°) - 5 sin (-50) 


o b) 0 = 10° 20 = 20° 

a x . = 4 - 4 cos (20°) + 5 sin (20°) 
r x y = 4 sin (20°) + 5 cos (20°) 
ay =4 + 4 cos (20°) - 5 cos (20°) 


Gy = -2.40 ksi A 
r xy =0.1498 ksi ◄ 
cr y , =10.40 ksi A 

ct x , =1.951 ksi A 
r x y = 6.07 ksi A 
Gy = 6.05 ksi A 
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, 90 MPa 

* 30 MPa 





1 60 MPa 










PROBLEM 7.14 

For the given state of stress, determine the normal and shearing stresses after 
the element shown has been rotated through ( a ) 25° clockwise, ( b ) 10° 
counterclockwise. 


SOLUTION 

cr = -60 MPa cr = 90 MPa r , =30 MPa 

x y xy 

cr + cr cr - cr 

—-— = 15 MPa —-— = -75 MPa 

2 2 

cr + cr cr - <r, 

cr, =—-= + —-— cos 26 + r w sin 26 

x 2 2 ** 

z„ = —--— sin 2<9 + cos 26 

xy 2 

cr + cr cr - cr 

cr , = —-—cos 26 - t sin 26 

■ 2 2 ^ 

(a) 6 = -25° 26 = -50° 

ov =15-75 cos (-50°) + 30 sin (-50°) 
r x y = +75 sin (-50°) + 30 cos (-50°) 
cr y , =15 + 75 cos (-50°)-30 sin (-50°) 

c b ) 6> = 10° 26 = 20° 

cr x , =15-75 cos (20°) + 30 sin (20°) 
r x y = +75 sin (20°) + 30 cos (20°) 
a v , = 15 + 75 cos (20°) - 3 0 sin (20°) 


cr v , = -56.2 MPa ◄ 
r x y = -38.2 MPa ◄ 
cr,,, = 86.2 MPa ◄ 

cr v , = -45.2 MPa ◄ 
t., =53.8 MPa ◄ 

x y 

cry =15.2 MPa ◄ 
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12 ksi 





8 ksi 








6 ksi 


PROBLEM 7.15 

For the given state of stress, determine the normal and shearing stresses after 
the element shown has been rotated through (a) 25° clockwise, (b) 10° 
counterclockwise. 


SOLUTION 


(a) 


(b) 


a = 8 ksi cr,. = —12 ksi r„ ,=-6ksi 

\ y A.y 


cr + cr cr - cr 

— -- = -2 ksi -— = 10 ksi 


cr.. + cr cr,. - cr 


cr , = ■ 


cos 26 + t sin 26 
2 " 


cr - cr 

r vV = — ; -- sin 26 + r„, cos 26 

xy 2 


xy 


cry = 


cr + cr cr v - cr 

—- ; - 1 -— cos 26- r„, sin 26 


6 = - 25° 26 = -50° 


<r x , = -2 +10 cos (-50°) - 6 sin (-50°) 
z x y = -10 sin (-50°) - 6 cos (-50°) 

<j v ' = -2 -10 cos (-50°) + 6 sin (-50°) 
<9 = 10° 26 = 20° 


o x > = -2 +10 cos (20°) - 6 sin (20°) 
r x y = -10 sin (20°) - 6 cos (20°) 

Gy = -2 -10 cos (20°) + 6 sin (20°) 


cr Y , = 9.02 ksi A 
T x ’y =3.80 ksi A 
g v = -13.02 ksi A 

cr v , = 5.34 ksi A 
T’’ = -9.06 ksi A 

A y 

g v ' = -9.34 ksi A 
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IPa PROBLEM 7.16 

For the given state of stress, determine the normal and shearing stresses after the 
element shown has been rotated through (a) 25° clockwise, (b) 10° counterclockwise. 

50 MPa 


SOLUTION 


(«) 


(b) 


a x =0 o y = -80 MPa zy, = -50 MPa 

cr + cr cr - cr 

—- y - = -40 MPa —-= 40 MPa 

2 2 

ov + cr., ov - cr., 

<7 ’ = —-— + —--cos 20 + r sin 20 

x 2 2 ” 

r rV = —---sin 20 + z„, cos 20 

xy 2 xy 

<J X + cr., cr - cr 

cr , =---—cos 20- z sin 20 

y 2 2 ” 

0 = -25° 20 =-50° 

a x , = -40 + 40 cos (-50°) - 50 sin (-50°) 
z x y = -40 sin (-50°) -50 cos (-50°) 
cr v , = -40 - 40 cos (-50°) + 50 sin (-50°) 

<9 = 10° 20 = 20° 

a x , = -40 + 40 cos (20°) - 50 sin (20°) 

T x , y , = -40 sin (20°) - 50 cos (20°) 
cr v , = -40 - 40 cos (20°) + 50 sin (20°) 


ov = 24.0 MPa ◄ 
r x y=- 1.498 MPa ◄ 
oy =-104.0 MPa ◄ 

ay =-19.51 MPa ◄ 
T x y = -60.7 MPa ◄ 
oy = -60.5 MPa ◄ 
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PROBLEM 7.17 

The grain of a wooden member forms an angle of 15° with the vertical. For the state 
of stress shown, determine (a) the in-plane shearing stress parallel to the grain, (b) the 
normal stress perpendicular to the grain. 


SOLUTION 



a x = <t v = 0 t x y = +250 psi 9 = -15° 


(a) 

r vV = — -— sin 261+ r,.., cos 20 

x y 2 ™ 



= 0 + 250cos(-30°) 

T xy = 217 psi ◄ 

(b) 

(J Y + O’,. O’,. — O’,. 

cr' = —--I— 1 -— cos 29 + r„, sin 29 

x 2 2 ** 



= 0 + 0 + 250sin(-30°) 

a\ = -125.0 psi A 
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PROBLEM 7.18 

The grain of a wooden member forms an angle of 15° with the vertical. For the 
state of stress shown, determine (a) the in-plane shearing stress parallel to the 
grain, ( b ) the normal stress perpendicular to the grain. 


SOLUTION 

a x = -3 MPa <j y = -1.8 MPa = 0 

9 = -15° 26 = -30° 

(a) T x' y ' = ~ ~ L ~Y JL sin 29 + T *y sin 29 

= - ~ 3 + L8 sin(-30°) + 0 


(b) ov = 


cr v + cr„ cr v - a 


-— cos 29 + r „ sin 29 

2 7 


-3-1.8 -3 + 1.8 . __ 0 , .. 

-1-cos(-30 ) + 0 


= -0.300 MPa A 

x y 


<j x , = -2.92 MPa ◄ 
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P ' 120 mm 


PROBLEM 7.19 



Two wooden members of 80 x 120-mm uniform rectangular cross 

80 mm 


section are joined by the simple glued scarf splice shown. Knowing 
that (3 = 22° and that the maximum allowable stresses in the joint 
are, respectively, 400 kPa in tension (perpendicular to the splice) 
and 600 kPa in shear (parallel to the splice), determine the largest 
centric load P that can be applied. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1045 
















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 7.20 

Two wooden members of 80 x 120-mm uniform rectangular cross 
section are joined by the simple glued scarf splice shown. Knowing 
that P = 25° and that centric loads of magnitude P = 10 kN are 
applied to the members as shown, determine (a) the in-plane 
shearing stress parallel to the splice, (b) the normal stress 
perpendicular to the splice. 
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PROBLEM 7.21 

The centric force P is applied to a short post as shown. Knowing that the stresses on 
plane a-a are cr = -15 ksi and x — 5 ksi, determine (a) the angle J3 that plane a-a forms 
with the horizontal, ( b ) the maximum compressive stress in the post. 


SOLUTION 


a x =0 

Try =° 

a y = -P/A 


(a) From the Mohr’s circle, 




tan 6 = — = 0.3333 /? = 18.4° ◄ 

15 

P P 

-a =-1-cos 26 

2 A 2 A 


P _ 2(-g) _ (2)(15) 

A 1 + cos 2 f3 l + cos2 /3 


- = 16.67 ksi ◄ 
A 
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PROBLEM 7.22 

Two members of uniform cross section 50 x 80 mm are glued together along plane 
a-a that forms an angle of 25° with the horizontal. Knowing that the allowable 
stresses for the glued joint are a = 800 kPa and r = 600 kPa, detennine the largest 
centric load P that can be applied. 
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PROBLEM 7.23 

The axle of an automobile is acted upon by the forces and couple 
shown. Knowing that the diameter of the solid axle is 32 mm, 
determine (a) the principal planes and principal stresses at point H 
located on top of the axle, ( b ) the maximum shearing stress at the 
same point. 


SOLUTION 


Torsion: 


Bending : 


Ton view : 


(a) 


c = —d = —(32) = 16 mm= 16x10 3 m 
2 2 


T = 


Tc _ 2T 2(350 N ■ m) 


J nc 3 ;r(16 x 10 3 m) 3 


= 54.399 x 10° Pa = 54.399 MPa 


I = -c 4 = -(16 x 10“ 3 ) 4 = 51.472 x 10“ 9 m 4 
4 4 

M = (0.15m)(3 x 10 3 N) = 450 N • m 

a = = _ ( 45 °X 16 x 10 ) = -139.882 x 10 6 Pa = -139.882 MPa 


51.472 x 10 


-9 


Stresses: 


| o.3S w> 

K-----H 


A H 


VSa.SS’Z MPa 


MPa. 


(7 X = -139.882 MPa cr = 0 r xv = -54.399 MPa 

y x y 


o- ave = -(a x + a v )= -(-139.882 + 0) = -69.941 MPa 


R = 


cr, - cr,. 


+ rly = a/(- 69.941) 2 + (-54.399) 2 = 88.606 MPa 


^max = ^ave + R = “69.941 + 88.606 


= ^ave ~ R = “69.941 - 88.606 


C7 max = 18.67 MPa ◄ 
cr m =-158.5 MPa ◄ 
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PROBLEM 7.24 

A 400-lb vertical force is applied at D to a gear attached to the solid 1-in. 
diameter shaft AB. Determine the principal stresses and the maximum 
shearing stress at point H located as shown on top of the shaft. 


SOLUTION 

Equivalent force-couple system at center of shaft in section at point H\ 

V = 400 lb M = (400)(6) = 2400 lb • in. 
T = (400)(2) = 800 lb • in. 

Shaft cross section: d = 1 in. c = — d = 0.5 in. 

2 


/ = -c 4 = 0.098175 in 4 


/ = —J = 0.049087 in 4 
2 


Torsion: 


Bending: 


r = — = ( 800 )(°- 5 ) = 4.074 x 10 3 psi = 4.074 ksi 


cr = 


J 0.098175 
Me (2400X0.5) 


= 24.446 x 10 3 psi = 24.446 ksi 


/ 0.049087 

Transverse shear: Stress at point H is zero. 

a x = 24.446 ksi, a v = 0, z xy = 4.074 ksi 

1 


+ ksi 

M.W6 ksi 


^ave = tK + cr v ) = 12.223 ksi 


R = 


f ^ \ 2 

a x ~ a y 


+ = 7(12.223) 2 + (4.074) 2 


= 12.884 ksi 


°a = ^ave + R 

cr a = 25.1 ksi 4 

a b = ^ave - R 

a h = -0.661 ksi A 

— R 

max 

W = 12 - 88 ksi < 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1051 






















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


Equivalent force-couple system at center of shaft in section at point H\ 

V = 24 lb M = (24)(6) = 144 lb • in. 
T = (24)(10) = 240 lb • in. 

Shaft cross section: d = 0.75 in., c = — d = 0.375 in. 

2 

J = -c 4 = 0.031063 in 4 I =-J = 0.015532 in 4 
2 2 


Torsion: 

Bending: 


T 


a 


Tc_ _ (240)(0.375) 
J ~ 0.031063 

Me _ (144X0.375) 
/ ~ 0.015532 


2.897 x 10 3 psi = 2.897 ksi 
3.477 x 10 3 psi=3.477 ksi 


Transverse shear: 
Resultant stresses: 


At point H, the stress due to transverse shear is zero. 
a x = 3.477 ksi, a y = 0, r xy = 2.897 ksi 

O'ave = j(Cx + a y) = 1-738 ksi 


R 



Vl.738 2 + 2.897 2 


3.378 ksi 


U a ~ O'ave + R 
G b = a ave ~ R 


r 

max 


R 


a a = 5.12 ksi A 
cr b = -1.640 ksi A 
W = 3-38 ksi ◄ 
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y 



PROBLEM 7.26 

The steel pipe AB has a 102-mm outer diameter and a 6-mm wall 
thickness. Knowing that arm CD is rigidly attached to the pipe, 
determine the principal stresses and the maximum shearing stress 
at point K. 


SOLUTION 


r = — = -= 51 mm r, =r n —t = 45 mm 

2 2 

J = ^(r 0 4 - /j 4 ) = 4.1855 x 10 6 mm 4 

= 4.1855 x lCT 6 m 4 

I = -J = 2.0927 xl0 _6 m 4 
2 

Force-couple system at center of tube in the plane containing points //and K\ 

F x =10 kN 
= 10x10 3 N 

M y =(10x10 3 )(200x10^) 

= 2000 N•m 

M, = -(10xl0 3 )(150xl0~ 3 ) 

= -1500 N•m 

Torsion : At point K, place local x-axis in negative global z-direction. 

T =M y = 2000 N • m 
c = r Q = 51 x 10~ 3 m 
_Tc _ (2000)(51 x 10~ 3 ) 
xy ~ J~ 4.1855x 10 6 
= 24.37 xlO 6 Pa 
= 24.37 MPa 
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PROBLEM 7.26 (Continued) 


Transverse shear : 

Bending : 


Stress due to transverse shear V = F x is zero at point K. 



(1500)(51 x 10 ) = 36 56 x 10 6 Pa = 36 56 MPa 
2.0927 xl(T 6 


Point K lies on compression side of neutral axis. 

<r v = -36.56 MPa 


Total stresses at point K : 


<j x = 0, a y = -36.56 MPa, = 24.37 MPa 

^ave = + a y) = ~ 18 - 28 MPa 


R = . 


r a x - CTy 


+ r" =30.46 MPa 

A y 


CT max = CT ave + R = “1 8 ' 28 + 30.46 


CT min =cr !lve -R = -lS.28-30A6 


T =R 

max 


°"max =12.18 MPa ◄ 
°"mi„ = -48.7 MPa ◄ 
r max = 30.5 MPa ◄ 
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PROBLEM 7.27 

For the state of plane stress shown, determine the largest value of <r v for which 
the maximum in-plane shearing stress is equal to or less than 75 MPa. 


SOLUTION 

cr x = 60 MPa, cr v = ?, 2 -^= 20 MPa 

Let 

v 

u =-—. 

2 

Then 

C7 V = <7 X - 2 U 


R = x ju 2 +T 2 xy =75 MPa 


u = ±^R 2 -r 2 y = +V 75 2 - 20 2 = 72.284 MPa 


a y = a x -2u = 60 + (2)(72.284) = -84.6 MPa or 205 MPa 

Largest value of a y 

is required. a v = 205 MPa A 
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8 ksi 

T V 





1 10 ksi 






PROBLEM 7.28 

For the state of plane stress shown, detennine (a) the largest value of r vv for which 
the maximum in-plane shearing stress is equal to or less than 12 ksi, (b) the 
corresponding principal stresses. 
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2 MPa 

— 


T 



12 MPa 





PROBLEM 7.29 

For the state of plane stress shown, determine (a) the value of r for which the 
in-plane shearing stress parallel to the weld is zero, ( b ) the corresponding 
principal stresses. 
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PROBLEM 7.30 

Determine the range of values of a x for which the maximum in-plane shearing stress 
is equal to or less than 10 ksi. 


SOLUTION 

<r x = ?, <7 y = 15 ksi, t xv = 8 ksi 

G x ~ a y 

Let u = —-— <t = <r. + 2 u 

2 y 

R = a/“ 2+ 4 = r max =10 ksi 

u = = ±VlO" - 8 2 “ = +6 ksi 

o x = a y + 2u = 15 ± (2)(6) = 27 ksi or 3 ksi 

Allowable range : 3 ksi <a x <27 ksi A 
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PROBLEM 7.31 




40 MPa 

, ’ 35 MPa 





1 60 MPa 










Solve Probs. 7.5 and 7.9, using Mohr’s circle. 

PROBLEM 7.5 through 7.8 For the given state of stress, determine ( a ) the 
principal planes, ( b ) the principal stresses. 

PROBLEM 7.9 through 7.12 For the given state of stress, determine (a) the 
orientation of the planes of maximum in-plane shearing stress, ( b ) the maximum 
in-plane shearing stress, (c) the corresponding normal stress. 


SOLUTION 

<7 X = -60 MPa, 
cr v = -40 MPa, 
r = 35 MPa 

•\y 

cr + a 

ex = —-— = -50 MPa 

ave 2 

Plotted points for Mohr’s circle : 

X: {(T x -z xy ) = (-60 MPa, -35 MPa) 
Y: (a y , T xy ) = (-40 MPa, 35 MPa) 
C:(<r avc ,0) = (-50 MPa, 0) 

(a) tan/? = — = —= 3.500 
CG 10 

/3 = 74.05° 

^=-^ = -37.03° 

a = 180° -y0 = 105.95° 

9 n =—a = 52.97° 

“ 2 

R = yjcG 2 + = VlO 2 +35 2 =36.4 MPa 

(P) <7 mm =<r avc -^ = -50-36.4 

^max =^+^ = -50 + 36.4 
(a') e d = e R + 45° = 7.97° 

0 e = 0 A + 45° = 97.97° 

{V) r max =R = 36.4 MPa 

(c') cT' = cT ave =-50MPa 



6» a =53.0° ◄ 


= “13.60 MPa4 
^ = 8 . 0 ° ◄ 
G e = 98.0° ◄ 
W= 36.4 MPa ◄ 
cr' =-50.0 MPa ◄ 
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PROBLEM 7.32 

30 MPa 

Solve Probs. 7.7 and 7.11, using Mohr’s circle. 


150 MPa PROBLEM 7.5 through 7.8 For the given state of stress, determine (a) the 
principal planes, ( b ) the principal stresses. 


PROBLEM 7.9 through 7.12 For the given state of stress, determine (a) the 
orientation of the planes of maximum in-plane shearing stress, ( b ) the maximum 
in-plane shearing stress, (c) the corresponding normal stress. 


SOLUTION 


<j x = 150 MPa 
<t v = 30 MPa 
r= -80 MPa 

-V 


<J r + <7,, 

a ave=^y^ = 90MPa 

Plotted points for Mohr’s circle : 

X: (<j x , -r xy ) = (150 MPa, 80 MPa) 

Y : (a y , T xy ) = (30 MPa, -80 MPa) 

C: (cr ave , 0) = (90 MPa, 0) 

^ = (150 - 30) = 6Q 
2 2 

R = j(60 f + (80) 2 = 100 

Of) 

(a) tan2t?„ = — 

p 60 

20 p = 53.130° 

(b) CT max = cr ave + R = 90 + 100 
Cmin = ^ave “ ^ = 90 - 100 

{a') e s = e p + A5° 

(■ b 0 r max = R 

(c') cr' = cr ave 



6 p = -26.6° and 63.4° ◄ 
<T max = 190.0 MPa -4 
CTm in = -10.00 MPa 4 
9 S = 18.4° and 108.4° ◄ 

r max = 100.0 MPa 4 
a' = 90.0 MPa ◄ 
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10 ksi PROBLEM 7.33 


Solve Prob. 7.10, using Mohr’s circle. 

2 ksi 

PROBLEM 7.9 through 7.12 For the given state of stress, determine (a) the 
si orientation of the planes of maximum in-plane shearing stress, (b) the maximum 

in-plane shearing stress, (c) the corresponding normal stress. 


SOLUTION 


<j x = 2 ksi <j y = 10 ksi T xy = _ 3ksi 


G\. + CT 


2 + 10 
2 


= 6 ksi 


Plotted points for Mohr’s circle : 

X : (cr v , - T xy ) = (2 ksi, 3 ksi) 
Y: (cr y , z xy ) = (10 ksi, -3 ksi) 

C: (<r ave , 0) = (6 ksi, 0) 

FX 3 „ 

tan a =-= — = 0.75 

FC 4 

a = 36.87° 

0 =-a = 18.43° 

B 2 

(a) e D = e B - 45° = -26.6° 
e E =e B + 45° = 63.4° 

R = \lcF 2 + FX 2 = V4 2 + 3 2 = 5 ksi 

(b) W = R = 5.00 ksi 

(c) a' = cr ave = 6.00 ksi 



W = 5.00 ksi ◄ 
a' = 6.00 ksi A 
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12 ksi PROBLEM 7.34 


Solve Prob. 7.12, using Mohr’s circle. 

18 ksi 

PROBLEM 7.9 through 7.12 For the given state of stress, determine (a) the 
orientation of the planes of maximum in-plane shearing stress, ( b ) the 
maximum in-plane shearing stress, (c) the corresponding normal stress. 


SOLUTION 

<j x = 18 ksi a v = -12 ksi 
<j Y + a,, 

^ave = 2 • = 3ksi 

Plotted points for Mohr’s circle : 

X : (a x , -r xy ) = (18 ksi, -8 ksi) 
Y : (cr v , T xy ) = (-12 ksi, 8 ksi) 
C: (<r ave , 0) = (3 ksi, 0) 

tan a = — = — = 0.5333 
CF 15 

a = 28.07° 

9, 4 =-a = 14.04° 

A 2 

(a) e D =e A + 45° = 59.0° 
e E = e A - 45° = -3o.i° 

R = VcF 2 + FX 2 = Vl5 2 + 8 2 = 17 ksi 

(b) = R = 17.00 ksi 

(c) a' = cr ave = 3.00 ksi 


r„. = 8 ksi 



0 D = 59.0° ◄ 
e E = -3o.i° ◄ 

r max = 17.00 ksi -4 
a' = 3.00 ksi -4 
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8ksi PROBLEM 7.35 

5 ksi 

Solve Prob. 7.13, using Mohr’s circle. 

PROBLEM 7.13 through 7.16 For the given state of stress, determine the normal and 
shearing stresses after the element shown has been rotated through (a) 25° clockwise, 
( b ) 10° counterclockwise. 
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, 90 MPa 

1 30 MPa 





1 60 MPa 










PROBLEM 7.36 

Solve Prob. 7.14, using Mohr’s circle. 

PROBLEM 7.13 through 7.16 For the given state of stress, determine the 
normal and shearing stresses after the element shown has been rotated through 
(a) 25° clockwise, ( b ) 10° counterclockwise. 


SOLUTION 


a x = -60 MPa, 
cr v = 90 MPa, 

= 30 MPa 
cr v + a 

^ave=^y^ = 15MPa 


Plotted points for Mohr’s circle : 


X: (-60 MPa, -30 MPa) 
Y: (90 MPa, 30 MPa) 

C: (15 MPa, 0) 


„„ FX 30 n „ 

tan 2 0„ =-= — = 0.4 

p FC 75 


20 =21.80° 


0 P =10.90° 



& 

(MPa) 


R = 




2 - 2 

FC + FX 


V75 2 +30 2 =80.78 MPa 


(a) 0 = 25° 2X 20 = 50° ^ 

<p = 20-20 P =50°-21.80° = 28.20° ^ 


o-.v' = ^avc -Rcoscp 
T x y =-R sin^p 

=Cr ave + / ^ C0S( P 


a x , = -56.2 MPa ◄ 
T x y = -38.2 MPa ◄ 
cr v , = 86.2 MPa ◄ 
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PROBLEM 7.36 (Continued) 


(. b ) <9 = 10° t). 


r) 



(p = 20 p + 2 # = 21 . 80 °+ 20 ° = 41 . 80 ° <2 

= cr ave -Rcoscp 
T x y =R sirup 
<r y '=<r me +R cos <p 


<J X < =-45.2 MPa ◄ 
T xy = 53.8 MPa ◄ 
oy= 75.2 MPa ◄ 
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12ksi PROBLEM 7.37 


Solve Prob. 7.15, using Mohr’s circle. 

8 ksi 

PROBLEM 7.13 through 7.16 For the given state of stress, determine the normal 
and shearing stresses after the element shown has been rotated through (a) 25° 
clockwise, ( b ) 10° counterclockwise. 
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so MPa PROBLEM 7.38 


Solve Prob. 7.16, using Mohr’s circle. 

PROBLEM 7.13 through 7.16 For the given state of stress, determine the normal and 
50 MPa shearing stresses after the element shown has been rotated through (a) 25° clockwise, 
(b) 10° counterclockwise. 


SOLUTION 


't'i (MfiO 



<*x = 0, 

a v = -80 MPa, 
t xv = -50 MPa 
cr.. + cr 

^ave=^y^ = -40 MPa 


Plotted points for Mohr’s circle : 


X 

Y 

C 


(0, 50 MPa) 

(-80 MPa, -50 MPa) 
(-40 MPa, 0) 


FX 50 , 

tan 2 9„ =-= — = 1.25 

p CF 40 


(a) 9 = 25 c 


29 p =51.34° 


Al 


R = \ICF 2 +FX 2 


= -y/40 2 + 50 2 


= 64.031 MPa 
26 = 50° 


(3 = 51.34° - 50° = 1.34° 


&*=<**" +R cos cp 
T x y = -R sin cp 

°y =^y e - RcOS< P 


(J x , = 24.0 MPa ◄ 
T x y = -1.497 MPa ◄ 

cr, =-104.0 MPa ◄ 

y 


(b) 9 = 10° t). 29 = 20° 0 


(p = 51.34° + 20° = 71.34° 

°V =Cr ave + /? cos ^ 

v x y = -R sin (p 
&y'=cr avc COS <p 


a x , =-19.51 MPa ◄ 
T x y = -60.7 MPa ◄ 
a y = -60.5 MPa ◄ 
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250 psi 



PROBLEM 7.39 

Solve Prob. 7.17, using Mohr’s circle. 

PROBLEM 7.17 The grain of a wooden member forms an angle of 15° with the 
vertical. For the state of stress shown, determine (a) the in-plane shearing stress 
parallel to the grain, ( b ) the normal stress perpendicular to the grain. 


SOLUTION 

<*x = a y = ° 

*xy = 250 psi 

Plotted points for Mohr’s circle : 

X = (0,-250 psi) 
7 = (<0,250 psi) 

C = ( 0,0) 


T2 



(a) T x y = Rcosld 

= (250 psi) cos 30° 
= 217 psi 

(b) a x , = -R sin 20 

= -(250 psi)sin30° 
= -125.0 psi 



T x y = 217 psi A 


a x t = -125.0 psi -4 
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PROBLEM 7.40 

Solve Prob. 7.18, using Mohr’s circle. 

PROBLEM 7.18 The grain of a wooden member forms an angle of 15° with the 
vertical. For the state of stress shown, determine (a) the in-plane shearing stress 
parallel to the grain, ( b ) the normal stress perpendicular to the grain. 


SOLUTION 


Points. 


(a) 

(b) 


a = -3 MPa 


cr = -1.8 MPa 


T xy = 0 


cr + cr 


y 


"xy 


= -2.4 MPa 

2 

X:(a x ,- g = (-3MPa,0) 

7: (<T y ,-T v ) = (-1.8 MPa, 0) 

C:(a ave ,0) = (-2.4MPa,0) 

9 = -15° 29 = -30° 

CX = 0.6 MPa R = 0.6 MPa 
= -CTsin30° = -R sin30° = -0.6sin30° = -0.300 MPa 



cr y = cr ave - CX'cos30° = -2.4 - 0.6cos30° = -2.92 MPa 


T = -0.300 MPa ◄ 

x y 

a, = -2.92 MPa ◄ 
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PROBLEM 7.41 

p ' 120 mm 

Solve Prob. 7.19, using Mohr’s circle. 

SO mm j 

PROBLEM 7.19 Two wooden members of 80 x 120-mm uniform 
rectangular cross section are joined by the simple glued scarf 
splice shown. Knowing that /? = 22° and that the maximum 
allowable stresses in the joint are, respectively, 400 kPa in tension 
(perpendicular to the splice) and 600 kPa in shear (parallel to the 
splice), determine the largest centric load P that can be applied. 


SOLUTION 




- 7. 7. - « 


- 0 


Plotted points for Mohr’s circle : 


X: 


C: 


(p h 

7 ’° 
r p 

y° 

V z 


F: (0,0) 


— /> 

R = CX = - 

2^4 


Coordinates of point f 7 : 

P 

a = —(1 - cos2 B) 

2 A 

P ■ 1R 

r = —sm2 B 
2 A 

Data: A = (80)(120) = 9.6 x 10 3 mm 2 = 9.6 x 10“ 3 m 2 

If cr = 400 kPa = 400 x 10 3 Pa, 

_ 2^o- _ (2)(9.6 x 10~ 3 )(400 x 10 3 ) 

l-cos2 /3 (1 - cos 44°) 

= 27.4 x 10 3 N = 27.4 kN 

If r = 600 kPa = 600 x 10 3 Pa, 

_ 2At _ (2)(9.6 x 10~ 3 )(600 x 10 3 ) 
sin2y0 (sin 44°) 

= 16.58 x 10 3 N = 16.58 kN 

The smaller value of P governs. P = 16.58 kN A 
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PROBLEM 7.42 



120 mm 


Solve Prob. 7.20, using Mohr’s circle. 

PROBLEM 7.20 Two wooden members of 80 x 120-mm uniform 
rectangular cross section are joined by the simple glued scarf 
splice shown. Knowing that [3 = 25° and that centric loads of 
magnitude P = 10 kN are applied to the members as shown, 
determine (a) the in-plane shearing stress parallel to the splice, 
( b ) the normal stress perpendicular to the splice. 


SOLUTION 

y 


_v Z 

A 

- 76 





<x = — a v = 0 

* A y 

Plotted points for Mohr’s circle : 

f P \ 


*xy = 0 


X: 


C: 


j 


\ 


— ,0 
U A , 


Coordinates of point Y: 


Y: (0,0) 


R = CX =- 

2 A 


Data: 

(a) 

(b) 


a = —(1 - cos2 8) 

2 A 

P ■ in 
t = —sin2 B 

2 A 

A = (80)(120) = 9.6 x 10 3 mm 2 = 9.6 x 10“ 3 m 2 

r = ( 10x 10 )sm 50 ° = 399 x 10 3 pa = 399 kPa 
(2)(9.6xl0“ 3 ) 

(7 = ( 1Q x 1q3 )(1 - COS 50°) = 1860 x 10 3p a = 186 okPa 
(2)(9.6 x 10 -3 ) 


◄ 

◄ 
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|p PROBLEM 7.43 

Solve Prob. 7.21, using Mohr’s circle. 



PROBLEM 7.21 The centric force P is applied to a short post as shown. Knowing that 
the stresses on plane a-a are a = -15 ksi and r = 5 ksi, determine (a) the angle J3 that 
plane a-a forms with the horizontal, ( b ) the maximum compressive stress in the post. 


SOLUTION 




= 0 
= 0 


cr 


V 


P 

~A 




(a) 

(b) 


From the Mohr’s circle, 

tan j3 = — = 0.3333 
15 

P P 

-a = -1-cos2 B 

2 A 2 A 

P_ 2(-cr) _ (2)05) 


A l + cos2y0 l + cos2/? 
= 16.67 ksi 


(3 = 18.4° ◄ 


16.67 ksi A 
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PRflRI FM 7 AA 

a 


Solve Prob. 7.22, using Mohr’s circle. 



a 1 25 

PROBLEM 7.22 Two members of uniform cross section 50 x 80 mm are glued 

50 mm —► 


together along plane a-a that forms an angle of 25° with the horizontal. Knowing 



that the allowable stresses for the glued joint are a = 800 kPa and r = 600 kPa, 


X 

determine the largest centric load P that can be applied. 


SOLUTION 



cr v = 0 

T xy=° 

(T y = PM 

A = (50 x 1CT 3 )(80 x 1(T 3 ) 


cr 

P 

P 


= 4 x 10~ 3 m 2 

= —(l + cos50°) 

2 A 

2 Act 

1 + cos 50° 

(2)(4 x 1CT 3 )(800 x 10 3 ) 


1 +cos 50° 
P < 3.90 x 10 3 N 


* 



T = 


— sin50° 
2A 


2 At (2)(4x10~ 3 )(600x10 3 ) 

sin 50° “ sin 50° 


= 6.27 x 10 3 N 


Choosing the smaller value, 


P = 3.90 kN ◄ 
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PROBLEM 7.45 

Solve Prob. 7.23, using Mohr’s circle. 

PROBLEM 7.23 The axle of an automobile is acted upon by 
the forces and couple shown. Knowing that the diameter of the 
solid axle is 32 mm, determine (a) the principal planes and 
principal stresses at point H located on top of the axle, ( b ) the 
maximum shearing stress at the same point. 


SOLUTION 


c = —d = —(32) = 16 mm= 16 x 10 3 m 
2 2 


Torsion: 


r = 


r = 


Tc _ 2 T 
J nc 1 ' 

2(350 N • m) 
;r(16 x 10“ 3 m) 3 


= 54.399 x 10 fi Pa = 54.399 MPa 


Bending: 


/ = -c 4 = —(16 x 10“ 3 ) 4 = 51.472 x 10“ 9 m 4 
4 4 


M = (0.15m)(3 x 10 3 N) = 450 N • m 

^-3 


a = = _ ( 45 °X 16 x 10 ) = -139.882 x 10 6 Pa = -139.882 MPa 

/ 51.472 xl0“ 9 


Ton view 


Stresses 


p-— 0.35 m —j 


Wt.8S2 MPa. 
-X 


Plotted points : 



Sh-.S'in MPa 

cr x = -139.882 MPa, a y = 0, r xy = -54.399 MPa 
X: (-139.882,54.399); Y: (0, -54.399); C: (-69.941,0) 

^ave = + cr v)= -69.941 MPa 


R = 


cr v - cr„ 


+ T 






— \ 39 882 

| + (54.399) 2 = 88.606 MPa 

v 2 
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PROBLEM 7.46 

Solve Prob. 7.24, using Mohr’s circle. 

PROBLEM 7.24 A 400-lb vertical force is applied at D to a gear 
attached to the solid l-in.-diameter shaft AB. Determine the principal 
stresses and the maximum shearing stress at point H located as shown 
on top of the shaft. 
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PROBLEM 7.47 


Solve Prob. 7.25, using Mohr’s circle. 


PROBLEM 7.25 A mechanic uses a crowfoot wrench to loosen a 
bolt at E. Knowing that the mechanic applies a vertical 24-lb force at A, 
determine the principal stresses and the maximum shearing stress at 
point H located as shown as on top of the j-in.-diameter shaft. 
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y 



PROBLEM 7.48 

Solve Prob. 7.26, using Mohr’s circle. 

PROBLEM 7.26 The steel pipe AB has a 102-mm outer 
diameter and a 6-mm wall thickness. Knowing that arm CD is 
rigidly attached to the pipe, determine the principal stresses and 
the maximum shearing stress at point K. 


SOLUTION 


do 102 

r. = — = -= 51 mm 


r, = r. — t = 45 mm 


2 2 

J = f(r 0 4 - r, 4 ) = 4.1855 x 10 6 mm 4 = 4.1855 x 10 -6 m 4 

I = —J = 2.0927 x 10" 6 m 4 
2 

Force-couple system at center of tube in the plane containing points H and K: 

F x = 10 x 10 3 N 

M y = (10 X 10 3 )(200 X 10“ 3 ) = 2000 N • m 
M z = -(10 x 10 3 )(150 x 10“ 3 ) = -1500 N • m 
T = M = 2000 N • m 


Torsion: y 


c = r„ = 51x10 3 m 


Tc _ (2000)(51 x 10 -3 ) 


T = 

v j 


,-6 


= 24.37 MPa 


4.1855 x 10- 

Note that the local x-axis is taken along a negative global z direction. 

Transverse shear: Stress due to V = F x is zero at point K. 


Bending: 


k| = W£ = 0500X51 x 10-*) g 36 , 56MPa 


Point K lies on compression side of neutral axis. 


2.0927 x 10 


< 7 ,, 


,-6 


-36.56 MPa 


y 


K 
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PROBLEM 7.48 (Continued) 


Total stresses at point K: 


g x = 0, Gy = -36.56 MPa, = 24.37 MPa 



O'ave = -(<7t + a y) = -18-28 MPa 


R = 


( rr _ 5 2 

*7* °y 


+ r“ = 30.46 MPa 


■ 6 


O'max = ^ave + R = “18.28 + 30.46 


&min = CTave ~ R = “18-28 - 30.46 


Tnax R 


<W =12.18 MPa ◄ 

<T min = -48.7 MPa 4 
T may = 30.5 MPa 4 
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PROBLEM 7.49 

Solve Prob. 7.27, using Mohr’s circle. 

PROBLEM 7.27 For the state of plane stress shown, determine the largest 
value of cr for which the maximum in-plane shearing stress is equal to or 
less than 75 MPa. 


SOLUTION 


Given: 


<7 t = 60 MPa, cr y = ?, t xv = 20 MPa 



6 " 

tMfiO 


Vue =R = 75 MPa 
XY = 27^ = 150 MPa 
D7 = (2)(r AJ ,) = 40MPa 

XD = \lxY 2 -D7 2 = Vl50 2 -40 2 =144.6 MPa 

cr =cr+^ = 60 + 144.6 cr = 205 MPa ◄ 

✓ / 
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PROBLEM 7.50 

Solve Prob. 7.28, using Mohr’s circle. 

10 ksi 

PROBLEM 7.28 For the state of plane stress shown, determine (a) the largest 
value of t xv for which the maximum in-plane shearing stress is equal to or less 
than 12 ksi, ( b ) the corresponding principal stresses. 


SOLUTION 


The center of the Mohr’s circle lies at point C with coordinates 

= ( i ^,°) = (lksi ,° ) . 

The radius of the circle is r max(m _ plane) = 12 ksi. 




The stress point (a x ,-r xv ) lies along the line X x X 2 of the Mohr circle diagram. The extreme points with 
7?<12ksi are X x and X 2 . 


(a) 

The largest allowable value of r is obtained from triangle CDX. 



-2 -2 /-2 -2 

DX i =DX 2 =yjCX i - CD 



T xy = Vl2 2 - 9 2 

t xv = 7.94 ksi A 

(b) 

The principal stresses are cr„ =1 + 12 

cr a =13.00 ksi -4 


£ 

ll 

l 

to 

o b =-11.00 ksi 4 
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2 MPa 


T 



12 MPa 





PROBLEM 7.51 

Solve Prob. 7.29, using Mohr’s circle. 

PROBLEM 7.29 For the state of plane stress shown, determine (a) the value 
of r xy for which the in-plane shearing stress parallel to the weld is zero, 
( b ) the corresponding principal stresses. 


SOLUTION 


Point X of Mohr’s circle must lie on XX" so that cr x =12 MPa. Likewise, point Y lies on line Y'Y" so 
that a v = 2 MPa. The coordinates of C are 


0 = (7 MPa, 0). 



Counterclockwise rotation through 150° brings line CX to CB, where r = 0. 

cr - cr 12-2 

R = — -^ sec 30° =-sec 30° = 5.7735 MPa 

2 2 

cr - cr 

(a) v =--- y - tan 30° 

w xy 2 

-2.89 MPa ◄ 

12.77 MPa ◄ 
1.226 MPa ◄ 




-tan 30° 


(b) cr a = a + R = 1 + 5.7735 


a b = °" aV e ~ R = 7-5.7735 


T = - 

xy 


cr h 
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PROBLEM 7.52 

8 ksi 

Solve Prob. 7.30, using Mohr’s circle. 


PROBLEM 7.30 Determine the range of values of <j x for which the maximum 
in-plane shearing stress is equal to or less than 10 ksi. 


SOLUTION 

For the Mohr’s circle, point Flies at (15 ksi, 8 ksi). The radius of limiting circles is R = 10 ksi. 
Let Ci be the location of the leftmost limiting circle and Ci be that of the rightmost one. 

C\Y = 10 ksi 
07 = 10 ksi 

t 

r 

8bi 


Noting right triangles C X DY and C 2 DY, 

QD 2 +D7 2 =Q7 2 QZ) 2 + 8 2 = 10 2 QZ) = 6 ksi 
Coordinates of point Ci are (0,15 - 6) = (0, 9 ksi). 

Likewise, coordinates of point C 2 are (0,15 + 6) = (0, 21 ksi). 

Coordinates of point X \: (9 - 6, -8) = (3 ksi, -8 ksi) 

Coordinates of point X 2 : (21 + 6, -8) = (27 ksi, -8 ksi) 

The point (a r , -r ) must lie on the line X\ X 2 . 

Thus, 3 ksi < a x < 27 ksi M 
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,2 MPa 

“*■ T *y 


T 



12 MPa 





PROBLEM 7.53 

Solve Problem 7.29, using Mohr’s circle and assuming that the weld forms 
an angle of 60° with the horizontal. 

PROBLEM 7.29 For the state of plane stress shown, determine (a) the value 
of r TV for which the in-plane shearing stress parallel to the weld is zero, 
(b) the corresponding principal stresses. 


SOLUTION 



= 7-10 a b = -3.00 MPa ◄ 
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SOLUTION 


Consider state of stress on the right. We shall express it in terms of horizontal and vertical components. 


USl 






I l !<■»«• 



l v.*» 



We now can add the two stress elements by superposition. 

1 3 ksl 4 IKi 


Z 


I J *CM i < ***> 

2. kn ^ • 


Principal planes and principal stresses : 

V I 


z 



0 L^> i 


'X 





CJ i tei> 
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PROBLEM 7.54 (Continued) 


^ave = }(6 - 2) = +2 

cr v - cr 1 

- v = (6 + 2) = 4 

2 2 


R = V(4) 2 + (3) 2 = 5 

tan 27? = — 
p 4 


26 p = 36.87° 

6 p = 18.4°, 108.4° ◄ 

‘-’"max — ‘-’"ave + 7? — 2 + 5 

‘-’"max = 7.00 ksi ◄ 

‘-’"min ~ ‘-’ave — 7? — 2 — 5 

°"min = “3.00 ksi 4 
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50 MPa 




PROBLEM 7.55 

Determine the principal planes and the principal 
stresses for the state of plane stress resulting 
from the superposition of the two states of 
stress shown. 


SOLUTION 


Consider the state of stress on the left. We shall express it in terms of horizontal and vertical components. 


n 



<r x = 50 cos 30° 
= 43.30 
er„ = -43.30 


Zjy = 50 sin 30° 


Principal axes and principal stress : 

3i 


i 


56.7 M Pi a 
7SN?a 


1 W.3HPa 




= 25.0 

j 5-6.7 Mn 
Ls ‘7? MPa 

14 


na.3 
M Pa. 



C-(Kf4) 


o- ave = 1(118.3 + 56.7) = +87.5 

cr - a., 1 

—-- = -(118.3 - 56.7) = 30.8 

2 2 

R = V(30.8) 2 + (75) 2 = 81.08 

tan 20 = — 20 = 67.67° 

p 30.8 p 

^max = O'ave + R = 87 - 5 + 81.08 
O’min = ^ave “ R = 87 - 5 “81.08 


33.8 0> ), and 123.8°^ 


+168.6 MPa 
= +6.42 MPa 


◄ 

◄ 

◄ 
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PROBLEM 7.56 

Determine the principal planes and the principal 
stresses for the state of plane stress resulting from 
the superposition of the two states of stress shown. 


SOLUTION 


Express each state of stress in terms of horizontal and vertical components. 



0 p = 0 and 90° t) ◄ 


^max - °0 ^ 
°min = ~ a 0 ^ 
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+ 



PROBLEM 7.57 

Determine the principal planes and the principal 
stresses for the state of plane stress resulting from the 
superposition of the two states of stress shown. 


SOLUTION 

Mohr’s circle for 2nd state of stress: 
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120 MPa PROBLEM 7.58 


For the element shown, determine the range of values of r for which the 
maximum tensile stress is equal to or less than 60 MPa. 

20 MPa 


SOLUTION 


Set 


But 


Range of r YV : 


cr = -20 MPa cr = -120 MPa 

a y 

^ave = “OTc + °y ) = - 70 MPa 
0-,nax = 60 MPa = <T ave + R 

^= Cr max- Cr ave= 130MPa 



= Vl30 2 -50 2 


= 120.0 MPa 

-120.0 MPa < r < 120.0 MPa ◄ 

xy 
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PROBLEM 7.59 

For the element shown, determine the range of values of r for which the 
maximum in-plane shearing stress is equal to or less than 150 MPa. 


SOLUTION 


cr = -20 MPa a ,,=-120 MPa 

x y 

±(a x -a y ) = 50 MPa 


Set 


T 

max (in-plane) 


= R = 150 MPa 


But 


Range of r : 


R = 


+ K 


1 l_ 

R 2 - 

' (J X - IT y ' 

y xy | ^ 

l 2 J 


<N 

o 

IT) 

(N 

o 

fn 

1 


= 141.4 MPa 


-141.4 MPa < t < 141.4 MPa ◄ 

xy 
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6 ksi 



16 ksi 



PROBLEM 7.60 

For the state of stress shown, determine the 
range of values of 6 for which the magnitude 
of the shearing stress r x y is equal to or less 
than 8 ksi. 


SOLUTION 


a x = -16 ksi, a v = 0 
r= 6 ksi 



CT ave = j + a y> = “ 8 ksi 


R = 


cr v - < 7 ,, 


+ r 


xy 


yj(- 8) 2 + (6) 2 = 10 ksi 
(2)(6) 


-16 


= -0.75 


„ 2r 
tan 20 = - 

2 O p = -36.870° 

O b = -18.435° 

| T x y | < 8 ksi for states of stress corresponding to arcs HBK and UA V of Mohr’s circle. The angle (p is 
calculated from 


O 

7?sin2® = 8 sin 2® = — = 0.8 

10 

2cp = 53.130° cp = 26.565° 

0 k =0 h -(p = -18.435° - 26.565° = -45° 

0 k = 0 h + <p = -18.435° + 26.565° = 8.13° 

0 U = 0 h + 90° = 45° 

0 V = 0 k + 90° = 98.13° 

Permissible range of 0 : 0 h < 0 < 0 k -45° < 0 < 8.13° A 

O u <0 < 0 V 45° < 0 < 98.13° ◄ 

Also, 135° < 0 < 188.13° and 225° < 0 < 278.13° 
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90 MPa 


60 MPa 



PROBLEM 7.61 

For the state of stress shown, determine the 
range of values of 9 for which the normal 
stress cr v - is equal to or less than 50 MPa. 


SOLUTION 



XV 


R 


tan 2 d p 


ie p 

da 


90 MPa, a y = 0 
-60 MPa 


—(<r v + cO = 45 MPa 
2 v 



V45 2 + 60 2 = 75 MPa 


2r^, (2)(—60) 

a x - G y 90 

-53.13° 


4 

3 


-26.565° 


g x ’ < 50 MPa for states of stress corresponding to the arc HBK of Mohr’s circle. From the circle, 

Rcos2<p = 50 - 45 = 5 MPa 

cos 2 <p = — = 0.066667 
75 

2<p = 86.177° cp = 43.089° 
e h =6 a +(p = -26.565° + 43.089° = 16.524° 

26 k = 26 h + 360° -4<p = 32.524° + 360° - 172.355° = 220.169° 

9 k = 110.085° 

Permissible range of 6 \ 9 h < 9 < 6 k 

16.5° < 0 < 110.1° ◄ 

Also, 196.5° < 9 < 290.1° 
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90 MPa 


60 MPa 



PROBLEM 7.62 

For the state of stress shown, determine the 
range of values of 0 for which the normal 
stress (J x > is equal to or less than 100 MPa. 


SOLUTION 



d a = -26.565° 

cry < 100 MPa for states of stress corresponding to arc HBK of Mohr’s circle. From the circle, 
Rcoslcp = 100 - 45 = 55 MPa 

cos2« = — = 0.73333 
75 

2cp = 42.833° cp = 21.417° 

O h = Q a + ( p = -26.565° + 21.417° = -5.15° 

20 k = 20 h + 360° - 4<p = -10.297° + 360° - 85.666° = 264.037° 

0 k = 132.02° 

Permissible range of 0 is 0 h < 0 < Q k 

-5.1° < 9 < 132.0° 

Also, 174.8° < 0 < 312.0° 


◄ 
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PROBLEM 7.63 

For the state of stress shown, it is known that the normal and shearing stresses are 
directed as shown and that cr x = 14 ksi, cr v = 9 ksi, and cr min = 5 ksi. Determine 
(a) the orientation of the principal planes, ( b) the principal stress cr max , (c) the 
maximum in-plane shearing stress. 


SOLUTION 


cx Y = 14 ksi, a y = 9 ksi, cx ave = - (a x + a y ) = 11.5 ksi 

*7nin — ^ave ^ ^ ^"ave *^"min 

= 11.5-5 = 6.5 ksi 


R = . 


f cr — cr 'l 

^ X ^ V 


+ T 


xy 


t jv =±JA~- 


f a x ~ a v ^ 


= ± V6.5 2 -2.5 2 = + 6 ksi 


But it is given that r is positive, thus r = + 6 ksi. 
2 zv 


(a) tan 2 9 p =- 


xy 


(2)(6) 


= 2.4 


20 p =67.38° 



(*) CT max= CT ave +i? 


(c) r, 


max (in-plane) 




cr „ =18-00 ksi ◄ 


r max(in-plane) - ^.50 ksi ^ 
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PROBLEM 7.64 

O' 

-— ,T 1 —- 

r/ 

\\c 

1 1 

The Mohr’s circle shown corresponds to the state of stress given 
in Fig. 7.5 a and b. Noting that a x ' = OC + (CX') cos (26 p -26) and 
that z xV = (CX') sin (26 p - 26), derive the expressions for cr v , and 
z x v given in Eqs. (7.5) and (7.6), respectively. [Hint: Use 
sin(^4 + B) = sin A cos B + cos A sin B and cos (^4 + 7?) = cos^4cosi?- 
sin ^sini?.] 


V2 ey 

/ 1 

x' t Tx,J 

x t i 



^-|X 




~X ' I 




°x‘ 




SOLUTION 

OC = -(a r +cr v ) CX' = CX 

2 y 

CX' cos 26 n = CX cos 26 = — ! -— 

p p 2 

CX' sin 26 n = CX sin 26 n = z 

p p x y 

<j x : = OC + CX' cos (26 p - 26) 

= OC + CX' (cos 2 6 p cos 26 + sin 26 p sin 26) 

= OC + CX'cos 2 6 p cos 26 + CX'sin 26 p sin 26 
csv + cr cr - cr 

=-— H--cos 26+ r vv sin 26 A 

2 2 9 

z x y = CX' sin (2 6 p - 26) = CX' (sin 26 p cos 26 - cos 26 p sin 26) 

= CX'sin 26 p cos 26 - CX'cos 26 p sin 26 

= r xv cos 26 ---^-sin 26 A 

xy 2 
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PROBLEM 7.65 

{a) Prove that the expression OyCTy -r 2 y, where cry, cr )/5 and t x , , are components of the stress along the 
rectangular axes x' and y', is independent of the orientation of these axes. Also, show that the given 
expression represents the square of the tangent drawn from the origin of the coordinates to Mohr’s circle. 
(b) Using the invariance property established in part a, express the shearing stress z xy in terms of a x , a v , and 
the principal stresses cr max and cr min . 


SOLUTION 

(a) From Mohr’s circle, 

T xy =RsmW p 
°V =CT ave+* COs2 ^ 

Vy'=Vw- RcOs20 p 
Tt 'Cy' ~ T x'y' 

= cr 2 ve - R 2 cos 2 29 p - R 1 sin 2 29 p 
= cr 2 ve - R 2 ; independent of 9 p . 





(b) 


Draw line OK from origin tangent to the circle at K. Triangle OCK is a right triangle. 

OC 2 = OK 2 + CK 1 

- 2 - 2 - 2 

OK = OC -CK 


=*L-r 2 


Applying above to cr x ,cr v , and t ^, and to a a ,cr h , 


^xy ^ab ^ave ^ 


xy 5 
2 


But 


^ ab a ^"max ’ ®b ^"rr 


®x®y ^xy ^max^min 


^ xy °x°y ^max^min 
\ T xy\ = ± \j Cr x 0 'y _C7 max Cr mm 

The sign cannot be determined from above equation. 



◄ 
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SOLUTION 

(a) 



^ave = ^(14 + 4) = 9 

i(a x -a v ) = i(14-4) = 5 

R = V(5) 2 + (12) 2 = 13 
^max = ^ave + R = 9 + 13 = 22 
^min — ^ave ~ R — 9 — 13 — —4 

Since cr max and cr min have opposite signs, the maximum shearing stress is equal to the maximum in¬ 
plane shearing stress. 

r max = R = 13.00 ksi r max = 13.00 ksi 4 
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PROBLEM 7.66 (Continued) 


(b) 



a ave =1(21+ 14) = 17.5 

i(a,-a v ) = i(21-14) = 3.5 

R = V(3.5) 2 + (12) 2 = 12.5 
^max = O'ave + R = 17 - 5 + 12.5 = 30 
^min = ^ave ~ R = i7 - 5 “ l 2 -5 = 5 

Since cr max and cr min have the same sign, r niax is out of the plane of stress. Using Mohr’s circle through 
O and A, we have 

= |°max = |(30ksi) W = 15.00ksi ◄ 
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SOLUTION 

e) 



(a) a ave =|(20+ 10) = 15 

\(o x - °y) = y(20 - 10) = 5 

R = V(5) 2 + (12 ) 2 = 13 
<W = °"ave + R = 15 + 13 = 28 
Omin = C ave - R = I 5 - 13 = 2 

Since cr max and cr min have the same sign, cr max is out of the plane of stress. Using Mohr’s circle through 
O and A, we have 

W = = ~(28 ksi) r max = 14.00 ksi ◄ 
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PROBLEM 7.67 (Continued) 



c ave = ±(12 + 5) = 8.5 

i(a, - cr v ) = ±(12 - 5) = 3.5 

R = /(. 3.5) 2 + ill) 1 = 12.5 

O'max = C ave + R = 8 - 5 + 12.5 = 21 

^min = ^ave ~ R = &-5 ~ 12.5 = -4 

Since cr max and cr min have opposite signs, the maximum shearing stress is equal to the maximum 
in-plane shearing stress. 

r max = R = 12.50 ksi A 
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SOLUTION 


(a) <j x =140 MPa, a y = 40 MPa, r xy = 80 MPa 


°"ave = 2 (0 r x +0 ">-) = 90 MPa 


ff.v-O'v 


+ ri = -\/50 2 + 80 2 = 94.34 MPa 


% - , 

<7 a = <r ave + /? = I84.34 MPa (max) 
a h = <r ave - R = -4.34 MPa (min) 
=0 

1 

2 


^"max(in-plane) = ~(°a ~ °b) = R = 94.34 MPa 


W = -K,ax - O-min) = 2 K “ = 94.3 MPa 

(6) <t v = 140 MPa, cTy =120 MPa, r^=80MPa 
ffave =}(** +O’,) = 130 MPa 


R = 


'Vx-Vy' 


+ T 


xy 


= \Jl0 2 + 80 2 = 80.62 MPa 


cr a = cr ave + R = 210.62 MPa (max) 
<J b = <r ave - /? = 49.38 MPa 
cr c = 0 (min) 

=^,=210.62 MPa a mm = a c = 0 


Mnax (in-plane) 


= R = 86.62 MPa 


r max = T^max “ CT min ) = 1 ° 5 ' 3 MPa 



W = 94.3 MPa ◄ 





r max =105.3 MPa ◄ 
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SOLUTION 

(a) 


£7^=140 MPa, a y = 20 MPa, = 80 MPa 

O'ave =T( Cr .v+ cr v) = 80 MPa 


0 b ) 


/? = 


r 

\ 

2 



+ T ly 

= 4 

7 

V 

y 




) 2 +80 2 =100 MPa 


cr^ = cr ave + ^ = 80 +100 =180 MPa (max) 
c h = <r ave — i? =80 — 100 = -20 MPa (min) 

° c =0 

Zmax(in-plane) = ^K “ G b) = 100 MPa 

7 max = ^-(O’max “ ^min) = 100 MPa 

cr x =140 MPa, a y = 140 MPa, = 80 MPa 
a, VQ =Ua x + a v ) = \A() MPa 


R = 


f \ 2 

°X - <T v 


+ r 2 = Vo + 80 2 = 80 MPa 


(7 a = <r ave + i? = 220 MPa (max) 

Vb =cr ave - ^ = 60 MPa 
<T f = 0 (min) 

W (in-plane) = “K “ = g 0 MPa 

Fnax = ^ Omax “ ^min) = 1 10 MPa 



r max = 100.0 MPa ◄ 





r max = 110.0 MPa -4 
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y PROBLEM 7.70 



For the state of stress shown, determine the maximum shearing stress when 
(a) a z = 0, ( b ) ex. = +60 MPa, (c) cr : = -60 MPa. 


SOLUTION 


The z axis is a principal axis. We determine the other two principal axes by drawing Mohr’s circle for a 
rotation in the xy plane. 



^ave = }(30 + 100) = 65 

i(a, - a y ) = 1(30 - 100) = -35 

R = V(35) 2 + (84) 2 = 91 
a A = <r ave + R = 65 + 91 = 156 MPa 
a B = cr ave — R = 65 -91 = -26 MPa 


(a) 


cr_ = 0. Point Z corresponding to the z axis is located at O between A and B. Therefore, the largest of 
the 3 Mohr’s circles is the circle we drew through A and B. We have 

r max = R = 91.0 MPa -4 


(b) 


cr. = +60 MPa. Point Z is located between A and B. The largest of the 3 circles is still the circle 
through A and B, and we still have 


r max = R =91.0 MPa A 


<c) 


a. = -60 MPa. 
through Z and A. 


Point Z is now outside the circle through A and B. The largest circle is the circle 


T 

‘'max 


l(ZfT) = 1(60 + 156) 


r max = 108.0 MPa ◄ 
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PROBLEM 7.71 



For the state of stress shown, determine the maximum shearing stress 
when (a) a : = 0, ( b) a : = +60 MPa, (c) <% = -60 MPa. 


SOLUTION 



0 ) 


(b) 


(c) 


o- ave = ^(170 + 100) = 135 

j(a x - <T y ) = ±070 - 100) = 35 

R = V(35) 2 + (84) 2 = 91 
u A = 135 + 91 = 226 MPa 
a B = 135 - 91 = 44 MPa 

cr_ = 0. Point Z corresponding to the z axis is located at O, outside the circle drawn through A and B. 
The largest of the 3 Mohr’s circles is the circle through O and A. We have 

r max = ±(OA) = = i(226) r max = 113.0 MPa ◄ 


g z = + 60 MPa. Point Z is located between B and A. The largest of the 3 circles is the one drawn 
through A and B. 


r max = R = 91.0 MPa -4 


g z = - 60 MPa. Point Z is located outside the circle drawn through A and B. The largest of the 8 
Mohr’s circles is the circle through Z andZ. We have 


T 

L max 


j(ZA) = ^(60 + 226) 


r max = 143.0 MPa A 
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SOLUTION 




(a) t v: = 17.5 ksi a x = -3 ksi 

R = yj(6) 2 + (17.5) 2 =18.5 
<t a = 6 + 18.5 = 24.5 
cr B = 6-18.5 = -12.5 

<7nax = °A = 24 ' 5 ksi 
O’min =°B =-12.5 ksi 

= i r 

^"max ^ v^"max ^"min / 


(*) V = 8 ksi cr r = -3 ksi 

R = yj( 6 ) 2 +( 8) 2 =10 

o' ^ =6 + 10 = 16 

g B = 6 — 10 = —4 


= = 16 ksi 

= a B = -4 ksi 


^"inax 2 (^"max ^"min) 



17.5 I 

-4 





^max = 10-00 ksi ◄ 



Vax = 7 -50 ksi ◄ 
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SOLUTION 


(a) 


(b) 


t vz = 17.5 ksi 


/ 7,5 


i 

_ t 

X 


si 

jn*L 


R = N /( 6) 2 + (17.5) 2 = 18.5 
0 -^ = 6 + 18.5 = 24.5 
cr B =6- 18.5 = -12.5 
°max = 0U = 24.5 ksi 
^min = = -12.5 ksi 

^"max — n (^"max ^min) 



T 

max 

T yz = 8 ksi 



18.50 ksi ◄ 
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PROBLEM 7.73 (Continued) 


(c) V = 0 


R = x/(6) 2 + (8) 2 = 10 
a A =6 + 10 = 16 
a B = 6 - 10 = -4 

^max = = 16 k Sl 

Omin = ^ = -lOksi 

^"max — ' ^"max ^min) 


r max = 13.00 ksi A 



= cr_- = 12 ksi 
CT min = <T X = -lOksi 

^"max — 2 ^ ^max ^min) 

W = 11-00 ksi ◄ 
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y PROBLEM 7.74 


6 ksi 



x 



For the state of stress shown, determine the value of r xy for which the 
maximum shearing stress is (a) 9 ksi, ( b ) 12 ksi. 


SOLUTION 


r _, (ksi) 



(a) 


(b) 


cr v =15 ksi av = 6 ksi 

^ve = |(0"x + CT v) = 10 ' 5 ksi 

cx y - cr 

u = —-— = 4.5 ksi 

2 

For W = 9 ksi, 

center of Mohr’s circle lies at point C. 

Lines marked (a) show the limits on r max . 

Limit on cr max is cr max = 2r max = 18 ksi. 

The Mohr’s circle o a = cr max corresponds 
to point A a . 

R = cr a - cr ave = 18 - 10.5 = 7.5 ksi 

R = + 4 

= ±x/i ? 2 - m 2 
= ±V7.5 2 - 4.5 2 

= +6.00 ksi = ±6.00 ksi -4 

-V' 

For r max = 12 ksi, 

center of Mohr’s circle lies at point C. 

R = 12 ksi 

r xv = ±7^ 2 - W 2 

= +11.24 ksi r^, = ±11.24 ksi -4 


Checking, o a = 10.5 + 12 = 22.5 ksi 
u h = 10.5 - 12 = -1.5 ksi 

<*C = 0 

Lnax = “(O'max “ ff m,n) = 12 ksi (o.k.) 
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SOLUTION 


<j x = -50 MPa, r xy = 48 MPa 


Let 



a y = 2m + <7 X 


1, 

O-ave = ~(<7 X + O’,) = °x + « 

* = 2 + 4 «= ±^ 2 - 4 

Case(l) r max = R = 13 MPa, u = +^73 2 - 48 2 = ±55 MPa 

(la) m = +55 MPa o y = 2m + a x = 60 MPa 

^ave = “Ox + <7y) = 5 MPa 
cr„ = cr ave + R = 78 MPa, a h = cr ave - R = -68 MPa 

= 0 CT max = 78 MPa > °Vnn = ~ 68 MPa > W = 73 MPa 

(lb) m = -55 MPa cr v = 2m + <r v = -160 MPa (reject) 


cr ave = “(cr, + (T ( ,) = -105 MPa, cr a = cr ave + A’ = -32 MPa 

°b = O'ave - ^ = ~ 178 MPa, <T C = 0, CJ max = 0 

ff m,n = -I 78 MPa > r max = ~(cr max - cr mm ) = 89 MPa + 73 MPa 


<r v = 60.0 MPa ◄ 
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PROBLEM 7.76 (Continued) 

Case (2) 

Assume cr max = 0. r max = |(cx max - <r min ) = 73 MPa 

^"min 

= -146 MPa = a b 


= ^ave - R = CT X + U ~ yj; U 2 + t 2 xy 

\l l{2 + 4 = 

-- -a x + u - cr h 

1/2 + 4 

= (cr v - cr h ) 2 + 2(cr v - a h )u + u 2 

2 U 

4 - (a x - a b ) 2 (48) 2 - (-50 + 146) 2 _ „„ ^ 
cr Y - <J h -50 + 146 

U = 

= -36 MPa a v = 2u + a Y = -122 MPa 

y a 

R 

= 4 2 + 4 = 60 MPa 

~~ 

= a b + 2R = -146 + 120 = -26 MPa (o.k.) 

<t v = -122.0 MPa ◄ 
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SOLUTION 


a x = 14 ksi, = 8 ksi, r max = 10 ksi 


Let 


a - a x 

u = —- a., = 2 u + <J r 

2 y 


^ave - ~( a x + a y) ~ G x + U 


R = Ju 2 + u = - r 




■ 2 T 2 
1 xy 


Case (1) 


t = R = 10 ksi, u = ±6 ksi 


(la) u = +6 ksi cr v = 2 u + a x = 26 ksi (reject) 

O-ave = -(O'x + <Ty) = 20 ksi > <7* = ^ave + ^ = 30 ksi, O h = CX ave - R = 10 ksi 

<W = 30 ksi, cr min = 0, r max = ^(cr max - cr min ) = 15 ksi * 7.5 ksi 

(lb) u = -6 ksi a v = 2u + <r x = 2 ksi 

^ave = w( a x + o-y) = 8 ksi > <? a = cr ave + i? = 18 ksi, a h = cr ave - R = -2 ksi 


CT max = 18 ks L CT min = ~ 2 ksi > W = -(cT max - C7 min ) = 10 ksi (o.k.) 


cr = 2.00 ksi A 
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PROBLEM 7.77 (Continued) 

Case (2) 

Assume cr min = 0. c7 max = 2r max = 20 ksi = a a 


= CT ave +R = CJ X +U + Ju 2 + T 

~ 

- - U = V« 2 + 4 

(°a 

\2 2,2 
-a x -u) = u +z xy 

K 

- <j x ) 2 - 2(a a - <J x )u + u 2 = u 2 + t\, 

2 u - 

! K-^-4. = (20-14) J -8 I = _ 4 6667ks . 
cr a - cr x 20 - 14 

u = 

-2.3333 ksi cr v = 2u + <r r = 9.3333 ksi 

y x 

^"ave — 

— (a x + a v ) = 11.6667 ksi R = yju 2 + t 2 ^ = 8.3333 ksi 

= 

cr ave + R = 20 ksi a b = a ave - R = 3.3334 ksi 


o-max = 20 ksi, cr min = 0, r max = 10 ksi 

<r v = 9.33 ksi 4 
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SOLUTION 


u x = 60 MPa, <7 Z =0, G y = 100 MPa 
For Mohr’s circle of stresses in zx plane, 


Cave = -(c* + cr z ) = 30 MPa 


o\. - G- 


u = 


Assume <r max = g y = 100 MPa 

c m in — c^, — cr max — 2r max 

= 100 - (2)(60) = -20 MPa 

R = C ave - G b 

= 30 - (-20) = 50 MPa 

°a ~ Cave + R 

= 30 + 50 = 80 MPa < a y 
R = a / m 2 + T~ xz 
T xz = ±^R 2 ~ U 2 

= ±V50 2 - 30 2 = + 40 MPa 


= 30 MPa 


't'i (MP«h 



-40.0 MPa < t xz < 40.0 MPa -4 
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SOLUTION 


Assume 


Assume 


<j x = 90 MPa, a z =0, t xz = 60 MPa 
Mohr’s circle of stresses in zx plane: 

^ave = + <r z ) = 45 MPa 


R = 


f \2 

' C7 X ~ (7 y ' 


+ r 2 = V45 2 + 60 2 = 


75 MPa 


cr a = cr ave + R = 120 MPa, a h = cr ave - R = -30 MPa 



O’max = a a = 120 MPa. 


cr = ex • = cr — 2r 

y mm max max 


= 120 - (2X80) 


% = °b = -30 MPa. 


®y ‘"’’max ^min + ^ ^max 


= -30 + (2)(80) 


cr = -40.0 MPa ◄ 


cr = 130.0 MPa ◄ 
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y 


PROBLEM 7.80* 



For the state of stress of Prob. 7.69, determine (a) the value of <r v 
for which the maximum shearing stress is as small as possible, 
(b) the corresponding value of the shearing stress. 


SOLUTION 

Let 


u = 


a x - cr v 

-- cr„ = <t - 2 u 


^avc = t( (7 x +0-j = 0--U 


: J‘ 


R = Ju 2 + T 2 


a a = cr ave + R = cr r - u + Ju 2 + r 2 


a b = O'ave -R = <7 r ~U- Ju 2 + V 2 


■J 

■J 


xy 


Assume r max is the in-plane shearing stress. r max = R 


Then r max (in-plane) is minimum if u = 0. 


cr = ov -2 u-a r = 140 MPa, cr =a -u = 140 MPa 

y \ JL ' dVC A 

R = |z\J = 80 MPa 
cr a = o- ave + R = 140 + 80 = 220 MPa 
<r b = cr ave - R = 140 - 80 = 60 MPa 

CT max = 220 MPa > CT min = Lnax = J ( CT max “ CT min ) = 1 1 0 MPa 


Assumption is incorrect. 
Assume 


Chnax =<J a= ^ave + R=CT r ~U + J U + Xl 


-Ju 


O’min = 0 

dcr, 


dii 


= -l + 


4 


« 2 + ^ 


_ 1 , _ 1 

^ If^niax nil! ) ^ ^ a 

x=- 0 (no minimum) 
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PROBLEM 7.80* (Continued) 


Optimum value for u occurs when r max {out . of . plane) = r max (in . plane) 

1 r- 2 - 

— (a a +R) = R or cr a =R or a x -u = ^ju +z 


2 , _2 
xy 


22 /2 /2 
(cr x -u ) = a x -2 u<7 x +/i =/i +', 


xy 


2u = ——— = —-— = 94.286 MPa 


140 


(a) cr v =a x -2u = 140-94.286 


0 b ) R = Ju 2 + ri = r mav = 92.857 MPa 


xy max 


u = 47.143 MPa 


cr,, = 45.7 MPa ◄ 


r max = 92.857 MPa ◄ 
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|0» 

PROBLEM 7.81 



loo MPa y[ le s t a te of plane stress shown occurs in a machine component made of a steel with 

_^ 


a Y = 325 MPa. Using the maximum-distortion-energy criterion, determine whether 



CT o yield will occur when (a) a 0 = 200 MPa, ( b ) cr 0 = 240 MPa, (c) cr 0 = 280 MPa. If 


't 

yield does not occur, determine the corresponding factor of safety. 


SOLUTION 




-<Tn 


R- 


CT- - <T„ 


+ r„ =100 MPa 

Ay 


(a) a 0 = 200 MPa cr ave = - 200 MPa 

c a = cr ave + i? = —100 MPa, a h = cr ave - i? = -300 MPa 
+cr A 2 -a a a b = 264.56 MPa < 325 MPa 


(No yielding) 


F.S. 


325 

264.56 


(b) 


cr 0 = 240 MPa <r ave = -240 MPa 

c a = cr ave + R = -140 MPa, a b = cr ave - R = -340 MPa 
7 a;+a b -a a <j b = 295.97 MPa < 325 MPa 


F.S. 


325 

295.97 


(c) ct 0 = 280 MPa cr avc = -280 MPa 

(7 a = <r ave + R = -180 MPa, <7 b = cr ave -R = -380 MPa 
■Ja^+a^-er a a b = 329.24 MPa > 325 MPa 


F.S. = 1.228 ◄ 


(No yielding) 
F.S. = 1.098 ◄ 

(Yielding occurs) A 
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PROBLEM 7.82 




100 MPa 




Solve Prob. 7.81, using the maximum-shearing-stress criterion. 

PROBLEM 7.81 The state of plane stress shown occurs in a machine component 
made of a steel with a Y = 325 MPa. Using the maximum-distortion-energy criterion, 
determine whether yield will occur when (a) cr 0 = 200 MPa, (b) a 0 = 240 MPa, 
(c) cr 0 = 280 MPa. If yield does not occur, determine the corresponding factor of 
safety. 


SOLUTION 




-Cn 


R- 


f \ 2 


+ t„ =100 MPa 

xy 


(a) (T 0 = 200 MPa: cr = -200 MPa 


<r a = cr ave +R =-100 MPa a b = <r ave -R =-300 MPa 
cr m „ = 0, = -300 MPa 


2z' m ax = O-max “ ^min = 300 MPa < 325 MPa 


F.S.= 


325 

300 


(b) 


cr 0 = 240 MPa: cr ave = -240 MPa 


cr a = cr ave + R = -140 MPa, cr b = cr ave - R = -340 MPa 


CT max = °> ^mm = -340 MPa 

2 W = O’max “ CT mm = 340 MPa > 325 MPa 
(c) CJ 0 = 280 MPa: <r ave = -280 MPa 

a a = cr ave + R = -180 MPa, a b = <r ave - R = -3 80 MPa 


<7nax = 0, cr min = -380 MPa 
2r max = CT max “ CT m,„ = 380 MPa > 325 MPa 


(No yielding) 
F.S. = 1.083 ◄ 


(Yielding occurs) A 


(Yielding occurs) 4 
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36 ksi 



PROBLEM 7.83 

The state of plane stress shown occurs in a machine component made of a steel with 
(j y = 45 ksi. Using the maximum-distortion-energy criterion, determine whether 
yield will occur when (a) r xy = 9 ksi, ( b) r xy = 18 ksi, (c) r xv = 20 ksi. If yield does 
not occur, detennine the corresponding factor of safety. 


SOLUTION 


cr = 36 ksi, a =21 ksi, cr_ = 0 


For stresses in xy plane, 


^ave = ~( a x + O'v) = 28-5 ksi 


= 7.5 ksi 


(a) = 9 ksi R = 


f a - a 

A y 


+ t 2 xv = 7(7.5) 2 + (9) 2 = 11.715 ksi 


iv ^ y 

cr a = cr ave + i? = 40.215 ksi, a h = cr ave - i? = 16.875 ksi 
yja 2 + crl - cr a a b = 34.977 ksi < 45 ksi 
45 


F.S. = 


39.977 


(b) = 18 ksi R = 


f rr rr y 2 

a x ~ °y 


+ 4 = V(7.5) 2 + (18) 2 = 19.5 ksi 


° a = ^ave + ^ = 48 ksi, a h = a ave -R = 9 ksi 
yja 2 + crl - a a a h = 44.193 ksi < 45 ksi 
45 


F.S. = 


44.193 


(c) = 20 ksi R = 


( _ _ a 2 

a x <y y 


+ 4 = 7(7-5) 2 + (20) 2 = 21.36 ksi 


v v ~ y 

a a = cr ave + R = 49.86 ksi, a h = cx ave - i? = 7.14 ksi 
^cr 2 + of - cr a a h = 46.732 ksi > 45 ksi 


(No yielding) 
F.S. = 1.287 ◄ 


(No yielding) 
F.S. = 1.018 ◄ 


(Yielding occurs) A 
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36 ksi 



PROBLEM 7.84 

Solve Prob. 7.83, using the maximum-shearing-stress criterion. 

PROBLEM 7.83 The state of plane stress shown occurs in a machine component 
made of a steel with a Y = 45 ksi. Using the maximum-distortion-energy criterion, 
determine whether yield will occur when (a) r xy = 9 ksi, (b) i xy = 18 ksi, 
(c) T xy = 20 ksi. If yield does not occur, determine the corresponding factor of 
safety. 


SOLUTION 


cr x = 36 ksi, <x =21 ksi, cr, = 0 


For stress in xy plane, 


2 


(a x + <T V ) = 28.5 ksi 



7.5 ksi 


(a) 


(b) 


t„, = 9 ksi R = 

xy 


V \ 2 

" <J X ~ <J y 


+ = 11.715 ksi 


y 


<7 a = cr ave + R = 40.215 ksi, cr h = C7 ave - R = 16.875 ksi 
= 34.977 ksi, cr min = 0 


2 Unax = Cmax “ °min = 4 0- 2 l 5 k Sl < k si 


F.S. = 


45 


40.215 


r xv =18 ksi R 

xy 


O-J, ~ CTy 


+ r xv = 19.5 ksi 

xy 


J 


(7 a = cr ave + R = 48 ksi, a b = cr ave - R = 9 ksi 
cr,„_ = 48 ksi cr,„:„ = 0 


(c) 


2r max = ^max - O’min = 4 § k si > 45 ksi 


r w = 20 ksi R = 

xy 


/ \2 

cr . - cr i; 

x y 


V 


y 


cr a = cr ave + 7? = 49.86 ksi cr 6 
= 49.86 ksi cr, = 0 


+ r" = 21.36 ksi 


7? =7.14 ksi 


2 W = °max - o-rnin = 4 9-86 ksi > 45 ksi 


(No yielding) 
F.S. = 1.119 ◄ 


(Yielding occurs) A 


(Yielding occurs) 4 
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PROBLEM 7.85 

The 38-mm-diameter shaft AB is made of a grade of steel for which the yield 
strength is <j y = 250 MPa. Using the maximum-shearing-stress criterion, 
determine the magnitude of the torque T for which yield occurs when 
P = 240 kN. 


SOLUTION 


From torsion: 


P = 240 x 10 N 


A = —d z = —(38) 2 = 1.13411 x 1 0 3 mm" = 1.13411 x 10~ 3 m 2 
4 4 


_P _ 

“ A ~ 1.13411 x 10 -3 
= 0 

_ 1 , , _ 1 
^"ave ~ ~ ®x 


“ 4( ' ! l,! = 211.62 x 10 6 Pa = 211.62 MPa 


R = 


/ \2 

<*x - 


, J2 _ /I 2,2 

xy \j ^ x xy 


2 W = 2 R = x/ct 2 + 4r xy = a v 


4 *l y = °y - c, 2 




T xy = 


= -V250 2 - 211.62 2 
2 


T — 

xy j 


66.553 MPa = 66.553 x 10 6 Pa 
Tc 


Jt yv 

ji _ xy 


j _ K 4 _ K ( 38 

“7 C “tIt, 

c = —d = 19 x 10~ 3 m 
2 


204.71 x 10 3 mm 4 = 204.71 x 10“ 9 m 4 


T = 


(204.71 xl0“ 9 )(66.553 xl0 6 ) 


19 x 10 


-3 


= 717 N • m 
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PROBLEM 7.86 

\b 

Solve Prob. 7.85, using the maximum-distortion-energy criterion. 

PROBLEM 7.85 The 38-mm-diameter shaft AB is made of a grade of steel 
for which the yield strength is a Y = 250 MPa. Using the maximum-shearing- 
stress criterion, determine the magnitude of the torque T for which yield 
occurs when P = 240 kN. 

/c * 

d = 38 mm 

P A 
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PROBLEM 7.86 (Continued) 


From torsion, 

Tc rp _ 'Jl'xy 

— — T ^ 

r J c 



J = ^ c 4 = \ = 204.71 x 10 3 mm 4 = 204.71 x 10“ 9 m 4 

2 lyi) 



c = —d = 19 x 10~ 3 m 

2 



(204.71 x 10“ 9 )(76.848 x 10 6 ) 

19 x 10“ 3 

= 828 N • m 

◄ 
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PROBLEM 7.87 

The 1.5-in.-diameter shaft AB is made of a grade of steel with a 42-ksi tensile yield 
stress. Using the maximum-shearing-stress criterion, determine the magnitude of the 
torque T for which yield occurs when P = 60 kips. 


SOLUTION 


From torsion. 


P = 60 kips 


A = —d 2 = —(1.5) 2 = 1.76715 in 2 
4 4 


__P__ 60 

° x “ A ~ 1.76715 

cr„ = 0 


= -33.953 ksi 


Uive _ 1 ^x O’,,) O'* 


7? 


0\. - cr„ 


+ r 




1 2 ,2 

4 a v + Z Ty 


= ( c 


2r_ = 2R = Jal + 4r 2 , = cr v 


-w 


4^2 _ —.2 2 
_ °V a x 




= -Aal - cr 2 


= -V42 2 - 33.953 2 


- Ze 

“ j 


= 12.3612 ksi 

T = ^ Txy 
c 


c = —d = 0.75 in. 
2 


J = —c 4 = 0.49701 in 4 
2 

_ (0.49701)(12.3612) 
0.75 

= 8.19 kip • in. 


◄ 
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PROBLEM 7.88 

Solve Prob. 7.87, using the maximum-distortion-energy criterion. 

PROBLEM 7.87 The 1.5-in.-diameter shaft AB is made of a grade of steel with a 
42-ksi tensile yield stress. Using the maximum-shearing-stress criterion, determine 
the magnitude of the torque T for which yield occurs when P = 60 kips. 


SOLUTION 


P = 60 kips 

A = -d 2 = —(1.5) 2 = 1.76715 in 2 
4 4 


_ _p_ _ 60 

° x ~ A ~ 1.76715 

= 0 


= -33.953 ksi 


1 , , I 

= - ( a, + a v ) = - C T, 


R = 


{ h 2 

°~.v - °~y ' 


+ T xy ~ 


1 ? 2 

4 x xy 


^a ^ave ^ 

T ; i — ^ave ~ ^ 

= Kve + ^) 2 + Kve - ^) 2 - Kve + ^)Kve “ *) 

= cUve + 2cr ave i? + 7?" + <r ave - 2cr ave 7? + 7? 2 - cr 2 ve + 7?" 
= + 3i?2 


= - a 2 + 3 
4 x 

iT xy ~ a Y ~ a x 


~ a x + r xv | “ a x + 3r xy - °V 


From torsion. 


= JjV4? - 33.953“ 

= 14.2734 ksi 

Tc 


Txy J 


j, _ xy 
C 


c = —d = 0.75 in. 

2 

J = -c * 4 = —(0.75) 4 = 0.49701 in 4 

r = (0.49701X14.2734) = 946 
0.75 
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100 MPa PROBLEM 7.89 


60 MPa The state of plane stress shown is expected to occur in an aluminum 

casting. Knowing that for the aluminum alloy used cr UT = 80 MPa and 
a uc = 200 MPa and using Mohr’s criterion, determine whether rupture 
10 MPa of the casting will occur. 


SOLUTION 


<r v = 10 MPa, 

<r, = -100 MPa, 


r n , = 60 MPa 


°x + °y 10-100 

<t „ =-— =-= -45 MPa 


R = 


f rr rr 

cr,. - cr„ 


+ r n' = 


V( 55) 2 +(60) 2 =81.39 MPa 


o- a = cr ave + ^ =-45 + 8 i .39 = 36.39 MPa 
a h = o- ave -i? = -45-81.39 = -126.39 MPa 

Equation of 4th quadrant of boundary: 

a UT a UC 

3639 _ (-12639) =108?>1 
80 200 



Rupture will occur . A 
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75 MPa 


32 MPa 


PROBLEM 7.90 

The state of plane stress shown is expected to occur in an aluminum casting. 
Knowing that for the aluminum alloy used a UT = 80 MPa and <j uc = 200 MPa 
and using Mohr’s criterion, determine whether rupture of the casting will 
occur. 


SOLUTION 


<r x = -32 MPa, 

Cy = 0, 


t = 75 MPa 

1 


O'ave = tK + CT V ) = -16 MPa 


R = . 


f _ \ 2 

G x - G y 


+ <, =V( 16 ) 2 +(75) 2 =76.69 


MPa 


ct a — cr av e +7? — — i 6 + 76.69 = 60.69 MPa 
(T b = Cj ave - 7? = - i6 - 76.69 = -92.69 MPa 

Equation of 4th quadrant of boundary: 

<r b ] 

a UT a UC 

6069_(-9Z69) = l 222> l 
80 200 



Rupture will occur . ^ 
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7k si PROBLEM 7.91 

_ The state of plane stress shown is expected to occur in an aluminum casting. 

Sksi Knowing that for the aluminum alloy used <r UT = 10 ksi and cr uc = 30 ksi 
and using Mohr’s criterion, determine whether rupture of the casting will occur. 


SOLUTION 


a x = -8 ksi, 
<?y = o, 
r xy = ? ksi 


^ave = T^a + Cr v) = -4 ksi 


R = 


( cr - cr ^ 

A y 


+ t 1 = V4 2 + 7 2 = 8.062 ksi 

xy 


a a = cr ave + R = -4 + 8.062 = 4.062 ksi 
a h = c ave -R = -4 - 8.062 = -12.062 ksi 


Equation of 4th quadrant of boundary: 

<J a <T b _ | 

a uc 

4jg_ (-12.062) = 
10 30 





No rupture . 
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15 ksi PROBLEM 7.92 

—► 9 ksi The state of plane stress shown is expected to occur in an aluminum casting. 

Knowing that for the aluminum alloy used a UT = 10 ksi and a uc = 30 ksi 
and using Mohr’s criterion, determine whether rupture of the casting will occur. 

2 ksi 


SOLUTION 


<j x = 2 ksi, 

<r v = -15 ksi, 

T xy = 9 ksi 


2 


(cr v + a y ) = -6.5 ksi 


R = 



+ T r 


yfs. 5 2 +9 2 = 12.379 ksi 


<r a =cr ave = 5.879 ksi 
c T b = cr ave - /? = -18.879 ksi 

Equation of 4th quadrant of boundary: 

a b , 

^UT a UC 

5,879 _ (-1079) =1217>1 
10 30 


6 b (k„') 



Rupture will occur . 
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PROBLEM 7.93 

8 ksi The state of plane stress shown will occur at a critical point in an aluminum 
casting that is made of an alloy for which a UT = 10 ksi and a uc = 25 ksi. 
Using Mohr’s criterion, determine the shearing stress r 0 for which failure 
should be expected. 


SOLUTION 


a x = 8 ksi, 

<?y = 0 , 




^ave = + <7y) = 4 ksi 


+ T xy ~ V 4 " + f 0 

r 0 = ±Vi? 2 -4 2 
CFa =(T me +R = ( 4 + R ) ksi 
=cr ave -R = (4-R) ksi 




Since cr ave < R, stress point lies in 4th quadrant. Equation of 4th quadrant boundary is 


^UT °UC 

4+R 4-R 

"To 25~ 


f ±+ -] 

U0 25 J 


R=l- 


4_ 4_ 

To 25 


R = 5.429 ksi 




= +V5.429 2 -4 2 


r 0 = +3.67 ksi A 
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PROBLEM 7.94 

so MP a The state of plane stress shown will occur at a critical point in a pipe made of 
an aluminum alloy for which a UT = 75 MPa and a uc = 150 MPa. Using 
Mohr’s criterion, determine the shearing stress r 0 for which failure should be 
expected. 


SOLUTION 


a x = -80 MPa, 

O-y = 0 , 



Since |cr ave | < R, stress point lies in 4th quadrant. Equation of 4th quadrant boundary is 


'UT 


'uc 


= 1 


-40 + R -40 - R 


75 


150 


= 1 


R R t 40 40 , 

— +-= 1 +-= 1.2667 

75 150 75 150 


R = 63.33 MPa, 


= ±V63.33 2 -40 2 


r n =+8.49 MPa ◄ 
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PROBLEM 7.95 

The cast-aluminum rod shown is made of an alloy for which 
a UT = 70 MPa and a uc = 175 MPa. Knowing that the magnitude T 
of the applied torques is slowly increased and using Mohr’s criterion, 
determine the shearing stress r 0 that should be expected at rupture. 


SOLUTION 


= 0 
a v =0 


T xy - r 0 


CT ave = ~( a x + °y) = 0 



R = 


™ +R=R 

<?b=^ e - R =- R 



Since I cr ave < R, stress point lies in 4th quadrant. Equation of boundary of 4th quadrant is 


= 1 


'UT 


’uc 


R _ -R _ 
70 175 ~ 

[■-+—]*=> 
^70 175 J 


R = 50 MPa 


t 0 = r 


r n = 50.0 MPa ◄ 
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PROBLEM 7.96 

The cast-aluminum rod shown is made of an alloy for which 
c7 ut = 60 MPa and cr uc = 120 MPa. Using Mohr’s criterion, 
determine the magnitude of the torque T for which failure should 
be expected. 


SOLUTION 


P = 26x10 3 N A = — (32) 2 =804.25 mm 2 = 804.25 x 10~ 6 m 2 
4 

P 26 x 1 0 3 

cr = —=-- = 32.328xl0 6 Pa = 32.328 MPa 


A 804.25 x 10“ 

<7ave = j {C7 X + a y ) = ± (32.328 + 0) = 16.164 MPa 

° x Gy =-(32.328-0) = 16.164 MPa 
2 2 


o a = cr ave + R = 16.164 + R MPa 
<J b = cr ave - R = 16.164 - R MPa 

Since |cr ave | < R, stress point lies in the 4th quadrant. Equation of the 4th quadrant is 

cr a _ cr b 16.164 + ^ 16.164 — 2? _ 



' UT U UC 

—+ — \R = l- 

v 60 120 


60 


120 


16.164 16.164 

+ - 


60 


120 


R = 34.612 MPa 


R = 


( cr - cr ^ 

a. y 


+ r" r = 

xy xy 


R 2 - 


'<7 -<T V 


= V34.612 2 -16.164 2 = 30.606 


MPa 


= 30.606 xlO^Pa 
For torsion. 


_Tc _ 2 T 
J KC 


xy 


1 _o 

where c = —d = 16 mm = 16x10 ~ m 

2 


T = ^c 3 r xy =-y(16 x 10 _3 ) 3 (30.606x 10 6 ) 


T = 196.9 N m ◄ 
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(a) ( b) (c) 


PROBLEM 7.97 

A machine component is made of a grade of cast 
iron for which <j ut = 8 ksi and a uc = 20 ksi. For 
each of the states of stress shown, and using Mohr’s 
criterion, determine the normal stress a 0 at which 
rupture of the component should be expected. 


SOLUTION 


(a) cr, = cr 0 
a h- 2 <T 0 

Stress point lies in 1 st quadrant. 



Stress point lies in 4th quadrant. Equation of 4th quadrant boundary is 

°UT °UC 

°~0 ~ 2 cr 0 _ J 

8 20 

(c) a a =-^a 0 , a b =-a 0 , 4th quadrant 

2 a o -Q'o l 
8 20 


c 0 = 8.00 ksi A 


cr 0 = 6.67 ksi A 


cr 0 = 8.89 ksi A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1136 


















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 7.98 

A spherical pressure vessel has an outer diameter of 3 m and a wall thickness of 12 mm. Knowing that for 
the steel used cr all = 80 MPa, E = 200 GPa, and v= 0.29, determine ( a ) the allowable gage pressure, ( b ) the 
corresponding increase in the diameter of the vessel. 


SOLUTION 

r = —d — t = -(3) - 12 x 10“ 3 = 1.488 m 
2 2 

a i ~ a 2 = g ?l\\ = 80 x 10 6 Pa 

(a) ai = cr 2 = ^ 

_ 2toj_ _ (2)(12 x 10~ 3 )(80 x 10 6 ) 

P ~ r 1.488 

p = 1.290 x 10 6 Pa p = 1.290MPa ◄ 

(b) = 77(0-, - V(j 2 ) 

E 

= —a, = 1 ~ °' 29 , (80 x 10 6 ) = 284 x 10 -6 
E 200 xlO 9 

A d = ds x = (3)(284 x 10“ 6 ) = 852 x 10“ 6 m A d = 0.852 mm ◄ 
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PROBLEM 7.99 

A spherical gas container having an inner diameter of 5 m and a wall thickness of 24 mm is made of steel 
for which E = 200 GPa and v = 0.29. Knowing that the gage pressure in the container is increased from zero 
to 1.8 MPa, determine (a) the maximum normal stress in the container, ( b ) the corresponding increase in the 
diameter of the container. 


SOLUTION 


(«) 


p = 1.8 MPa 

r = -d -t = -(5) - 24 x 10' 3 = 2.476 m 
2 2 


°i - °2 


pr 

~2t 


(1.8)(2.476) 
(2)(24 x 10" 3 ) 


92.850 MPa 


a = — (a, - van) = ^—^-cr. = -—^-(92.85 x 10 6 ) = 329.6 p 
1 E E 1 200 x 10 9 

c b) Ad = ds x = (5X329.6 x 10 -6 ) = 1.648 x 10“ 3 m 


a = 92.9 MPa ◄ 


Ad = 1.648 mm 4 
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PROBLEM 7.100 

The maximum gage pressure is known to be 1150 psi in a spherical steel pressure vessel having a 10-in. outer 
diameter and a 0.25-in. wall thickness. Knowing that the ultimate stress in the steel used is op = 60 ksi, 
determine the factor of safety with respect to tensile failure. 


SOLUTION 


d 

- 1 

2 

10 in. 


2 

4.75 in. 


- 0.25 in. 


cr, — <Ti — 


pr 

27 


(1150 psi)(4.75 in.) 

2(0.25 in.) 
10.925 ksi 


F.S. = 


u u 


60 ksi 


o-max 10.925 ksi 


F.S. = 5.49 ◄ 
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PROBLEM 7.101 

A spherical pressure vessel of 750-mm outer diameter is to be fabricated from a steel having an ultimate stress 
an = 400 MPa. Knowing that a factor of safety of 4.0 is desired and that the gage pressure can reach 4.2 MPa, 
determine the smallest wall thickness that should be used. 


SOLUTION 

1 , 

r = —cl - t 

2 

= f (0.750 m) - t 

= 0.375i (m) 


We have 

pr 

°max “ G \ ~ °"2 = 


and 

F.S. = ° u 

^max 


Combining these two equations gives 

F.S. = ^ 
pr 


or 

Substituting for r gives 

2a v t = (F.S.)/?r 

2(400 x 10 6 Pa)i = (4)(4.2 x 10 6 Pa)(0.375 - t) 

816.80 x 10 6 f = 6.30 x 10 6 

t = 7.71 x 10“ 3 m 

t = 7.71 mm A 
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PROBLEM 7.102 

A spherical gas container made of steel has a 20-ft outer diameter and a wall thickness of A in. Knowing that 
the internal pressure is 75 psi, determine the maximum normal stress and the maximum shearing stress in the 
container. 


SOLUTION 


d 

t 


( o.zfk*; 


I O.is let' cr 



T 

‘■max 


20 ft = 240 in. 

— in. = 0.4375 in. 
16 

—d - t = 119.56 in. 
2 


pr 

~2t 


(75)(119.56) 

(2)(0.4375) 


10.25 x 10 3 psi 


10.25 ksi 

0 (Neglecting small radial stress) 



cr = 10.25 ksi ◄ 


W = 5.12 ksi ◄ 
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PROBLEM 7.103 

A basketball has a 300-mm outer diameter and a 3-mm wall thickness. Determine the normal stress in the wall 
when the basketball is inflated to a 120-kPa gage pressure. 


SOLUTION 


r = 


— d - t 
2 

^-(300 mm) - 3 


CTi — Cj — 


147 mm 
pr 

Yt 


or 


147 x 10 -3 m 


_ (120 x l(rPa)(147 x 10~ j m) 
2(3 x 10 _3 m) 

= 2.9400 xlO 6 Pa 


<j = 2.94 MPa ◄ 
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PROBLEM 7.104 

The unpressurized cylindrical storage tank shown has a 5-mm wall thickness 
and is made of steel having a 400-MPa ultimate strength in tension. 
Determine the maximum height h to which it can be filled with water if a 
factor of safety of 4.0 is desired. (Density of water = 1000 kg/m 3 .) 


SOLUTION 


d 0 = 8 m 

t = 5 mm = 0.005 m 


r = — d - t = 4 - 0.005 = 3.995 m 
2 


^all _ 


^all ~ 


= 400 MPa _ 100MPa = i00xl0 6 Pa 
F.S. 4.0 

pr 


but 


p= ta^ = (0.005 m)(100 x 10°Pa) = 125 _ 15fi x 1() 3 pa 


= 12.7580 m 


r 

3.995 m 

Pgh, 


P 

125.156 x 10 3 Pa 


pg (1000 kg/m 3 )(9.81 m/s 2 ) 


= 12.76 m A 
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PROBLEM 7.105 

For the storage tank of Prob. 7.104, determine the maximum normal stress 
and the maximum shearing stress in the cylindrical wall when the tank is 
filled to capacity (h = 14.5 m). 

PROBLEM 7.104 The unpressurized cylindrical storage tank shown has a 
5-mm wall thickness and is made of steel having a 400-MPa ultimate strength 
in tension. Determine the maximum height h to which it can be filled with 
water if a factor of safety of 4.0 is desired. (Density of water = 1000 kg/m 3 .) 


SOLUTION 


113.7 thPo, 


d 0 = 8 m 


t = 5 mm = 0.005 m 

r = —d - t = 4 - 0.005 = 3.995 m 
2 

p = pgh = (1000 kg/m 3 )(9.81 m/s 2 )(14.5 m) 
= 142.245 xlO 3 Pa 


CT, = 


pr _ (142.245 x 10 3 Pa)(3.995 m) 
0.005 m 


= 113.654 xlO 6 Pa 


'Tnin ® 0 


Tnax 2 (^max ^"min) 


cx max =113.7 MPa ◄ 

r max = 56.8 MPa 4 
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PROBLEM 7.106 

The bulk storage tank shown in Photo 7.3 has an outer diameter of 3.3 m and a wall thickness of 18 mm. At a 
time when the internal pressure of the tank is 1.5 MPa, determine the maximum normal stress and the 
maximum shearing stress in the tank. 


SOLUTION 

1 

r = - t = — - 18 x 10 -3 = 1.632 m, t = 18xl0“ 3 m 

2 2 



^ = (1.5xl0^Pa)(1.632m) =136xl06pa 
t 18x10 -3 m 



cr m ax = 0 i = 136 x 10 6 Pa 

<r ma x = 136.0 MPa A 


°min = -P ~ o 



W = ^-(Omax - <Tnin) = 68 X IQ 6 Pa 

r max = 68.0 MPa ◄ 
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PROBLEM 7.107 

A standard-weight steel pipe of 12-in. nominal diameter carries water under a pressure of 400 psi. 
(a) Knowing that the outside diameter is 12.75 in. and the wall thickness is 0.375 in., determine the maximum 
tensile stress in the pipe. ( b ) Solve part a, assuming an extra-strong pipe is used of 12.75-in. outside diameter 
and 0.5-in. wall thickness. 


SOLUTION 


(a) 

<7 0 = 12.75 in. t = 0.375 in. r = f d 0 -t = 6.00 in. 



pr (400X6.00) . 

a = — = --—-- = 6400 psi 

t 0.375 

cr = 6.40 ksi A 

(b) 

d 0 = 12.75 in. t = 0.500 in. r =^-<i 0 -t = 5.875 in. 



^^(400X5.875) s . 

t 0.500 

a = 4.70 ksi A 
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PROBLEM 7.108 

A cylindrical storage tank contains liquefied propane under a pressure of 1.5 MPa at a temperature of 38°C. 
Knowing that the tank has an outer diameter of 320 mm and a wall thickness of 3 mm, determine the 
maximum normal stress and the maximum shearing stress in the tank. 


SOLUTION 

r =- t = -3 = 157 mm = 157 x 10 _1 m 

2 2 

t = 3 x 10 -3 m 



^ = (1.5xl0 6 P a)(157xl0- 3 m) = 785 xl()6pa 
t 3 x 10 -3 m 



Cmax = 01 = 78.5 X 10 6 Pa 

<j max = 78.5 MPa -4 


°min = -P ~ 0 



W = |(0’max - 0min) = 39.25 x IQ 6 Pa 

r max = 39.3 MPa ◄ 
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PROBLEM 7.109 

Determine the largest internal pressure that can be applied to a cylindrical tank of 5.5-ft outer diameter and 
J--in. wall thickness if the ultimate normal stress of the steel used is 65 ksi and a factor of safety of 5.0 
is desired. 


SOLUTION 





cr, - ° U 

65 ksi 3 . 

=-= 13 ksi = 13x10 psi 



1 F.S. 

5.0 



. _ d 

t _ (5-5)(12) 0 6 25 - 32.375 in. 



2 

2 



5 

II 

1^3 

1 ^ 

(0.625)(13 x 10 3 ) 

p = 251 psi A 


t 

P r 32.375 
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PROBLEM 7.110 

A steel penstock has a 36-in. outer diameter, a 0.5-in. wall 
thickness, and connects a reservoir at A with a generating station 
at B. Knowing that the specific weight of water is 62.4 lb/ft 3 , 
determine the maximum normal stress and the maximum shearing 
stress in the penstock under static conditions. 


SOLUTION 

r = —d - t = —(36) - 0.5 = 17.5 in. 

2 2 



p = rh = (62.4 lb/ft 3 )(500 ft) = 31.2 x 10 3 lb/ft 2 



= 216.67 psi 



pr (216.67)(17.5) . 

ex, = — = ----- = 7583 psi 

1 t 0.5 



Cftnax = 0-1= 7583 psi 

O-min ~-p = - 217 psi 

o'max = 7.58 ksi ◄ 


finax = ^max “ CT min) = 3900 psi 

W = 3.90 ksi ◄ 
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PROBLEM 7.111 

A steel penstock has a 36-in. outer diameter and connects a reservoir 
at A with a generating station at B. Knowing that the specific weight 
of water is 62.4 lb/ft 3 and that the allowable normal stress in the 
steel is 12.5 ksi, determine the smallest thickness that can be used 
for the penstock. 


SOLUTION 


p = yh = (62.4 lb/ft 3 )(500 ft) = 31.2 x 10 3 lb/ft 2 


= 216.67 psi 

Gy = 12.5 ksi = 12.5 x 10 3 psi 

r = — d — t = 18 — t 
2 


Cl 

18 - f 
t 


pr 

t 


r _ Gy 
t p 


12.5x10 3 
216.67 


57.692 


— = 58.692 
t 


t = 0.307 in. ◄ 
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600 mm 



PROBLEM 7.113 

For the compressed-air tank of Prob. 7.112, determine the gage pressure that will 
cause a shearing stress parallel to the weld of 30 MPa. 

PROBLEM 7.112 The cylindrical portion of the compressed-air tank shown is 
fabricated of 8-mm-thick plate welded along a helix forming an angle ft = 30° with 
the horizontal. Knowing that the allowable stress normal to the weld is 75 MPa, 
determine the largest gage pressure that can be used in the tank. 


SOLUTION 




-(600) 


292 mm 


0) 

0*2 


pr 

t 

1 pr 
2 ~ 



1 pr 

4 T 


z w = R sin 60° 

= V3 pr 
8 t 


P 


8 M 

V3 R 


_ 8 (30)(8) 
P V3 292 


3.80 MPa ◄ 
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PROBLEM 7.114 

The steel pressure tank shown has a 750-mm inner diameter and a 9-mm 
wall thickness. Knowing that the butt-welded seams form an angle f5 = 50° 
with the longitudinal axis of the tank and that the gage pressure in the tank is 
1.5 MPa, determine (a) the normal stress perpendicular to the weld, (b) the 
shearing stress parallel to the weld. 


SOLUTION 


r = — = 375 mm = 0.375 m 
2 

pr (1.5 x 10 6 Pa x 0.375 m) 6 

cx, = — = --- = 62.5 x 10° Pa = 62.5 MPa 

t 0.009 m 


cr, = —CTj = 31.25 MPa 


2 p = 100 ° 





O'ave = -(o-i + CT 2 ) = 46.875 MPa 


R = ^^ = 15.625 MPa 


(a) cr w = cr ave + 7? cos 100° 


(6) r = R sin 100° 


<j = 44.2 MPa ◄ 


= 15.39 MPa ◄ 
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PROBLEM 7.115 

The pressurized tank shown was fabricated by welding strips of plate along 
a helix forming an angle p with a transverse plane. Determine the largest 
value of P that can be used if the normal stress perpendicular to the weld is 
not to be larger than 85 percent of the maximum stress in the tank. 


SOLUTION 


cr, =- 


pr 


c, =- 


pr 

It 


1 3 pr 

ct, v= --( CTi+CT2 )=- t 


R = 


Cj - a 2 1 pr 


2 4 t 

0\ v =cr ave -Rcos ip 

r' 


0.85 — = 


-cos 2 p — 

4 4 


pr 


cos 2p = -4^0.85-^- | = -0.4 
2p = 113.6° 



P = 56.8° ◄ 
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PROBLEM 7.116 

Square plates, each of 0.5-in. thickness, can be bent and 
welded together in either of the two ways shown to form the 
cylindrical portion of a compressed-air tank. Knowing that the 
allowable normal stress perpendicular to the weld is 12 ksi, 
determine the largest allowable gage pressure in each case. 


SOLUTION 





d = 12ft = 144 in. r = — d - t = 71.5 in. 




2 



pr 

a, — —— 

pr 



1 t 

2 1 

(a) 

cq = 12 ksi 




p - ° lt - (12)(0 - 5) - 0.0839 ksi 



r 

71.5 




p = 83.9 psi -4 

0 b ) 

1 ,3 pr 

(X, ve = — (<T, + CJt) =- 

ave 2 4 t 

r 

1 r 

p\ 

R - °1 + 

2 

1 pr 

~ 4 T 


-.- \ 


p-s J3 = ± 45° 



_ * Jv 


Cw = ^ave + XCOS/? 


* p r 

3 pr 



' 1-5. *1 

^ J 

~ 4~ 




4 a J 

P = ~z —“ = 

(12X0.5) _ 0 1119ksi _ ln 9 i ^ 



3 r 

v 3 J 71.5 
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PROBLEM 7.117 

The pressure tank shown has a 0.375-in. wall thickness and butt-welded 
seams forming an angle f5 = 20° with a transverse plane. For a gage 
pressure of 85 psi, determine (a) the normal stress perpendicular to the 
weld, ( b ) the shearing stress parallel to the weld. 


SOLUTION 



d = 5 ft = 60 in. 


r 


—d - t = 30 - 0.375 = 29.625 in. 
2 




pr (85)(29.625) ^ 14t . 

— = -——-= 6715 psi 

t 0.375 


<r 2 = —cjj = 3357.5 psi 
^ave = j( a i + a 2 ) = 5036.2 psi 

R = ~ = 1678.75 psi 

2 


(a) <j w = cr ave - 7?cos40° = 3750 psi A 

(. b) t w = i?sin40° = 1079 psi A 
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PROBLEM 7.118 



For the tank of Prob. 7.117, determine the largest allowable gage pressure, 
knowing that the allowable normal stress perpendicular to the weld is 
18 ksi and the allowable shearing stress parallel to the weld is 10 ksi. 

PROBLEM 7.117 The pressure tank shown has a 0.375-in. wall thickness 
and butt-welded seams forming an angle f5 = 20° with a transverse plane. 
For a gage pressure of 85 psi, determine (a) the normal stress 
perpendicular to the weld, ( b ) the shearing stress parallel to the weld. 


SOLUTION 



cr.t 


(18)(0.375) 


d = 5 ft = 60 in. 

r = -d-t = 30 - 0.375 = 29.625 in. 
2 


cr, = 


<7, = 


pr 

t 

pr 

2 7 


1 3 pr 

= —(£7, + CTt) =- 

2 1 4 t 


R = 


1 pr 
4 ~ 


= CT ave - 7? COS 50° 


— - —cos 50° I — 


= 0.58930— 


0.5893r (0.58930X29.625) 


0.38664 ksi = 387 psi 


t = 7? sin 50° = 0.191511 — 

w t 


T w t 


pr 
t 

(10)(0.375) 


0.19151 Ir (0.191511)(29.625) 
Allowable gage pressure is the smaller value. 


0.66097 ksi = 661 psi 


p = 387 psi A 
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PROBLEM 7.119 



For the tank of Prob. 7.117, determine the range of values of /? that can be 
used if the shearing stress parallel to the weld is not to exceed 1350 psi 
when the gage pressure is 85 psi. 

PROBLEM 7.117 The pressure tank shown has a 0.375-in. wall thickness 
and butt-welded seams forming an angle f5 = 20° with a transverse plane. 
For a gage pressure of 85 psi, determine (a) the normal stress perpendicular 
to the weld, ( b ) the shearing stress parallel to the weld. 


SOLUTION 


d = 5 ft = 60 in. 


r 3 



r = -d-t = 30-- = 29.625 in. 
2 8 

^ = (85X29.625) = 

t 0.375 

a 2 = “CTj = 3357.5 psi 

R = 0-1 ~°~ 2 = 1678.75 
2 

r w = Rsmip = r all 

sin 28 =!*-= 1350 = 0.80417 

R 1678.75 


2 p a = -53.53° 

2 p b = +53.53° 

2 J3 C = -53.53° + 180° = 126.47° 
2 fi d = 53.53° + 180° = 233.53° 


Pa = - 26 ' 8 °1 

Pb = 26 ' 8 ° J 

P c = 63.2° 1 

Pd = 116.8°} 


26.8° < p < 26.8° 
63.2° < p < 116.8° 


◄ 

◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1158 



















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 




PROBLEM 7.120 




P' 

( / i / /[ / 

( f 

A pressure vessel ol 10-m. inner diameter and 0.25-m. wall thickness 
is fabricated from a 4-ft section of spirally-welded pipe AB and is 
equipped with two rigid end plates. The gage pressure inside the vessel 
is 300 psi and 10-kip centric axial forces P and P' are applied to the 
end plates. Determine (a) the normal stress perpendicular to the weld, 

(i b ) the shearing stress parallel to the weld. 


SOLUTION 


r = — d = — (10) = 5 in. t = 0.25 in. 
2 2 

pr (300)(5) ^, . 

cr, = — = — _ = 6000 psi = 6 ksi 


cr, =- 


t 0.25 
pr (300)(5) 


2 1 (2)(0.25) 


= 3000 psi = 3 ksi 


r 0 = r + t = 5 + 0.25 = 5.25 in. 

A = n (r 0 2 - r 1 ) = ;r(5.25 2 - 5.00 2 ) = 8.0503 in 2 


P _ lQxlQ 3 
~A~ 8.0803 


= -1242 psi = -1.242 ksi 


^ =0 


Total stresses . Longitudinal: a x = 3 -1.242 = 1.758 ksi 

Circumferential: a = 6 ksi 
Shear: 

Plotted points for Mohr’s circle: 

X: (1.758, 0) 

Y: (6, 0) 

C: (3.879) 

CT ave=T( CT .v + 0 'v) = 3 - 879 ksi 



R = 


f cr - cr ^ 

a y 

2 

+ T ly 

l 2 J 

f (1.758-6)' 

2 

+ 0 


+ 0 = 2.121 ksi 


(a) 

(b) 


a. =<r,„ +R cos 70° = 3.879-2.121 cos 70° 


r xy \ = R sin 70° = 2.121 sin 70° 


cr , = 3.15 ksi A 


\ T x' y '\ = 1-993 ksi ◄ 
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PROBLEM 7.121 

Solve Prob. 7.120, assuming that the magnitude P of the two forces is 



increased to 30 kips. 

p /^>- 

' /"'V 

( / 1 / /[ f 

\ ( / / / 

35' ' ' , 

PROBLEM 7.120 A pressure vessel of 10-in. inner diameter and 0.25-in. 
wall thickness is fabricated from a 4-ft section of spirally-welded pipe 
AB and is equipped with two rigid end plates. The gage pressure inside 
the vessel is 300 psi and 10-kip centric axial forces P and P' are applied 
to the end plates. Determine (a) the normal stress perpendicular to the 
weld, ( b) the shearing stress parallel to the weld. 


SOLUTION 


r = — d = — (10) = 5 in. t = 0.25 in. 

2 2 

cr i = PL= (3 Q° 2 g 5) = 6()() Q psi = 6 ksi 

o-, = — = (3QQ)(5) = 3000 psi = 3 ksi 
2 1 (2)(0.25) 

r 0 =r + t = 5 + 0.25 = 5.25 in. 

A = n(r 2 -r 2 }=7r( 5.25 2 -5 2 ) = 8.0503 i 


in 


a =-= - 

A 


30xl0 J 


Total stresses . Longitudinal: 


.0503 

a =3 - 3.727 = -0.727 ksi 


= -3727 psi = -3.727 ksi 


Circumferential: cr„ = 6 ksi 


Shear: 

Plotted points for Mohr’s circle: 


*xy =0 


X: (-0.727, 0) 

Y: (6, 0) 

C: (2.6365, 0) 

O'ave = j( a x + o-.v) = 2.6365 ksi 


R = . 


( __ A 2 

cr.v 



+ 


-0.727-6 


(a) 

(*) 


VI 2 , 

ct x . = a ave - 7? cos 70° = 2.6365 - 3.3635 cos 70° 
|r x y| = R sin 70° = 3.3635 sin 70° 


+ 0 = 3.3635 ksi 


o\.< = 1.486 ksi A 


\ T x'y'\ = 3.16 ksi ◄ 
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PROBLEM 7.122 

A torque of magnitude T = 12 kN • m is applied to the end of a tank containing 
compressed air under a pressure of 8 MPa. Knowing that the tank has a 180-rnm inner 
diameter and a 12-mm wall thickness, determine the maximum normal stress and the 
maximum shearing stress in the tank. 


SOLUTION 



r > 



d = 180 mm r = —d = 90 mm t = 12 mm 
2 


Torsion: 


q = 90 mm c 2 = 90 + 12 = 102 mm 
J = y(c 2 4 - q 4 ) = 66.968 x 10 6 mm 4 = 66.968 x 10“ 6 m 


2 

Tc 

J 


t = — = (12 * 10 3 )(102 x 10 ~ 3 ) _ lg 277 MPa 


66.968 x 10 


-6 


Pressure: 


EL = = 60 MPa cr 2 = ^ = 30 MPa 

" It 


t 12 

Summary of stresses : 

<r x = 60 MPa, o y = 30 MPa, = 18.277 MPa 

^ave = “(^.v + <Ty) = 45 MPa 


R = . 


V-cO 2 


+ tz, =23.64 MPa 


a a = cr ave + R = 68.64 MPa 
cr b = cr ave - R = 21.36 MPa 
cr„ *0 


= 0 


^"max ^ ^-^"niax ^"min i 


= 68.6 MPa ◄ 


T max = 34.3 MPa ◄ 
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PROBLEM 7.123 

The tank shown has a 180-mm inner diameter and a 12-mm wall thickness. Knowing 
that the tank contains compressed air under a pressure of 8 MPa, determine the 
magnitude T of the applied torque for which the maximum normal stress is 75 MPa. 


SOLUTION 


Torsion: 


r = = ^j(180) = 90 mm i = 12 mm 

Z1= (8X90) =60 MPa 


t 

pr 


12 


cr, = — = 30 MPa 
2 2 1 

^ave = j( <7 i +cr v) = 45 MPa 
= 75 MPa 


^ = CT max- CT ave= 30MPa 


R = , 




xy 


= \lR 2 —15 2 = V30 2 -15 2 = 25.98 MPa 


= 25.98 xl0 6 Pa 

C| = 90 mm 

c 2 = 90 +12 = 102 mm 


J = —[4 ~ c ?) = 66.968 xl0 6 mm 4 = 66.968 x 10~ 6 m 4 


r... = — T= J -^= (66 ' 968 - 10 x25 98 *'° > =! 7.06 x 10 3 N-m 


J 


102x 10~ 


T = 17.06 kN m ◄ 
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PROBLEM 7.124 

The compressed-air tank AB has a 250-mm outside diameter and an 8-mm 
wall thickness. It is fitted with a collar by which a 40-kN force P is 
applied at B in the horizontal direction. Knowing that the gage pressure 
inside the tank is 5 MPa, determine the maximum normal stress and the 
maximum shearing stress at point K. 


SOLUTION 


Consider element at point K. 
Stresses due to internal pressure : 


p = 5 MPa = 5x 10 6 Pa 

1 , 250 

r = —d -t =-8 = 117 mm 

2 2 

pr (5 x 10 6 )(117 x 1(T 3 ) 


Of = 


(8x10^) 


= 73.125 MPa 


cr = — = (5 x 10 6 )(117 x ltT 3 ) _ 36 563 MPa 
y 2 1 (2)(8 x 1(T 3 ) 




Stress due to bending moment : Point K is on the neutral axis. 

CT v=° 

Stress due to transverse shear : C = /’ = 40xl0 J N 

c, = — d = 125 mm 
" 2 

Cj = c 2 -1 = 117 mm 

Q = |( c 2 - C 1 3 ) = |(125 3 -117 3 ) 

= 234.34 x 10 3 mm 3 = 234.34 x 10 _6 m 3 

7 = ^(c 2 4 -c 1 4 ) = ^(125 4 -117 4 ) 

= 44.573 x 10 6 mm 4 = 44.573 x 10" 6 m 4 
VQ PQ (40x 10 3 )(234.34x 1Q~ 6 ) 
Txy ~ It ~ I(2t) ~ (44.573xl0^)(16xl0- 3 ) 
= 13.1436 x 10 6 Pa = 13.1436 MPa 
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PROBLEM 7.124 (Continued) 

Total stresses: cr T =73.125 MPa, <j y =36.563 MPa, r v . =13.1436 MPa 

Mohr’s circle: a v . e = —(cr T + cr v ) = 54.844 MPa 


f \ 

2 



+ T ly 

7 

-V 

V / 

(18.281) 2 + (13.1436) 2 =22.516 MPa 

a a =(7 

me +R = 77.360 MPa 

a b = a 

me ~R = 32.328 MPa 

Principal stresses: 


cr a = 11A MPa, o b = 32.3 MPa ◄ 

The 3rd principal stress is the radial stress. 

cr .sO ◄ 


Omax = 77.4 MPa, <T min = 0 cr max = 11A MPa ◄ 

Maximum shearing stress: 

r =I( 

max ^ v 

°max - O'min) ^max = 38 ' 7 MPa ◄ 
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PROBLEM 7.125 

In Prob. 7.124, determine the maximum normal stress and the maximum 
shearing stress at point L. 

PROBLEM 7.124 The compressed-air tank AB has a 250-mm outside 
diameter and an 8-rnm wall thickness. It is fitted with a collar by which 
a 40-kN force P is applied at B in the horizontal direction. Knowing that 
the gage pressure inside the tank is 5 MPa, determine the maximum 
normal stress and the maximum shearing stress at point K. 


SOLUTION 

Consider element at point L. 
Stresses due to internal pressure : 


p = 5 MPa = 5x 10°Pa 

1 , 250 

r = —d -t =-8 = 117 mm 

2 2 


= 


cr = 


pr (5 x 10 6 )(117 x 1Q~ 3 ) 
t ~ 8 x 10~ 3 

pr _ (5xl0 3 )(117xl0 3 ) 


= 73.125 MPa 


= 36.563 MPa 


Stress due to bending moment : 


2 1 (2)(8x 10~ J ) 

M = (40 kN)(600 mm) = 24,000 N • m 

c, = — d = 125 mm 
2 2 

q =c 2 -t = 125-8 = 117 mm 
7 = ~~[ c 2 ~ c \ ) = "^(125 4 - 117 4 ) 

= 44.573 x 10 6 mm 4 = 44.573 x 10 _6 m 4 


cr. = — 


Me (24,000)(125 x 10 _j ) 


/ 


44.573x10 


-6 


= -67.305 MPa 


t S 4 

-U ^ 


S’, 
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PROBLEM 7.125 (Continued) 

Stress due to transverse shear: Point L lies in a plane of symmetry. 


O 

II 

Total stresses: 

a x = 73.125 MPa, a v = -30.742 MPa, r xy = 0 

Principal stresses: 

Since t = 0, a x and o v are principal stresses. The 3rd principal stress is in the 
radial direction, cr, ?= 0. 

^"max 

= 73.125 MPa, a min =0, a a =73.1 MPa, a b = -30.7 MPa, a z =0 

Maximum stress: 

CTmax = 73.1 MPa ◄ 

Maximum shearing stress: r max = j (er max - cr niin ) r max =51.9 MPa ◄ 
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1.5 in. 


PROBLEM 7.126 



A brass ring of 5-in. outer diameter and 0.25-in. thickness fits exactly 
inside a steel ring of 5-in. inner diameter and 0.125-in. thickness 
when the temperature of both rings is 50°F. Knowing that the 
temperature of both rings is then raised to 125°F, determine (a) the 
tensile stress in the steel ring, ( b ) the corresponding pressure exerted 
by the brass ring on the steel ring. 


SOLUTION 

Let p be the contact pressure between the rings. Subscript s refers to the steel ring. Subscript b refers to the 
brass ring. 


Steel ring . Internal pressure p : 

Corresponding strain: 

Strain due to temperature change: 
Total strain: 

Change in length of circumference: 


=- 


pr 


£ sp = 


_ P r 

E s E Js 


£ sT = a s AT 


£, = + a AT 


E Js 


AL r = 2kv£ = 2 nr 


pr 
E t 

V S v s 


+ a,AT 


pr 

Brass ring . External pressure p\ a h =—— 


Corresponding strains: 

Change in length of circumference: 


£ bp — 


pr 

E b t b 


» s bT = a b AE 


A L h = 2jzr£ h = 2 nr 


Pr 

\ E b t b 


+ a b AT 


Equating A L s to A L l 


'b ’ 


Pr + a.AT = -J^ + a h AT 


EX 


E bh 


\ E s t s E b ( b J 


p = (a b -a s )AT 


( 1 ) 


( 2 ) 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1167 





















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 7.126 (Continued) 

Data: 

AT = 125°F - 50°F = 75°F 

r = — d = —(5) = 2.5 in. 

2 2 

From Equation (2), 

- ^^ - p = (11.6 — 6.5)(10~ 6 )(75) 

(29 x 10 6 )(0.125) (15 x10 6 )(0.25)J 

1.35632 xl0~ 6 /? = 382.5xl0~ 6 
p = 282.0 psi 

From Equation (1), 

pr (282.0)(2.5) . _. 1a3 

cr = — = - = 5.64 x 10 psi 

t, 0.125 

(a) <r s = 5.64 ksi A 

( b) p = 282 psi 4 
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1K . PROBLEM 7.127 

1.5 m. 



Solve Prob. 7.126, assuming that the brass ring is 0.125 in. thick and 
the steel ring is 0.25 in. thick. 

PROBLEM 7.126 A brass ring of 5-in. outer diameter and 0.25-in. 
thickness fits exactly inside a steel ring of 5-in. inner diameter and 
0.125-in. thickness when the temperature of both rings is 50°F. 
Knowing that the temperature of both rings is then raised to 125°F, 
determine (a) the tensile stress in the steel ring, (b) the corresponding 
pressure exerted by the brass ring on the steel ring. 


SOLUTION 

Let p be the contact pressure between the rings. Subscript s refers to the steel ring. Subscript b refers to the 
brass ring. 


Steel ring . Internal pressure p : 

Corresponding strain: 

Strain due to temperature change: 
Total strain: 

Change in length of circumference: 


Brass ring . External pressure p\ 

Corresponding strains: 

Change in length of circumference: 


pr 


c. =- 


a s pr 
SP E. Et 


e^=a,AT 


e = -3— + a AT 
E s t s 


A L, = 2k re, = 2 nr 


pr 

\ E st s 


+ aAT 


= — 


pr 


£ bp=~ 


pr 


, £ br = a b AT 


Equating A L s to AL : 


b ’ 


pr 

E,t. 


AL h = 2 nre b =2 nr 


pr 


pr 
V E bh 


+ a b AT 


+ a c AT = -h a h AT 




r ^ 

r r 

-1- 

E t E.t, 

V s*s J 


P - ( a b ~oc s )AT 


(1) 


( 2 ) 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1169 





















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 7.127 (Continued) 


Data: 


AT = 125°F-50°F = 75°F 


From Equation (2), 


From Equation (1), 


r = —d = —(5) = 2.5 in. 
2 2 

2.5 


2.5 


(29x10 6 )(0.25) (15 x 10 6 )(0.125) 


jo = (11.6 — 6.5)(10 6 )(75) 


1.67816x lCT 6 /? = 382.5 x 10“ 6 


p = 227.93 psi 


pr (227.93)(2.5) . 

cr = — =-——- = 2279 psi 

t. 0.25 


(a) a s = 2.28 ksi A 
(b) p = 228 psi A 
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PROBLEM 7.128 



For the given state of plane strain, use the method of Sec. 7.7A to 
determine the state of plane strain associated with axes x and y 
rotated through the given angle 6. 

£ x = -800/./, £^=+450//, y^ = +200//, 6 = 25°^) 


SOLUTION 

0 = -25° 

£ , +£ v £ x ~ £ v y„ 

y = 175 ju y = 625 ju ^ =+100/t 

£ x + £ ,, £ x ~ £ v y xv 

£ , =— - ^- + —--cos 26' + —sin 20 

x 2 2 2 

= 175// + (-625//)cos (-50°) + (100//)sin (-50°) 

£ x ' = -653// A 


£ x + £ v £ x - £ v y „ 

£ ■ = ----cos 26 -^-sin 26 

y 2 2 2 

= -175//- (-625//)cos (-50°) - (100//)sin (-50°) 

£ y , = 303 fu A 


y x y = ~(s x ~ £ y ) sin 26 + y xy cos 26 

= -(-800//-450//)sin (-50°) + (+200//)cos (-50°) 

y x y = -829// ◄ 
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PROBLEM 7.129 

For the given state of plane strain, use the method of Sec. 7.7A to 
detennine the state of plane strain associated with axes x and y' 
rotated through the given angle 9. 

£ x =+ 240//, £ , v =+160 //, y xy =+150 ju, 9 = 60°^) 


SOLUTION 

9 = -60° 

8, + £ v £~ £ v V 

= +200// * y =40// ^=75// 

2 2 2 

£ x + £.. £ x ~ £ v y xv 

£ x ' = -— H --cos 29 H —-sin 29 

2 2 2 

= 200 + 40 cos (-120°) + 75 sin (-120°) 

£ x ' = 1 15.0// A 


£ x + £ v £ x - £., y xx , 

£' = —- ; - ; --cos 29 — ^sin 29 

y 2 2 2 

= 200 - 40cos (-120°) - 75 sin (-120°) 

£ y , = 285// A 


y x y = ~(e x - f v ) sin 20 + Yxy cos 2e 

= -(240-160)sin (-120°) + 150cos (-120°) 

T x y = -5.72// ◄ 
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PROBLEM 7.130 

For the given state of plane strain, use the method of Sec. 7.7A to 
determine the state of plane strain associated with axes x' and v' 
rotated through the given angle 9. 

s x =-500ju, s y =+250ju, y xy =0, <9 = 15°^: 


SOLUTION 

0 = +15° 

E x + £ v s x - £ v Y IV 

y = 125 // * y = 375/2 ** =0 

2 2 2 

£ x + £., £ x ~ £ v 

£■ = - —4 --cos 29 —-sin 29 

x 2 2 2 

= -125// + (-375//)cos30° + 0 

£ x ' = -450 ju A 


£ x + £ v £ x ~ £ v Y xv 

£ • = ----cos 29 --sin 29 

■22 2 

= -125// - (-375//)cos 30° - 0 

£ y , =199.8// ◄ 


/ x y = ~{£ x ~ £ y ) sin 29 + y xy cos 29 
= -(-500// -250//) sin 30° + 0 

y x , y , = 375// ◄ 
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PROBLEM 7.131 

For the given state of plane strain, use the method of Sec 7.7A to 
determine the state of plane strain associated with axes x and y' 
rotated through the given angle 9. 

£ x =0, e v =+320/j, Yxy — —100//, 9 = 30° 


SOLUTION 

9 = +30° 



£ x +£ v £ x ~ £ v 

x v =160/t y = 160// 

2 2 



£ x + £., £ x ~ £ v Yxv 

£ , =-— h -—cos 29 H —=sin 29 

2 2 2 



= 160 -160 cos 60°-— sin 60° 

2 

£ x . = +36.7/1 4 


£ x + £ v £ x ~ £ v Y „ 

£ v . =— - 1 - : -—cos 29 —^sin 29 

■ 2 2 2 



= 160 + 160cos 60° + —sin 60° 

2 

£ y , = +283/1 4 


r x y = -Ox - ^)sin 29 + r „ cos 29 



= -(0-320)sin 60°-100cos 60° 

Y x y = +227/1 4 
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PROBLEM 7.132 



For the given state of plane strain, use Mohr’s circle to determine the 
state of plane strain associated with axes x' and y' rotated through 
the given angle 0. 

s x =-800//, £ v + = 450//, y xy = +200//, 0 = 25°^) 


SOLUTION 



Plotted points: 

X: (-800//, -100//) 

Y: (+450//, +100//) 

C: (-175//, 0) 

tan a = a = 9.09° 

625 

R = V(625//) 2 + (100//) 2 = 632.95// 
p = 20 - a = 50° - 9.09° = 40.91° 
s x ' =f ave -Rcosfi =-175//-632.95//cos40.91° 


£y = £ me + R cos /? = -175// + 632.95//cos 40.91° 


£ x , = -653 ju 4 


£y = 303// 4 


-^Yx'y' =-7? sin =-632.95//sin 40.91 c 


r x y =-S29u ◄ 
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PROBLEM 7.133 



For the given state of plane strain, use Mohr’s circle to determine the 
state of plane strain associated with axes x' and y' rotated through 
the given angle 6. 

s x = +240//, e y = +160 //, y xy = +150//, 6 = 60°^) 


SOLUTION 

Plotted points for Mohr’s circle: 

X: (+240//, -75//) 

Y : (+160//, 75//) 

C: (+200//, 0) 

tan a = — = 1.875 a = 61.93° 
40 

R = a /(40//) 2 + (75//) 2 = 85// 



P = 20-a = -120°-61.93° = -181.93° 

£ x ' = £ me + Rcosp = 200// + (85//)cos(-181.93°) £ x - =115.0// A 


£y =£ me - Rcos P = 200//-(85//)cos(-181.93°) 
~ y x 'y = ~R sin P = -85 sin (-181.93°) = -2.86// 


£y = 285 // A 
r x y =-5.72// ◄ 
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PROBLEM 7.134 



For the given state of plane strain, use Mohr’s circle to determine the 
state of plane strain associated with axes x' and y' rotated through 
the given angle 9. 

£ x =- 500//, s y =+250//, y xy =0, 0 = 15°^ 


SOLUTION 



£(/0 


Plotted points: 

X: (-500//, 0) 

Y : (+250//, 0) 

C: (-125//, 0) 

R = 375 ju 

£ x < = £ me + Rcos 29 = -125-375cos30° 
£y = f ave + R cos 29 = -125 + 375 cos30° 

—Y rV = R sin 29 = 375sin30° 

2 y 


£ x ' = -450// -4 
£'y = 199.8// ◄ 

TV/ = 375// ◄ 
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PROBLEM 7.135 

For the given state of plane strain, use Mohr’s circle to determine the 
state of plane strain associated with axes x' and y' rotated through 
the given angle 0. 

s x = 0, s y = +320//, y xy = -100//, 0 = 300 


SOLUTION 


Plotted points for Mohr’s circle: 

X: (0,50//) 

Y: (320//,-50//) 

C: (160//, 0) 

tan« = -^- a = 17.35° 

160 

R = V(160//) 2 +(50//) 2 = 167.63// 
P = 26 - a = 60° -17.35° = 42.65° 


Mm) 



£ x , = £ me - Rcos p = 160 JU- (167.63//) cos 42.65° fy =36.7 // A 

£ y . = £ ave + Rcosfl = 160// + (167.63//)cos42.65° s v < =283// A 



-R sin/? = (167.63//)sin 42.65° 


r x y= 227// ◄ 
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PROBLEM 7.136 

The following state of strain has been measured on the surface of a thin plate. Knowing that the surface of the 
plate is unstressed, determine ( a ) the direction and magnitude of the principal strains, (b) the maximum in¬ 
plane shearing strain, (c) the maximum shearing strain. (Use v = j.) 

s x = -260//, e y = -60//, y„ = +480// 


SOLUTION 

For Mohr’s circle of strain, plot points: 

X: (-260//,-240//) 
Y: (-60//, 240//) 

C: (-160//, 0) 

f Yxy 480 

tan 26 n = --— =-= 

p £ x -£ y -260 + 60 

20 p = -67.38° 


i? = - N /(100//) 2 + (240//) 2 
R = 260 ju 



£ b = ^ave - R = -160// - 260 JU 


(P) 2 /max (in-plane) ^ /max(in-plane) 


~(e a +e b ) = --^-(e x + ey ) = -^{-260-m) 
1 - v 1 - v 2/3 


= 160 ju 


^max= 160 /' ^min=-420// 

(C) Y max = ^max “ ^min =160// + 420// 


6 b =~33.T ◄ 
6> a = 56.3° ◄ 





£ a = 100 // -4 
£ b = -420// A 

Y max fin-plane) —520// ^ 


=160// 

Y max = 580// ◄ 
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PROBLEM 7.137 

The following state of strain has been measured on the surface of a thin plate. Knowing that the surface of the 
plate is unstressed, determine (a) the direction and magnitude of the principal strains, (b) the maximum in¬ 
plane shearing strain, (c) the maximum shearing strain. (Use v = y.) 

s x = -600//, £ v = -400 ju, = +350// 


SOLUTION 


Plotted points for Mohr’s circle: 

X 

Y 

C 


tan 2 9„ = - 
p 100 


(-600//,-175//) 
(-400//,+175//) 
(-500//, 0) 

175 


29 p = -60.26° 



R = yj(l00ju) 2 + (175//) 2 
= 201 . 6 // 



0 b =-30.1° ◄ 
O a = 59.9° ◄ 


(a) 

£ a = f ave + R = -500// + 201.6// 



£ b = <? ave -R = -500// -201.6// 


(b) 

^max (in-plane) — 

v (£ x +£ v )= 1/3 ( 600// 400//) 
1-v • 2/3 


£ c = . ( £ a +£ b)= ■ 

1 -v 


£ a = -298 n A 
£ b = -702// A 
Y max (in-plane) —403// ^ 

=500// ◄ 


^max = 500// £ mm = -702// 

(c) y max = *max “ t = 5 00// + 702// 


y max =1202// ◄ 
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PROBLEM 7.138 

The following state of strain has been measured on the surface of a thin plate. Knowing that the surface of the 
plate is unstressed, determine ( a ) the direction and magnitude of the principal strains, (b) the maximum in¬ 
plane shearing strain, (c) the maximum shearing strain. (Use v = j.) 

e x = +160//, e y = -480//, y^ = -600// 


SOLUTION 


(a) 


(a) 


For Mohr’s circle of strain, plot points: 

X: (160//, 300//) 

Y: (-480//,-300//) 

C: (-160//, 0) 

tan 20 = 7xy = = -0.9375 

' 320 

26 p = -43.15° O p =- 21.58° and -21.58 + 90 = 68.42° 


R = V(320//) 2 + (300//) 2 = 438.6// 
£ a =^ave +R = -160// + 438.6// 


'b °ave 



■£ (p) 


2 ^^ max ’ i n_ pl ane ) ^ Y (max, in-plane) 


( C ) £ c = ~~~~( £ a + £ b) = ~~~( £ x + £ y) = 

1 -V 1 -v 


_ ~~ (160// - 480//) 


^max = 278.6// f min = -598.6// 

Tmax = ^max “ ^min = 278.6// + 598.6// 


0 a = - 21 . 6 ° ◄ 
= 68.4° ◄ 


=+279// ◄ 
e b = -599// 



Y (max, in-plane) 877// ^ 

£ c = 160.0// 

Tmax = 877// ◄ 
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PROBLEM 7.139 

The following state of strain has been measured on the surface of a thin plate. Knowing that the surface of the 
plate is unstressed, determine (a) the direction and magnitude of the principal strains, (b) the maximum in¬ 
plane shearing strain, (c) the maximum shearing strain. (Use v = j.) 

s x = +30 //, s y = +570//, Xxy = +720// 


SOLUTION 

Plotted points for Mohr’s circle: 

X: (30//,-360//) 

7: (570//,+360//) 

C: (300//, 0) 

tan 26 = —= -1.3333 
p 270 

2 0 p =-53.13° 

(a) 

R = ^(270//) 2 + (360//) 2 = 450// 
e a = £ ave + R = 300// + 450// 
s b = £ ave - R = 300// - 450// 

(7*) y max (in-plane) — 27? 

=“7 ~( £ a + £ b) = ~7~"( 750 // - 150//) 
1 — v 2/3 

^max = S a = 750//, ZT min = £ c = -300// 

(c) y max = ^nax “ *min = 750// - (-300//) 



0 h = -26.6° ◄ 
0 a = 64.4° ◄ 

£ a =750// ◄ 
£ b = -150.0// 

7max (in-plane) =90 °/ / < 

£ c = -300// 

y max = 1050// ◄ 
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PROBLEM 7.140 

For the given state of plane strain, use Mohr’s circle to detennine (a) the orientation and magnitude of the 
principal strains, ( b ) the maximum in-plane strain, (c) the maximum shearing strain. 

s x = +60//, s y = +240//, /xy = -50 ju 


SOLUTION 

Plotted points: 

X: (60//, 25//) 

7: (240//,-25//) 

C: (150//, 0) 

Y -50 

tan 20 = ^ =---= 0.277778 

p £ x - s y 60 - 240 

20 p =15.52° 


R = 7(90//) 2 +(25//) 2 = 93.4// 
(a) £ a = f ave +7? = 150// + 93.4// 

£ b = ^ave - 7? = 150// - 93.4// 

7max (in-plane) ~ 



(c) £ c = 0, £ max = 243.4 //, /r min = 0 

y max — *^max +riin 


iri*i 



£ a = 243// A 
£ h = 56.6// A 

y max ( in-plane) = 186.8// ◄ 


/T c =0 ◄ 

7max =243// ◄ 
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PROBLEM 7.141 

For the given state of plane strain, use Mohr’s circle to determine (a) the orientation and magnitude of the 
principal strains, ( b ) the maximum in-plane strain, (c) the maximum shearing strain. 

e x = +400//, s y = +200//, y xy = 375// 


SOLUTION 


Plotted points for Mohr’s circle: 


X: (+400//,-187.5//) 
Y : (+200//,+187.5//) 
C: (+300//, 0) 


tan 29 p 



375 

400-200 


1.875 


29 p =61.93° 


R = -y/(i 00//) 2 + (187.5//) 2 =212.5// 


(a) s a = <? ave +7? = 300//+ 212.5// 
s h =£ me ~R = 300// -212.5// 


(^) 7max (in-plane) 



/a) 



e a =3i.o° ◄ 
9 b = 121.0° ◄ 

£ a =513 n 4 
£ b =87.5// ◄ 

7max (in-plane) 425// ^ 


// c = 0 ◄ 
Xmax =513// ◄ 
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PROBLEM 7.142 

For the given state of plane strain, use Mohr’s circle to detennine (a) the orientation and magnitude of the 
principal strains, ( b ) the maximum in-plane strain, (c) the maximum shearing strain. 

s x =+300//, s y = +60/u, y xy =+\Q0/u 


SOLUTION 


X: (300//,-50//) 

Y: (60//, 50//) 

C: (180//, 0) 

tan 26 = ——— = 100 

p £ x - £ y 300-60 

29 p = 22.62° 


R = -y/(120//) 2 + (50//) 2 =130// 


(«) ^ = f ave+^ = 180 /' + 130 /' 

£ b = <?ave -R= 180// -130// 

(^0 Y max (in-plane) — 


(c) £ c = 0, f max =310//, f min =0 




9 b = 101.3° ◄ 

£ a = 310// -4 
= 50.0// A 

Y max (in-plane) —260// A 


£ c =0 A 

Xmax =310// ◄ 
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PROBLEM 7.143 

For the given state of plane strain, use Mohr’s circle to determine (a) the orientation and magnitude of the 
principal strains, ( b ) the maximum in-plane strain, (c) the maximum shearing strain. 

^ = — 180//, £ v =-260//, 7 ^ =+315// 


SOLUTION 


Plotted points for Mohr’s circle: 

X: (-180//,-157.5//) 
Y: (-260//,+157.5//) 
C: (-220//, 0) 

(a) tan 20 = Yxy = — = 3.9.375 

e x~ 8 v 80 

26 p = 75.75° 


R = V(40//) 2 + (157.5//) 2 =162.5// 


s a = £ ave + R = -220/u +162.5// 
£ b =^ave - 2? = -220//-162.5 


(^0 /^max (in-plane) 325// 


y 


(c) 


b 



= o. 


^max=°> ^min = 382.5// 
fmax = ^max “ ^min = 0 + 382.5// 



£ a = -57.5// -4 
£ a = -383// 

◄ 


£ c = 0 4 
7max =383// ◄ 
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PROBLEM 7.145 

The strains detennined by the use of the rosette shown during the test of a machine 
element are 

£j =+600// s 2 = +450// e 3 =-75// 

Determine (a) the in-plane principal strains, (h) the in-plane maximum shearing strain. 
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45 ° 



45 ° 



45 ° 


PROBLEM 7.146 

The rosette shown has been used to determine the following strains at a point 
on the surface of a crane hook: 

= +420 x 10 _6 in./in. s 2 = -45 x 10 _6 in./in. s 4 = +165 x 10“ 6 in./in. 

(a) What should be the reading of gage 3? ( b ) Determine the principal strains 
and the maximum in-plane shearing strain. 


SOLUTION 

(a) Gages 2 and 4 are 90° apart. 


£ ave +£ ^ 

£aye = I (-45 x 10“ 6 +165 x 10~ 6 ) = 60 x 10~ 6 in./in. 


Gages 1 and 3 are also 90° apart. 


£ 'ave = 2^1 +£ 'r) 

= 2s ave -£•, = (2)(60 xio -6 )- 420 x 10~ 6 


( b) £ x = s x = 420 x 10 6 in./in. s y = f 3 = -300 x 10 6 in./in. 

Yxy = 2s 2 - £ \ -= (2)(-4 5 xl0~ 6 )-420x 10" 6 - (-300 x 10~ 6 ) 
= -210xl0 _6 in./in. 

R = 


e, =-300 xl0~ 6 in./in. ◄ 


If £ *~ £ y^ 

2 

+ 

fy ^ 

/ xy 

2 

f 420xl0~ 6 -(-300xl0~V 

2 

+ 

-210 x 10^ 6 N 

{ 2 ; 

[ 2 7 

V 

l 2 7 

l 2 J 


= 375 x 10 6 in./in. 


£ a = ^ave + R = 60 X 10° + 375 X 10“ 


s h = ^ave -R = 60 X 10 6 -375 xio- 6 


e a =435x10 6 in./in. 4 
s. = -315 x 10~ 6 in./in. 4 


y max (in-plane) 


= 2 R 


Y max (in-plane) 


= 750 x 10 6 in./in. 4 
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PROBLEM 7.147 

Using a 45° rosette, the strains s x , s 2 , and have 
been determined at a given point. Using Mohr’s 
circle, show that the principal strains are: 


2-12 


1 1 

^max.min = “Ol + * 3 ) ± “ £ 2 ) + <>2 “ ^3)^] 

(Hint: The shaded triangles are congruent.) 
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PROBLEM 7.148 

Show that the sum of the three strain measurements made with a 60° 
rosette is independent of the orientation of the rosette and equal to 

^ + £2 + ^3= 3f avg 

where s is the abscissa of the center of the corresponding Mohr’s 
circle. 


SOLUTION 


s 1 = £ ave + - 2 ——— cos 20 + — 7 — sin 20 


r w 

2 


8 2 =^ave + 


—-——A cos (20 + 120 °) + -^hsin (28 + 120 °) 


= £ +~'--(cos 120 °cos 20 - sin 120 °sin 28) 


+ -^-(cos 120 °sin 20 + sin 120 °cos 20) 

1 V3 . 

—cos 20 -sin 20 

2 2 


v 


1 • V 3 " - 1/3 

—sin 20 H-cos 20 

2 2 

v z z j 


£ 3 = f ave + g ' r gj COS (20 + 240°) + ^sin (20 + 240°) 


~ ^ave + 


—--h( cos 240° cos 2<9-sin 240° sin 20) 


+ -^-(cos 240° sin 20 +sin 240° cos 20) 


~ 8 ave + 


8 x~ 8 y 


1 ~n, V 3 • 

— cos 20 3 -sin 20 

2 2 


1 . 1Q V3 

—sin 20 -cos 20 

2 2 

v z z j 


Adding (1), (2), and (3), 


6*1 + £*2 + ^3 — -^ave “I - 0 + 0 
?> 8 ™= 8 \+ 8 2+ 8 2 


( 1 ) 


( 2 ) 


(3) 


◄ 
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PROBLEM 7.149 



The strains determined by the use of the rosette attached as shown during the test of a 
machine element are 


8 X - -93.1 x 10 -6 in./in. 
s 2 = +385 x 10 -6 in./in. 
s-, =+ 210 x 10 -6 in./in. 


Determine (a) the orientation and magnitude of the principal strains in the plane of the 
rosette, ( b ) the maximum in-plane shearing strain. 


SOLUTION 


Use £ x , =—(£ x + e v ) +—{e x -£ )cos2<9 + —^sin 20 


where 


and 


0 = -15° for gage 1 , 
8 = 0 for gage 2 , 
6 = +15° for gage 3. 


£\ = ^( £ x +£ y ) + ^( £ x -£ v )cos(-150 o ) + ^^sin(-150°) 


= —(£ r +f„) + — (£ r -£„)cos 0 + -^-sin 0 
2 y 2 y 2 


£ i =+:( £ x +£ y ) + +:( £ x- £ y) cos (150°) + ^sin (150°) 


From Eq. (2), £ x =£ z = 385 x 10 6 in./in. 

Adding Eqs. (1) and (3), 

£ 1 + £ 3 = ( £ x + £ y ) + ( £ x - £ y )cos 150° 

= £ A .(l + cos 150°)+ ^,(1-008 150°) 

£ x + £ 2 - £ x (1 + COS 150°) 

1 (1-cos 150°) 

-93.1x10^ +210xlQ~ 6 -385x10~ 6 (1 + cos 150°) 
1 -cos 150° 

= 35.0 x 10~ 6 in./in. 


( 1 ) 

( 2 ) 

(3) 
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PROBLEM 7.149 (Continued) 


Subtracting Eq. (1) from Eq. (3), 

£3 ~ £ \ = ?V sin 150° 


y. 


-£ x _ 210xl0“ 6 — (—93.1x10^ 6 ) 


v sin 150° sin 150° 

= 606.2 x 10“ 6 in./in. 


tan 2 d p = 


r. 




606.2 x 10“ 




385 xlO' 6 -35.0 xlO" 6 


= 1.732 


(a) e a = 30.0°, 9 b = 120.0° ◄ 


(b) 


£ me =\(s x + By) = ^(385 x 10“ 6 + 35.0 X 10- 6 ) 
= 210 x 10“ 6 in./in. 


R = . 


£,-£, 


Y 


f\ 


V 2 y 


v 2 y 


r 385 Xl0“ 6 -35.0 Xl0“ 6 ^ 

2 , ( 606.2'') 

l 2 7 

'l 2 J 


= 350.0x10“ 


£ a =£ ave + R = 210x10“° +350.0x10“ 
£ b = f ave -R = 210xl0“ 6 -350.0xlO -6 


£ a = 560 x 10 6 in./in. -4 
=-140.0xl0“ 6 in./in. ◄ 


Y max (in-plane) 


= R = 350.0x10 6 in./in. 


ymax (in-plane) 


= 700 xl0“ 6 in./in. ◄ 
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SOLUTION 


£ x = = -60 x 10 6 

e y =f 3 =200x10~ 6 

Yxy = 2s i - £ \ - = 340x 10~ 6 

F 29 

cx Y = —^(£ x + ve) = — — r [-60 + (0.3X200)] = 0 
1 — v 1 — (0.3) 

F 29 

o' = - ~(£ v + vs x ) =--[200 + (0.3X-60)] = 5.8 x 10 3 psi 

v 1-v 2 3 1 - (0.3) 2 

— = o y P = Aa v =(2)(6)(5.8xl0 3 ) 

A 

= 69.6 x 10 3 lb 


G = - 


2(1 + v) (2)(1.30) 


29x10 = 11.1538 x 10 6 psi 


r Ay =G r „ = (11.1538)(340) = 3.7923 xlO 3 psi 

/ = —bh 3 =—(2)(6) 3 = 36 in 4 
12 12 

Q = Ay = (2)(3)(1.5) = 9 in 3 t = 2 in. 

^ It 

F = ^ = (36X2X3-7923xl0 3 ) =30 338xl0 3 lb 

Q 9 


Q = v 


P = 69.6 kips A 




"1 

3 


I 


3lr 


2 in. 


Q = 30.3 kips -4 
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PROBLEM 7.151 



Solve Prob. 7.150, assuming that the rosette at point A indicates the 
following strains: 


£•[ = -30 x 10 -6 in./in. 
s 2 = +250 x 10 -6 in./in. 

£ 3 = +100 x 10 -6 in./in. 

PROBLEM 7.150 A centric axial force P and a horizontal force Q x are both 
applied at point C of the rectangular bar shown. A 45° strain rosette on the 
surface of the bar at points indicates the following strains: 

8 X = -60 x 10 -6 in./in. 
s 2 = +240 x 10 -6 in./in. 

£ 3 = +200 x 10 -6 in./in. 

Knowing that E = 29 x 10 6 psi and v = 0.30, determine the magnitudes of 
P and Q x . 


SOLUTION 

£ x =e l =-30x10 6 
s y =£3 =+ 100 xlO ~ 6 

Yxy = 2 £ 2 - ^1 - ^3 = 430 x 10 6 
F 29 

a x = - j(£ x + v£ ) =-—[—30 + (0.3)(100)] 

1-v 2 y 1 - (0.3 ) 2 

= 0 

F 29 

= - j( £ v + V£ x ) = —— r [100 + (0.3X-30)] 

1-v 1 — (0.3) 

= 2.9xl0 3 psi 

— = cj y P = Aa r = (2)(6)(2.9 x 10 3 ) 

A 

= 34.8 x 10 3 lb P = 34.8 kips ◄ 
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PROBLEM 7.151 (Continued) 


G = 


— = _29xlO_ = 1L153gxl()6 
2(1+ v) (2)(1.30) 
t„ =Gy xy = (11.1538)(430) = 4.7962xlO 3 psi 

I = —bh 7 ’ = — (2)(6) 3 =36 in 4 
12 12 

Q = Ay = (2)(3)(1.5) = 9 in 3 
t = 2 in. 


Tx) ’ It 


V = - 


VQ 

It 

ItT... 


(36)(2)(4.7962xl0 3 ) 


Q 


= 38.37 xlO 3 lb 


Q = V 


I 

} 

3 in 


f 


1 

3 in 




■»! i >n. !*• 


Q = 38.4 kips A 
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SOLUTION 

For torsion. 


a x =(Ty=0, t = t 0 


^=—K- vcr v) = ° 

E 

S =—((T -\RT x ) = 0 
E 


T 0 1 

7xy= ~G 2 /xy = 

Draw the Mohr’s circle for strain. 

R = ^~ 

2 G 


2 G 


But 


e x ' = R sin 2/3 = —^— sin 2/3 
2 G 

Tc 2 T 2Gs r , 

T n = — = 


T = 


J kc sin 2/3 

kc'Ge x > 

sin 2 (3 

;r(2) 3 (11.5xl0 6 )(300xl(r 6 ) 
sin 50° 

= 113.2xl0 3 lb in. 




r = 113.2 kip-in. ◄ 
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PROBLEM 7.153 

Solve Prob. 7.152, assuming that the gage forms an angle /3 = 35° with a 
line parallel to the axis of the shaft. 

PROBLEM 7.152 A single gage is cemented to a solid 4-in.-diameter 
steel shaft at an angle /6 = 25° with a line parallel to the axis of the shaft. 
Knowing that G = 11.5 x 10 6 psi, determine the torque T indicated by a 
gage reading of 300 x 10 -6 in./in. 


SOLUTION 

For torsion, 


a x ~ 0, <r y = 0, r xy = r 0 


E x =-( CT x- v ^v) = ° 

E 

e y =-(er y -vc t x ) = 0 




U 


l f 


06 


y xv ^ 2 


” G 2 - 2 G 


Draw Mohr’s circle for strain. 


But 


R=^~ 

2 G 

£ x ' = R sin 2/3 = sin 2/3 
2 G 


Tc 2 T 2 Ge, 

7“- 


T = 


sin 2/3 


kcGs x . ^(2) 3 (11.5 x 10 6 )(300 x 10^ 6 ) 


sin 2/3 

:92.3xl0 3 lb-in. 


sin 70° 



T = 92.3 kip-in. ◄ 
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PROBLEM 7.154 

A single strain gage forming an angle (3 = 18° with a horizontal plane is used to 
determine the gage pressure in the cylindrical steel tank shown. The cylindrical wall 
of the tank is 6 mm thick, has a 600-mm inside diameter, and is made of a steel with 
E = 200 GPa and v = 0.30. Determine the pressure in the tank indicated by a strain 
gage reading of 280 p. 


SOLUTION 


<x. = cr, = 


pr 


Vy=-V x , cr : ~ 0 


£ x=— (cy x -vo y -vo z ') = 


1_ZKl 

2 ) E 


= 0.85 — 

E 

£ v = -'-(~V(T X +a-VCJ : ) = \ /-- V 1 ^ 


= 0 . 20 — 
E 


y = = 0 

7xy G 


Draw Mohr’s circle for strain. 



Data: 


f ave=^(^ + S) = 0 - 525 ^ 

R = ±{e x -e y ) = M25^ 

£ x ‘ = £ ave +Rcos 2[i = (0.525 + 0.325cos 2/3)— 

E 

_ ta x _ tEs x , 

P r r{ 0.525 + 0.325cos 2y0) 

r = -d = -(600) = 300 mm = 0.300 m 
2 2 



t = 6xl0 _3 mm E = 200 x 10 9 Pa, f y =280xl0^ 6 ^ = 18° 

( 6 x 10 - 3 )( 200 x 10 9 )( 280 x 1 Q- 6 ) 6 

P (0.300)(0.525+ 0.325 cos 36°) 


jo = 1.421 MPa ◄ 
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PROBLEM 7.155 

Solve Prob. 7.154, assuming that the gage forms an angle 1 6 = 35° with a horizontal 
plane. 

PROBLEM 7.154 A single strain gage forming an angle f3 = 18° with a horizontal 
plane is used to determine the gage pressure in the cylindrical steel tank shown. The 
cylindrical wall of the tank is 6 mm thick, has a 600-mm inside diameter, and is 
made of a steel with E = 200 GPa and v = 0.30. Determine the pressure in the tank 
indicated by a strain gage reading of 280/r. 


SOLUTION 


cr r = cr, = 


pr 


e x =-K-vo-v-vo-.) = 


£ y =— (—' va x +a y -v(T z ) = 


y = —= 0 
7xy G 


^1-—1—= 0.85— 

V 2j£ E 

-vl —= 0.20— 
v 2 ) E E 


Draw Mohr’s circle for strain. 

1 


f ave = — ( £ x + £ v ) = 0.525 — 

ave 2 X y E 

R = -( £ x~ £ v ) = 0 . 325 ^ 

2 y E 

= i'avc + R C0S 2 A 

= (0.525 + 0.325 cos 26)^ 
E 


P = - 


ta r 


tEs . 


/•(0.525 + 0.325 cos 2/3) 


1 




Data: 


r=-d =-(600) = 300 mm = 0.300 m 
2 2 

t = 6xl0~ 3 m E = 200 x 10 9 Pa, f y =280xl0‘ 6 ^ = 35 c 
( 6 x 10 - 3 )( 200 x 10 9 )( 280 x 1 Q- 6 ) 6 

P (0.300)(0.525 + 0.325 cos 70°) 




-Y- 



p = 1.761 MPa ◄ 
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PROBLEM 7.156 

The given state of plane stress is known to exist on the surface of a machine component. 
Knowing that E = 200 GPa and G = 77.2 GPa, determine the direction and 
magnitude of the three principal strains (a) by determining the corresponding state of 
strain [use Eq. (2.43) and Eq. (2.38)] and then using Mohr’s circle for strain, ( b ) by 
using Mohr’s circle for stress to determine the principal planes and principal stresses 
and then determining the corresponding strains. 


SOLUTION 


(a) 


a x = 0, <r v =-150xl0 6 Pa, v„ = -75xl0 6 Pa 
E = 200xl0 9 Pa G = 77xl0 9 Pa 


G = ——— v = — -1 = 0.2987 
2(1 + v) 2 G 


1 , , 1 

£ x = — (<r x ~ VCJ y) =' 


[0 + (0.2987)(150x 10 6 )] 


E A y 200 x 10 9 
= 224 fi 

£ y = —(<r v -va x ) =--—t-[(— 150 x 10 6 ) - 0] 

y E y 200xl0 9 


= -750// 


xy 


-75 x 10 

= — =- 5 - = -974// 

G 77 x 10 9 


- = -487.0// 

2 

^ave = 2 fe + s) = _263 ^ 
= 974 / / 


tan 2 ^ = - 


r. 


xy 


20 =-45.0° 


-974 

974 


= - 1.000 


R = , 




fy \ 

xy 


V 2 / 


= 689 n 


£ a ~ 6 ave + R 


£ b ~ £ ave R 


„ _ (0.2987X0-150xlO 6 ) 

£ r ~ -( CT + CT ) —--- 

E y 200xlO 9 



9 a = -22.5° ◄ 

0 b = 67.5° ◄ 

= 426 fu A 
£ b = -952 // 

= -224 /j -4 
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PROBLEM 7.156 (Continued) 


(*) O'ave = j (C7 v + S) = ~ 75 MPa 


2? = 


((j — (j \ 

x ^ y 


+ - • 


0 + 150 


+ 75 


= 106.07 MPa 
a a = cr ave + R = 31.07 MPa 
a b = a me -R = -181.07 MPa 


£ a =— ~ VCT b ) 

E 


1 


200x10 


= 426x10“ 


-[31.07 x 10 6 - (0.2987)(—181.07 x 10 6 )] 


tan 2 0„ = 


2r 




- = - 1.000 


T (MPa?) 



20 a =-45° 

6> = -22.5° ◄ 
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PROBLEM 7.157 

The following state of strain has been determined on the surface of a cast-iron machine part: 

s x = -720// e y = -400// = +660// 

Knowing that E = 69 GPa and G = 28 GPa, determine the principal planes and principal stresses (a) by 
determining the corresponding state of plane stress [use Eq. (2.36), Eq. (2.43), and the first two equations of 
Prob. 2.73] and then using Mohr’s circle for stress, ( b ) by using Mohr’s circle for strain to determine the 
orientation and magnitude of the principal strains and then determining the corresponding stresses. 


SOLUTION 


The 3rd principal stress is cr, = 0. 


G =- 

2(1 + v) 

E 69 


1-v 2 1 - (0.232) 2 


v = —-1 = — -1 = 0.2321 
2 G 56 


= 72.93 GPa 


(«) <r x =- - j( £ x +v£ y) 

l-v 

= (72.93 X1 o 9 )[—720 x 10~ 6 + (0.232)(-400 x 10~ 6 )] 
= -59.28 MPa 
E r 

<*y=- -+ v£ x) 

1 -v 

= (72.93 X10 9 )[-400 x 10~ 6 + (0.2321)(-720 x 10~ 6 )] 
= -41.36 MPa 


T xy = G/xv = (28 X 10 9 )(660x 10 -6 ) 
= 18.48 MPa 

^ave = + a y) = - 50 ' 32 MPa 

It 

tan 2 O b =-2— = -2.0625 

< 7 , - cr 


20 h = -64.1° 


R = 


f _ \ 2 

cj v — cr,. 


+ r± =20.54 MPa 

xy 



d b = -32.1°, 6 a = 57.9° A 


+ R 

<j a = -29.8 MPa ◄ 

-R 

a b = -70.9 MPa ◄ 
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PROBLEM 7.157 (Continued) 


( b ) £ ave =-( £ x +£ y) = - 56 °M 


tan 29 b = - 




- = -2.0625 


E r ~E„ 


29 b = -64.1°, 6 b = -32.1°, 9 a =51.9°< 
R = . 


f. - E„ 


+ 


fy \ 

/ X 


v 2 y 


v v y 

=£, aye + ^ = -193.26// 
e b = £ me — R = —926.74 ii 
E 


= 366.74// 


CF =- 


OY =' 


1 — V 

E 
1 — v 


2 ( £ a +V£ b ) 

2 (^+vf a ) 



= -29.8 MPa ◄ 

= -70.9 MPa ◄ 
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PROBLEM 7.158 

A steel pipe of 12-in. outer diameter is fabricated from j-in.-thick plate by 
welding along a helix that forms an angle of 22.5° with a plane perpendicular 
to the axis of the pipe. Knowing that a 40-kip axial force P and an 80-lcip • in. 
torque T, each directed as shown, are applied to the pipe, detennine the 
normal and in-plane shearing stresses in directions, respectively, nonnal and 
tangential to the weld. 
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PROBLEM 7.159 

Two steel plates of uniform cross section 10 x 80mm are welded 
together as shown. Knowing that centric 100-kN forces are applied to 
the welded plates and that f5 = 25°, determine (a) the in-plane shearing 
stress parallel to the weld, (b) the normal stress perpendicular to the 
weld. 


SOLUTION 



F* 


'n 


Forces 


Area of weld: 


K = 


(10 x 10~ 3 )(80 x 1Q~ 3 ) 
cos 25° 


= 882.7 x 10“ 6 m 2 


(a) TF S = 0: F s - 100sin25° = 0 F s = 42.26 kN 

42.26 x'O 3 47. 9xl0 > pa 
A w 882.7 xl0“ 6 

(b) I.F„ = 0: F n - 100cos25° = 0 F n = 90.63 kN 


= 47.9 MPa ◄ 


T, = 90.63 x 10 _ 1Q2 7 x 1Q6pa 


882.7 x 10 


-6 


cr = 102.7 MPa ◄ 
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PROBLEM 7.160 

Two steel plates of uniform cross section 10x80 mm are welded 
together as shown. Knowing that centric 100-kN forces are applied to 
the welded plates and that the in-plane shearing stress parallel to the 
weld is 30 MPa, determine (a) the angle fi (b) the corresponding normal 
stress perpendicular to the weld. 
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PROBLEM 7.161 

Determine the principal planes and the principal 
stresses for the state of plane stress resulting from the 
superposition of the two states of stress shown. 


SOLUTION 

Mohr’s circle for 2nd stress state: 


cr = — cr n H— cr n cos 20 


1 1 

(T y =-a 0 --a 0 cos 2 9 
r„, = — cr n sin 26 

xy 2 0 


Resultant stresses: 


11 3 1 

CT v =&o+^Vo+^ (J o cos20 = -ct o +-cx 0 cos 2 6 

a y = 0 + ^-cr 0 -^-cr 0 cos 20 = ^-cr o -^-cr 0 cos 29 

= 0 + f cr 0 sin 20 = fcr 0 sin 2 9 

1, 

^ave “ yU 7 * + a y)~ G 0 


2t 

tan 29 =-2L 


cr,. - cr,. 


cr 0 sin 29 
cr 0 + cr 0 cos 29 


sin 29 
1 + cos 29 


= tan 9 


R =, 



1 1 

-ffo + 2 ff o cos 20 


V (1 

+ 


— cr n sin 20 
v 2 


I I - 

= — cr 0 V 1 + 2 cos 20 + cos 2 20 + sin 2 20 = —^-a oy ]\ + cos 20 = cr 0 |cos01 



/ 


*'C 



= CT ave + R 


a b ~ ^ave ^ 


0 =-0 ◄ 
P 2 




<T a = cr 0 + cr 0 COS 0 -4 


a h = cr 0 - cr 0 cos 0 -4 
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SOLUTION 


a = 7 ksi, a = 2 ksi, 


^ave =-K-+cr v ) = 4.5ksi 


R = , 


( \ 2 

G x ~ G y 


+ K 


■ ^2.5 2 + (-6 ) 2 = 6.5 ksi 


a a = CT ave + R = 1 1 ksi 
G b= G ave-^ = - 2ksi 


r„, = -6 ksi 


Tl (k». 


(a) a, = 4 ksi, o a = 11 ksi, a h = -2 ksi 


^max = 1 1 k Sk Omin = ~ 2 ^max = “(^max “ ^min ) 

0 b) <7 Z = -4 ksi, u a = 11 ksi, a b = -2 ksi 

°max = 1 1 ksi, CT min = -4 ksi, T max = j (<X max - G mia ) 
(c) <j : =0, <j a = 11 ksi, cr 6 = -2 ksi 


°max = 11 ksi, CT min = -2 ksi, r max = -(<x max - cr^) 



z: = 6.50 ksi ◄ 


r m „ =7.50 ksi ◄ 


= 6.50 ksi ◄ 
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PROBLEM 7.163 



For the state of stress shown, determine the value of r , for which the 

xy 

maximum shearing stress is (a) 60 MPa, (b) 78 MPa. 


SOLUTION 


<j x = 100 MPa, c t v = 40 MPa, a. = 0 
o- avc = j(cr x + <y y ) = 70 MPa 


(«) ^ max = 60 MPa. 


If cr. is cr, ■ , then cr = cr, ■ + 2r, 


max min max * 


^max = 0 + (2)(60) = 120 MPa 

^max =cr a ve + R 

R = ^max - ^ave = 120 ~ 70 = 50 MPa 

=& miX -2R = 20M?a >0 


R = . 


( - __ ^ 2 

^x CTy 


+ ri = ^30 2 + ri = 50 MPa 






cv=^/50 J^ 


30 


(h) r max = 78 MPa. 


If cr z is cr min , then cr max = <r min + 2r max = 0 + (2)(78) = 156 MPa. 


Set 


^max - ^ave + R 

R = - ^ave = 156 - 70 = 86 MPa > r max = 78 MPa 

R = W = 78 MPa - 

O’min =^ave-^=- 8 MPa < 0 


R = 


f ^ 2 

cr, - cr. 


+ r 2 , = ^30 2 + r 2 


*y 


xy 


= yll8 2 - 


30“ 


t = 40.0 MPa ◄ 


T xy = 72.0 MPa ◄ 
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PROBLEM 7.164 

t,jj The state of plane stress shown occurs in a machine component made of a 

steel with a Y = 30 ksi. Using the maximum-distortion-energy criterion, 
determine whether yield will occur when (o) r = 6 ksi, ( b ) r xy =12 ksi, 
24 ksi ( c ) T xv = 14 ksi- If yield does not occur, determine the corresponding factor 
of safety. 


SOLUTION 

For stresses in xv-plane, 
(a) = 6 ksi 


cr = 24 ksi cr,. = 14 ksi cc=0 


CT ave = 2 (C7 ‘ +C7 r) = 19ksi 


cr,. - cr,. 


■ = 5 ksi 


R = 


( X 2 

a x ~ a y 


+ 4 =V(5) 2 + (6) 2 =7.810 ksi 


cr a = cr ave +R = 26.810 ksi, cr h = cr aye - R = 11.190 ksi 
yj4 + 4 - cr a cr b = 23.324 ksi < 30 ksi 
30 


F.S. = - 


23.324 


(b) t = 12 ksi 


R = . 


{ \ 2 

G x - a y 


+ 4 =V(5) 2 + (12) 2 =13 ksi 


= CT ave + R = 32 ks h <T b = ^ave “ R = 6 ksi 


yj4 + 4 - cr a cr h = 29.462 ksi < 30 ksi 
30 


F.S. = - 


29.462 


(c) t = 14 ksi 




( A 2 

^ 


+ 4 = \I(5) 2 +(14) 2 = 14.866 ksi 


= ^ave + ^ = 33.866, cr 6 = cr ave - R = 4.134 ksi 


xjo4-~o4-a^b = 32.00 ksi > 30 ksi 


(No yielding) 
F.S. = 1.286 ◄ 


(No yielding) 
F.S. = 1.018 ◄ 


(Yielding occurs) A 
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PROBLEM 7.165 

The compressed-air tank AB has an inner diameter of 450 mm and a 
uniform wall thickness of 6 mm. Knowing that the gage pressure 
inside the tank is 1.2 MPa, determine the maximum normal stress 
and the maximum in-plane shearing stress at point a on the top of the 
tank. 


SOLUTION 

Internal pressure: 


Torsion: 


Transverse shear: 
Bending: 

At point a. 


Total stresses (MPa) . 

Longitudinal: 

Circumferential: 

Shear: 


r = —d = 225mm t = 6mm 
2 

(1.2X225) = 45Mpa 
t 6 

(Tj = — = 22.5 MPa 
“ It 

c x = 225 mm, c 2 = 225 + 6 = 231 mm 
J = - c?) = 446.9 x 10 6 mm 4 = 446.9 x 10 _6 m 4 

T = (5 x 10 3 )(500 x 10“ 3 ) = 2500 N • m 

_ Tc_ _ (2500)(231 x 10~ 3 ) 
f ~ J 446.9 x 10“ 6 

= 1.29224 x 10 6 Pa = 1.29224 MPa 
r = 0 at point a. 

I = -J = 223.45 x 10“ 6 m 4 , c = 231xl0“ 3 m 
2 

M = (5 x 10 3 )(750 x 10“ 3 ) = 3750 N • m 

^ Me = (3750X231 xlO- 3 ) = 3 876?Mpa 
/ 223.45 x 10“ 6 


<j x = 22.5 + 3.8767 = 26.377 MPa 

cr„ = 45 MPa 

y 

= 1.29224 MPa 
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PROBLEM 7.165 (Continued) 


O'ave = -( a x + o-.v) = 35.688 MPa 


R = 


C7 V - 0\, 


+ ri. = 9.4007 MPa 

A.y 


CT max = O'ave +R = 45.1 MPa 


cr =45.1 MPa 4 


Fnaxl in-plane) = R = 9-40 MPa 


Fnax(in-plane) = 9.40 MPa ◄ 
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PROBLEM 7.166 

For the compressed-air tank and loading of Prob. 7.165, determine 
the maximum normal stress and the maximum in-plane shearing 
stress at point b on the top of the tank. 

PROBLEM 7.165 The compressed-air tank AB has an inner 
diameter of 450 mm and a uniform wall thickness of 6 mm. Knowing 
that the gage pressure inside the tank is 1.2 MPa, determine the 
maximum normal stress and the maximum in-plane shearing stress at 
point a on the top of the tank. 


SOLUTION 

Internal pressure: 


Torsion: 


Transverse shear: 
Bending: 

At point b, 


Total stresses (MPa) . 

Longitudinal: 

Circumferential: 

Shear: 


r = —d = 225 mm t = 6 mm 
2 

p L= (1.2X225) = 45Mpa 

1 t 6 

CTo = — = 22.5 MPa 

2 2 1 

q = 225 mm, c 2 = 225 + 6 = 231 mm 
J = - q 4 ) = 446.9 x 10 6 mm 4 = 446.9 x 10“ 6 m 4 

T = ( 5 x 10 3 )(500 x 10“ 3 ) = 2500 N • m 

r = * = (250 ° )(231xl f ) = 1.29224 x 10* Pa = 1.29224 MPa 
J 446.9 xl0“ 6 

t = 0 at point b. 

I = -J = 223.45 x 10“ 6 m 4 , c = 231 x 10 _3 m 
2 

M = (5 x 10 3 )(2 x 750 x 10“ 3 ) = 7500 N • m 

g = M, = (7500X23! xlQ- 3 ) = 7 7534Mpa 
/ 223.45 xl0“ 6 

<r x = 22.5 + 7.7534 = 30.253 MPa 
<r v = 45 MPa 

z: = 1.29224 MPa 
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PROBLEM 7.166 (Continued) 


^ave = -(Ojc + o>) = 37.626 MPa 


R = 


cr, - c,. 


+ = 7.4859 MPa 


CT max = O'ave = 45.1 MPa 


W (in-plane) = R = 7-49 MPa 


L max (in-plane) 


45.1 MPa ◄ 
7.49 MPa ◄ 
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PROBLEM 7.167 

The brass pipe AD is fitted with a jacket used to apply a hydrostatic pressure of 500 psi 
to portion BC of the pipe. Knowing that the pressure inside the pipe is 100 psi, 
determine the maximum normal stress in the pipe. 


SOLUTION 

The only stress to be considered is the hoop stress. This stress can be obtained by applying 


^ pr 
ai ~T 

Using successively the inside and outside pressures (the latter of which causes a compressive stress), 

p t = 100 psi, r t = 1-0.12 = 0.88 in., t = 0.12 in. 

= »**>= + 733.33p S i 


p a = 500 psi, r a = 1 in., t = 0.12 in. 




Po r o _ (500)0) 


= -4166.7 psi 


t 0.12 

o- max = +733.33 - 4166.7 = -3433.4 psi 

<T ma x = 3.43 ksi (compression) A 
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PROBLEM 7.168 

For the assembly of Prob. 7.167, determine the normal stress in the jacket (a) in a 
direction perpendicular to the longitudinal axis of the jacket, ( b ) in a direction parallel 
to that axis. 

PROBLEM 7.167 The brass pipe AD is fitted with a jacket used to apply a hydrostatic 
pressure of 500 psi to portion BC of the pipe. Knowing that the pressure inside the pipe 
is 100 psi, determine the maximum normal stress in the pipe. 


SOLUTION 

(a) Floop stress . 


p = 500 psi, t = 0.15 in., r = 2 - 0.15 = 1.85 in. 

^ = (500X1.85) =6 
1 t 0.15 


cr, = 6.17 ksi A 


(b) Longitudinal stress . 

Free body of portion of jacket above a horizontal section, considering vertical forces only: 



+ 1 Z F , = 


L,r‘ t 4 /-L, < 7 2‘“; = 0 

pAf - ct 2 A: = 0 


CL = P 

A J 


= 7.6105 in 


Aj = 7t(r- 3 2 - r 2 \ = if - (1.85) 2 ] = 1.81427 in 2 


Recalling Eq. (1), 


A f 7 6105 

a, = p^- = (500)—-= 2097.4 psi 

A, 1.81427 


( 1 ) 


<Tt =2.10 ksi A 
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I 

PROBLEM 7.169 

Determine the largest in-plane normal strain, knowing that the following strains 

- 


have been obtained by the use of the rosette shown: 



£ x = -50 x 10 “ 6 in./in. 

’ * 

\ 

£ 2 = +360 x 10“ 6 in./in. 



£3 = +315 x 10 “ 6 in./in. 


SOLUTION 


9 X = 45°, 0 2 =- 45°, 6» 3 = 0 

£ a . cos 2 + £ sin 2 9 X + + xv sin 9 X cos 6 X = s x 

0.5f x + 0.5^ + 0.5/^ = -50 x 10“ 

£ x cos 2 d 2 + £ v sin 2 9 2 + y sin 9 2 cos 9 2 = £ 2 

0.5f A + 0.5£ v - 0.5 y xy = 360 x 10" 

£ x cos 2 9 3 + £ sin 2 9 3 + y sin 9 2 cos 9 2 = £ 3 


e,+ 0 + 0 = 315x10" 


From (3), 
Eq.(l)-Eq. (2): 


£ =315x10 6 in./in. 


=-50xl0~ 6 -360xl0“ 6 =-410xl0~ 6 in./in. 


Eq. (1) + Eq. (2): e x + £ v =£ x +£ 


£ y = £ \ +£ 2 - £ x =-50 xl 0" 6 +360xl0" 6 -3!5 x10 ^ =-5xl0" 6 in./in. 

£ ave =T( £ x +£ v) = 155xl0_6in - /in - 


R = 


y \2 

£ x - £y 


/ \ 2 
f Yxy ' 


V 2 , 


315 x 10 " 6 + 5x10“ 


= 260 x 10 6 in./in. 


^max =^ave+^ = 155X10"° +260X10" 


-410 x10- 


Cl) 


( 2 ) 


(3) 



£ =415x10 6 in./in. A 
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PROBLEM 7.Cl 

A state of plane stress is defined by the stress 
components a x , a v , and r associated with 
the element shown in Fig. P7.C I a. (a) Write a 
computer program that can be used to 
calculate the stress components cr^cry, and 
r . ' associated with the element after it has 

x y 

rotated through an angle 6 about the z axis 
(Fig. P.7C1/?). (b) Use this program to solve 
Probs. 7.13 through 7.16. 


SOLUTION 


Program following equations : 


Equation (7.5), Page 427: 

Equation (7.7), Page 427: 

Equation (7.6), Page. 427: 
Enter a x , cr y , t and 6 


cr + cr cr - <j 

cr. = —-— h— : -— cos 26 + r„, sin 26 

x 2 2 y 

cr + cr cr - cr 

cr . =---- cos 26 - r xv sin 26 

y 2 2 ** 

t,, = ---^-sin 26 + r, cos 26 

x y ^ AF 


Print values obtained for cr x , , cr v , and t x , , 

Problem Outputs 

Problem 7.13 

a x = 0 ksi 
a x = 8 ksi 
T rv = 5 ksi 


Rotation of element 

Rotation of element 

(+ counterclockwise) 

(+ counterclockwise) 

6 = -25° 

O 

O 

II 

cr y = -2.40 ksi 

a x ' =1.95 ksi 

ay = 10.40 ksi 

cr - = 6.05 ksi 

T''= 0.15 ksi 

x y 

T'' = 6.07 ksi 

xy 



5 ksi 
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Problem 7.14 


Problem 7.15 


Problem 7.16 


PROBLEM 7.Cl (Continued) 


a x = -60 MPa 
cr„ = 90 MPa 

y 

t = 30 MPa 

xy 


Rotation of Element 
(+ counterclockwise) 


9 = -25° 


Rotation of Element 
(+ counterclockwise) 


<9 = 10° 



OV =-56.19 MPa 
oy = 86.19 MPa 
r , , = -38.17 MPa 


cr A , = -45.22 MPa 
(Ty — 75.22 MPa 
t.. = 53.84 MPa 


cr x = 8 ksi 
cr = -12 ksi 

y 

*xy = -6 ksi 


Rotation of Element 
(+ counterclockwise) 
0 = -25° 


= 

9.02 ksi 

°y = 

-13.02 ksi 

T > > = 

3.80 ksi 



Rotation of Element 
(+ counterclockwise) 
<9 = 10° 

cr x ' = 5.34 ksi MPa 
ay = -9.34 ksi MPa 
T x y = -9.06 ksi MPa 


^ = 

0 MPa 

^ = 

-80 MPa 


-50 MPa 

Rotation of Element 

Rotation of Element 

(+ counterclockwise) 

(+ counterclockwise) 

e = - 25° 

O 

O 

II 

cr A . = 24.01 MPa 

cry =-19.51 MPa 

cr , = —104.01 MPa 

y 

<Ty = -60.49 MPa 

r = -1.50 MPa 

r tV = -60.67 MPa 




SO MPa 



50 MPa 
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PROBLEM 7.C2 

A state of plane stress is defined by the stress components a x , a y , and r vv 
associated with the element shown in Fig. P7.C I a. (a) Write a computer 
program that can be used to calculate the principal axes, the principal 
stresses, the maximum in-plane shearing stress, and the maximum shearing 
stress. ( b ) Use this program to solve Probs. 7.5, 7.9, 7.68, and 7.69. 


SOLUTION 

Program following equations : 

Equation (7.10) 

Equation (7.14) 


cr v + cr„ 


: R 


( _ _ \ 2 

<y v — cf 


+ T 


xy 


^max ^ave ^ 
'Amin ^"ave ^ 


Equation (7.12) 


Equation (7.15) 


6„ = tan- 1 


- <Ty 


= tan -1 - - v 


2r 


Shearing stress : 


xy 


If O’max > 0 an d O’min < 0 : 


Then 


Then 


Unax( in-plane) *A ^"max(out-of-plane) ^ 

If > 0 and <r m - > 0: 


^max(in-plane) ^A Anax( out-of-plane) ^ ^max 

If O’max < 0 and o- min < 0: 


Then ^"max(in-plane) 

Program Outputs 

Problems 7.5 and 7.9 


= R- r, 


max(out-of-plane) ^ I ^min I 


a x = -60.00 MPa 
u y = -40.00 MPa 
r„, = 35.00 MPa 

\y 



40 MPa 


60 MF 
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9 p = -37.03° 



PROBLEM 7.C2 (Continued) 

Program Outputs ( Continued) 

Angle between xy axes and principal axes (+ counterclockwise): 

and 52.97° 

= -13.60 MPa 
°mi n = —86.40 MPa 

Angle between xy axis and planes of maximum in-plane shearing stress (+ counterclockwise): 

6 S = 7.97° and 97.97° 

^"max(in-plane) = 36.40 MPa 

^max =43.20 MPa 

Problem 7.68 


cr x = 140.00 MPa 
a v = 40.00 MPa 
r = 80.00 MPa 

A,y 

Angle between xy axes and principal axes (+ counterclockwise): 

6 p = 29.00° and 119° 

^"max = 184.34 MPa 
Omin = - 4 -34 MPa 

Angle between xy axis and planes of maximum in-plane in-plane shearing stress (+ counterclockwise): 

9 S = 74.00° and 164.00° 

Anax(in-plane) = 94.34 MPa 
Anax(out-of-plane) — 94.34 MPa 
o" x — 140.00 MPa 
cr v =120.00 MPa 
t = 80.00 MPa 

x y 

Angle between xy axes and principal axes (+ counterclockwise): 

9 p =41.44° and 131.44° 

^max =210.62 MPa 
rT mm = 49.38 MPa 

Angle between xy axis and planes of maximum in-plane in-plane shearing stress (+ counterclockwise): 

9 S = 86.44° and 176.44° 

^max(in-plane) = 80 ’ 62 MPa 
^"max (out-of-plane) — 105.31 MPa 
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PROBLEM 7.C2 (Continued) 

Program Outputs ( Continued) 

Problem 7.69 


cr.v 

= 140.00 MPa 

CT .V 

= 20.00 MPa 

Fcy 

= 80.00 MPa 


Angle between xy axes and principal axes (+ counterclockwise) 


6 P 

= 26.57° and 116.57° 

^"ma x 

= 180.00 MPa 

^min 

= -20.00 MPa 


Angle between xv axis and planes of maximum in-plane in-plane shearing stress (+ counterclockwise) 


o s = 

= 71.57° and 161.57° 

T 

max (in-plane) 

= 100.00 MPa 

T 

max (out-of-plane) 

= 100.00 MPa 

= 

= 140.00 MPa 

CT V = 

= 140.00 MPa 

r xv = 

= 80.00 MPa 


Angle between xy axes and principal axes (+ counterclockwise): 


ff p- 

= 45° and 135.00° 

^"max 

= 220.00 MPa 

^"min 

= 60.00 MPa 


Angle between xy axis and planes of maximum in-plane in-plane shearing stress (+ counterclockwise) 


Os- 

= 90.00° and 180.00° 

T 

L max (in-plane) 

= 80.00 MPa 

T 

max (out-of-plane) 

= 110.00 MPa 
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PROBLEM 7.C3 

(a) Write a computer program that, for a given state of plane stress and a given yield strength of a ductile 
material, can be used to determine whether the material will yield. The program should use both the maximum 
shearing-strength criterion and the maximum-distortion-energy criterion. It should also print the values of the 
principal stresses and, if the material does not yield, calculate the factor of safety. ( b ) Use this program to solve 
Probs. 7.81, 7.82, and 7.164. 


SOLUTION 


Principal stresses . 



°x+°y 

Maximum-shearing-stress criterion. 

2 

= ^ave + R 
~ ^ave — R 

1 

Ty =~0-y 


y 2 ' 

If <i a and T b have same sign. 

If r max > xy , yielding occurs. 

1 

^"max ^ a 


If r max < t v , no yielding occurs, and factor of safety = 


; R = 





Maximum-distortion-energy criterion . 

Compute radical = -cr a cr h + cr b 
If radical >o , yielding occurs. 


If radical < cr no yielding occurs, and factor of safety =--- 

Radical 

Program Outputs 

Problems 7.81a and 7,82a Yield strength = 325 MPa 


o x = -200.00 MPa 
a y = -200.00 MPa 
r = 100.00 MPa 
cr max =-100.00 MPa 
cr m =-300.00 MPa 


(7q = 200 MPa 


100 MPa 
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PROBLEM 7.C3 (Continued) 

Program Outputs ( Continued) 

Using the maximum-shearing-stress criterion, 
material will not yield. 

F.S. = 1.083 

Using the maximum-distortion-energy criterion, 
material will not yield. 

F.S. = 1.228 

Problems 7.81b and 7.82b Yield strength = 325 MPa 

c t x = -240.00 MPa 
o\, = -240.00 MPa 

y 

r = 100.00 MPa 
<W =—140.00 MPa 
o- min = -340-00 MPa 

Using the maximum-shearing-stress criterion, 
material will yield. 

Using the maximum-distortion-energy criterion, 
material will not yield. 

F.S. = 1.098 

Problems 7.81c and 7.82c Yield strength = 325 MPa 

CT x = -280.00 MPa 
<r y = -280.00 MPa 
r = 100.00 MPa 

xy 

<r max = -180.00 MPa 
cr min = -380.00 MPa 

Using the maximum-shearing-stress criterion, 
material will yield. 

Using the maximum-distortion-energy criterion, 
material will yield. 

Problem 7.164a Yield strength = 30 ksi 

a x = 24.00 ksi 
CT y = 14.00 ksi 
= 6.00 ksi 

O'max =26.81 ksi 


<T (I = 240 MPa 
— 100 MPa 


<T„ = 


<j (l = 200 MPa 
100 MPa 


<r 0 = 


14 ksi 



= 6 ksi 


24 ksi 
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PROBLEM 7.C3 (Continued) 


Program Outputs ( Continued) 

(a) Using the maximum-shearing-stress criterion, 
material will not yield. 

F.S. = 1.119 

(b) Using the maximum-distortion-energy criterion, 
material will not yield. 

F.S. = 1.286 


Problem 7.164b 


Yield strength = 30 ksi 


= 24.00 ksi 
= 14.00 ksi 
= 12.00 ksi 
= 32.00 ksi 
= 6.00 ksi 


(a) Using the maximum-shearing-stress criterion, 
material will yield. 

(b) Using the maximum-distortion-energy criterion, 
material will not yield. 

F.S. = 1.018 


Problem 7.164c Yield strength = 30 ksi 


24.00 ksi 
14.00 ksi 
14.00 ksi 
33.87 ksi 
4.13 ksi 


(a) Using the maximum-shearing-stress criterion, 
material will yield. 

(b) Using the maximum-distortion-energy criterion, 
material will yield. 


14 ksi 


T xij = I 2 ksi 


24 ksi 


14 ksi 


x x[ = 14 ksi 


24 ksi 
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PROBLEM 7.C4 

(a) Write a computer program based on Mohr’s fracture criterion for brittle materials that, for a given state of 
plane stress and given values of the ultimate strength of the material in tension and compression, can be used 
to determine whether rupture will occur. The program should also print the values of the principal stresses. 

(b) Use this program to solve Probs. 7.89 and 7.90 and to check the answers to Probs. 7.93 and 7.94. 


SOLUTION 


Principal stresses . 




Mohr’s fracture criterion . 

If o a and cr b have same sign, and 
a a < cr UT and cr b < a vc , no failure; 
a a < cr UT or cr b > cr uc , failure. 

If cr a > 0 and a b < 0: 

Consider fourth quadrant of Figure 7.47 . 

For no rupture to occur, point (a a ,a b ) must lie within Mohr’s envelope (Figure 7.47). 
If a b > Criterion, rp 

6 L__ ff- _ > _ 

then rupture occurs . 



If <r b < Criterion, 
then no rupture occurs . 
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PROBLEM 7.C4 (Continued) 


Program Outputs 

Problem 7.89 

<t x =10.00 MPa 
o y =-100.00 MPa 
= 60 MPa 

Ultimate strength in tension = 80 MPa 
Ultimate strength in compression = 200 MPa 

<W = <* a 36 - 39 MPa 

CTmin =°b -126.39 MPa 


Rupture will occur 


Problem 7.90 

<r x = -32.00 MPa 


cr v = 0.00 MPa 


= 75.00 MPa 

Ultimate strength in tension 

= 80 MP 


Ultimate strength in compression = 200 MP 

CW = <r a 60.69 MPa 

CT min = °i, ~ 92 - 69 MPa 


100 MPa 


60 MPa 


10 MPa 



Rupture will not occur. 

To check answers to the following problems, we check for rupture using given answers and an adjacent value. 
Answer : 

Rupture occurs for r 0 = 3.67 ksi. 


Problem 7.93 a x = 8.00 ksi 

a v = 0.00 ksi 
—» t.. v = 3.67 ksi <— 

Ultimate strength in tension = 10 ksi 
Ultimate strength in compression = 25 ksi 

Omax =<U 9 -43 ksi 
^min =^-1.43 ksi 


S ksi 


To 
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PROBLEM 7.C4 (Continued) 


Program Outputs ( Continued) 

Rupture will not occur. 

a x = 8.00 ksi 
cx v = 0.00 ksi 
—> z xy = 3.68 ksi <— 

Ultimate strength in tension = 10 ksi 
Ultimate strength in compression = 25 ksi 

o-ma x=<U 9.44 ksi 
CT min =CT 6 -1.44 ksi 

Rupture will occur. 

Answer : 

Rupture occurs for r 0 = 49.1 MPa. 

Problem 7.94 cr v = -80.00 MPa 

a y = 0.00 MPa 
—> r „ =49.10 MPa <— 
Ultimate strength in tension =75 MPa 
Ultimate strength in compression = 150 MPa 

CT max = = 23 ' 33 MPa 

<^= 0 * =-103.33 MPa 

Rupture will not occur . 

a x = -80.00 MPa 
<r v = 0.00 MPa 
—> t xv = 49.20 MPa <— 
Ultimate strength in tension =75 MPa 
Ultimate strength in compression =150 MPa 

O’max =cr a =23.41 MPa 
cr min =a b =-103.41 MPa 

Rupture will occur . 


SO MPa 
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y 


PROBLEM 7.C5 



A state of plane strain is defined by the strain components £ x , £ , 
and y associated with the x and y axes, (a) Write a computer 
program that can be used to calculate the strain components £ x <, s ,, 
and y xV associated with the frame of reference xy' obtained by 
rotating the x and y axes through an angle 6. ( b ) Use this program to 
solve Probs 7.129 and 7.131. 


SOLUTION 


Program following equations: 

Equation (7.44): 

£. + £,, £ r ~£, 1 

£■ = —- ^ + —- ^cos2# + — y sin 26 

x 2 2 2 ^ 

Equation (7.45): 

£ x +£ v e x - £ v 1 

£ v , = — - ; - - -— sin 29 - y _. cos 26 

y 2 2 2 ^ 

Equation (7.46): 

YxW = ~( £ x - £ y ) sin W + Yxy C0S le 

Enter £ x ,£ r ,y xv 

and 6. 

Print values obtained for £v, £ and y >. 

Program Outputs 


Problem 7.129 

£ x = 240 micro meters 
e v =160 micro meters 

y =150 micro radians 

Rotation of element, 

in degrees (+ counterclockwise): 


9 = -60° 

£ x ' = 115.05 micro meters 
s y , = 284.95 micro meters 
y x y = -5.72 micro radians 

Problem 7.131 

£ x = 0 micro meters 

£ = 320 micro meters 

y = -100 micro radians 

Rotation of element, 

in degrees (+ counterclockwise): 


6 = 30° 

£ x , = 36.70 micro meters 

£ v ' = 283.30 micro meters 
y x y = 227.13 micro radians 
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PROBLEM 7.C6 

A state of strain is defined by the strain components £ x ,£ v , and y associated with the x and y axes. 
(a) Write a computer program that can be used to detennine the orientation and magnitude of the principal 
strains, the maximum in-plane shearing strain, and the maximum shearing strain. ( b ) Use this program to 
solve Probs 7.136 through 7.139. 


SOLUTION 


Program following equations : 

Equation (7.50): 

Equation (7.51): 

Equation (7.52): 

Shearing strains : 


e x + s I £ x - £ 

R = .' 


"Unax — ^ave + ^ ^min — £ swe ^ 


+ 


f y > 

r xy 


V J 


0 p = tan 


-1 r v 


Maximum in-plane shearing strain 

y max(m-plane) 

Calculate out-of-plane shearing strain and check whether it is the maximum shearing strain. 


Let £ a £' max 


Calculate 

E c ~ . ( £ a +E b) 

1 -v 

If £ a >£ b >£ c . 

y out-of-plane ^ c 

If £ a >£ c >£ b . 

y out-of-plane — ^ a 

If £ c >£ a >£ b . 

^out-of-plane — 

Program Printout 

Problem 7.136 

£ x = -260 micro meters 

s = -60 micro meters 

y = 480 micro radians 

v = 0.333 
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PROBLEM 7.C6 (Continued) 

Program Printout ( Continued) 

Angle between xy axes and principal axes (+ = counterclockwise): 

Q p =-33.69° 
s a =100.00 micro meters 
s b = -420.00 micro meters 
£ c =159.98 micro meters 
y max(in-piane) =520.00 microradians 
;/ max = 579.98 microradians 

Problem 7.137 e x = -600 micrometers 

£ = -400 micrometers 
Yxy =350 microradians 
v = 0.333 

Angle between xy axes and principal axes (+ = counterclockwise): 

0 p =-30.13° 

£ a =-298.44 micrometers 
£ h =-701.56 micrometers 
£ c = 500.00 micrometers 

Xmax(in-plane) = 403 - llmicrOradianS 

T'max =1201.56 microradians 

Problem 7.138 £ x =160 micrometers 

£ = -480 micrometers 
y = -600.00 microradians 
v = 0.333 

Angle between xy axes and principal axes (+ = counterclockwise): 

0 p =-21.58° 

£ a =278.63 micrometers 
£ b =-598.63 micrometers 
£ c =159.98 micrometers 
7niax(in-piane) = 877.27 microradians 
/max = 877.27 microradians 

Problem 7.139 £ x = 30 micrometers 

£ =570 micrometers 
y = 720 microradians 
v = 0.333 
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PROBLEM 7.C6 (Continued) 

Angle between xy axes and principal axes (+ = counterclockwise): 

6 p =-26.57° 
e a = 750.00 micrometers 
e h = -150.00 micrometers 
8 C =-300.00 micrometers 
y max(m-piane) =900.00 microradians 
T'max =1050.00 microradians 
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PROBLEM 7.C7 

A state of plane strain is defined by the strain components s x , s y , and y measured at a point, (a) Write a 
computer program that can be used to determine the orientation and magnitude of the principal strains, the 
maximum in-plane shearing strain, and the magnitude of the shearing strain. ( b ) Use this program to solve 
Probs 7.140 through 7.143. 


SOLUTION 


Program following equations : 


Equation (7.50) 

Equation (7.51) 
Equation (7.52) 

Shearing strains : 




CT.-CT,. 


^ Y \ 
f xy 




e max ~~ ^ave + R ^min ~~ ^ave ^ 


9 p = tan 


-i Y, 


- 8 y 


Maximum in-plane shearing strain 


Yxy( in-plane) ~ -R 


Calculate out-of-plane-shearing strain and check whether it is the maximum shearing strain. 
Let £ a = £' max 

£ b ~ £ mm 

s c =0 ( Plain strain ) 

If A; ^ > C s 7 out-of-plane ~ ^a ~ 

If A; > C ^ U) s y out-of-plane — ^a ~ ~ 2R 

If £ c > £ a > £ b , Y out-of-plane = £ c ~ £ b 


Program Printout 

Problem 7.140 s x = 60 micrometers 

£ y = 240 micrometers 
y = -50 microradians 
v = 0.000 

Angle between xy axes and principal axes (+ = counterclockwise): 

6 p =7.76 and -82.24° 

£ a =243.41 micrometers 
£ b =56.59 micrometers 
£ c = 0.00 micrometers 

Xmaxiin-piane) =186.82 microradians 

7 max =243.41 microradians 
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PROBLEM 7.C7 (Continued) 

Program Printout ( Continued) 

Problem 7.141 £ x = 400 micrometers 

s v = 200 micrometers 
y = 375 microradians 
v = 0.000 

Angle between xy axes and principal axes (+ = counterclockwise): 

0 p = 30.96 and -59.04° 

£ a =512.50 micrometers 
£ b =87.50 micrometers 
£ c = 0.00 micrometers 
Y max ( in-piane) = 425 - 00 microradians 
/ max =512.50 microradians 

Problem 7.142 s x =300 micrometers 

£ v = 60 micrometers 
y = 100 microradians 
v = 0.000 

Angle between xy axes and principal axes (+ = counterclockwise): 

d p =11.31 and -78.69° 

£ a = 310.00 micrometers 
£ b = 50.00 micrometers 
£ c =0.00 micrometers 

y max(in-plane) = 260 - 00 mCTOradianS 

;/ max =310.00 microradians 

Problem 7.143 £ x = -180 micrometers 

£ = -260 micrometers 
;/ rv =315 microradians 
v = 0.000 

Angle between xy axes and principal axes (+ = counterclockwise): 

G p =37.87 and -52.13° 

£ a = -57.50 micrometers 
£ b =-382.50 micrometers 
£ c = 0.00 micrometers 
y max(in-pianc) =325.00 microradians 
/max = 382.50 microradians 
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PROBLEM 7.C8 

A rosette consisting of three gages forming, respectively, angles of 0 X , 0 2 , and 0-, with the x axis is attached 
to the free surface of a machine component made of a material with a given Poisson’s ratio v. (a) Write a 
computer program that, for given readings s x , s 2 , and s 3 of the gages, can be used to calculate the strain 
components associated with the x and y axes and to determine the orientation and magnitude of the three 
principal strains, the maximum in-plane shearing strain, and the maximum shearing strain, (b) Use this 
program to solve Probs 7.144, 7.145, 7.146, and 7.169. 


SOLUTION 


For n = 1 to 3, enter 0 n and s n . 
Enter: NU = V 


Solve Equation (7.60) for s x , e , and y using method of determinates or any other method. 


Enter 


E r + £ 


y . 


R = 


^a Gnax ^ave ^ 
~ Gnax — G>vg — ^ 


~°y 


=■ 


l-V 


(e a +e b) 


n 1 . -1 7 xy 

9,. = —tan -- 

p 2 


£ x - S y 


Shearing strains : 


Maximum in-plane shearing strain 

7max(in-plane) ^R 


+ r x 


Calculate out-of-plane shearing strain , and check whether it is the maximum shearing strain. 

£ c < £ b ’ y out-of-plane ~ £ a ~ £ c 


If £ c > £ a ’ y out-of-plane 


E~E h 


Otherwise, 


y out-of-plane 


= 2 R 


Problem Outputs 

Problem 7.144 


Gage 

Theta Degrees 

Epsilon Micro Meters 

1 

-15 

480 

2 

30 

-120 

3 

75 

80 
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PROBLEM 7.C8 (Continued) 


Program Outputs ( Continued ) 


Problem 7.145 


s x = 253.21 micrometers 
= 306.79 micrometers 

y 

Y xv =-892.82 microradians 
s a = 727.21 micrometers 
£ h =-167.21 micrometers 
^max (in-plane) = 894.43 microradians 


Gage 

Theta Degrees 

Epsilon Micro Meters 

1 

30 

600 

2 

-30 

450 

3 

90 

-75 


£ x = 725.00 micrometers 
=-75.000 micrometers 

y 

y xy =173.205 microradians 
£ a = 734.268 micrometers 
£ b = -84.268 micrometers 
y max fin-piane) = 818.535 microradians 

Problem 7.146 

Observe that Gage 3 is orientated along the y axis. Therefore, 

enter 0 4 and £ 4 as 0 :] and £ 3 , the value of £ v that is obtained is also the expected reading of Gage 3. 


Gage 

Theta Degrees 

Epsilon in./in. 

1 

0 

420 

2 

45 

-45 

4 

135 

165 


£ x =420.00 in./in. 

£ = -300.00 in./in. 

y 

y xy =-210.00 microradians 
£ a = 435.00 in./in. 

£ h =-315.00 in./in. 
y max (in-piane) = 750.00 microradians 
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PROBLEM 7.C8 (Continued) 

Program Outputs ( Continued) 

Problem 7.169 


Gage 

Theta Degrees 

Epsilon in./in. 

1 

45 

-50 

2 

-45 

360 

3 

0 

315 


e x =315.000 in./in. 
e y = -5.000 in./in. 
y =-410.000 microradians 
s a =415.048 in./in. 
s h =-105.048 in./in. 
r max (in-piane) =520.096 microradians 
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PROBLEM 8.1 

A W10x39 rolled-steel beam supports a load P as shown. Knowing that 
P = 45 kips, a = 10 in., and cr all =18 ksi, determine ( a ) the maximum value of 
the normal stress cr m in the beam, (b) the maximum value of the principal stress 
cr max at the junction of the flange and web, (c) whether the specified shape is 
acceptable as far as these two stresses are concerned. 


SOLUTION 


|F| max = 90 kips 



For W10 x 39 rolled steel section, 

d = 9.92 in., b f = 7.99 in., t f = 0.530 in., 

t w = 0.315 in., I x = 209 in 4 = 42.1 in 3 
c = — d = 4.96 in. y b = c - tj- = 4.43 in. 


(a) 


— 




— Q-SO Jr-'p*i*« 


J 


l^lmax 

450 


42.1 

= ^C7 

f 4.43 

c 

U-96 

= b f t f = 

4.2347 i 


'sf 

II 


cr,„ = 10.69 ksi A 


(10.69) = 9.55 ksi 

2 


Q b = A f y f = 19.8819 in 3 

\V\ r^Qb (45)(19.8819) 

(209X0.315) 


^xy 


1 xbv 


= 13.5898 ksi 


R = J ^ | +r z xy = 14.4043 ksi 


0 b ) 


= ^- + R = 19.18 ksi 
2 


(c) Since cr max > cr all (= 18 ksi), 


= 19.18 ksi ◄ 


W10 x 39 is not acceptable . A 
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PROBLEM 8.2 

Solve Prob. 8.1, assuming that P = 22.5 kips and a = 20 in. 

PROBLEM 8.1 A W10x39 rolled-steel beam supports a load P as shown. Knowing that P = 45 kips, 
a = 10 in., and <r all =18 ksi, determine (a) the maximum value of the normal stress cr m in the beam, (b) the 
maximum value of the principal stress cr max at the junction of the flange and web, (c) whether the specified 
shape is acceptable as far as these two stresses are concerned. 


SOLUTION 




M 


(b) 

(c) 


^=y + R = I 3 ' 08 k ^ 


Since cr max < cr alI (=18 ksi), 


|F| max = 22.5 kips 

|M| max = (22.5X20) = 450 kip -in. 

For W10x39 rolled steel section, 

d = 9.92 in., b f = 7.99 in., t f = 0.530 in., 
t w =0.315 in., = 209 in 4 , S x = 42.1 in 3 


c = —d = 4.96 in. 
2 


y b =c-tf = 4.43 in. 


(a) 


I m\ b 


450 
42.1 
4.43 ^ 
L96 y 
A f =b f t f =4.2347 


cr... = 


r, - y b rr - 
a b - a m - 

c 


<J m =10.69 ksi A 


(10.69) = 9.55 ksi 


in" 


yf =-( c + y b ) = 4.695 in. 

Q b =A f y f =19.8819 in 3 

_ \V\ mm Q b _ (22.5)(19.8819) 
(209)(0.315) 


*y 


7c 4 


= 6.7949 ksi 


R = 


-L +zl= 8.3049 ksi 

V 2 J * 


CT max = !3.08 ksi ◄ 


W10x39 is acceptable. M 
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p PROBLEM 8.3 

Tt _ 

i 

'c An overhanging W920 x 449 rolled-steel beam supports a load P as shown. 



Knowing that P = 700 kN, a = 2.5 m, and cr all = 100 MPa, determine (a) the 


R o^o 

maximum value ot the normal stress a m in the beam, (b) the maximum value 




of the principal stress cr max at the junction of the flange and web, (c) whether 


-*- a -► 

- a -► 

the specified shape is acceptable as far as these two stresses are concerned. 


SOLUTION 


r 




\V\ max =700 kN = 700x10 3 N 

|M| max = (700 X1 o 3 )(2.5) = 1.75 x 10 6 N • m 

For W920x449 rolled steel beam, 

d = 947 mm, b f = 424 mm, fy = 42.7 mm, 

i w =24.0mm, I x =8780xl0 6 mm 4 , S x =18,500x10 3 mm 3 

c = —d = 473.5 mm, y b =c-t f = 430.8 mm 


(a) 


cr„, = ■ 


\ M l 


„ _y b „ 

CTl — (7... — ■ 


1.75 x 10 
" 18,500x10 

430. 


473.5 


(94.595) = 86.064 MPa 


A f = bj-t t =18.1048 x 10 3 mm 2 


yj = — (c + y b ) = 452.15 lmn 


<7 m = 94.595 MPa 
cr,„= 94.6 MPa ◄ 


Q h = A f y f = 8186.1 x 10 3 mm 3 = 8186.1 x 10 6 m 3 


ZUA, (700x1^X8186.1,10") -27 194Mpa 
” I x t w (8780x 10 _6 )(24.0x 10 -3 ) 



j 8064 j _|_ 27 .194 2 =50.904 MPa 


(b) ^ max =Y + R = 93 9 MPa = 93 ' 9 MPa A 

(c) Since 94.6 MPa < cr all (= 100 MPa), W920 x 449 is acceptable . A 
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PROBLEM 8.4 

Solve Prob. 8.3, assuming that P = 850 kN and a = 2.0 m. 

PROBLEM 8.3 An overhanging W920x449 rolled-steel beam supports a load P as shown. Knowing that 
P = 700 kN, a = 2.5 m, and cr all =100 MPa, determine (a) the maximum value of the normal stress a m in the 
beam, ( b ) the maximum value of the principal stress <r max at the junction of the flange and web, (c) whether 
the specified shape is acceptable as far as these two stresses are concerned. 


SOLUTION 





85o 


-%So 
M C lo c 


1-70 



(b) 

(c) 


|F| max =850 kN = 850x10 3 N 

|M| max = (850 x 10 3 )(2.0) = 1.70 x 10 6 N • m 

For W920x449 rolled steel section, 
d = 947 mm, = 424 mm. 


t f = 42.7 mm, 


t w = 24.0 mm, I x = 8780 x 10 6 mm 4 , S x = 18,500 x 1 0 3 mm 3 


c = — d = 473.5 mm y b =c-t f =430.8 mm 


(a) 


cr„. = 


|M| r 


1.70 x 10 6 


^ _y b „ 

CTu — - (7,„ — 


18,500x10 
430. 


,-6 


ex,,, =91.892 MPa 
cx = 91.9 MPa ◄ 


473.5 


(91.892) = 83.605 MPa 


A f = b f tf = 18.1048 x 10 J mm 2 


Vy = — (c + v h ) = 452.15 mm 

3_3 


Q b = A f y f = 8186.1 x 10 3 mm 3 =8186.1x10 6 m 3 


.a*a = (850xltfX8186.1xl0-‘) = 33 02 , MPa 
^ (8780 x 10 _6 )(24.0 x 10 -3 ) 


1 xbv 




R = 


+ T xy = 


\ z J 


83.605 

2 j 


<7 m ^=?f + R = 95.1 MPa 
Since 95.1 MPa < cr all (=100 MPa) 


+ 33.021 2 =53.271 MPa 


cr,„^ =95.1 MPa A 


W920x449 is acceptable . A 
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40 kN 

' 1 

PROBLEM 8.5 

(a) Knowing that cr all = 160 MPa and r all =100MPa, select the most 
c economical metric wide-flange shape that should be used to support the 

A 




B ^ 

^ loading shown. ( b) Determine the values to be expected for cr„,, r m , and 



— 4.5 m- - ^ 2.7 m —- 

the principal stress <j max at the junction of a flange and the web of the 
selected beam. 


SOLUTION 


40 kN 



V(kw') 



M (fc.M'w') 


go.g6 S 



+Y J M C = 0: -7.2 R a + (2.2)(7.2)(3.6) + (40)(2.7) = 0 
R a = 22.92 kN 
V A = R a = 22.92 kN 
V R = 22.92 - (2.2)(4.5) = 13.02 kN 
V% = 13.02 - 40 = -26.98 kN 
V c = -26.98 - (2.2)(2.7) = -32.92 kN 
M a = 0 

M b = 0 + 1(22.92 + 13.02)(4.5) = 80.865 kN • m 
M c = 0 


\m\ 

I I max 
a all 


80.865 x IQ 3 
165 xlO 6 


= 490 x 10 -6 m 3 


= 490 x 10 3 mm 3 


Shape 

S (10 3 mm 3 ) 

W360 x 39 

578 

W310 x 38.7 

547 <- 

W250 x 44.8 

531 

W200 x 52 

511 


(a) Use W310x 38.7. ◄ 
<7 = 310 mm t^ = 9.65 mm 
t w = 5.84 mm 
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PROBLEM 8.5 (Continued) 


M, = 80865 x 10 = i 47 8 34 x 1 06 Pa 
5 547 x 10 -6 


a- =147.8 MPa ◄ 


= 


32.92 x 10 


dt w (310xl0“ 3 )(5.84xl0“ j ) 


-a-3' 


= 18.1838 x 10 6 Pa 


c = —d = 155 mm y b = c - tj = 155 - 9.65 = 145.35 mm 


rr - yb „ - 

(3h — -CT„, — 


At point B, 


A, = 


145.35 

155 

V 


(147.834) = 138.630 MPa 


(26.98 x 10 3 ) 


dt w (310 x 10 _3 )(5.84 x 10 -J ) 


^- 3 ^ 


= 14.9028 MPa 


R = JI^ ] +rl = ,]( 69.315) 2 + (14.9028) 2 = 70.899 MPa 


r = 18.18 MPa ◄ 


=^- + R = 69.315 + 70.899 


cr v = 140.2 MPa A 
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PROBLEM 8.6 

(a) Knowing that cr all = 160 MPa and r all =100 MPa, select the most 
economical metric wide-flange shape that should be used to support 
the loading shown, (b) Determine the values to be expected for 
cr m , T m , and the principal stress cr max at the junction of a flange and 
the web of the selected beam. 


SOLUTION 

273 IN 


B 

c 


>4a 

zzme*.'..ibMuar 

4 

Is 

lip ' 



— 3.6 m--1--- 


1.5 m 


D 

275 kW 


R b = 504.17 kN T R c = 504.17 >1 

\V\ = 275 kN \M\ = 412.5 kN • m 

I Imax I Imax 

\M\ 412 5 x 10 2 ,, , 

SU = LJmax. = 17 = 2578 X 10“ 6 m 3 


''all 


160x10 6 



= 2578 x 10 3 mm 3 


-> 



Shape 

^-(lO 3 mm 3 ) 

W760x 147 

4410 

W690x 125 

3490 

W530x 150 

3720 

W460 x 158 

3340 

W360x 216 

3800 


(a) Use W690 x 125. ◄ 


d = 678 mm ?^=16.3mm t,„ = 11.7 mm 


(b) 


O’,,, = 


| M 


max 412.5 X 10 =118J95xl0 6p a 


3490 x 10 


-6 


^ ni 


n 


\v\ 

max _ I Imax 


275 xlO 3 


K 

dt w 

1 , 

67 8 

= —d = 
2 

2 

°b = 



= 34.667 x 10 6 Pa 


dt w (678 x 10“ 3 )(11.7 x 10“ 3 ) 

= 339 mm, =16.3 mm, y b = c - tj = 339 - 16.3 = 322.7 mm 
f 322.7 


a m = 118.2 MPa ◄ 
r m = 34.7 MPa ◄ 


^ 339 


(118.195) = 112.512 MPa 


R = it) + T l = a/( 56.256) 2 + (34.667) 2 = 66.080 MPa 


+ R = 56.256 + 66.080 


cr maY = 122.3 MPa A 
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20 kips 


20 kips 





2 kips/ft 




B 










•C ' 


d 

L ^ 

--30 ft-- 

t 


10 ft 


10 ft 


D 


PROBLEM 8.7 

(a) Knowing that <j aU = 24 ksi and r all = 14.5 ksi, select the most 
economical wide-flange shape that should be used to support the loading 
shown. ( b ) Detennine the values to be expected for cr m , z m , and the 
principal stress cr max at the junction of a flange and the web of the 
selected beam. 


SOLUTION 



\A (k.y-f-H 



R a = 50 kipsT 


R d = 50 kipsT 


V\ = 30 kips \m\ = 200 kip • ft = 2400 kip • in. 

•max I 'max 



2400 

24 


= 100 in 3 


Shape 

5 (in 3 ) 

W24 x 68 

154 

W21 x 62 

127 

W18 x 76 

146 

W16 x 77 

134 

W12 x 96 

131 

W10 x 112 

126 


(b) 


{a) UseW21x62. ◄ 


c/ = 21.0in. fy=0.615in. f„,= 0.400in. 


M 


O’,,, — 


T,„ = 


2400 

--= 18.8976 ksi 


S 127 
\V\ 30 

I Imax ~ ^ 


dt (21.0X0.400) 


= 3.5714 ksi 


o m = 18.9 ksi A 
r„, = 3.57 ksi A 


c = —d = = 10.50in. y h =c-t f = 10.50 - 0.615 = 9.8850in. 

2 2 b f 


yb 


Oh — -— O’,,, — 


9.8850 

10.50 


(18.8976) = 17.7907 ksi 


R = J( y I + r '« = V(8-8954) 2 + (3.5714) 2 = 9.5856 ksi 


o- max = ^ + R = 8.8954 + 9.5856 = 18.4810 ksi 


^max = 18.48 ksi ◄ 
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1.5 kips/ft 



PROBLEM 8.8 

(o) Knowing that cr all = 24 ksi and r. d]] = 14.5 ksi, select the most 
economical wide-flange shape that should be used to support the loading 
shown. ( b) Determine the values to be expected for a m , r m , and the 
principal stress cr max at the junction of a flange and the web of the selected 
beam. 


SOLUTION 




+ ;XM b = 0: -\2R A + (1.5)(18)(3) = 0 R A = 6.75 kipsT 
+ 'ZM a = 0: 12 R b + (1.5)(18)(9) = 0 R B = 20.25 kipsT 
\V\ =11.25 kips 

I I max r 

\M\ = 27 kip • ft = 324 kip ■ in. 

I I max 1 1 

\m\ 324 i 

5 min = = — = 13-5 in 3 

O’all 24 


Shape 

S(in 3 ) 

W12 x 16 

17.1 

W10 x 15 

13.8 

W8 x 18 

15.2 

W6 x 20 

13.4 


(a) Use W10 x 15. ◄ 

d = 10.0 in. 
tj- = 0.270 in. 
t w = 0.230 in. 


(b) er m = 


\M\ 


324 

max = -— = 23.478 ksi 
13.8 


^ HI 


\V\ 

I In 


11.25 


dt w (10.0)(0.230) 


= 4.8913 ksi 


1 , 10.0 

c = — d = -= 5.00 in. 

2 2 


cr m = 23.5 ksi 4 


T m = 4.89 ksi 4 
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PROBLEM 8.8 (Continued) 

y b = c - tj- = 5.00 - 0.270 = 4.73 in. 
a h = ^a m = (^1(23.478) = 22.210 ksi 

R = + (4.891jf = 12.1345 ksi 

cx max = — + R= 22210 + 12.1345 cr = 23.2 ksi ◄ 

IIlaA ^ ^ UlaX 
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PROBLEM 8.9 

The following problem refers to a rolled-steel shape selected in a problem of Chap. 5 to support a given 
loading at a minimal cost while satisfying the requirement er m < er all . For the selected design (use the loading 
of Prob. 5.73 and selected W530 x 92 shape), determine (a) the actual value of cr m in the beam, ( b ) the 
maximum value of the principal stress <T max at the junction of a flange and the web. 
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PROBLEM 8.9 (Continued) 


At sections B and C: 


_ _ 270 x 10 = 129 . 8 O 8 MPa 

5 2080 xl0“ 6 

a h = —u m = ^^-(129.808) = 122.209 MPa 
c 266.5 

_ VQ _ VA f y _ (82.5 x 10 3 )(3260.4 x 10~ 6 )(258.7 x 10~ 3 ) 
Tb ~ It It w ~ (554 x 10 _6 )(10.2 x 10 -3 ) 

= 12.3143 MPa 


R = . — +t£ = 62.333 MPa 


cr„,„v = — + R 


cr maY = 123.4 MPa -4 
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PROBLEM 8.10 

The following problem refers to a rolled-steel shape selected in a problem of Chap. 5 to support a given 
loading at a minimal cost while satisfying the requirement cr m < <r all . For the selected design (use the loading 
of Prob. 5.74 and selected W250 x 28.4 shape), determine (a) the actual value of cr,„ in the beam, (b) the 
maximum value of the principal stress cr max at the junction of a flange and the web. 
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PROBLEM 8.10 (Continued) 


At section C, 


|F| = 40 kN M = 32kN-m 

m = (32 x 10 3 ) (1 !9.5 x 10~ 3 ) = 95 _ fiMpa 
/ 40.0 x 10“ 6 

^ = (40 x 10^)(126.99 x 10") = 19 95Mpa 
It w (40.1 x 10 _6 )(6.35 x 10 -3 ) 


R = 



yj 47.8 2 + 19.95 2 


51.08 MPa 




■ + R = 99.6 MPa (less than value at section E) 
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PROBLEM 8.11 

The following problem refers to a rolled-steel shape selected in a problem of Chap. 5 to support a given 
loading at a minimal cost while satisfying the requirement cr m < cr all . For the selected design (use the loading 
of Prob. 5.75 and selected S12 x 31.8 shape), determine (a) the actual value of cr m in the beam, ( b ) the 
maximum value of the principal stress <r max at the junction of a flange and the web. 
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PROBLEM 8.12 

The following problem refers to a rolled-steel shape selected in a problem of Chap. 5 to support a given 
loading at a minimal cost while satisfying the requirement cr m < cr all . For the selected design (use the loading 
of Prob. 5.76 and selected S15 x 42.9 shape), determine (a) the actual value of a m in the beam, ( b) the 
maximum value of the principal stress <r max at the junction of a flange and the web. 
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PROBLEM 8.13 

The following problem refers to a rolled-steel shape selected in a problem of Chap. 5 to support a given 
loading at a minimal cost while satisfying the requirement a m < <r all . For the selected design (use the loading 
of Prob. 5.77 and selected S510 x 98.2 shape), determine (a) the actual value of a m in the beam, ( b ) the 
maximum value of the principal stress cr max at the junction of a flange and the web. 


SOLUTION 


SO kN 



V/l/ltU'! 



M (kW-*T 



From Problem 5.77, cr all = 160 MPa 
\m\ = 256 kN • m at point B 

1 I max 

\V\ = 360 kN at B 

For S510 x 98.2 rolled-steel section, 

d = 508 mm, b f = 159 mm, t f = 20.2 mm 

t w = 12.8 mm, I x = 495 x 10 6 mm 4 , S x = 1950 x 10 3 mm 3 


c = —d = 254 mm 
2 


(a) 


\M\ 


256 x 10 


O’,,, = 


■,-6 


= 131.3 MPa 


S x 1950 x 10“ 
y b = c - t f = 233.8 

o h = ^cr,„ = 120.9 MPa = 60.45 MPa 

c 2 

Af = bftf = 3212 mm 2 
y = — (c + y b ) = 243.9 mm 

Q = Af-y = 783.4 x 10 3 mm 3 

VQ (360 x 10 3 )(783.4 x 10“ 6 ) . . . . _ 

t, = — = - - ’-i -= 44.5 MPa 

It w (495 x 10 _6 )(12.8 x 10 -3 ) 


+ r I = V60.45 2 + 44.5 2 = 75.06 MPa 


R = 


(b) cr max = + R = 60.45 + 75.06 = 135.5 MPa 


cr ma x = 135.5 MPa ◄ 
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PROBLEM 8.14 

The following problem refers to a rolled-steel shape selected in a problem of Chap. 5 to support a given 
loading at a minimal cost while satisfying the requirement cr m < cr all . For the selected design (use the loading 
of Prob. 5.78 and selected S460 x 81.4 shape), determine (a) the actual value of u m in the beam, ( b ) the 
maximum value of the principal stress cr max at the junction of a flange and the web. 


SOLUTION 


B 


1 


4o 


Reactions: 


R a = 65 kN T R d = 35 kN T 


h- 




2.5 v*o 2 * b 


1 


|F| max = 65 kN 
|M| max =175kN-rn 

For S460 x 81.4 rolled-steel section. 



d = 457 mm, 
L, =11.7 mm. 


bf = 152 mm, 

1 


t f = 17.6 mm, 


c = —d = 228.5 mm 
2 

/ = 333x 10 6 mm 4 5 = 1460x 10 3 mm 3 


(a) 


(b) 


\M\ 


o',,, — 


S 1460 x 10 “ 6 

v b = c - t f = 210.9 mm 
Aj- = bftf = 2675.2 mm 2 

y = \dc + y h ) = 219.7 mm 
Q = Aj-y = 5 87.74 x 10 3 mm 3 


175 x 10 = 119.863 x 10 6 Pa 


cr = 119.9 MPa ◄ 


At section C, 


Oh = —o,„ = 


210.9 

228.5 


(119.863) = 110.631 MPa 


Tu = 


VQ _ VA f y _ (35 x 10 3 )(2675.2 x 10“ 6 )(219.7 x 10“ 3 ) 


It 


It,, 


(333 x 10 _ 6 )(11.7 x 10 -3 ) 


= 5.2799 MPa 


R = Jl — I +Th = 55.567 MPa 


= ^+R 
2 


o m „„ = 110.9 MPa A 
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PROBLEM 8.14 (Continued) 


At section B, 


O',,, — 


1460 x 10 


-6 


M_ 162.5 x 10 3 

Y 

Vb 


= 111.301 MPa 


210 9 

o b = —o m = -—(111.301) = 102.728 MPa 

c zzo.5 

VQ__VA^ J(,^ 102(2675.2 x 1^X91 x Hr’) = Mpa 

It It w (333 x 10“ 6 )(11.7 x 10“ 3 ) 


R = 


ZM + tI = 52.292 MPa 


C-max = Y + R 


cr max = 103.7 MPa A 
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PROBLEM 8.15 

Determine the smallest allowable diameter of the solid shaft ABCD, knowing 
that r aI1 = 60 MPa and that the radius of disk B is r = 80 mm. 
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PROBLEM 8.16 

Determine the smallest allowable diameter of the solid shaft ABCD , knowing 
that r aI1 = 60 MPa and that the radius of disk B is r = 120 mm. 
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PROBLEM 8.17 

Using the notation of Sec. 8.2 and neglecting the effect of shearing stresses caused by transverse loads, show 
that the maximum normal stress in a circular shaft can be expressed as follows: 


J 


(. M) + M _:) 1/2 + (m; + Ml + r 2 )' /2 


SOLUTION 

Maximum bending stress: 

Maximum torsional stress: 


Using Mohr’s circle, 


cr,„ = 


\M\c 


M 2 y + M 2 z c 


Uh 

?jn 
2 


Tc_ 

J 

4 Ml+M 2 z c 
21 


fit 


+ Mi 


R = 


+ rl = J-^r(M 2 + Mr) + T C 


J A 


r 


,Jm 2 + Ml + T 2 


Cmax = ^T + R = 


j y ++ jy+Mi+r 2 


(m 2 + Mif + ( m 2 + Ml + r 2 ) 1/2 


t 


i 




jsr« 
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SOLUTION 


IM r = 0: 60xl(T 3 g-(90xl(r 3 )(4xl0 3 ) = 0 
g = 6xl0 3 N = 6kN 


Bending moment and torque diagrams . 


In xy plane: 

Wmax=315N-m 

atC. 

In yz plane: 

= 412.5 N-m 

at B. 

About z axis: 

T m ax=360 N-m 

between B and C. 
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PROBLEM 8.18 (Continued) 


At B. 


M, = 


r 100 ^ 


Vl80y 


(315) = 175 N-m 


AtC, 


^j.M 2 +M 2 +T 2 = Vl75 2 + 412.5 2 +360 2 = 574.79 N • 


M x = | ^ |(412.5) = 262.5 N-m 


m 


Jm 2 +m 2 + 


Largest value is 574.79 N • m. 


T 2 = V315 2 +262.5 2 +360 2 = 545.65 N • 
\)m x +M 2 +T 2 c 


m 


max, 

nax 

J max 
c 


J 


Jm 2 +m 2 + t 2 


574.79 


L nax 60x10° 

= 9.5798 xlO~ 6 m 3 = 9.5798 x 10 3 mm 

L 4 -. 4 ) 


K 

J _ 2 


3 

2 C ° 


( 43 




4 

1 c i 

_ n 3 
2 C ° 

>- 


1 — T 
c 

k 2) 


\ O J 






= 1.47262c 3 

1.47262c 3 = 9.5798 x 10 3 c 0 =18.67 mm 
d n = 2 c„ 


0 0 


d n = 37.3 mm -4 
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PROBLEM 8.19 

The vertical force Pi and the horizontal force P 2 are applied as shown 
to disks welded to the solid shaft AD. Knowing that the diameter of the 
shaft is 1.75 in. and that r all = 8 ksi, determine the largest permissible 
magnitude of the force Pi. 
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PROBLEM 8.21 

It was stated in Sec. 8.2 that the shearing stresses produced in a shaft by the 
transverse loads are usually much smaller than those produced by the torques. In 
the preceding problems, their effect was ignored and it was assumed that the 
maximum shearing stress in a given section occurred at point H (Fig. P8.21a) and 
was equal to the expression obtained in Eq. (8.5), namely, 

t h =jsJm 2 +t 2 



Show that the maximum shearing stress at point K (Fig. P8.21 b), where the effect 
of the shear Vis greatest, can be expressed as 


t k =jJ(Mcos/3) 2 + 


-cV + T 
v3 


where ft is the angle between the vectors V and M. It is clear that the effect of the 
shear V cannot be ignored when v K > r H . (Hint: Only the component of M along 
V contributes to the shearing stress at K.) 


SOLUTION 


Shearing stress at point K . 

Due to V: For a semicircle, 

For a circle cut across its diameter, 
For a circular section, 


Q = -c 
3 

t = d = 


I = -J 
2 


2c 


VQ (7)(fc 3 ) 2 Vc 2 

It ~ [\J)(2 c) ~ 3 J 


Due to T : 


Tc 

Tx} ’ ~ J 


Since these shearing stresses have the same orientation, 

r 2 


c 

T r „ = — 

J 


xy 


-Vc + T 

v3 
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PROBLEM 8.21 (Continued) 


Bending stress at point AT: 


cr, =■ 


Mu 2 Mu 


I J 

Where u is the distance between point K and the neutral axis, 


Using Mohr’s circle, 


u = c sin a = csm 
2Mccos (5 


71 


--p\ = ccos,p 


cr, = 


J 


( „ X 


T K - R- ‘ 


V 2 j 


+ r 


xy 


= J J(M cos P) + 


-Vc + T 
v3 j 
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PROBLEM 8.22 

Assuming that the magnitudes of the forces applied to disks A and C of 
Prob. 8.19 are, respectively, P l = 1080 lb and P 2 = 810 lb, and using 
the expressions given in Prob. 8.21, determine the values r H and r K 
in a section (a) just to the left of B, ( b ) just to the left of C. 
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120 mm 

'"W 



PROBLEM 8.23 

The solid shaft AB rotates at 600 rpm and transmits 
80 kW from the motor M to a machine tool 
connected to gear F. Knowing that r all = 60 MPa, 
determine the smallest permissible diameter of 
shaft AB. 


SOLUTION 




2 p 
to 



/ = _ 600 rpm_ = 1()Hz 


60 sec /min 


T = 


80 x 10 3 


Gear C: 


2nf (2/r)(l 0) 
T 


= 1273.24 N • m 


F c =- 


F c = 


1273.24 = 15 _ 9155x 1Q 3 N 


Gear D: 


f d =- 


80x10 
T 


-3 


f d = 

60x10“ 

Forces in vertical plane : 


1273.24 = 21.221 x 10 3 N 


M Cz = (120 x 10“ 3 )| ^F c | = 1336.90 N • m 


Mdz = ^ Mcz = 572 ' 96N ' m 


Forces in horizontal plane : 


M d v = (120x10“ 3 ) 


120 


^ 1 
vlO 


— F d | = 1782.56 N.m 


M c = - M nv = 763.95 N • m 

cr 280 y 
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PROBLEM 8.23 (Continued) 


At C, 
At D, 


yjMy + Ml + T 2 = 1998.01 N • m 
+ M; + T 2 = 2264.3 N • m 


c 

r all = ~ 


+ M: + T 2 


J _ K 3 _ 
C 2 


+ M: + T 2 


2264-3 = 37.738 xl0- 6 m 3 


‘all 


60 x 10 6 


c = 28.855 x 10“ 3 m d = 2c = 57.7 x 10“ 3 m 


d = 57.7 mm ◄ 
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PROBLEM 8.24 

Solve Prob. 8.23, assuming that shaft rotates at 
720 rpm. 

PROBLEM 8.23 The solid shaft AB rotates at 600 
rpm and transmits 80 kW from the motor M to a 
machine tool connected to gear F. Knowing that 
r aii = MPa, determine the smallest permissible 
diameter of shaft AB. 


SOLUTION 


F t 



11^.3. tf-** 




I lo r » 


/ = 720 ip =[21fc 


60 sec/min 


T = 


80 x 10 3 


lo 't 


Gear C: 


2k f (2 k)(12) 

I 


= 1061.03 N • m 


F C =~ 


Fc = 


1061.03 = 13 .2629 x 10 3 N 


Gear D\ 


f d =- 

r D 


80x10 
T 


-3 


f d = 

60x10 

Forces in vertical plane : 


1061.03 = 17 _ 6838 xl0 3 N 


-3 


M Cz = (120 x 10 -3 ) 


7 


— F r = 1114.08 N • m 
v 10 C 


120 

Mn, =- M C7 = 477.46 N.m 

d. 28Q Cz 


Forces in horizontal plane : 


M Dv = (120 x 10“ 3 )| — F d I = 1485.44 N • m 


l Dy 


10 


120 

M Cv = - M nv = 636.62 N • m 

cv 28Q Dy 
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PROBLEM 8.24 (Continued) 


At C, 
At D, 


■sjMy + M; + T 2 = 1665.01 N • m 


. jM; + M] + T 2 = 1886.87 N • m 


c 

r a „ = y 


yjM* + M: + T 2 


J _ n 3 _ 
c 2 


^M; + M] + T 2 


1886 ' 87 = 31.448 xl0- 6 m 3 


‘all 


60 x 10 6 


c = 27.153 x 10“ 3 m d = 2c = 54.3 x 10 -3 


d = 54.3 mm ◄ 
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8 in. 


6 in. 


PROBLEM 8.25 

The solid shafts ABC and DBF and the gears shown are used to transmit 
20 hp from the motor M to a machine tool connected to shaft DBF. 
Knowing that the motor rotates at 240 rpm and that r all = 7.5 ksi, 
determine the smallest permissible diameter of (a) shaft ABC, ( b ) shaft 
DBF. 


SOLUTION 


20 hp = ( 20)(66 00 ) = 132 x 10 3 in. • lb/s 

240 rpm = = 4 Hz 

60 


(a) Shaft ABC : 


Gear C: 


Bending moment at B : 


(, b ) Shaft DBF : 

Bending moment at E : 


T = 


P 132 x 10 J 


2;rf (2zr )(4) 


= 5252 lb ■ in. 


T 5252 

F cd = - = — = 875.4 lb 
r c 6 


M b = (8)(875.4) = 7003 lb-in. 


L all 


= j^M 2 +T 2 


Jm 2 + T 2 _ V(5252) 2 +(7003) 2 


J _ Tt 3 _ 
c 2 r all 7500 

c = 0.9057 in. d = 2c 

T = r D F CD = (3.5)(875.4) = 3064 lb • in. 

M e =(4)(875.4) = 3502 lb-in. 


= 1.1671 in 

d = 1.811 in. ◄ 


‘'all 


= -Vm 2 +t 2 

J 


J _ K 3 _ 

7“T C 


Vm 2 +J 2 _VC3502) 2 + (3064) 2 


‘all 


7500 


c = 0.7337 in. d = 2c 


= 0.6204 in J 

d =1.467 in. A 
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8 in. 


6 in. 


PROBLEM 8.26 

Solve Prob. 8.25, assuming that the motor rotates at 360 rpm. 

PROBLEM 8.25 The solid shafts ABC and DEF and the gears shown are 
used to transmit 20 hp from the motor M to a machine tool connected to 
shaft DEF. Knowing that the motor rotates at 240 rpm and that 
r all = 7.5 ksi, determine the smallest permissible diameter of (a) shaft 
ABC, (b) shaft DEF. 


SOLUTION 

20 hp = (20)(6600) = 132 x 10 3 in. • lb/s 
360 

360 rpm =-= 6 Hz 

60 

p 132xl0 3 

(a) Shaft ABC: T = -=-= 3501 lb in. 

2k f (2>r)(6) 

T 3501 

Gear C : F CD = — = = 583.6 lb 

r c 6 

Bending moment at B : M B = (8)(583.6) = 4669 lb -in. 

Gn =jJm 2 +T 2 

J k 3 Vm 2 +J 2 V4669 2 +3501 2 n nnon£ . 3 

— = —c =-=-= 0.77806 m 

c 2 r a |, 7500 

c = 0.791 in. d = 2c d = 1.582 in. -4 


(b) Shaft DEF : T = r D F CD = (3.5)(583.6) = 2043 lb • in. 

Bending moment at E : M E = (4)(583.6) = 2334 lb • in. 


r all ~ 


jJm 2 + t 2 


J__k_ 3 Vm 2 +T 2 -y/2334 2 + 2043 3 
c 2 r all 7500 

c = 0.6410 in. d = 2c 


= 0.41362 in 3 


d =1.282 in. ◄ 
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100 mm 


90 mm 


PROBLEM 8.27 

The solid shaft ABC and the gears shown are used to transmit 10 kW 
from the motor M to a machine tool connected to gear D. Knowing 
that the motor rotates at 240 rpm and that r all = 60 MPa, determine 
the smallest permissible diameter of shaft ABC. 
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PROBLEM 8.28 

Assuming that shaft ABC of Prob. 8.27 is hollow and has an outer 
diameter of 50 mm, determine the largest permissible inner diameter 
of the shaft. 

PROBLEM 8.27 The solid shaft ABC and the gears shown are used 
to transmit 10 kW from the motor M to a machine tool connected to 
gear D. Knowing that the motor rotates at 240 rpm and that 
r a n = 60 MPa, determine the smallest permissible diameter of 
shaft ABC. 
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PROBLEM 8.29 

The solid shaft AE rotates at 600 rpm and 
transmits 60 hp from the motor M to 
machine tools connected to gears G and H. 
Knowing that r all = 8 ksi and that 40 hp is 
taken off at gear G and 20 hp is taken off at 
gear H, detennine the smallest permissible 
diameter of shaft AE. 


SOLUTION 


60 hp = (60)(6600) = 396 x 10 J in. • lb/ sec 

/= 6 °° rpm -10 Hz 
60 sec/min 


Torque on gear B: 


t b 


P 

2 nf 


396xlQ 3 
2 >r(10) 


= 6302.5 lb • in. 


Torques on gears C and D: 

T r =—T r =4201.7 lb -in. 
c 60 B 

T d =—T b =2100.8 lb-in. 


Shaft torques: 


Gear forces: 


AB: 

Tab 

= 0 

BC: 

T B c 

= 6302.5 lb • in. 

CD: 

Tcd 

= 2100.8 lb in. 

DE: 

Tde 

= 0 


F -V 

r B ~ 

r B 

F 

r c - 

r 


c 

f -Til 

n — 


6302.5 

3 

4201.7 

4 

2100.8 
4 


= 2100.8 lb 
= 1050.4 lb 
= 525.2 lb 
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PROBLEM 8.30 

Solve Prob. 8.29, assuming that 30 hp is 
taken off at gear G and 30 hp is taken off at 
gear H. 

PROBLEM 8.29 The solid shaft AE rotates 
at 600 rpm and transmits 60 hp from the 
motor M to machine tools connected to gears 
G and H. Knowing that r aU = 8 ksi and that 
40 hp is taken off at gear G and 20 hp is 
taken off at gear H, determine the smallest 
permissible diameter of shaft AE. 


SOLUTION 


60 hp = (60X6600) 

= 396 x 10 J in. • lb/sec 
/= _ 600 rpm_ = 10H2 
60 sec/min 


Torque on gear B: 


t b =- 


396xlO J 


2nf 2^(10) 
Torques on gears C and D: 

T r =— T„ =3151.3 lb-in. 
60 

T n = —T B =3151.3 lb-in. 
60 

Shaft torques: 


= 6302.5 lb • in. 


AB: 

Tab 

= 0 

BC: 

Tfic 

= 6302.5 lb in. 

CD: 

Tcd 

= 3151.3 lb-in. 

DE: 

Tde 

= 0 
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SOLUTION 

Let p be the slope angle of line AB. 

tan P = — 

12 


P = 26.565 c 


Draw a free body sketch of the portion of the machine element lying above section abc . 

P = -(1.2)sin/? = -0.53666 kips 
V = 1.2 cos/? = 1.07331 kips 
M = (1.8)(1.2cos/?) = 1.93196 kip • in. 

A = (1.0) 2 = 1.0 in 2 


Section properties: 


/ = -f(1.0)(1.0) 3 = 0.083333 in 4 


(a) Point a: 


c = 0.5 in. 

P Mx 
~ A / 


-0.53666 (1.93196)(—0.5) 


1.0 


0.083333 


(. b ) Point b\ 


P -0.53666 


cr = 


A 1.0 
Q = (0.5)(1.0)(0.25) = 0.125 in 3 
VQ (1.07331)(0.125) 


r = 


It (0.083333)(1.0) 


P Mx -0.53660 (1.93196)(0.5) 

(c) Point c: a = -=- 

A I 1.0 0.083333 



a = 11.06 ksi A 
T = 0 ◄ 

cr = -0.537 ksi ◄ 

r = 1.610 ksi A 

a = -12.13 ksi A 
t = 0 ◄ 
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SOLUTION 


Let P be the slope angle of line AB. 


tan P = — p = 26.535° 
12 


Draw a free body sketch of the portion of the machine element lying to the right of section def . 

P = -(1.2) cos P 
= -1.07331 kips 
V = 1.2 sin/? = 0.53666 kips 
M = (3.5)(1.2sin p) = 1.87831 kip • in. 

A = (1.0) 2 = 1.0 in 2 


Section properties: 




/ = _L(i.O)(l.O) 3 = 0.083333 in 4 


N/|<-3.S _*j 


/.2 V-'f* 


(a) Point d\ 


c = 0.5 in. 

_ P My _ -1.07331 (1.87831)(0.5) 

~ A / 1.0 0.083333 


(b) Point e: 


(c) Point f 


P -1.07331 
a = — =- 

A 1.0 

Q = (0.5)(1.0)(0.25) = 0.125 in 3 

_ VQ _ (0.53666X0.125) 
f “ It (0.083333)(1.0) 

P My -1.07331 (1.87831)(-0.5) 

a ~ A I 1.0 0.083333 


(j = -12.34 ksi ◄ 
r = 0 ◄ 

a = -1.073 ksi ◄ 

t = 0.805 ksi ◄ 

a = 10.20 ksi M 
t = 0 ◄ 
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PROBLEM 8.33 

The cantilever beam AB has a rectangular cross section of 150 x 200 mm. 
Knowing that the tension in the cable BD is 10.4 lcN and neglecting the 
weight of the beam, determine the normal and shearing stresses at the 
three points indicated. 


SOLUTION 


DB = Vo.75 2 + 1 . 8 2 

= 1.95 m 


Vertical component of T DB : 


" 0 . 75 ^1 

1 1.95 J 


(10.4) = 4kN 


Horizontal components of T DB : 


1.8 

1.95 


(10.4) = 9.6 kN 


i 

/ 


i 

• 


t 

/ 

Uo. G-* 

1 \ 

0*4 — 

j 



V 


At section containing points a, b , and c, 


P = -9.6 kN V = 14 - 4 = 10 kN 

M = (1.5)(4) - (0.6)(14) = -2.4 kN • m 


Section properties: 

A = (0.150)(0.200) = 0.030 m 2 
/ = ^-(0.150)(0.200) 3 = 100 x 10“ 6 m 2 
c = 0.100 m 



<?.c kv 


At point a. 


P Me 9.6 x 10 3 | (2.4 x 10 3 )(0.100) . Qg ^ 

A / 0.030 100 xlO -6 


<j x = 2.08 MPa ◄ 


At point b. 


P + Me = 9.6 xlO 3 _ (2.4 x 10 3 )(0.100) = _ 2 ^ Mpa 

A / 0.030 100 xlO -6 


^ = 0 ◄ 
cr x = -2.72 MPa ◄ 


T xy = 0 ◄ 
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PROBLEM 8.33 (Continued) 


At point c. 


P 

<7= -= 

A 


9.6 x 10 
0.030 


= -0.320 MPa 



Q = (150)(100)(50) = 750 x 10 3 mm 3 = 750 x 10“ 6 m 3 


r =-Y9- 

19 It 


(10 x 10 3 )(750 x 10~ 6 ) 
(100 x 10 —6 )(0.150) 


= -0.500 MPa 
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PROBLEM 8.35 

Member AB has a uniform rectangular cross section of 10 x 24 mm. For the 
loading shown, determine the normal and shearing stress at (a) point H, 
(b) point K. 


SOLUTION 






+)XM b =0: (120cos30°)^ - (60sin30°)(9) = 0 





R a = 2.598 kN 


\ \ 



+tlF v =0: B v - 9 = 0 B y =9kNl~ 

'LF X = 0: 2.598 -B x =0 B x = 2.598 kN <- 


\ \ B Y 

At the section containing points H and K, 


k 



P = 9 cos 30° + 2.598 sin 30° = 9.093 lcN 




V = 9 sin 30° - 2.598 cos 30° = 2.25 kN 





M = (9x 10 3 )(40x 10~ 3 sin 30°) 

? 




- (2.598 x 10 3 )(40x 10~ 3 cos 30°) 


5k* 



= 90 N • m 

\) 




A = 10x240 = 240 mm 2 = 240 x 10~V 2 

/ = —(10)(24) 3 = 11.52 x 10 3 miu 4 = 11.52x 10 _9 m 4 

12 


\\ 

(a) 

At point H , 

P 9.093 xlO 3 

A~ 240 x 10~ 6 


cr =-37.9 MPa ◄ 



3 V 3 2.25xlO 3 

Txy ~ 2 A ~ 2 240 x 10^ 6 


r = 14.06 MPa ◄ 

(b) 

At point K , 

P Me 





<Tx A I 





9.093 xlO 3 (90)(12x 10~ 3 ) 

240 xlO^ 6 11.52 x 10~ 9 


cr = -131.6 MPa ◄ 





r = 0 4 
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PROBLEM 8.36 

Member AB has a uniform rectangular cross section of 10 x 24 mm. For the 
loading shown, determine the normal and shearing stress at (a) point H , 
( b ) point K. 


SOLUTION 


+)ZM fl = 0: (9)(60sin30°) -1202^ = 0 
R a = 2.25 kN 

T*~T,F X =0: 2.25cos30°-5 x =0 
B x = 1.9486 kN<- 

+tlF v =0: 2.25sin30°-9+ 5 V =0 
B y = 7.875 kN T 


At the section containing points H and K, 

P = 7.875cos30° + 1.9486sin30° = 7.794 kN 
V = 7.875 sin 30° -1.9486 cos30° = 2.25 kN 
M = (7.875 x 10 3 )(40 x 1(T 3 sin30°) 

- (1.9486 x 10 3 )(40 x 10^ 3 cos30°) 

= 90 N • m 

A = 10 x 24 = 240 mm 2 = 240 x 10~ 6 m 2 


(a) At point H , 


(b) At point K . 


/ = -L(10)(24) 3 =11.52xl0 3 mm 4 =11.52xl0" 9 m 4 

P _ 7.794xlO 3 
A~ 240 x 10^ 6 

_ 3 V _ 3 2.25xlO 3 
^ 2 A 2 240x10“® 

P Me _ 7.794xlO 3 (90)(12x 1Q~ 3 ) 

x ~ A I 240 x 10“ 6 11.52x10“® 



P 



a x = -32.5 MPa ◄ 
T = 14.06 MPa ◄ 

\y 


a x = -126.2 MPa ◄ 


r ,v = 0 < 
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9 kip • in. 



PROBLEM 8.37 

A 1.5-kip force and a 9-kip • in. couple are applied at the top of the 2.5-in.- 
diameter cast-iron post shown. Determine the normal and shearing stresses at 
(a) point H, ( b ) point K. 


SOLUTION 

Diameter = 2.5 in. 

At the section containing points H and K, 


For a semicircle . 

(a) At point H . 

( b ) At point A . 


P = 0 V = 1.5 kips 

T = 9 kip • in. M = (1.5)(9) = 13.5 kip • in. 

d = 2.5 in. c = — d = 1.25 in. 

2 

A = nc 1 = 4.909 in 2 / =-c 4 = 1.9175 in 4 / = 2/= 3.835 in 4 


Q = —c 3 = 1.3021 in 3 
3 


a H =0 


Z H = — + YQ. = (9)(1 - 25) + ( 1 - 5 )(1-3021) = 2 934 + 0.407 = 3.34 ksi t h = 3.34 ksi 


J It 3.835 (1.9175)(2.5) 

Me _ (13.5X1.25) 


Tr =- 


/ 1.9175 

Tc (9)(1.25) 


= -8.80 ksi 


J 3.835 


= 2.93 ksi 


a K = - 8.80 ksi 


t k = 2.93 ksi 


◄ 

◄ 

◄ 

◄ 
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PROBLEM 8.38 

Two forces are applied to the pipe AB as shown. Knowing that 
the pipe has inner and outer diameters equal to 35 and 42 mm, 
respectively, determine the normal and shearing stresses at 
(a) point a, ( b) point b. 


SOLUTION 


c 0 = = 21 mm > C ' = ~2 = 111111 A = K [^o ~ c ?) = 423.33 

T n I 4 4 \ 

J = j( C o~ C i) 


mm 


= 158.166 x 10 3 mm 4 / = -J = 79.083 x 10 3 mm 4 

2 


For semicircle with semicircular cutout, 

Q = -(c 3 - c 3 ) = 2.6011 x 10 3 mm 3 
At the section containing points a and b, 



(a) 


(b) 


P = -1500 N V_ = -1200 N V x =0 
M z = -(45 x 10“ 3 )(1500) = -67.5 N • m 
M x = -(75 x 10“ 3 )(1200) = -90 N • m 
T = (90 x 10“ 3 )(1200) = 108 N • m 

CT = 

T = 

a = 

t = 


P M x c _ -1500 (—90)(21 x 10~ 3 ) 

A I 423.33 x 10 -6 79.083 x 10 -9 

Tc | V X Q . (108)(21 x IQ- 3 ) | Q 

J It 158.166 xlO -9 

P_ M_£_ _ -1500 (~67.5)(21 xlO~ 3 ) 

A I ~ 423.33 xlO -6 79.083 x 10 -9 

Tc_ \V Z \Q _ (108X21 x 1Q~ 3 ) (1200X2.6011 x 10~ 6 ) 

J It 158.166 xlO -9 (79.083 xlO _9 X7xlO“ 3 ) 


cr = 20.4 MPa ◄ 
t = 14.34 MPa ◄ 
cr = -21.5 MPa ◄ 
t = 19.98 MPa ◄ 
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ib 


ib 


PROBLEM 8.39 

Several forces are applied to the pipe assembly shown. 
Knowing that the pipe has inner and outer diameters 
equal to 1.61 in. and 1.90 in., respectively, determine the 
normal and shearing stresses at (a) point //, (b) point K. 
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PROBLEM 8.40 

The steel pipe AB has a 100-mm outer diameter and an 8-mm wall 
thickness. Knowing that the tension in the cable is 40 kN, determine 
the normal and shearing stresses at point H. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1293 




































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


At the section containing point H, 

P = 12 kips (compression) 

V = 2.5 kips 
T = (2)(2.5) = 5 kip • in. 

M = (8)(2.5) = 20 kip • in. 

d = 1.8 in. c = —d = 0.9 in. 
2 

A = tic 2 = 2.545 in 2 


/ = —c 4 = 0.5153 in 4 
4 

J = 21 = 1.0306 in 4 

For a semicircle, 

Q = -c 3 = 0.486 in 3 
3 

Point H lies on neutral axis of bending. 

P 12 

a\r = — =-= -4.715 ksi 

A 2.545 

r Tc | VQ (5)(0.9) | (2.5X0.486) 

H J It 1.0306 (0.5153)(1.8) 

= 5.676 ksi 
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Use Mohr’s circle. 


PROBLEM 8.41 (Continued) 

•i.VS l«. 



(fl) 


a a ~ a ave + R 


a b ~ ‘Uive ~~ R 


tan 20 = ^ (5 - 676) = 2.408 
p 4.715 


(b) 


Unax R 


a a = 3.79 ksi A 
a b = -8.50 ksi -4 

d a = 33.7° ◄ 

9 h = 123.7° ◄ 
Unax = 6.15 ksi ◄ 
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SOLUTION 

Replace the forces at C and E by an equivalent force-couple system at D. 
F d = 9 - 3 = 6 kN { 

T d =(9 x 10 3 )(120 x 10“ 3 ) + (3 x 10 3 )(120 x 10“ 3 ) = 1440 N • m 
At the section containing point H, 

P = 0 F = 6kN T = 1440 N • m 

M = (6 x 10 3 )(150 x 10“ 3 ) = 900 N • m 



N4o lJ.f» 


Section properties: 


d a = 72 mm c 0 = — d a = 36 mm c i =c a -1 = 31 mm 

A = ;r(c 2 - c 2 ) = 1.0524 x 10 3 mm 2 = 1.0524 x 10“ 3 m 2 
/ = - cf) = 593.84 x 10“ 3 mm 4 = 593.84 x 10“ 9 m 4 

J = 21 = 1.1877 x 10“ 6 m 4 


gkw qooW-1^ 


Q = |(c 3 - c 3 ) = 11.243 x 10 3 mm 3 = 11.243 x 10 _6 m 3 


For half-pipe. 

At point H , point H lies on the neutral axis of bending. 


a H = 0. 


Tc VQ (1440)(36 x 10“ 3 ) (6 x 10 3 )(11.243 x 10“ 6 ) 


T h — -1 

J It 


1.1877 x 10“ 6 


(593.84 xl0“ 9 )(10xl0 3 ) 


= 55.0 MPa 


Use Mohr’s circle. 



o- e = 0 


R = 55.0 MPa 
cr„ = a,. + R 


°b = a c ~ R 

e a = -45°, e b = +45 c 
r =R 

' mn v 1 


(7 a = 55.0 MPa ◄ 
a h = -55.0 MPa ◄ 


W = 55 -° MPa < 
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PROBLEM 8.43 

A 13-kN force is applied as shown to the 60-mm-diameter cast-iron 
post ABD. At point H, determine (a) the principal stresses and 
principal planes, ( b ) the maximum shearing stress. 


SOLUTION 


At point D , 


DE = V125 2 + 300 2 = 325 mm 


F= 0 


f - = _ lf? |(13) = " 12kN 


F- =- 


— 1(13) = -5kN 
v 300. 


Moment of equivalent force-couple system at C, the centroid of the section containing point H\ 

= -1.00/ + 0.757 - 1.8* kN ■ m 
Section properties: 


M = 


i j k 
0.150 0.200 0 
0 


ia kw 


-12 -5 

O.IS m 


I JW 






d = 60 mm c = —d = 30 mm 
2 

A = nc 2 = 2.82 74 x 10 3 mm 2 


/ = —c 4 = 636.17 x 10 3 mm 4 
4 

J = 21 = 1.2723 x 10 6 mm 4 


For a semicircle, 


0 = -c 3 = 18.00 xlO 3 mm 3 
3 
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PROBLEM 8.43 (Continued) 


At point H, 


_ Me = _ 12x103 _ (l.8xlQ3)(30xl0-3) = ^ Mpa 

A I 2.8274 xl0“ 3 636.17 xl0“ 9 

7c TO = (0.75 x 10 3 )(30 x 10~ 3 ) (5 x 10 3 )(18.00 x 10~ 6 ) 

J It 1.2723 xl0“ 6 (636.17 x 10 _9 )(60x10“ 3 ) 



(a) 


tan 20 p 


R 


= -44.565 MPa 

2 


■\j ^ 2 ~] + ^ = 48-863 MPa 


o a = cr ave + R o a = 4.30 MPa 4 

(J h = cr ave - R a b = -93.4 MPa 4 

= 0.4497 

\°h\ 


(b) 


0 a = 12 . 1 °, 0 h = 102 . 1 ° ◄ 
r max = R = 48.9 MPa 4 
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PROBLEM 8.44 

A vertical force P of magnitude 60 lb is applied to the crank at point A. 
Knowing that the shaft BDE has a diameter of 0.75 in., determine the 
principal stresses and the maximum shearing stress at point H located 
at the top of the shaft, 2 in. to the right of support D. 


SOLUTION 



0.7A W.p.; n . 





W 


5.0l 83 
4 

-V 




Force-couple system at the centroid of the section containing 
point H\ 

F x = 0, V y = -0.06 kips, K z = 0 
M z = -(5 - 2 + 1)(0.06) = -0.24 kip • in. 

M = -(8sin60°)(0.06) = -0.41569 kip • in. 


d = 0.75 in. 


c = —d = 0.375 in. 
2 


/ = -c 4 = —(0.375) 4 = 15.5316 x 10“ 3 in 4 
4 4 

J = 21 = 31.063 x 10“ 3 in 4 
At point //, 

M z y (-0.24X0.375) 


a H = — 


15.5316x10 


-3 


= 5.7946 ksi 



% = 7b = (0.41569X0.375) = 5 Q183ksi 


J 


31.063 x 10 
1 


-3 


Use Mohr’s circle. cr ave = —&h = 2.8973 ksi 


R = 


'H 


+ zjj = 5.7946 ksi 


a a ~ ^ave + ^ 


C/. — CT, 


tan2#p = 


ave 

2r 


R 


^max = 8 - 69 ksi < 


cr min = -2.90 ksi A 


H 


J H 


2(5.0183) 

5.7946 


= 1.7321 


= 30.0° 


r = R 

max 


0 b = 120 . 0 ° 


r max = 5 ' 79 ksi < 
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SOLUTION 

Calculate forces and couples at section containing points a, b, and c. 




h = 12 in. 

P = 50 kips V x =6 kips V,=2 kips 
M z = (12 - 2)(6) = 60 kip-in. 

M x = (12)(2) = 24 kip • in. 

Section properties . A = (1,8)(4.8) = 8.64 in 2 

4 = ^(4.8)(1.8 ) 3 = 2.3328 in 4 

/ z = -L(i.8)(4.8 ) 3 =16.5888 in 4 

Stresses . 

a 4 4 ij 
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PROBLEM 8.47 

Three forces are applied to the bar 
shown. Determine the normal and 
shearing stresses at (a) point a, 
(Jb) point b, (c) point c. 


SOLUTION 


A = (60)(32) = 1920 mm 2 
= 1920x l(T 6 m 2 

I z = —(60)(32) 3 = 163.84 xlO 3 mm 4 


= 163.84 xl(T 9 m 4 

I, = ~(32)(60) 3 

= 579 x 10 3 mm 4 
= 576x 10~ 9 m 4 

At the section containing points a, b, and c, 

P = 10 kN 
V y = 750 N, 

V, = 500 N 

M. = (180x10^ 3 )(750) 
= 135 N • m 


ISO h 



Side View 


M v = (220 x 10 _3 )(500) 
= 110 N • m 
T = 0 

P My Mz 

(7 — -h--- 




y* 


- 7 7.0 mm- 


-ys 


f 50o fl 


Top View 
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PROBLEM 8.47 (Continued) 


(a) Point a : 


( b ) Point b : 


(c) Point c : 


V = 16 mm, z = 0, Q = Az= (32)(30)(15) = 14.4 x 10 3 mm 3 


2 

-♦I IS - I*- 

lOxlQ 3 | (135)(16x 10 3 ) 
_ 1920 x 1 0 6 163.84 x 10^ 9 

(500)(14.4x 10~ 6 ) 
r ~ (576x10- 9 )(32x10- 3 ) 



cr = 18.39 MPa ◄ 

r = 0.391 MPa ◄ 


v = 16 mm, z = -15mm, Q = Az = (32)(15)(22.5) = 10.8 x 10 3 mm 3 







1 



-> 



~T 


3* 


\t 


lOxlQ 3 (135)(16x 10 3 ) (110)(-15x 10 3 ) 

~ 1920 xl0~ 6 163.84 x 10~ 9 576 xl0~ 9 

(500)(10.8x 10~ 6 ) 

(576xl0~ 9 )(32xl0~ 3 ) 

y = l6 inm, z = -30 mm, Q = 0 

lOxlQ 3 (135)(16x10 3 ) (110)(—30xIQ" 6 ) 

a ~ 1920xl0~ 6 163.84x 10^ 9 576xl0~ 9 


a = 21.3 MPa ◄ 

r = 0.293 MPa ◄ 

cr = 24.1 MPa ◄ 
r = 0 4 
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SOLUTION 

A = (60)(32) = 1920 mm 2 
= 1920 x 10~ 6 m 2 

I z = ~(60)(32) 3 

= 163.84 xlO 3 mm 4 
= 163.84 xl(T 9 m 4 

I y = ~(32)(60) 3 

= 576 x 10 3 mm 4 
= 576x 10~ 9 m 4 

At the section containing points a, b, and c, 

P = 10kN r = o 
V y = 750 N 
V z = 500 N 

M z = (180x10~ 3 )(750) 

= 135 N-m 

M y = (220 x 10 _3 )(500) 

= 110N • m 

P M 7 y M z 

a = — + ——-— 



% 


\t? ° '■n.y, 


K) 


V- 




Side View 




M < 




-*V 


£ooh> 


Top View 
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PROBLEM 8.48 (Continued) 


(a) Point a : 


(. b ) Point b : 


(c) Point c : 


V = 16 mm, z = 0, Q = Az= (32)(30)(15) = 14.4 x 10 3 mm 3 



lOxlQ 3 (135)(16x 10 3 ) _ 

_ 1920x 1(T 6 163.84 x 10^ 9 

(50Q)(14.4 x 10~ 6 ) 
r ~ (163.84 xl(T 9 )(32xl(r 3 ) 


cr =-7.98 MPa ◄ 

r = 0.391 MPa ◄ 


v = 16mm, z = —15 mm, Q = Az = (32)(15)(22.5) = 10.8 x 10 3 mm 3 



lOxlQ 3 (135)(16x 10 3 ) (110)(— 15x10 3 ) 

~ 1920x 10^ 6 163.84 xl0~ 9 576xl(T 9 

(500)(10.8xlQ~ 6 ) 

(163.84xl0~ 9 )(32xl0~ 9 ) 

y = 16 mm, z = -30 mm, Q = 0 

lOxlQ 3 (135)(16x10 3 ) (110)(—30x 10~ 3 ) 

~~ 1920 xlO -6 163.84 x 10~ 9 576xl0^ 9 


cr = -5.11 MPa ◄ 

r = 0.293 MPa ◄ 

cr =-2.25 MPa ◄ 
r = 0 -4 
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SOLUTION 


Components of 500-lb force: 
(500)(1.75) 


F r = 


6.25 


= 140 lb 


= _ (500X6) = _ 4g0 

y 6.25 

Moment arm of 500-lb force: 

r = 3.25/ + (6 - 1)7 
Moment of 500-lb force: 


M = 


i j k 

3.25 5 0 

140 -480 0 


= -2260A lb • in. 


At the section containing point H, P = -480 lb V x = 140 lb 

V z = -6000 lb, M, = -2260 lb ■ in., M x = -(4)(6000) = -24,000 lb • in. 


A = (1.5)(2.4) = 3.6 in- 


4 = ^(2.4)(1.5 ) 3 = 0.675 in 4 


P M_x 480 (-2260X0.75) .... 

cr H =-1- —= -+ ----- = -2644 psi 

A 4 3.6 0.675 

3 V 3 6000 0 , nn . 

r„ = —- =-= 2500 psi 

2 4 2 3.6 


pi/ 

$=b 


H 


T 


2500 pis/ 
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PROBLEM 8.49 (Continued) 



Use Mohr’s circle. 
2644 


= -1322 psi 


R = 


2644 i ~ 

-| + (2500) 2 = 2828 psi 

V 2 


°a = CT ave + R 


— CU 


R 


tan 2 ^ = 2^ = (2X2500) =L891 


'H\ 


2644 


t = R 

max 


o a = 1506 psi A 
a h = -4150 psi A 

0 a =31.1°, 6 b = 121.1° A 
W = 2830 psi ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1309 













Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


Components of 500-lb force: 

(500)0.75) = 14Qlb 
x 6 25 

(500X6) = _ 48Qlb 
3 6.25 

Moment arm of 500-lb force: 
r = 3.25/ + (6 - 1)7 


M = 


i j k 

3.25 5 0 

140 -480 0 


= -2260 k lb • in. 


At the section containing point//, P = -480 lb V x = 140 lb 

K = -1500 lb, M z = -2260 lb • in., M x = -(4)(1500) = -6000 lb • in. 


A = (1.5)(2.4) = 3.6 in 2 


/ z = ^(2.4)(1.5) 3 = 0.675 in 4 


P M 7 x 

— + — z— 

A L 

3 V. 3 1500 

t h = —- =- 

2 A 2 3.6 


480 (-2260X0.75) . 

-+ ----- = -2644 psi 

3.6 0.675 


= 625 psi 


ZM p*i 


H 


GZS pit 
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PROBLEM 8.50 (Continued) 



Use Mohr’s circle. 


CT ave = \° H = -1322 psi 


R = 


2644 


+ (625)“ = 1462.30 psi 


a a ~ ^ave + R 


a b ~ a ave R 


tan 26 p = = {2){625) = 0.4728 


’H\ 


2644 


<j a = 140.3 psi -4 
cr b = -2780 psi A 


^"max R 


e a = 12.6° e b = 102.6° ◄ 

r max = 1462 P si < 
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X 


PROBLEM 8.51 

Three forces are applied to the machine component ABD 
as shown. Knowing that the cross section containing 
point H is a 20 x 40-mm rectangle, determine the 
principal stresses and the maximum shearing stress at 
point H. 
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PROBLEM 8.51 (Continued) 


Use Mohr’s circle. 


R 


1 

= — cr„ 

2 H 

= 12.1875 MPa 

-|¥T 

= 13.0579 MPa 


+ (4.6875) 


2 



?1.37«T 


t 



G a ^ave ^ 


G b ~ a avQ & 


tm2B p = = 0 .3 8 46 


'H 


24.375 
e a = io.5°, e h = ioo. 5 c 
_ 


<j a = 25.2 MPa ◄ 
(j h = -0.87 MPa ◄ 


r max = 13.06 MPa A 
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x 


PROBLEM 8.52 

Solve Prob. 8.51, assuming that the magnitude of the 
2.5-kN force is increased to 10 kN. 

PROBLEM 8.51 Three forces are applied to the 
machine component ABD as shown. Knowing that the 
cross section containing point H is a 20 x 40-mm 
rectangle, determine the principal stresses and the 
maximum shearing stress at point H. 


SOLUTION 


Equivalent force-couple system at section containing point H: 
F=- 3kN, F = - 0.5kN, F_ = -10kN 


M = 0, M = (0.150)(10,000) = 1500 N • m 


o.s lew 


M z =-(0.150)(500) = -75 N • m 
A = (20)(40) = 800 mm 2 = 800 x 10“ 6 m 2 


10 kW 



3 lew 


I5oo W'M 


i 


7 Z =^-(40)(20) J = 26.667 x 10° min 4 = 26.667 x 10“ 9 m 4 



P M : y 


-3000 


a H = - 


L 


t h ~ 


3 K 


800 x 10 
10,000 


,-6 


2 A 2 800 xlO -6 
a c =jtr H = 12.1875 MPa 


(-75X10 x!0~ 3 ) 
26.667 x 10 -9 

= 18.75 MPa 


= 24.375 MPa 


R = , 


24.375 


+ (18.75) 2 = 22.363 MPa 


<T„ =(7„ + R 


a b =<y c - R 


a= 34.6 MPa ◄ 


cr,=-10.18 MPa ◄ 


P-hL - = 1-5385 


'H 


24.375 


4 = 28 . 5 °, 4 = 118 . 5 ° 


Tnax ^ 


Tnax = 22A MPa < 
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SOLUTION 


Equivalent force-couple system at section containing points a and b\ 


For point a. 


For point b. 


F x = 9kN, F y = -13 kN, F z = 0 
M x = (0.400)(13 x 10 3 ) = 5200 N • m 
M v = (0.400)(9 x 10 3 ) = 3600 N • m 
M z = 0 

A = (2X150X13) + (13X75 - 26) 

= 4537 mm 2 


= 4537 x 10~ 6 m 2 


/ =2 


^-(150X13) 3 + (150X13X37.5 - 6.5) 2 


+ -1(13X75 -26) 3 


= 3.9303 xl0 6 mm 4 
= 3.9303 xl0~ 6 m 4 


/ v = 2-^(13X150) 3 +-1(75-26X13) 3 
= 7.3215 xlO 6 mm 4 =7.3215 xl0~ 6 mm 4 


Q X = 0, Qy= 0 


A* =(60X13) = 780 mm 2 
x = -45 mm y = 31 mm 
Q x =A*y = 24.18xlO 3 mm 3 = 24.18x 10^ 6 m 3 
Q y = A*x = -35.1 x 10 -3 mm 3 = -35.1 x 10 -6 m 3 


A 


♦ » hJ 

1 | 

31 

<< 

i i i J 

} 



l— 

'1 

-> 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1315 

































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 8.53 (Continued) 



1— 


1 


1 



1 


1 f- 


—* 1 


At point a , 


Direction of shearing stress for horizontal and for vertical components of shear: 


cr = - 


M x y M x 


I, 




At point b , 


(5200)(37.5 x IQ- 3 ) (3600)(-75 x 10~ 3 ) 

3.9303 x 10^ 6 7.3215 x 10^ 6 


cr = 86.5 MPa ◄ 
t = 0 -4 


cr = 


M x y 

4 


MyX 


(5200X37.5xIQ- 3 ) (3600)(-l5x 10 3 ) 

3.9303 x 10^ 6 7.3215 x 10^ 6 


ex = 57.0 MPa ◄ 


I4I|0,| I4U0J 

T = -— + —-- 

lyt IJ 

( 9 x 10 3 )( 35 . 1 x 10 ~ 6 ) (13 x 10 3 )( 24.18 x 10~ 6 ) 

~ (7.3215xlO~ 6 X13xlO~ 3 ) (3.9303x 10“ 6 X13x 10~ 3 ) 

= 3.32 MPa+ 6.15 MPa r = 9.47 MPa ◄ 
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SOLUTION 


Equivalent force-couple system at section containing points d and e. 


F x = 9kN, F y =- 13 kN, F z = 0 
M x = (0.400)(13 x 10 3 ) = 5200 N • m 
M y = (0.400)(9 x 10 3 ) = 3 6 00 N • m 
M : = 0 

A = (2)(150)(13) + (13)(75 — 26) 

= 4537 mm 2 
= 4537 x l(T 6 m 2 


I =2 


—(150)(13) 3 + (150X13X37.5 - 6.5) 2 


+ —(13)(75-26) 3 


= 3.9303 xlO 6 mm 4 
= 3.9303 xl0~ 6 m 4 


I =2 


^(13)(150) 3 


+ _L(75-26X13) 3 


= 7.3215 x 10 6 mm 4 = 7.3215x 10~ 6 m 4 


For point d, 

A* = (60)(13) = 780 mm 2 
x = 45 mm y = 31 mm 
Q x = A*y = 24.18 x 10 3 mm 3 = 24.18 x 10~ 6 m 3 
Q y = A*x = 35.1 x 10 3 mm 3 = 35.1 x 10 -6 m 3 

For point e, Q x = 0, Q v =0 


V 

A 

* j. 

I 




31 



~T 

1 


i 

1 

95 
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PROBLEM 8.54 (Continued) 


At point d . 


Due to V x : 


a = 


M x y M y x 


(5200)(37.5 x 10“ 3 ) (3600)(15 x 10“ 3 ) 


3.9303 x 10“ 


7.3215x10“ 


T = - 


KWQy 

IJ 


(9000X35-1X IQ" 6 ) 

~ (7.3215 x 10 6 )(13x 10 3 ) 
= 3.32 MPa —» 


Due to V y \ 



,.gl. (13.000)(24.1 8 xl0-‘) =615Mpa 
Ij (3.9303 x10“ 6 )(13x10“ 3 ) 


1 —* — 

-fc- ] 





( 

—»■ —» 1 


cr = 42.2 MPa ◄ 


By superposition, the net value is r = 2.83 MPa 4 

At point g . 

_ M x y M y x _ (5200)(37.5xlQ~ 3 ) (3600)(75x 10“ 3 ) 

4 I y ~ 3.9303 x 10“ 6 7.3215 x 10“ 6 

cr = 12.74 MPa ◄ 
t = 0 4 
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W310 X 60 


PROBLEM 8.55 

Two forces Pi and P 2 are applied as shown in directions 
perpendicular to the longitudinal axis of a W310 x 60 beam. 
Knowing that Pj = 25 lcN and P, = 24 lcN, determine the 
principal stresses and the maximum shearing stress at point a. 


SOLUTION 

At the section containing points a and b, 

M x = (1.8X25) = 45 kN • m 
M y = —(1.2)(24) = -28.8 kN • m 
V Y = -24 kN 


V y = -25 kN 


For W310 x 60 rolled-steel section. 


d = 302 mm, bf = 203 mm, t f = 13.1 mm, t w = 7.49 mm 


/ 


-6 4 


I x = 128 x 10° mm 4 = 128 x 10'° m 4 , I v = 18.4 x 10° mm 4 = 18.4 x 10“° m 


Normal stress at point a: 


x = —— + 75 = -26.5 mm 


v = — d = 151 mm 
2 


cr, = 


M x y M y x (45 x 10 3 )(151 x 10 -3 ) (-28.8 x 10 3 )(-26.5 x 10“ 3 ) 





128x10 


-6 


18.4 xl0“ 6 


= 53.086 MPa - 41.478 MPa = 11.608 MPa 
Shearing stress at point a: 

V r A*x V y A*y 


= -- 


V/ 


Ix ( f 




tv, * 1 

a cfer 


■v. 




r„ = 


A* = (75 x 10“ 3 )(13.1 x 10“ 3 ) = 982.5 x 10“ 6 m 2 
b f 75 

x = —— H-= -64 mm 


“ ' 1 3 y = — —— = 144.45 mm 

2 2 

(-24 x 10 3 )(982.5 x 10 _6 )(-64 x 10 -3 ) (-25 x 10 3 )(982.5 x 10“ 6 )(144.45 x 10“ 3 ) 


(18.4 x 10 _6 )(13.1 x 10 -3 ) 


(128 x 10 _6 )(13.1 x 10“ 3 ) 


= -6.2609 MPa + 2.1160 MPa = -4.1449 MPa 
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PROBLEM 8.55 (Continued) 


11.608 

cr„„ = -= 5.804 MPa 


u.kce 


4.J<W 


R = J | 11,608 | + (4.1449) 2 = 7.1321 MPa 


^max ^ave ^ 


^min ^ave ^ 


a max = 12.94 MPa ◄ 
= -1.328 MPa A 


t = R 

max 


^max =7.13 MPa ◄ 
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PROBLEM 8.56 (Continued) 





48.480 




^"ave — 

= 24.240 MPa 




iD.cita 

1 










L 

II 

1 

1 

i 

' + (10.0169) 2 - 26.228 MPa 


2 — 


< - 


l 2 J 




^max - ° 

4- R 

ave ' /Y 

cr ma x = 1-988 MPa A 



a mm = ° 

— R 

ave /v 

a mm = -50.5 MPa A 



T = R 

max 


^max =26.2 MPa ◄ 
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SOLUTION 

Calculate forces and couples at section containing point of interest. 



M x = —(20)(5) - (4.03)(20) = -180.6 kip • in. 

M y = -(20 + 4X3.2) = -76.8 kip • in. 

Section properties: 

A = 8.24 in 4 d = 8.06 in. bf = 6.54 in. tj- = 0.465 in. 
t w = 0.285 in. I x = 98.0 in 4 I y = 21.7 in 4 

Point a: x„ = - + 3 = -0.27 in. v. = - = -4.03 in. 

2 2 

- p | M ,y a M y x ° 

a A I x I y 

20 (-180.6X-4.03) _ (-76.8X-0.27) 

8.24 + 98.0 21.7 

= - 2.4272 + 7.4267 - 0.95558 = 4.0439 ksi 
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PROBLEM 8.57 (Continued) 


Shearing stress at point a due to V x : 


— 


2±_±J 1_ 

~zz: 








'Vy 



1 777t 

—1 


. 

a 

a 


A = (3)(0.465) = 1.395 in 2 
6.54 3 

x =-1— = -1.77 in. 

2 2 

Q = -Ax = 2.4692 in 3 
V X Q (-3.2X2.4692) 


= 


V 


(21.7X0.465) 


= -0.78306 ksi 


Shearing stress at point a due to V y : 


n 


1- 

- 9 

^ZZZZ 


A = (3)(0.465) = 1.395 in 
8.06 0.465 


y = 


= -3.7975 in. 


Q = -Ay = 5.2975 in 3 
V y Q (5)(5.2975) 


= 


I x t (98.0X0.465) 


= 0.58125 ksi 


Combined shearing stress: 


14.0439 


v a = -0.78306 + 0.58125 = 0.20181 ksi 
4.0439 + 0 


= 2.0220 ksi 


R = 


4.0439 0i + ( 0 20181) 2 = 2.0320 ksi 
v 2 


0 .20181 ksi 


^"max ^"ave ^ 


R 


Cnax ^ 


Cmax = 4 -05 ksi ◄ 


cr min =-0.010 ksi ◄ 


r max = 2.03 ksi ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1324 






























































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


Calculate forces and couples at section containing point of interest. 




/’ = 20kips V x = -3.2 kips V y = 5 kips 
M x = —( 20 )( 5 ) - (4.03X20) = -180.6 kip • in. 

M y = -(20 + 4)(3.2) = -76.8 kip • in. 

Section properties: 

A = 8.24 in 4 d = 8.06 in. bj- = 6.54 in. tj = 0.465 in. 
t w = 0.285 in. I x = 98.0 in 4 I y = 21.7 in 4 


Point b\ 


Vb = 0 


x b = 0 


_ P , M *y b . M y x b 
b ~~A ~ ~ 


20 

8.24 


>’ 


+ 0 + 0 = -2.4272 ksi 
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PROBLEM 8.58 (Continued) 


Shearing stress at point b due to V x : 



Shearing stress at point b due to V v : 





x4(in 2 ) 

k(in-) 

Ay( in 3 ) 

© 

3.0411 

3.7975 

11.5486 

© 

1.01603 

1.7825 

1.81107 

z 



13.3597 



2 All 2 k*I 


Q = ^Ay = 13.3597 in 2 


2.2>°)\(o 


Tu = 


V y Q _ (5)(13.3597) 


Iju 


(98.0)(0.285) 


= 2.3916 ksi 


-2.4272 + 0 

(7„ rr = -= -1.2136 ksi 


R = 


-2.4272 - 0 


+ (2.3916)^ 


= 2.6819 ksi 


©nax ^ave ^ 


^min ^ave ^ 


Fnax ^ 


1.468 ksi 
-3.90 ksi 
= 2.68 ksi 


◄ 

◄ 

◄ 
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PROBLEM 8.59 

A force P is applied to a cantilever beam by means of a cable attached to a 
bolt located at the center of the free end of the beam. Knowing that P acts in a 
direction perpendicular to the longitudinal axis of the beam, determine (a) the 
normal stress at point a in terms of P, b, h, I, and J3, ( b) the values of /? for 
which the nonnal stress at a is zero. 


SOLUTION 


4 

a 


P 

M 

M x 


—bh 3 I = —hb 3 
12 y 12 

M x (h/ 2) M y (b/2) 

4 4 

6 M x 6 M y 
bh 2 hb 2 

/’sin pi- Pcos p j r = Ik 
r x P = l k x (P sin pi - Pcos P j ) 
PI cos pi + PI sin P j 
PI cos P M v = PI sin P 


(a) 

(b) 


a = 


6 PI cos P 6 P/sin p _ 6 PI 


a = 0 


bh hb 1 

cos P sin P 


bh 


cos P sin P 


= 0 tan p = 





◄ 


P = tan 


r 
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PROBLEM 8.60 

A vertical force P is applied at the center of the free end of cantilever 
beam AB. (a) If the beam is installed with the web vertical ([3 = 0) and 
with its longitudinal axis AB horizontal, determine the magnitude of the 
force P for which the normal stress at point a is +120 MPa. 
(b) Solve part a, assuming that the beam is installed with f5 = 3°. 


SOLUTION 


For W250 x 44.8 rolled-steel section, 

= 531 x 10 3 mm 3 = 531 x 10 -6 m 3 
S y = 94.2 x 10 3 mm 3 = 94.2 x 10 -6 m 3 


At the section containing point a, 

y 



M x = PI cos p, M y = PI sin p 
V 1 Stress at a: 


M M pi cos P PI sin P 

a = —- + —^ =-— +-— 


Allowable load. 


(a) p = 0: 


c b ) p = y 


p - 

all_ I 


cos P sin p 


-l 


^all = 


120x10 


6 r 


^all = 


1.25 


120 xlO 6 


1 


-i-i 


531 x 10 


,-6 


+ 0 


= 51.0 X 10 J N 


1.25 


-l 


= 39.4 x 10 3 N 


P M = 51.0 kN ◄ 


P M = 39.4 kN ◄ 
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PROBLEM 8.61* 

A 5-kN force P is applied to a wire that is wrapped around bar AB as shown. 
Knowing that the cross section of the bar is a square of side d = 40 mm, 
determine the principal stresses and the maximum shearing stress at point a. 


SOLUTION 

Bending : Point a lies on the neutral axis. 


Torsion : 

and 

Since 

Transverse shear: 


By superposition, 


cr = 0 


T = 


where a = b = d 


c x ab 

q = 0.208 for a square section. 
m Pd 


2 

’ T 0.416c/ 2 

P 

/ = — d 4 

12 

-d 2 

2 

y = —d Q = 

4 

d 


VQ_ 

It 

1.5 4 

d 2 


P P 

= 2.404— 


Tv — 


T = T t + Ty = 3.904^r- 
d 2 


r = 


(3.904)(5 x IQ 3 ) 
(40 x 10 -3 ) 2 


= 12.2 x 10° Pa = 12.2 MPa 


By Mohr’s circle, 



L- 4-1 



U.ZHP* 


CT max = 12 ' 2 MPa 


o-min = -12- 2 MPa 


W = 12 - 2 MPa 


◄ 

◄ 

◄ 
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PROBLEM 8.62* 

Knowing that the structural tube shown has a uniform wall thickness of 
0.3 in., determine the principal stresses, principal planes, and maximum 
shearing stress at (a) point H, ( b ) point K. 


SOLUTION 


At the section containing points H and K, 

V = 9 kips M = (9)(10) = 90 kip • in. 
T = (9X3 - 0.15) = 25.65 kip • in. 


Torsion: 


si = (5.7)(3.7) = 21.09 in 2 
_ J_ _ 25.65 

T ~ ltd ~ (2)(0.3)(21.09) 


2.027 ksi 


Transverse shear: 


Bending : 


Qh= o 

Qk = (3X2X1) - (2.7X1.7)(0.85) = 2.0985 in 3 


/ = — (6)(4) 3 - — (5.4X3.4) 3 = 14.3132 in 4 
12 12 


t h ~ 0 


2V — 


VQk 


(9X2.0985) 


It (14.3132)(0.3) 


= 4.398 ksi 









^ = m = 12.576 ksi, 
/ 14.3132 


cr K = 0 
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PROBLEM 8.63* 

The structural tube shown has a uniform wall thickness of 0.3 in. 
Knowing that the 15-kip load is applied 0.15 in. above the base of the 
tube, determine the shearing stress at (a) point a, ( b) point b. 
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PROBLEM 8.63* (Continued) 


Shearing stresses due to V x : 
At point a, 




Part 

^(in 2 ) 

jc (in.) 

Ac (in 3 ) 

© 

0.45 

-0.75 

-0.3375 

© 

1.02 

-1.35 

-1.377 

© 

0.45 

-0.75 

-0.3375 

E 



-2.052 


Q = \ZAx\ = 2.052 in 3 
t = (2)(0.3) = 0.6 in. 



~(4)(3) 3 - ^(3.4)(2.4) 3 = 5.0832 
V X Q _ (15X2.052) 


IJ (5.0832)(0.6) 


= 10.092 ksi 


At point b, T b = 0 

Combined shearing stresses . 

(a) At point a . r a = 4.630 <—1-10.092 —> = 5.46 ksi —» 

(, b ) At point 6 . r h = 4.630 T + 0 = 4.63 ksi T 


r a = 5.46 ksi A 
r h = 4.63 ksi A 
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PROBLEM 8.64* 

For the tube and loading of Prob. 8.63, determine the principal stresses 
and the maximum shearing stress at point b. 

PROBLEM 8.63* The structural tube shown has a uniform wall 
thickness of 0.3 in. Knowing that the 15-kip load is applied 0.15 in. 
above the base of the tube, determine the shearing stress at (a) point a, 
( b ) point b. 
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PROBLEM 8.64* (Continued) 


Calculation of principal stresses and maximum shearing stress . 

-44.26 + 0 . 

<r =-= -22.13 ksi 


R = 


—- | + (4.630) 2 = 22.61 ksi 

V 2 





\ 


H4 


C’inax - ^ave + R 


^"inin ^ave R 


Cnax R 


CT max = °' 48 ksi < 

O-min = “ 44 -7 ksi ◄ 

r mav = 22.6 ksi ◄ 
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PROBLEM 8.65 

(a) Knowing that cr all = 24ksi and r all = 14.5 ksi, select the most 
economical wide-flange shape that should be used to support the loading 
shown. ( b ) Determine the values to be expected for cr in , r m , and the 
principal stress cr max at the junction of a flange and the web of the 
selected beam. 
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200 mm 


500 N 



PROBLEM 8.67 

Knowing that rods BC and CD are of diameter 24 mm and 36 mm, 
respectively, determine the maximum shearing stress in each rod. 
Neglect the effect of fillets and of stress concentrations. 


SOLUTION 

Over SC: c = — d = 12 mm = 0.012 m 

2 

Over CD: c = — d =18 mm = 0.018 m 

2 

jM 2 +T 2 c 2 slM 2 +T 2 

T= --r- 

J n c 3 

Bending moments and torques . 

Just to the left of C: 

M = (500)(0.16) = 80 N • m 
T = (500)(0.18) = 90 N • m 

Vm 2 +T 2 =120.416 N-m 


Just to the left of D: 

T = 90 N • m 

M = (500)(0.36) + (1250)(0.2) 
= 430 N m 

Vm 2 +T 2 =439.32 N-m 


Maximum shearing stress in portion BC . 

_ (2)(120.416) 

rmax ~ ^( 0 . 012) 3 

Maximum shearing stress in portion CD . 

(2)(439.32) 


= 44.36x 10 6 Pa 


^•(0.018) j 


= 47.96 xl0 6 Pa 



r max = 44.4 MPa ◄ 


Cnax = 48 -° MPa ^ 
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PROBLEM 8.68 

The solid shaft AB rotates at 450 rpm and transmits 
20 kW from the motor M to machine tools connected 
to gears F and G. Knowing that r. M =55 MPa and 
assuming that 8 kW is taken off at gear F and 12 kW 
is taken off at gear G, determine the smallest 
permissible diameter of shaft AB. 


SOLUTION 



f 

_ 450 _ 
60 

7.5 Hz 

Torque applied at D : 

T 

P 

20 x 10 3 


1 D 

2 nf 

(2zr)(7.5) 



= 424.41 N • m 

Torques on gears C and E: 




T C 

00 |® 
ii 

= 169.76 N • 


T e 

12 ^ 

“ 20 D 

= 254.65 N 

Forces on gears: 

Fd 

t d 

424.41 


r D 

100xl0“ 3 


Fc 

_ T c _ 

169.76 


r c 

60xl0“ 3 


f e 

T e 

254.65 


r E 

60 x 10 -3 

Torques in various parts: 



AC: 

T 

= 0 


CD: 

T 

= 169.76 N • m 

DE: 

T 

= 254.65 N • m 

EB: 

T 

= 0 



= 4244 N 



Forces in horizontal plane: 


A C 


e b 


111 f 

1007.5 h/ m 


65 rt 
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1.5 in.} 
1.5 in. \ 



-ub- 

xi 


-ue- 

□ 


8 in. • 




6 kips 
35° 


8 in. 


PROBLEM 8.69 

A 6-kip force is applied to the machine element AB 
as shown. Knowing that the uniform thickness of the 
element is 0.8 in., determine the normal and shearing 
stresses at (a) point a, ( b) point b, (c) point c. 


SOLUTION 


Thickness = 0.8 in. 


At the section containing points a, b, and c, 


P = 6cos35° = 4.9149 kips V = 6sin35° = 3.4415 kips 

M = (6sin35°)(16) - (6cos35°)(8) = 15.744 kip • in. 

A = (0.8)(3.0) = 2.4 in 2 


I = _L(0.8)(3.0) 3 = 1.80 in 4 

. . . P Me 4.9149 (15.744)(1.5) 

(a) At point a, ov =-=- 

* A I 2.4 1.80 

a x = -11.07 ksi A 


T xy = 0 * 

P 4 9149 

(b) At point b, <j = — =- 

A 2.4 

a x = 2.05 ksi A 

3 V 3 3.4415 

Txy ~ 2 A ~ 2 2.4 

r w = 2.15 ksi A 

, . P Me 4.9149 (15.744)(1.5) 

(c) At point c, cr T = — + - = - + -——- 

* A I 2.4 1.80 

cr x = 15.17 ksi A 


T xy = 0 < 
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PROBLEM 8.70 

A thin strap is wrapped around a solid rod of radius c = 20 mm as shown. 
Knowing that l = 100 mm and F = 5 kN, determine the normal and 
shearing stresses at (a) point H, ( b ) point K. 
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Data: 

PROBLEM 8.70 (Continued) 

F = 5kN = 5xl0 3 N, / = 100 mm = 0.100 m 


(a) Point H\ 

c = 20 mm = 0.020 m 

(4)(5 x 10 3 )(0.100) 

;r(0.020) 3 

. (2)(5 x 10 3 ) 

cr = 79.6 MPa ◄ 

r = 7.96 MPa ◄ 

(b) Point K: 

;r(0.020) 2 

a = 0 A 


(10)(5 x 10 3 ) 

r = 13.26 MPa ◄ 


3;r(0.020) 2 
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SOLUTION 

+tsF v = 0: 

o 

II 

1 

V = P 


s. + y 

M 

O 

II 

o 

O 

II 

i 

T = PR 

Shearing stress due to T. 


Tc 2 T 2 PR 



t t - 

J tic 3 n r 3 


Shearing stress due to V. 




For semicircle, 

Q = 

— r 3 , t = d = 2 r 
3 


For solid circular section, 

i = 

1 71 3 

—J = —r 

2 4 




VQ 

4V 4 P 


T v 

It fr 4 (2r) 

2>7ir 2 2>7ir 2 

By superposition, 

T = 

max 

T j* T" T y 

z"max = P(2R + 4r 12)1 nr' ◄ 
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SOLUTION 


At the section containing points H and K, 


P = 2500 lb (compression) 

V y = -600 lb 

v x =o 

M x = (3.5 -1)(600) = 1500 lb • in. 
M y = 0 


M. = -(2.5)(600) = -1500 lb in. 




Couples 


c = —d = 0.4 in. 

2 

A = nc 2 = 0.50265 in 2 


/ = —c 4 = 20.106xl0~ 3 in 4 
4 

J = 21 = 40.212 x 10~ 3 in 4 


For semicircle, 



= 42.667 xl0~ 3 in 3 
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PROBLEM 8.72 (Continued) 


(a) At point H , 


(b) At point K , 


_P Me 2500 (1500)(0.4) 

” /t / 0.50265 20.106 x 10~ 3 

= 24.87 xlO 3 psi 


_7c_ 

H ~ J ~ 40.212x10 


(1500)(0 - 4) ] = 14.92*10^ psi 


24.87 


= 12.435 ksi 


R = , 


'24.87 


+ (14.92) 2 =19.423 ksi 


H 


—> 


24.S7 ks.' 


^max - ^ave + ^ 


^min *7ivc ^ 


o'.mx =31-9 ksi ◄ 
O’min = -6-99 ksi ◄ 


2 ( ^"niax ^min ) 


^max =19.42 ksi ◄ 


P _ 2500 

A ~ 0.50265 
7c + F2 
J It 
(1500X0-4) 
40.212 x 10~ 3 


- 4.974 xl0 3 psi 


(600)(42.667xlQ- 3 ) 
(20.106x 10 3 )(0.8) 


= 16.512xl0 3 psi 


4.974 

2 


= -2.487 ksi 


R = 


If 4974 V 

J — —J + (16.512) 2 =16.698 ksi 


^max - ^ave + R 


^min ^"avc R 


2 ( CT max ^"min ) 


K 


Its.* 


H.n** Its,- 


CT max = 14 - 21ksi ^ 

^min “ —19.18 ksi ◄ 
^"max = 16.70 ksi ◄ 
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PROBLEM 8.73 

Knowing that the bracket AB has a uniform thickness of -| in., 
determine (a) the principal planes and principal stresses at 
point K, (b) the maximum shearing stress at point K. 


SOLUTION 


Resolve the 3-kip force F at points into x and y components. 
F x = -F cos 30° = -(3)cos 30° = -2.598 kips 
F y = F sin30° = (3)sin30° = 1.5 kips 

At the section containing points FI and K, 

P = -F x = 2.598 kips, V = F y = 1.5 kips 

M = (5)(1.5) = 7.5 kip - in. 


Section properties . t = — in. = 0.625 in., 

/ = ^-(0.625)(2.5) 3 = 0.8138 in 4 , 

At point k, y = 0.75 in. 

Q = (0.625)(0.50)(1.00) = 0.3125 in 3 
Stresses at point K . 

My 2.598 (7.5)(0.75) 


A = 


c = 1.25 in. 


- (2.5) = 1.5625 in 2 


m 


p 

a = — 
A 


T = 


I 1.5625 
VQ _ (1.5)(0.3125) 
It ~ (0.8138X0.625) 


0.8138 
= 0.9216 ksi 


= -5.249 ksi 


c = -5.249 ksi, a v = 0, t xv = -0.9216 ksi 

x y xy 

Mohr’s circle . 

X: (o x , ~T xy ) = (-5.249 ksi, 0.9216 ksi) 
Y:(cr y ,T xy ) = (0,-0.9216 ksi) 

C: (o- ave , 0) = (-2.6245 ksi, 0) 


OV - (7 


y 


R = 


= -2.6245 ksi 

l 

2.6245) 2 + (0.9216) 2 


= 2.7816 ksi 


(a) 

(b) 


tan 20 = °' 9216 = 0.35112 28 = 19.35 c 
p 2.6245 p 

O'max = CTave + R = -2.6245 + 2.7816 


^min ^ave 


R = -2.6245 - 2.7816 
= R = 2.7816 ksi 


I.OO' 


0.50 
T 
0 . 75 " 



-4 I- 0^X5 In, 


5. 24*1 ksi 


o.^X 16 ks; 



cr m ax = 0.157 ksi at 80.3° F A 

Cm in = -5.41 ksi at 9.7° / -4 
z: = 2.78 ksi ◄ 
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SOLUTION 

Components of force at point C: 

F x = 50 cos 30° = 43.301 kN 
F z =-50 sin 30° =-25 kN 
F y = -120 kN 

Section forces and couples at the section containing points H and K: 

P = 120 kN (compression) 

V x =43.301 kN 
V z = -25 kN 

M x = -(25)(0.375) = -9.375 kN • m 
M y = 0 

M. = -(43.301)(0.375) = -16.238 kN • m 
A = (100)(150) = 15 x 10 3 mm 2 = 15xl0~ 3 m 2 
I x =^-(150)(100) 3 =12.5xl0 6 mm 4 = 12.5xl0~ 6 m 4 

1 70 



Forces Couples 
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PROBLEM 8.74 (Continued) 


Stresses at point H\ 


a P M x z_ (120 xlO 3 ) (-9.375xlQ 3 )(50xlQ- 3 ) _ : , (?5Mpa 

H AT Ar ,0-3 n c .. i a-6 


Use Mohr’s circle. 


A 


15x10“ 

•,3 


12.5x10“ 


3V X 3 43.301 x 10 . _ 

t h =-- =-— = 4.33 MPa 

2 A 2 15 x 10“ 3 

21. S MPa. 



^ave =- (J H =14.75 MPa 


R = . 


29 5 i 

■ ' +4.33 2 =15.37 MPa 


a a ~ ^ave + R 


< J b=< 7 me ~ R 


tan 2# = 


2t, 


- = -0.2936 


~CTt 


^"max R 


cr a =30.1 MPa ◄ 
cr, = -0.62 MPa ◄ 


6 a = -8.2° ^=81.8° ◄ 
=15.37 MPa ◄ 
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PROBLEM 8.75 (Continued) 


Shearing stresses . 

Point a is an outside comer. 


At point b, 

Q zb = (1.5)(0.25)(2.875) = 1.0781 in 
V X Q Z (3)(1.0781) 




IJ 


(19.3385X0.25) 


= 0.66899 ksi 


= 0 ◄ 






At point c, 

Q-c 


Q zb + (2.75)(0.25) 

V X Q Z _ (3X2,0234) 

Ijt (19.3385X0.25) 


2.0234 in 3 


1.256 ksi 



—-T- 

1 

■. 

VZZZ2T—— 


At point b, 

Q xb = (2.75)(0.25)(1.375) = 0.9453 in 
KQ y _ (1.2)(0.9453) 


ri, „ — 


l b,v. 

At point c 


IJ 


(6.3385)(0.25) 


= 0.71585 ksi 


Net shearing stress at points b and c: 


(symmetry axis) 


T C,V Z = 0 


t, = 0.71585 - 0.66899 


t c = 1.256 




*“— 

1 


^ r c * 

: j— ~z 




1.2 k!p* t Due +o V. 



r h = 0.0469 ksi -4 
t c = 1.256 ksi 4 
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PROBLEM 8.76 

The cantilever beam AB will be installed so that the 60-mm side forms an 
angle f5 between 0 and 90° with the vertical. Knowing that the 600-N 
vertical force is applied at the center of the free end of the beam, 
determine the nonnal stress at point a when (a) P = 0, (b) p = 90°. 
(c) Also, determine the value of P for which the normal stress at point a 
is a maximum and the corresponding value of that stress. 


SOLUTION 


M = PI = (600)(300 x 10“ 3 ) = 180 N • m 
M x = M cos P = 180 cos P 
M y = M sin P = 180 sin p 

M x M y 180 cos P 180 sin p 


a a = —- + 

S S 


= (7.5 x 10 6 ) 


24 x 10 -6 16 x 10 -6 


cos P + —sin P I Pa 
v 2 


= 7.5 


cos P + ^ sin P | MPa 



£ 



? 

S x = — (40)(60) 2 = 24 X 10 3 mm 3 

6 

r 

feo 

1 




= 24 x 1 0 -6 m 3 

S = — (60)(40) 2 = 16 x 10 3 mm 3 

6 

= 16 x 10 “ 3 m 3 




i. 


f- HO -> 




(a) 

'cas 

ii 

p 


= 7.50 MPa 

a = 7.50 MPa ◄ 

(b) 

P = 90°. 


= 11.25 MPa 

cr = 11.25 MPa ◄ 

(c) 

Maximum. 

da a 

= 7.5 

- sin p + — cos P | = 0 



dp 


l 2 r ) 




sin P 

3 3 

= — cos P tan p = — 

P = 56.3° ◄ 



a a 

= 7.5 

( 3 ^ 

cos 56.3° + — sin 56.3° 

cr = 13.52 MPa ◄ 





l 2 J 
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PROBLEM 8.Cl 

Let us assume that the shear V and the bending moment M have been determined in a given section of a 
rolled-steel beam. Write a computer program to calculate in that section, from the data available in Appendix C, 
(a) the maximum normal stress cr m , (b) the principal stress cr max at the junction of a flange and the web. Use 
this program to solve parts a and b of the following problems: 

(1) Prob. 8.1 (Use V = 45 kips andM = 450 kip • in.) 

(2) Prob. 8.2 (Use V = 22.5 kips and M= 450 kip • in.) 

(3) Prob. 8.3 (Use V= 700 kN andM = 1750 kN • m.) 

(4) Prob. 8.4 (Use V = 850 kN and M= 1700 kN • m.) 


SOLUTION 

We enter the given values of V and M and obtain from Appendix C the values of d, b f , t f , t w , I, and S for the 
given WF shape. 

d 

We compute 


C= T’ * 

= c-t f 

1 

M 

V = C - tf. 

2 f 

’ <T - = y 

Q = b f t f y, 

r -Y9. 
h It . 




v c y 






fa £ 




From Mohr’s circle, cr max = —a b + R 


^max 2 ' 


CTu +T h 


Program Outputs 



Problem 8.1 

Problem 8.2 

Given Data: 

Given Data: 

V = 45 kips, M = 450 kip • in. 

V = 22.5 kips, M = 450 kip • in. 

d = 9.92 in., b f = 7.985 in. 

d = 9.92 in., b f = 7.985 in. 

tf= 0.530 in., = 0.315 in. 

tj =0.530 in., t w = 0.315 in. 

7 = 209.00 in. 4 , 5 = 42.10 in. 4 

7 = 209.00 in. 4 , 5 = 42.10 in. 4 

Answers: 

Answers: 

(a) <j A = 10,688.84 psi 

(a) cr A = 10,688.84 psi 

(b) a m = 19,169.08 psi 

(b) a m = 13,073.82 psi 
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PROBLEM 8.Cl (Continued) 

Program Outputs ( Continued) 


Problem 8.3 

Problem 8.4 

Given Data: 

Given Data: 

V = 700 kN, M = 1750 lcN • m 

V = 850 kN, M = 1700 kN • m 

d = 9.30 mm, bj- = 423 mm 

d = 930 mm, b f = 423 mm 

tf = 43 mm, t w =24 mm 

tj- =43 mm, t w = 24 mm 

7 = 8470 (10 6 mm 4 ) 

7 = 8470 (10 6 mm 4 ) 

S = 18,200 (10 3 mm 3 ) 

S = 18,200 (10 3 mm 3 ) 

Answers: 

Answers: 

(a) o A =96.15 MPa 

(a) a A = 93.40 MPa 

(b) a m = 95.39 MPa 

(b) a m = 96.56 MPa 
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PROBLEM 8.C2 

A cantilever beam AB with a rectangular cross section of width b 
and depth 2c supports a single concentrated load P at its end A. 
Write a computer program to calculate, for any values of x/c and y/c, 
(a) the ratios cr m Ja m and where cr max and cr min are the 

principal stresses at Point K(x, y ) and <r m the maximum normal 
stress in the same transverse section, ( b ) the angle 6 that the 
principal planes at K form with a transverse and a horizontal plane 
through K. Use this program to check the values shown in Fig. 8.8 
and to verify that cr max exceeds a m if x =£ 0.544c, as indicated in 
the second footnote on Page 560. 


SOLUTION 


Since the distribution of the normal stresses is linear, we have cr = <j m ] — 


where 


cr, = ■ 


MC Pxc 


I 
3 P 

We use Equation (8.4), Page 498: r =- 

2 A 


'.-4' 

V c 2 


1-4 


Dividing (3) by (2), 


or, since 


cr, 2 A xc 


F) 


/ A b(2cY 1 


2 _ 

_ 12 ' _ i c 2 

A 6 (2c) 3 


T _ 1 

cr 2 


1-4 


(2) 


X V 

Letting X = — and Y = —, Equations (1) and (4) yield 

c c 


o- = cr, Y 


T = CT„, 


1 - Y 
2X 


Using Mohr’s circle, we calculate 


R = , 


1 Y 2 1 

2 a ) +f " " I " 7 " 1 


Y 2 + 


/ , \2 

' 1-Y 2 ' 


X 


= -Y + R 

<7 m 2 

1 

cr„, 2 


^min _ J_ y _ 






( 1 ) 

( 2 ) 

(3) 

0 


(4) 
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PROBLEM 8.C2 (Continued) 


tan 26 P = — = 

r rr 


1 - Y 


1 - Y 


2X(f) 


XY 


dp = —tan 1 
P 2 


1-7 

XY 


2 A 


Note: 


◄ 


For y > 0, the angle 9 P is "j, which is opposite to what was arbitrarily assumed in Figure P8.C2. 

Program Outputs 


For — = 2, For — = 8, 

c c 


X 

c 

^"min 

^"max 

o 

y_ 

c 

^"min 

^max 

d ^ 

1.0 

0.000 

1.000 

0.00 

1.0 

0.000 

1.000 

0.00 

0.8 

-0.010 

0.810 

6.34 

0.8 

-0.001 

0.801 

1.61 

0.6 

-0.040 

0.640 

14.04 

0.6 

-0.003 

0.603 

3.80 

0.4 

-0.090 

0.490 

23.20 

0.4 

-0.007 

0.407 

7.35 

0.2 

-0.160 

0.360 

33.69 

0.2 

-0.017 

0.217 

15.48 

0.0 

-0.250 

0.250 

45.00 

0.0 

-0.062 

0.063 

45.00 

-0.2 

-0.360 

0.160 

-33.69 

-0.2 

-0.217 

0.017 

-15.48 

-0.4 

-0.490 

0.090 

-23.20 

-0.4 

-0.407 

0.007 

-7.35 

-0.6 

-0.640 

0.040 

-14.04 

-0.6 

-0.603 

0.003 

-3.80 

-0.8 

-0.810 

0.010 

-6.34 

-0.8 

-0.801 

0.001 

-1.61 

-1.0 

-1.000 

0.000 

-0.00 

-1.0 

-1.000 

0.000 

-0.00 

To check that cr max > a n , if x =£ 0.544c, we run the program for - = 0.544 and for - = 0.545 and observe 

that exceeds 1 for several values of — in the first case, but does not exceed 1 in the second case. 

<7 m C 


For — = 0.544, 

c 

y_ 

^min 

^"max 


C 


<*m 


0.30 

-0.700 

0.9997 

39.92 

0.31 

-0.690 

1.0001 

39.72 

0.32 

-0.680 

1.0004 

39.51 

0.33 

-0.670 

1.0005 

39.30 

0.34 

-0.660 

1.0005 

39.09 

0.35 

-0.650 

1.0003 

38.88 

0.36 

-0.640 

1.0000 

38.66 

0.37 

-0.630 

0.9996 

38.44 

0.38 

-0.619 

0.9990 

38.21 

0.39 

-0.608 

0.9983 

37.98 

0.40 

-0.598 

0.9975 

37.74 
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PROBLEM 8.C2 (Continued) 

Program Outputs ( Continued) 


For — = 0.545, 

c 


y_ 

c 

^"min 

^"max 

^ m 

O 

0.30 

-0.698 

0.9982 

39.91 

0.31 

-0.689 

0.9986 

39.71 

0.32 

-0.679 

0.9989 

39.50 

0.33 

-0.669 

0.9990 

39.29 

0.34 

-0.659 

0.9990 

39.08 

0.35 

-0.649 

0.9988 

38.87 

0.36 

-0.639 

0.9986 

38.65 

0.37 

-0.628 

0.9982 

38.42 

0.38 

-0.618 

0.9976 

38.20 

0.39 

-0.607 

0.9970 

37.96 

0.40 

-0.596 

0.9962 

37.73 
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PROBLEM 8.C3 


y 


X 



Disks D x ,D 2 ,...,D n are attached as 
shown in Fig. 8.C3 to the solid shaft AB 
of length L , uniform diameter d, and 
allowable shearing stress r aU . Forces Pi, 
P2, . . . , P„ of known magnitude (except 
for one of them) are applied to the disks, 
either at the top or bottom of its vertical 
diameter, or at the left or right end of its 
horizontal diameter. Denoting by r, the 
radius of disk D , and by c, its distance from 
the support at A, write a computer program 
to calculate (a) the magnitude of the 
unknown force P„ (b) the smallest 
pennissible value of the diameter d of shaft 
AB. Use this program to solve Prob. 8.18. 


SOLUTION 

1. Determine the unknown force P t by equating to zero the sum of their torques T i about the x axis. 

2. Determine the components (F v ) { and (F z \ of all forces. 

3. Determine the components A v and A z of reaction at A by summing moments about axes Bz'Hz and 

By’lly: 

SM z ,=0: -A y L -A( F y ) ( (L - c t ) = 0, A y = -|e(F v ) ; (L-c t ) 

ZM V , =0: A Z L + £(/%), (L - c,) = 0, A. = -^(FA), (L - c t ) 

4. Determine (M )., (M„) ; and torque 71 just to the left of disk D, : 

{M y ) i =A,c i + Y,( F Mct-c k ) i 

k 

(M Z X =-A y c i ~Y J ( < F y)k( c i -c k ) 1 

k 

T,='Z r k <c i -c k )° 

k 

where < > indicates a singularity function. 

5. The minimum diameter d required to the left of D j is obtained by first computing (.7/c), from 
Equation (8.7). 

(Vi 

S C Ji r all 
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PROBLEM 8.C3 (Continued) 

6 . Recalling that J = \nc A and, thus, that (4-) =\kc 1 , we have c ; =7(7). and d i =7(7). "4 

This is the required diameter just to the left of disk D t . 

7. The required diameter just to the right of disk D l is obtained by replacing 7j with T M in the above 

computation. 


8 . The smallest permissible value of the diameter of the shaft is the largest of the values obtained for D.. 

Program Output 

Problem 8.19 

Length of shaft = 28 in. 

r(ksi) = 8 

For Disk 1, 

Force = 0.500 kips 


Radius of disk = 4.0 in. 


Distance from^4 = 7.0 in. 

For Disk 2, 

Force = 0.000 kips 


Radius of disk = 6.0 in. 


Distance from A = 14.0 in. 

For Disk 3, 

Force = 0.500 kips 


Radius of disk = 4.0 in. 


Distance from A = 21.0 in. 


Unknown force = -0.667 kips 


Ay — 0.500 kips, A z = 0.333 kips 

By = 0.500 kips, B z =0.333 kips 

Just to the left of Disk 1 : 

My= 2.3333 kip • in. 

M z = -3.5000 kip • in. 


T= 0.0000 kip • in. 

Diameter must be at least 1.389 in. 


Just to the right of Disk 1 : 

T = 2.00 kip • in. 

Diameter must be at least 1.437 in. 
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PROBLEM 8.C3 (Continued) 


Proeram Output (Continued) 

Just to the left of Disk 2: 



Diameter must be at least 1.578 in. 

My= 4.6667 kip • in. 

M z = -3.5000 kip • in. 

T = 2.0000 kip • in. 

◄ 

Just to the right of Disk 2: 



Diameter must be at least 1.578 in. 

T = -2.00 kip • in. 


Just to the left of Disk 3 : 



Diameter must be at least 1.437 in. 

My = 2.3333 kip • in. 

M z = -3.5000 kip • in. 

T = —2.0000 kip • in. 


Just to the right of Disk 3 : 



Diameter must be at least 1.389 in. 

T=0.00 kip • in. 
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PROBLEM 8.C4 


y 


X 



The solid shaft AB of length L, uniform 
diameter d, and allowable shearing 
stress r a n rotates at a given speed 
expressed in rpm (Fig. 8.C4). Gears G\, 
G 2 , ■ ■ ■, G„ are attached to the shaft and 
each of these gears meshes with another 
gear (not shown), either at the top or 
bottom of its vertical diameter, or at the 
left or right end of its horizontal 
diameter. One of these gears is 
connected to a motor and the rest of 
them to various machine tools. 
Denoting by r, the radius of disk G„ by 
c, its distance from the support at A, and 
by Pj the power transmitted to that gear 
(+sign) or taken of that gear (-sign), 
write a computer program to calculate 
the smallest permissible value of the 
diameter d of shaft AB. Use this 
program to solve Probs 8.27 and 8.68. 


SOLUTION 

1. Enter w in rpm and determine frequency / = w760. 

2. For each gear, determine the torque 7) = Pjlnf, where F) is the power input (+) or output (-) at 
the gear. 

3. For each gear, detennine the force F t = T i tr i exerted on the gear and its components ( F v ) ; and (F_) ( . 

4. Determine the components A and A, of reaction at A by summing moments about axes Bz' II z 
and By' II y: 

ZM z , =0: -A y L - X(F y )i(L - c,) = 0, A y = -jl(F v ),(L - c,) 

= 0: A Z L + S(F z ),(Z - c t ) = 0, 4 = -is {F z ) t (L - G) 

5. Determine (M V ) ; ,(M Z ) ; ., and torque 7) just to the left of gear Gy. 

(M y ) t = A z c i + ^(F z ) k {c t -c k ) 1 

k 

(M. )i = -A y c t - ^ (F y ) k {c t - c t )’ 

k 

T, = -C k ) 0 

k 

where () indicates a singularity function. 
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PROBLEM 8.C4 (Continued) 


6. The minimum diameter d required to 

the left of Gj is obtained by first computing 

( J/c)j from 

Equation (8.7). 






l( u ,iA u .i + T? 




Till 


7. Recalling that J =\jtc a and, thus, that ( 

7),-=W» 



/ ,U/3 



we have c,- = — — and d,- = — 

1 7i \c ) i 1 n 

(f), 


◄ 

This is the required diameter just to the left of gear G r 


8. The required diameter just to the right of gear G, is obtained by replacing 7j with T i+i 

in the above 

computation. 




9. The smallest permissible value of the diameter of the shaft is the largest of the values obtained for d.. 

Program Outputs 




Problem 8.25 


Problem 8.27 


co = 450 rpm 


co = 600 rpm 


Number of Gears: 3 


Number of Gears: 3 


Length of shaft = 750 mm 


Length of shaft = 24 in. 


t = 55 MPa 


r = 8 ksi 


For Gear 1, 


For Gear 1, 


Power input = -8.00 kW 


Power input = 60.00 hp 


Radius of gear = 60 mm 


Radius of gear = 3.00 in. 


Distance from A in mm = 150 


Distance from A in inches = 4.0 


For Gear 2, 


o 

II 

Sn 


Power input = 20.00 kW 


F z = 2.100845 


Radius of gear = 100 mm 


For Gear 2, 


Distance from A in mm =375 


Power input = 40.00 hp 


For Gear 3, 


Radius of gear = 4.00 in. 


Power input = -12.00 kW 


Distance from^4 in inches = 10.0 


Radius of gear = 60 mm 


F Y = 1.050423 


Distance from A in mm = 600 


o 

II 

fe? 


Ay= -0.849 kN,^z= 4.386 


For Gear 3, 


B r = —3.395 kN, B z = 2.688 


Power input = -20.00 hp 


Just to the left of Gear 1: 


Radius of gear = 4.00 in. 


My = 657.84 Nm 


Distance from^4 in inches = 18.0 


M z = 127.32 Nm 


o 

II 

Ss 


T = 0.00 Nm 


F z = -0.5252113 
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PROBLEM 8.C4 (Continued) 


Diameter must be at least 39.59 mm. 


Ay — —0.6127 kips, A z = -1.6194 kips 


Just to the right of Gear 1: 


B Y = —0.4377 kips, B z = 0.438 kips 


T = -169.77 N • m 


Just to the left of Gear 1: 


Diameter must be at least 40.00 mm. 


My = -6.478 kip • in. 


Just to the left of Gear 2: 


M z = 2.451 kip • in. 


M y = 1007.98 N • m 


T= 0.000 kip • in. 


M z = 318.31 N-m 


Diameter must be at least 1.640 in. 


T = -169.77 N • m 


Just to the right of Gear 1: 


Diameter must be at least 46.28 mm. 


T = 6.3025 kip • in. 


Just to the right of Gear 2: 


Diameter must be at least 1.813 in. 


T = 254.65 N • m 


Just to the left of Gear 2: 


Diameter must be at least 46.52 mm. 

◄ 

My— —3.589 kip • in. 


Just to the left of Gear 3: 


M z = 6.127 kip • in. 


M y = 403.19 N • m 


T = 6.303 kip • in. 


Mz = 509.30 N • m 


Diameter must be at least 1.822 in. 

◄ 

T = 254.65 N • m 


Just to the right of Gear 2: 


Diameter must be at least 40.13 mm. 


T = 2.1008 kip • in. 


Just to the right of Gear 3: 


Diameter must be at least 1.677 in. 


T = 0.00 N • m 


Just to the left of Gear 3: 


Diameter must be at least 39.18 mm. 


M Y = 0.263 kip • in. 




Mz= 2.626 kip • in. 




T = 2.101 kip • in. 




Diameter must be at least 1.290 in. 




Just to the right of Gear 3: 




T= 0.000 kip • in. 




Diameter must be at least 1.189 in. 
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PROBLEM 8.C5 

Write a computer program that can be used to calculate the normal and 
shearing stresses at points with given coordinates y and z located on the 
surface of a machine part having a rectangular cross section. The 
internal forces are known to be equivalent to the force-couple system 
shown. Write the program so that the loads and dimensions can be 
expressed in either SI or U.S. customary units. Use this program to 
solve ( a ) Prob. 8.45b, ( b ) Prob. 8.47a. 


SOLUTION 


Enter: b and< 


b 3 h 


bh 


Program: A = bh /„ =- /. =- 

—- y 12 z 12 

For point on surface, enter y and z. 

Note : y and z must satisfy one of following: 

2 h 2 2 < b 2 

v =— and z <— 

4 4 


or 


2 u A 2 , “ 

z =— and y <— 
4 ' 4 


If either (1) and (2) are satisfied, compute 


P M z M, 


a = —(-- 
A I, 


L 


If z = b /4 , then point is on vertical surface and 


h 


r = 


2 

VyQz 

Lb 


Qz=b\--y\\-+y\- = b 


( 7,2 


,2 h 


y_ 

2 


If y 2 = h 2 ! 4 , the point is on horizontal surface, and 


0 ,=' 


(b ^ 

(b > 

i , 

( i 2 2\ 

b z 


IH 

2 =k 

1 

l 

| oo 


7 = 


KQ V 




Force-couple system: 


P = -50 kips V z = -6 kips V v = -2 kips 
M v = (6 kips) (8.5 in.) = 51 kip • in. 

M. = (2 kips) (10.5 in.) = 21 kip - in. 


(1) 

( 2 ) 





r-L -H 



rr^ 

2 n 


i 

T 

h 

z- 

c 

i 






T 

h 
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PROBLEM 8.C5 (Continued) 



Problem 8.45 b 


Force-Couple at Centroid 


P = -50.00 kips 

M Y = 51.00 kip • in. M z = -21.00 kip ■ in. 

V Y = -2.00 kips V z = -6.00 kips 

+ + + + + + + + + + + + + + + + + + + + + + -I- + + + 

At point of coordinates: y = 0.90 in. z = 1.20 in. 
a = 6.004 ksi 
t = -0.781 ksi 

Force-Couple System 

P = 10kN V y = -750 N V z = 500 N 
M v = (500 N)(220 mm) = 110 N • m 
M. = (750 N)(l 80 mm) = 135 N • m 

Problem 8.47a Force-Couple at Centroid 


V 



P = 10000.00 N 

M Y =110.00 N-m M z =-135.00 N-m 
V Y = 750.00 N V z = 500.00 N 

++++++++++++++++++++++++++ 
At point of coordinates: y = 16.00 mm x = 0.00 mm 
cr = 18.392 MPa 
t = 0.391 MPa 
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PROBLEM 8.C6 

Member AB has a rectangular cross section of 10x24 mm. For the 
loading shown, write a computer program that can be used to determine 
the normal and shearing stresses at Points H and K for values of d from 
0 to 120 mm, using 15-mm increments. Use this program to solve 
Prob. 8.35. 


SOLUTION 


Cross section : 

Enter 


^ = (0-010 m)(0.024 m) = 240x l(T 6 m 2 
/ = (0.010 m)(0.024 m) 3 /12 = 138.24 x l(T 9 m 4 
R = 0.5(0.029 m) = 12 x l(T 3 m 


Compute reaction at^4 . 

+)IM b = 0: (9 kN)( 120 - d) sin 30° 

-A (120) cos 30° = 0 

A = (9 kN)--- tan 30° 

120 mm 

Free Body : From A to section containing Points H and K, 

Define : If d < 80 mm, Then STP = 1 Else STP = 0 

Program force-couple system . 

F =-A sin30°-(9 kN) cos 30°(Step) 

V =-A cos 30° + (9 kN) sin 30° (Step) 

M = ^4(80 mm) cos 30° - (9 kN)(80 mm - d) sin30° (STP) 


At Point H . 


At Point K . 


a H =+F/A 



<j k =+FIA-McII 
t k =0 
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PROBLEM 8.C6 (Continued) 

Program Output 

Problem 8.35 


d (mm) 

Stresses in MPa 

a H t h 


r K 

0.0 

-43.30 

0.00 

-43.30 

0.00 

15.0 

-41.95 

3.52 

-65.39 

0.00 

30.0 

-40.59 

7.03 

-87.47 

0.00 

45.0 

-39.24 

10.55 

-109.55 

0.00 

60.0 

-37.89 

14.06 

-131.64 

0.00 

75.0 

-36.54 

17.58 

-153.72 

0.00 

90.0 

-2.71 

-7.03 

-96.46 

0.00 

105.0 

-1.35 

-3.52 

-48.23 

0.00 

120.0 

0.00 

0.00 

0.00 

0.00 
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PROBLEM 8.C7* (Continued) 


Rectangular tube of uniform thickness t = 0.3 in. 
Outside dimensions . 

Horizontal width: a = 6 in. 


Vertical depth: b = 4 in. 

Vertical load: P = 9 kips; 

Line of action at x = -c 

Find normal and shearing stresses at point H. (x = d, y = b/2) 

Problem 8.62a 

Program output for value of c = 2.85 in. 

d <7 T V r T r Total ^max ^min Fnax 

in. ksi ksi ksi ksi ksi ksi ksi Degrees 


-3.00 

12.58 

-3.49 

-2.03 

-5.52 

14.65 

-2.08 

8.36 

-18.49 

-2.00 

12.58 

-2.33 

-2.03 

-4.35 

13.94 

-1.36 

7.65 

-16.00 

-1.00 

12.58 

-1.16 

-2.03 

-3.19 

13.34 

-0.76 

7.05 

-12.78 

H>0.00 

12.58 

0.00 

-2.03 

-2.03 

12.89 

-0.32 

6.61 

-8.73 <- 

1.00 

12.58 

1.16 

-2.03 

-0.86 

12.63 

-0.06 

6.35 

-3.89 

2.00 

12.58 

2.33 

-2.03 

0.30 

12.58 

-0.01 

6.30 

1.36 

3.00 

12.58 

3.49 

-2.03 

1.46 

12.74 

-0.17 

6.46 

6.46 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1369 









Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


CHAPTER 9 








Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


y 


p PROBLEM 9.1 


A ' 

_ x For the loading shown, determine (a) the equation of the elastic 



B curve for the cantilever beam AB, ( b ) the deflection at the free end. 


-- L - 

(c) the slope at the free end. 


SOLUTION 


(a) Elastic curve . 


(b) y at x = L. 


(c) — at x = L. 

dx 


+)IMj = 0: - M - P(L - x) = 0 
M = -P(L - x) 

72 

El —4 = -P(Z - jc) = -PL + Px 
dx 2 

El— = -PLx + -Px 2 + C, 
dx 2 


M 


* V 


P 



x = 0, ^ = 0 
dx 


o = -0 + 0 + C x Cj = 0 


Ely 


— PLx" H—Px 3 + C,x + Cj 
2 6 12 


[x — 0, y — 0] ; 0 — —0 + 0 + 0 + C~t 


C 2 =0 


y = 


Pxr 

6 EI 


(3 L - x) ◄ 


dy 

Px 

dx 

2 EI 



PL 2 

}’fi = 

6 EI 

dy 


PL 

dx 

B 

2 EI 


(2L — x) 

(31 - £) 

■(2L - L) 


PL 3 
3P/ 

PL 2 
2 EI 


y B = 


PL 
3 EI 


i ◄ 


B 2 EI 
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PROBLEM 9.2 

For the loading shown, determine (a) the equation of the elastic curve 
for the cantilever beam AB , (b) the deflection at the free end, (c) the 
slope at the free end. 


SOLUTION 



(a) Elastic curve : 


{b) y at x = 0: 


(c) — at x = 0: 

dx 


Ely = ^M 0 x 2 + C]x + C 2 

[x = L, y = 0] 0 = -M 0 L 2 - M 0 L 2 + C 2 C 2 = -M 0 L 


y = 


M, 


o rJi 


2EI 


( x 2 - 2 Lx + L 1 ) ◄ 


y = 


AU 

2 El 


(.L - x) 2 ◄ 


y A = 


M, 


2 El 


0 {L - 0) 2 


y A = 


MqL* 

2EI 


T ◄ 


± = _ Mo. {L _ x) = _ 0 ) = -MoL 

dx El El El 


El 
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PROBLEM 9.3 

For the loading shown, determine (a) the equation of the elastic curve 
for the cantilever beam AB, (b) the deflection at the free end, (c) the 
slope at the free end. 
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PROBLEM 9.4 


For the loading shown, detennine ( a ) the equation of the elastic curve 
1 for the cantilever beam AB, (b) the deflection at the free end, (c) the 


slope at the free end. 


SOLUTION 

Use Free body AJ. 


+)IMj = 0: M + ^2— • - = 0 


2 L 


[x = L,y = 0] 

o' 

dx 


^mTTT 


vt4V 



* 

j 

T > 

* 

WpX 1 

Xc 

' 

i i 




M = — 


d 2 y 

dx 

si--- 

dx 

Ely = 


1 Wr\X~ 


6 

L 

1 w 0 x 

6 

L 

1 

4 

24 

L 

1 

W 0 X 5 






120 L 

'x-L.iL. o' 
dx 

r _ 1 r3 

Q _ 24 W ° L 


+ C, 


+ CiV + Co 


w n I 3 + C, = 0 
24 0 1 


[* = L,v = 0] 


(a) Elastic curve . 


1 


Ely = —— t v 0 Z 4 + — w Q L 4 + C, = 0 
120 0 24 0 


1 t4 
Co = - WnL 

- 30 


y = 


w, 


0 


120EIL 


(x 5 - 5 L 4 x + 4L 5 ) ◄ 



dy 

w 0 


dx 

24 EIL 

y@ x = 0: 

yA = 

r4 

w 0 L 
30 EI 

^@0 = 0: 
dx 

dy 


WqL 2 

dx 

A 

24 EI 


(-x 4 + L 4 ) 


y A = 




30 EI 


24EI 
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y 


p = 

2 um PROBLEM 9.5 

3 


B ' 

For the cantilever beam and loading shown, determine (a) the equation of 

_ x the elastic curve for portion AB of the beam, (b) the deflection at B, (c) the 

slope at B. 

A 



t. 



w 








SOLUTION 

Using ABC as a free body. 


+ 1 'LF., = 0 : Rj + 2wa - wa = 0 


„ a a 

R 4 = —wa = —wa A 


(2 

+yLM A = 0: -M A + (2 wa)(a) - —wa |(3a) = 0 

v 3 


M a = 0 


Using AJ as a free body, 


+)2Mj =0: M + 


,, 1 T 4 

M = — wx" - wax 


(4 3 

, „ , „ f X^ 

— wa 

(x) - (wx) - 

v3 9 

UJ 


= 0 


r T dy 1 2 4 

hi —r - =—wx - wax 

dx 2 2 


3 

4 


1 32 2 ^ 

El^— = — wx - wax + Ci 

dx 6 3 


* = 0 ,^ = 0 

dx 


0 = 0 - 0 + Ci c, = 0 

1 4 2 3 „ 

Ely = —wx-wax + Ci 

24 9 

[x = 0, v = 0]: 0 = 0-0 +C 2 C 2 = 0 
(a) Elastic curve over AB . 

h - _ W) 

dx 6EI 


( b ) v at x = 2a. 


. . dy „ 

(c) — atx = 2a. 

dx 


y B = 


10wa 4 
9 El 

3 


^ dy ^j 4wa 

yc/x ) B 3E1 


FBD ABC: 


R 2. 

I 

‘ rm iii 




L 




L “ , 

2 a 

1 A 


FBD AJ: 




'1A_ Z1 '^\ 

“ | ^ j I 


aj 


v = —^^(3x 4 - 16ax 3 ) A 
12EI 


y B = 


10wa 4 
9 El 


i ◄ 


4wa 


e B = ◄ 

B 3E1 
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PROBLEM 9.6 

For the cantilever beam and loading shown, determine (a) the equation of 
the elastic curve for portion AB of the beam, ( b ) the deflection at B, (c) the 
slope at B. 


SOLUTION 

Using ABC as a free body, 

[x = 0, y = 0] 


* = 0, * „ 0 

dx 


4 


XF = 0: R a - wL = 0 R a = wL 


+ )XM A = 0: ~M A - (wL )I -1 + — = 0 


c 


i wL 




J 


wL' 

O 6 


M a = -- wL 2 
A 3 

Using A/ as a free body (portion /)/? only), 
+)Mj= 0: M + (wx) - =0 


w/ 




^pnrm ^ 

R. 


<P6- 


1 

M = -—wx + + M A 

= - — wx 2 + wLx — — wL 2 
2 3 

d 2 y 1 ? 1 2 

El — -7T = —wx + wLx - wL 

dx 2 2 3 

El— = -—wx 2 + — wLx 2 - —wLx + Ci 
dx 6 2 3 


x = 0, * = 0 

dx 


-0 + 0- 0 +Ci=0 C] = 0 


EI V = — —wx 4 + — wLx 2 - — wLx 2 + C 2 
v 24 6 6 

[x = 0, y = 0]: -0 + 0 - 0 + C 2 = 0 C 2 = 0 
(a) Elastic curve over^F . 

dy w 3 . T r 2 T 2 x 
— =- (—X + 2Lx -Lx) 

dx 6EI 


y = 


w 


(-x 4 + 4 Lx 4 — 4L 2 x~) 4 


24EI 


(b) y at x = L: 

(c) —at x = L: 
dx 


y B = 


w£_ 

24EI 


dy 

dx 


= 0 


wL I * 

Vo = - 4 < 

' B 24EI 


0 B =O< 
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PROBLEM 9.7 

For the beam and loading shown, determine (a) the equation of the elastic 
curve for portion AB of the beam, (b) the deflection at midspan, (c) the 
slope at B. 


SOLUTION 


-—' i L 
■*- *; 

-* 

ii u ° L 

A 

< - L. - 

-f 

' c 


Rs 



f 1 

(i T 


ri 'i 

(1 T } 


j j 

- 


,6 ) 


Reactions : 

+ 7LM g — 0 : — B^L + ] — w^L 


r a = y. w o L 


Boundary conditions : [x = 0, y = 0] [x = L, y = 0] 
For portion AB only, (0 < x < L) 


':ZM, = 0: ~-w n Lx + - 


J 


|w 


-\ + M = 0 


1 w. 


0 


M = — W(\Lx - -x 

8 ° 6 L 


El 


d 2 y 1 


dx 8 


- t 1 w 0 3 
= —W a LX - X 


6 L 


rT dy 1 2 1 w 0 4 

El — = — w n Lx -x + C, 

dx 16 24 L 

Ely = — WaZjc 3 -——x 5 + C.x + C 2 

48 120 L 12 


[x = 0, y = 0]: 0 = 0 - 0 + 0 + C 2 


C 2 = 0 


[x = L, y = 0]: 0 = — w 0 Z 4 -— WnL 4 + C,L Ci = —— w 0 Z J 

48 o 12Q o i i 8Q o 


(a) Elastic curve . 


y = 


Wn 


EIL 


1 ,1 3 1 5 1 r A 


ZV - —x 5 - 17x ◄ 

v 48 120 80 


L 

(b) y atx = —. 


(c) 


dv _ Wfl 


dx EIL 

yqi 


^—Bx 2 ——x 4 — —L 4 


16 


24 


80 


w n 


EIL 


r5 ^ 


dv 

—— atx = L. 

dy 


w 0 

fz 4 

L 4 L 4 'j 

dx 

dx 

B 

EIL 

v 16 

24 80 J 


384 3840 160 


= +- 


is w 0 r 
3840 El 


2w 0 L 
240 El 


VL/2 


m; o z l 4 


256 El 

r3 


= 2%^^^ 

B 120Z7 
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PROBLEM 9.8 

For the beam and loading shown, determine (a) the equation of the 
elastic curve for portion AB of the beam, (b) the slope at A, (c) the 
slope at B. 


SOLUTION 

[.x = 0, v = 0] [x = L, y = 0] 

wl * IL 


Using free body ABC, 


+)XM b = 0: -R a L + ( wL ) 


L 


- ( wL ) 


r 


i i 


1 =0 

R 4 = —wL 
A 4 






rr 

*i ^ 


For portion^, (0 < x < L) 

+)ZMj =0: M - R a x + (wx)\ -1 = 0 


w 


A 'L 

K 


3 

J 


M 


„ 1 r 1 2 

M = —wLx - wx 

4 2 

PT d2 y i , i 2 

dx 2 4 2 

n d y 1 T 2 1 3 , n 
tl — = — wLx wx + Ci 

dx 8 6 

Ely = — wLx 2 - wx 4 + C,x + C 7 

24 24 12 


[jc = 0, y = 0]: 0 = 0 - 0 + 0 + C 2 C 2 = 0 

[x = L, y = 0]: 0 = — wL 4 — ^—wL 4 + C,L + 0 = 0 C. = 0 
24 24 1 1 


(a) Elastic curve (0 < x < L). 


y = 


w 


24EI 


(Lx 2 - x 4 ) A 


d JL „ JO-qlJ _ 4+) 
dx 24 El 


(6) lC atJ = o. t 

dx _ dx 

(c) = t 

dx dx 


= 0 


e A =o< 


wlf 

24EI 


On = 


wU_ 

24EI 


'V ◄ 
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PROBLEM 9.9 

Knowing that beam AB is a W10 x 33 rolled shape and that 
w 0 = 3 kips/ft, L = 12 ft, and E = 29 x 10 6 psi, determine (a) the 
slope at A, (b) the deflection at C. 


SOLUTION 





w 


[x = 0, y = 0] [x = L, y = 0] 
L dy 
2 dx 


X ,LE, 0 


K 


W 0 L 


& 




G 


X — 


!) 


V 


n 


x = ^, ^ = o 

2 ufx 


Use symmetry boundary conditions at C. 
Using free body ACB and symmetry, 

R-a = = ~^ w d L 


For 


0 < x < —, 
2 


w = 


2w 0 x 


dh 

dM 

dx 


= -TV = 


2w 0 x 

L 

2 


= V = 


+ R n L 2_ x 2 


M = — 
L 


L 

f -L 2 x - —jc 3 | + C 
v 4 3 


ft 14 


M 


But M = 0 at x = 0; 


hence, C w = 0 


ElUr = ^ 

dx 2 ft 


^ 1 ,2 1 3 

— ft X-X 

v4 3 


£/ft = rfliz¥--L,< l + C| 

dx ft U 12 1 1 


Wa f 1 


0 = —I —ft* - —ft 4 I + C, = 0 
r 192 1 1 


io 

ft 132 

1 


C, =- w n U 

192 0 


w, 


Ely = 2-0 

ft l 24 


ft 2 x 3 - — 

120 


x 5 !-. 


192 


w 0 ft 3 x + C 2 


[x = 0, y = 0] 
Elastic curve. 


0 = 0- 0 + 0 + C 2 


C 7 =0 


y = 


Wn 


EIL 


ft 2 x 3 - —x 5 - —ft 4 x 
v 24 60 192 


c/y w 0 


dx EIL 


1 r 2 2 1 4 5 4 

— ft X-X-ft 


12 


192 
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PROBLEM 9.9 (Continued) 


Data : w Q = 3 kips/ft, E = 29 x 10 6 psi, / = 171 in 4 


El = (29 x 10 6 )(171) = 4.959 x 10 9 lb - in 2 = 34.438 x 10 3 kip ■ ft, 
L = 12 ft 


(a) Slope at x = 0 . 


dy _ 3 

dx ~ (34.438 x 10 3 )(12) 


— ( 12 ) 

v 192. 


-3.92 x 10 3 


0 A = 3.92 x 10“ 3 rad ^ ◄ 


(b) Deflection at x = 6 ft . 


7c = 


(34.438 x 10 3 )(12) 


— |( 12 ) 2 ( 6) 3 - —( 6) 5 - —( 12 ) 4 ( 6 ) 

v 24 J 60 192 


= -15.0531 x 10 -3 ft 


7c 


= 0.1806 in. I ◄ 
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y 


P 



PROBLEM 9.10 


c\ 

- 

B 


Knowing that beam AB is an S200 x 34 rolled shape and that 

A 



P = 60 kN, L = 2 m, and E = 200 GPa, determine (a) the slope at 

A, ( b ) the deflection at C. 

-l 

r 

id 


S 


- -L/2- - 

- -L/2— ► 





SOLUTION 



Use symmetry boundary conditions at C. 
By symmetry, R A = R B = —P 


Using free body AJ, | 0 < x < 4 


[x = 0, y = 0] [x = L, y = 0] 


2 dx 


+V M, =0: M - R a x = 0 


1 


9* 


il 


R 


F*-4 


O 

JT 


M 


[x = 0, y = 0] 

\ = = o’ 

2 nix 


0 = 0 + 0 + C 2 


M = R 4 x = —Px 
A 2 


- Ip, 

Jv 2 2 

El— = -Px 2 + C, 
nix 4 

Ely = — Px 3 + C,x + C, 

12 1 2 

C 9 = 0 


0 = -P 

4 


41 +c i 


Elastic curve. 


V = 


v 2 
PL 


C, =-PE- 

1 16 


48£/ 


(4x 3 - 3Z 2 x) 


Ir = ^ (4 , 2 -£ 2 ) 

dx 16EI 


Slone at x = 0 . 


Deflection at x = —. 

2 


dy 

dx 


y c = 


PE 
16 El 

PL 3 
48 El 


16 El 


y c = 


PE 
48 El 
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PROBLEM 9.10 (Continued) 

Data: 

P = 60xl0 3 N, 

/ = 26.9 x 10 6 mm 4 = 26.9 x 10 -6 m 4 


E = 200 x 10 9 Pa 

El = 5.38 x 10 6 N • m 2 L = 2m 

(a) 

e _ (60 x 10 3 )(2) 2 

A (16)(5.38 x 10 6 ) 

d A = 2.79x10“ 3 rad 

0 b ) 

(60 x 10 3 )(2) 3 
Jc ~ (48X5.38 x 10 6 ) 

= 1.859 x 10 -3 m y c = 1.859 mm -l A 
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PROBLEM 9.11 

For the beam and loading shown, (a) express the magnitude and location of 
the maximum deflection in terms of vv 0 , L, E, and I. (b) Calculate the value 
of the maximum deflection, assuming that beam AB is a W18 x 50 rolled 
shape and that w 0 = 4.5 kips/ft, L = 18 ft, and E = 29 x 10 6 psi. 
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PROBLEM 9.11 (Continued) 


Let z = — 
L 


By Newton-Raphson method, 


y m = 


r/ . 1 2 1 3 1 4 1 

f(z) = — z -z + —z- 

6 6 24 45 

df 1 1 2 1 3 

— = —z-z + —z J 

dz 3 2 6 


Z = Z n - 


/(*o) 


df I dz 

z = 0, 0.4807, 0.4807 


w 0 L 4 

[1 

El 

ll8 


24 


120 


45 


= 0.481 L ◄ 


r4 


= -0.00652 — 


El 


y m = 0.00652 


r4 

w o L 

El 




Data: w 0 = 4.5 kips/ft = 


4500 

12 


= 375 lb/in., L = 18 ft = 216 in. 


/ = 800 in 4 for W18 x 50 

(0.00652)(375)(216) 4 = 0229m 
(29 x 10 6 )(800) 
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PROBLEM 9.12 

(a) Determine the location and magnitude of the maximum absolute 
deflection in AB between A and the center of the beam. 

(b) Assuming that beam AB is a W460 x 113, Mq = 224 kN • m, and 
E = 200 GPa, determine the maximum allowable length L of the 
beam if the maximum deflection is not to exceed 1.2 mm. 


SOLUTION 



Using AB as a free body, 


LM B = 0: 


-2 M 0 - R a L = 0 


Ra = 


2 Mn 


L 


Using portion AJ as a free body, 
2 M n 


TMj = 0 : 


M 0 + —2-x + M = 0 


L 


El 


M = ^_(L - 2x) 
L 

^ = 2x) 

dx 2 L 


El— = ^-{Lx - x 2 ) + C] 
dxL 1 


Ely = ^ 
L 


-Lx 2 - V 
.2 3 j 


+ C| x + C-} 


[x = 0, y = 0] 
[x = L,y = 0] 


0 = 0- 0 + 0 + C 2 


0 = ^ 
L 


M„n , i ^ 


-L 2 -^L 2 


+ C X L + 0 


y = 


M n 


EIL 


dv Mq 


dx EIL 


-Lx 2 - -x 3 - -Zrx 
v 2 3 6 


Lx — x 2 - L 

v 6 j 


dv 


To find location of maximum deflection, set — = 0 

dx 

xl - Lx m --]} = 0 


C 2 =0 

Q = - X -MqL 2 


L 


x,„ = 




L Z -(4)\±L 2 


1 - 






L = 0.21132 L 


y 


x m = 0.21 XL ◄ 
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PROBLEM 9.12 (Continued) 


Solving for L, 
Data: 


y m = 


El 


—1(0.21132) 2 - f—1(0.21132) 3 — f—1(0.21132) 


-0.0160375 M ° L 


El 


y m = 


0.0160375 M()I 


El 


L = 


Ei\y„ 


I 1/2 


E 

I 


0.0160375M o 

200 x 10 9 Pa, 
554 x 10 6 mm 4 
554 xlO -6 m 4 


\y m 

M, 


= 1.2 mm = 1.2 x 10 J m, 
= 224 x 10 3 N • m 


L = 


(200 x 10 9 )(554 x 10~ 6 )(1.2 x 10~ 3 ) 
(0.0160375)(224 x 10 3 ) 


1/2 


\y m \ = 0.01604 


M 0 l z 

El 


= 6.08 m 
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PROBLEM 9.13 (Continued) 


[x = L, y = 0] Eq. (4): — 


1,1 , 

—bl? - -L(L - a) 3 
6 6 


+ C,L = 0 


C > = C ’ = T 


1 , 1 , 

-(I - a) 3 - - bL 2 
6 6 


P/T ,, 1 > 


L 


Make x = a in Eq. (2). 


y c = 


EIL 


—be? + — b 3 a - —bl}a 
6 6 6 


-b 3 - -bL 2 
6 6 


P(ba 3 + b 3 a - L 2 ab) 
6EIL 


Data: 


P = 35 kips, E = 29 x 10 b psi 
= 29 x 10 3 kips/in 2 
L = 15 ft, a = 5 ft, b = 10 ft 
/ = 291 in 4 , El = 8.439 x 10 6 kip • in 2 
= 58.604 xlO 3 kip-ft 2 


y c = 


35 


(6)(58.604 x 10 3 )(15) 


= -33.179 xlO“ 3 ft = -0.398 in. 


[(10)(5) 3 + (10 3 )(5) - (15) 2 (5)(10)] 


yc 


= 0.398 in. I ◄ 
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PROBLEM 9.14 

Knowing that beam AE is a W360 x 101 rolled shape and that 
Mo = 310 kN • m , L = 2.4 m , a = 0.5 m, and E = 200 GPa, determine 
(a) the equation of the elastic curve for portion BD, ( b ) the deflection 
at point C. 


SOLUTION 


Use continuity boundary condition at B and symmetry boundary condition at C. 
[x = 0, y = 0] 


[x = a, y = y] 

dy dy 
dx dx 


x = a. 


x = ±A = 0 

2 dx 


From statics, 

0 < x < a 
M = 0 

£/4h = 0 

dx 

El— , C, 
dx 

Ely = C|X + C 0 


R-a ~ ~ 0 

a < x < L — a 
M = M, 


o 

EI~tt = M 0 

dx 

El— = M 0 x + C 3 
dx 

Ely = ^M q x * 2 + C 3 x + C 4 


[x = 0, y = 0] 

'x = ^A = 0 

2 dx 


x = a. 


dy _ dy 
dx dx 

[x = a , y = y\ 


0 = 0 + c 2 

0 = ±M 0 L + C 3 


Cj = M 0 a + C 3 = —M 0 1 — L - a 


C, = 0 


C 3 = --Mol 


-Mr 


(a) Elastic curve (a < x < L - a). 


—L - o']a + 0 = ^-M 0 a 2 - ^M 0 La + C A 

1 7 

C A = —M n a" 

2 


Ely = ^M 0 x 2 - jM 0 Lx + jM 0 a 2 

M 0 o 2\ 

y = —— (x~ — Lx + a") 

' 2 El 


(b) Deflection at x = —. 

2 


yc 


M, 


2 El 
M, 




V 

0 


— + a~ 


8£7 


- 4a“) 


◄ 
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PROBLEM 9.14 (Continued) 


Data: 


M 0 = 310 x 10 3 N • m, 
L = 2.4 m, 
a = 0.5 m, 

E = 200 x 10 9 Pa 
/ = 301 x 10 6 mm 4 
= 301 x 10“ 6 m 4 
El = 60.2 x 10 6 N • m 2 


yc 


310 xlO 3 
(8)(60.2 xlO 6 ) 


[(2.4) 2 - (4)(0.5) 2 ] 


-3.06 xlO“ 3 


y c = 3.06 mm -l -4 
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PROBLEM 9.15 





W310 X 38.7 


For the beam and loading shown, knowing that a = 2 m, 
w = 50 kN/rn, and E = 200 GPa, determine (a) the slope at 
support A, ( b ) the deflection at point C. 


L = 6 m 
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x = a, 


dy dy 
dx dx 


PROBLEM 9.15 (Continued) 


1,1, l , 

— Rja - wa + C, = — R R (2a)~ + C, 

2 A 6 1 2 5 3 


1,1,1 , 7 , 

(7, = Ci h— R A a" - wa~ h— Rd(2ci')~ = C h- wa 

3 1 2 ^ 6 2 B 1 12 

1 ^ 1 1 7 7 \ 

[x = a, y = y] — R A a 3 -wa 4 + Qa = —R B (2af - C] 4-wa 3 (2a) 

6 24 6 v. 12 y 

111 -j 25 

3C.a = —i? 4 a 3 H-wa 4 H— R R (2aY - wcr(2a) =-wa 4 

1 6 24 6 12 24 

25 3 

C, =-wa 

1 72 

i—i /i _ _ 3 3 1 4 25 3 

ror 0 < x < a, hly = —wax - wx - wa x 

’ 36 24 72 


dy 


5 2 1 3 

hi —= —wax-wx-wa 

dx 12 6 72 

w = 50 x 10 3 N/m, a = 2 m, E = 200 x 10 9 Pa 
/ = 84.9 x 10 6 mm 4 = 84.9 x 10 “ 6 m 4 , El = 16.98 x 10 6 N • m 2 


25 


Data: 


(a) Slope atx = 0 . 


16.98 x 10 6 — 
dx 


dy 

dx 


= 0 - 0 -— (50 x 10 3 )(2 ) 3 
72 


= 9 a = -8.18 x 10 


-3 


( b ) Deflection at x = 2 m . 


5 4 1 4 25 4 1 4 

ElVr = — wa- wa - wa =—wa 

c 36 24 72 4 

16.98 x 10 6 .y c = -^-(50 x 10 3 )(2 ) 4 = - 11.78 x 10 “ 3 m 


e A =8.18 X 10“"rad^4 


y c = 11.78 mm ^ 4 
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y 




-<—a 


i 



c 



L/2 


L/2 


PROBLEM 9.16 

Knowing that beam AE is an S200 x 27.4 rolled shape and that 
P= 17.5 kN, L = 2.5 m, a = 0.8 m and E = 200 GPa, determine 
(a) the equation of the elastic curve for portion BD, (b ) the deflection at 
the center C of the beam. 
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PROBLEM 9.16 (Continued) 


(b) 


For deflection at C . 
set 


x 


L 

~ 2 ' 


y c = 


EI 


1 T 2 1 r 2 1 3 

-aLr - aL + —a 

8 4 6 


Pa r 

EI 


1 t 2 1 2 

—L - a 

8 6 


Data : / 
E 
P 
L 


yc 


23.9 x 10 6 mm 4 = 23.9 x 10“ 6 m 4 , 

200 xlO 9 Pa 

17.5 x 10 3 N, 

2.5 m, a = 0.8 m 

(17.5 x 10 3 )(0,8) [ 2.5 2 _ 0.8 2 ] 

(200 x 10 9 )(23.9 x 10 6 ) I 8 6 J 


-1.976 xl0“ 3 m 


y c = 1.976 mm -l A 
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w = w 0 [ l - 4(f) + 3(f) 2 ] 




PROBLEM 9.17 

For the beam and loading shown, determine (a) the equation of the 
elastic curve, ( b ) the deflection at the free end. 


SOLUTION 

Boundary conditions are shown at right. 

dV 


[x = 0, y = 0] 

i* = 0, 4 L = °i 

ax 


[x = L, V = 0] 
[x = L, M = 0] 


dx 


■ = —W = -Wn 



( x \ 

( x \ 2 ~ 

1-4 

- +3 



UJ 

UJ _ 


V = —w n 


o 2 3 

2x. X 


+c v 


[x = L,V = 0]: 0 = -w 0 [L - 2L + L\ + C v = 0 C v = 0 


dM 

dx 


= V = -w n 


2x l x i 

x -+ — 

L ls 


M = -w n 


\x = L,M= 0]: 0 = -w 0 


x l 2x i x 

~2 1zT + 4Z? 


+ C 


M 


I L 2_2 L 2 + I L 2 

2 3 4 


+ C 


M 


Cm - ^2 W °L 


,2 

El —— = M = — 


dx 


T7T d y 

El — = —Wn 
dx 


1 


1 2 2 x 3 lx 4 1 2 

-x z -+- T - L 

2 3 L 4 L 1 12 


1 * 
1 X 


1 x 5 1 


J -- . t A 

—x-1- t- L x 

6 6 L 20 L 2 12 


+ Q 


[x = 0,^ = 0] 
dx 


C x =0 


Ely = — w 0 
[x = 0, v = 0] 


1 4 lx 5 1 X b 1-2 

—X-+--- Lx 

24 30 L 120 L 2 24 


+ C, 


C 2 =0 
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(a) Elastic curve . 

( b ) Deflection at x = L . 


PROBLEM 9.17 (Continued) 


w n 


f 1 


y = - 


EIL 


— i}x 4 - Lx 5 H- x 6 - L 4 x | ■A. 

24 30 120 24 


v B = —\ —L 6 - —L 6 + —L 6 — -L 6 I = 

EIL 2 1 24 30 120 24 J 40£/ 


y B = 


40£/ 
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- w 0 [l ^2] 

n~TTr>>^ i 


PROBLEM 9.18 

For the beam and loading shown, determine (a) the equation of the 
elastic curve, ( b) the slope at end A, (c) the deflection at the midpoint 
of the span. 


L 


SOLUTION 


(a) 


(b) 


W = Wn 


.-4 

L 2 


= ^-[L 2 - x 2 ] 
L 


ax L 


dM 

dx 


- v -f 


— ~L 2 x 


+ C, 


M =^ 

l} 


-x 4 - -L 2 x 2 
12 2 


+ Cx + C 9 


[x = 0,M=0]: 0 = 0- 0 + 0 + C 2 


[x = L, M = 0]: 0 = —y- 
L 


—L 4 - — L 4 
12 2 


+ C X L 


Co = 0 


C, = - WnL 

1 12 0 


d 2 V Wn 

El - hr = M = -J- 

dx 2 L 2 


1 4 1 .1 2 5 3 

—x - Lx + —Lx 

12 2 12 


dx Lr 


1 5 1 r 9 3 5 1 2 

—x - Lx + —Lx 

60 6 24 


+ C, 




1 6 1 r 2 4 . 5 3 3 

-x-2. v H-2. x 

360 24 72 


+ C 3 X + C 4 


[x — 0 , v — 0 ] i 0 — 0 — 0 + 0 + 0 + C 4 


H’n 


[x = 2 ,, v = 0 ]: 0 = ^ 


—L 6 - —L 6 + —I 6 
360 24 72 


+ C 3 Z 


c A = 0 


c, = - 


11 

360 


-W n 


Elastic curve. 


y = w 0 (x° - 15Z+x 4 + 25 L i x i - 


— = rv 0 ( 6 x 5 - 60L 2 x 3 + 75L 3 x 2 - 11Z, 5 )/360£2L 2 
dx 


Slope at end A . 


Setx = 0 in dvldx. — 
dx 


11 w 0 L 
360 El 


®A ~ 


l} 

1 l/; 5 x)/360E/L 2 ◄ 


11 w 0 L 3 
360 El 
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PROBLEM 9.18 (Continued) 


(c) Deflection at midpoint (say, point C). Set x = ^ in deflection equation. 


_ 1 ^6 15 6 25 6 

y c — Wq — L - L H - L 


64 


= W’n 


16 

60 


yZ 6 | /360 EIL 2 


64 


L - — L° + 
64 


200 

64 


L° 


352 

64 


L b 360EIL 2 


211 w 0 L 4 
23,040 El 


Vr = 0.00916^^ I ◄ 
' c El 
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[x = 0, y = 0] 
dy 
dx 


\x = L, y = 0] 


Y = 0, — = 0 


PROBLEM 9.19 

For the beam and loading shown, determine the reaction at the 
roller support. 


SOLUTION 

Reactions are statically indeterminate. 
Boundary conditions are shown above. 
Using free body KB, 

A 


+ M k = 0: R b (L - x) — w(L - x) 


L — x 


- M = 0 


M = R b (L — x) - w(L - x) 


EI^- = R B (L-x)-±-w(L-x) 2 
ax 1 

EI— = -—R b (L - x) 2 + -w(L - xf + C, 
dx 2 6 


dy 


x = 0, = 0 

dx 


: 0 = --R b L 2 + -wL 3 + C, 

2 B 6 

C] = -R b L 2 - - wL 3 
1 2 6 

EI y =^R b (L- xf - - x) 4 + C> + C 2 

[x = 0, v = 0]: 0 = + C 2 

6 24 2 

C 7 = -~R b I? + — wL 4 
2 6 24 

[x = L, v = 0]: 0 = 0-0 + C\L + C 2 


-R r L 5 - -wL 4 --R r L i + —wL 4 = 0 
2 B 6 6 24 


W 


M 


v 


L 

> i 

t / f 

if 




L-X 


B 


= -wL T ◄ 
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M 0 

B 

PROBLEM 9.20 

r ai 

For the beam and loading shown, determine the reaction at the 
roller support. 

oooo 

4 

o 

II 

?\ 

o' 

II 

[x = 

x = L 

L, y = 0] 

* = »1 
dx 


SOLUTION 


Reactions are statically indeterminate. 

Boundary conditions are shown above. 

Using free body AJ, 

+ ;XMj =0: M 0 - R A x + M = 0 
M = R a x - Mq 

El ^ = R a x - M 0 
dx 

El — = -R 4 x 2 - M 0 x + C, 
dx 2 

x = L, — = 0 0 = -R 4 L 2 - M 0 L + C, 

dx 2 





Q = m 0 l - ^r a l 2 

Ely = -R a x 3 - — M 0 x 3 + C,x + C, 
6 2 


[ x = o, y = 0] C 2 = 0 
[x = L, y = 0] 


0 = ^R a L 2 - i M 0 L 2 + 


M 0 L - jR a L 2 \L + 0 


Ra 


^ M 0 ^ ^ 
2 L 
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i-^-rrrnTTT - 


PROBLEM 9.21 

For the beam and loading shown, determine the reaction at 
the roller support. 


[x = 0, y = 0] 


, = 0, * = 0 
dx 


[x = L, y = 0] 


SOLUTION 

Reactions are statically indeterminate. 
Boundary conditions are shown above. 
Using free body JB, 


1 9 

- = 0: —M + R b (L - x) + —w 0 (L - x)—(L - x) 




+ YJ-( L - x)\{L - x) = 0 


M = R b (L - x) - —[2L(L - x) 2 + x(L - xf ] 

6 L 

= R b (L — x) — -^-[2 I? - AL" x + 2 Lx" + xl? - 2Lx 2 + x 3 ] 
6 L 

W 0 ,„3 




0 




L-v 




= -x) - -^-Or - 3Zrx + 2If) 

6L 


El ——= R g (X - jc) - -^(x 3 - 31?x + 21?) 
dx 2 * 6. L 


. dy 


EI^— = Rn\ Lx -x 


dx 


1 > ^ 


2 y 

1 - 2 _ I x 3 

2 6 


61 


-x 4 - —I?x 2 + 2I?x \ + C, 


v 


Ely = R b \ -Lx 1 - T x j | - 


61 


x 5 - -Z 2 x 3 + I?x 2 I + C.x + C 7 
v 20 2 112 


[x = 0 ,y = 0] 

dy 
dx 


* = 0 ,^ = 0 


C, = 0 


C, = 0 


[x = L, y = 0] 0 = RgU 1 


1 1 

2 ~ 6 


w a L 


4 r 1 1 , 

-hi 

v 20 2 


l*-'- 


ntn. , 

— I W 0 L 


20 


R = — Wq L t ◄ 
B 40 
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SOLUTION 

Reactions are statically indeterminate. 
Boundary conditions are shown above. 


w = ^(L - x ) 

L 

dV W 0 / r ^ 

-= -w =- ~(L - x) 

dx L 

™= V = -^( L *-i+ 

dx L v 2 


+ Rj 


L 


1 , l , 

—Lx x i | + R a x 

v 2 6 


El 


d 2 y 

dx 1 

dy 

dx 


Wn 


-Lx 2 --x 2 \ + R jX 
\2 6 


ElL. , _^L 

L 


-Lx 3 

v6 

1 


— x 4 ) + -R 4 x 2 + C, 
24 J 2 


EIv = — Lx 4 - — jc 5 I + -R a x 2 + C]x + C 2 

L {24 120 J 6 A 1 


1 


[x = 0, v = 0] 

x = L, — = 0 
dx 


[x = L,y = 0] 


0 — 0 + 0 + 0 + C 2 

1 1 


c, = 0 


I 


-I 4 - — L 4 ) + + C, = 0 

v 6 24 J 2 4 1 


C, = -IVnl 3 - -R A L 2 
1 8 2 


L l 24 


(1 

r 

}r a = 

(\ 1 

1 ^ 





{ 2 

" 6, 


,8 24 + 

120 y 


—Z 5 | + iR 4 Z 3 + 
120 J 6 


w n I 










-w 0 Z 3 - |i = 0 


1 p 11 , 

— R A = -WnL 

3 120 


*.4 = 


_n 

40 


-w. 


L t ◄ 
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1 



-- Li 2 -- 

-- Li 2 -- 


PROBLEM 9.25 

Determine the reaction at the roller support and draw the bending 
moment diagram for the beam and loading shown. 


[x = 0, v = 0] 

* - o, iL , o' 

dx 


[x = L, y = 0] 


SOLUTION 


Reactions are statically indeterminate. 


+tzF v = 0: R A + R B -P = 0 R a =P-R b 

+£M a = 0: ~M A + jPL -R B L = 0 

M a = R b L - X -PL 

0 < x < —L: 

2 

M = M a + R a x 



,2 

El—= M A + R a x 
dx 

El— = M a x + -R a x 2 + C, 
dx 2 


Ely = —M a x 2 + -R a x 3 + C)x + C 2 
2 6 


—L < x < L: 
2 


M 


= M a 


+ R a x - P 





E/C j^y = M = M a + R a x - P^x - 

EI^- = M a x + -R a x 2 -~p[x~-l\ +C 3 
dx 2 2 \ 2 ) 

Ely = -M a x 2 + -R a x 3 - -p[ x - -\ +C 3 x + C 4 
2 6 6 V 2 ) 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1407 




















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 9.25 (Continued) 


x = 0, — = 0 
dx 


0 + 0 + Cj = 0 


[x — 0, v — Oj 0 + 0 + 0 + C 2 — 0 


c, = 0 


c 2 = 0 


L dv dv 

X , “ “” ~’ 

2 dx dx 


\ M a L + \ R aL 2 + 0 = '-M a L + i R a L 2 - 0 + C 3 


C 3 = 0 


L 

x = -,y = y 


-M a L 2 + — RX 3 + 0 + 0 = -M,L 2 + —r a l 3 - 0 + 0 +c 4 c 4 = 0 
8 48 8 48 

[x = L, y = 0] 

—Mj} + -P .L 3 - —PL 3 +0 + 0 = 0 
2 A 6 A 48 


j/ 

2 


R b L --P ]l 3 + -(P - R b )1? - —PL 3 = 0 
V 2 ) 6 48 


R A = p —P 
A 16 


r b = —p T ◄ 
B 16 


fi, = -pt 
^ 16 


= —PL - -PL 
16 2 


M A = -—PL ◄ 
^ 16 

M c = —PL ◄ 


32 

M b = 0 ◄ 



- >r 


Bending moment diagram 
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PROBLEM 9.26 

Determine the reaction at the roller support and draw the 
bending moment diagram for the beam and loading shown. 


[x = 0 , y = 0] 

dy 
dx 


* = o , *.0 


[x = L, y = 0] 
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SOLUTION 


i. 

*2. 


2^1 i -N 

L /A 


x- L r 


D 

V 


H 



Reactions are statically indeterminate. 

0 < x < - 
2 

d 2 y 

El —rr" = M = R a x 
dx 2 

El— = -R a x 2 + C, 
dx 2 A 1 

£7+ = ^R^x 3 + Q* + C 2 

— < x < L 
2 


->M, = 0: 


n 1 2tV 0 

-R,x + — 0 


2 I 


v 


El 2E = M = R a x - —— 
dx 2 3 L 


2)3 
L 

x - 

2y 


x - — II x - —1—1 x - — I + M = 0 


EI±= X - Ri x 2 -^ 
dx 2 A 12 L 


X ~J\ +Q 


1 „ 1 1 Wn( L 


Ely = -R a x 3 - —220. 
6 60 L 


x — — | + C 3 x + C 4 


[x = 0, v = 0] 

L dv dy 

X , 

2 dx dx 
L 

2 = 2" V = 'V 

\ = lA = o’ 

dx 

[x = L,y = 0] 


0 = 0 + 0 + C 2 

2 




+ Q = 7 ^ 


I 

v2 


-0 + C, 



( 1 ) 

( 2 ) 

(3) 


(4) 

(5) 

( 6 ) 


- - o + CA- + c. 


192 


C, = 0 


C, = c 3 


c 4 = C 2 = 0 


C 3 = —w n £ - —RaL~ 


,3_ 1 

2 


i^£ 3 - -l^L 

6 60 I 


-] +— w 0 Z 4 --R 4 L 3 + 0 = 0 
v2J 96 2 A 
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PROBLEM 9.27 (Continued) 


---= f—-— 

2 6 A 1 192 1920 


TH 

w„L 


1 p 3 

— Ra = - WnL 

3 640 


R 4 = ——WqL T ◄ 
A 640 


From (1), with x = y. 


M c = r a~ = — 
A 2 1280 


WqL 


M c = 0.00703 lw 0 I 2 ◄ 


From (4), with x = L, 


9 2 1 w 0 f L 

Ad n — Vt n /. 

640 3 I l 2 


53 

1920 


w 0 L 


Location of maximum positive Min portion CB: 


M b = -0.0276w o Zr ◄ 


dM 

dx 


= Ra ~ x m - — \ =0 


L R 4 L 

X m - — = 1 


w. 


0 


640 


-L = 0.11861 


x m = 0.5 L + 0.11861 = 0.6186Z 

From (4), with x = x m , M m = 7?^,(0.6186Z) - ——(0.1186Z.) 

3 L 


M m = 0.00814w 0 L 2 ◄ 
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PROBLEM 9.28 

Determine the reaction at the roller support and draw the bending moment 
diagram for the beam and loading shown. 


SOLUTION 


Reactions are statically indeterminate. 

0 < x < — 

2 



El —~y = M = R a x (1) 

dx 

El— = —R,x 2 + Cj (2) 

dx 2 A 

Ely = — R A x 3 +C]x+ C 2 (3) 

6 


— < x < L 
2 

<4) 

J +c = (5) 

, n 4 

Efy = ^ Ra x 3 - wf x - yj + Qx + C 4 (6) 


[x = 0, y = 0] 

L dy dv 
2 dx dx 

L 


, = L,^= 0 

dx 


[x = L, y = 0] 
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PROBLEM 9.28 (Continued) 


(\ 

1 

r3 

f 1 

1 


\r a l 3 = 




6 y 


,48 

384 J 


From (1), with x = y. 


From (4), with x = L, 


M c =R a \- | = 


1 

7 

~ r a = 

- wL 

3 A 

384 

— wL 2 


256 


vf z T- 

( 7 _il 

UJ 

1 128 8 ) 


— wL 2 
128 


*a = 
M c = 


-1—wL T 4 
128 

0.0273 wL 2 4 


Location of maximum positive M\ 


— < x < L 
2 



From (4), with x = x m , 


L 7 r 71 r 

x m = — +- L = - L 

" l 2 128 128 


M m = R A X n 




M b =- 0.0703ni ◄ 


L = ^l = JL l 

2 w 128 



M m = 0.0288wL 2 ◄ 
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PROBLEM 9.29 

Determine the reaction at the roller support and the deflection at point C. 


SOLUTION 



Reactions are statically indeterminate. 

0 < x< — 

2 

El — = M = R 4 x - —wx 2 

dx 2 2 

n d y 1 D 2 1 3 

El — = —Rax - wx + C. 

dx 2 A 6 

Ely = — R 4 x 3 — —wx 4 + C,x + C 7 
6 A 24 12 


L 


< x < L 


(See free body diagram.) 


+}L m k = 0: ~ r a x + 2 wL 


f x - ^ I + M = 0 


7 2 -j 

El ^-4- = M = RaX- -wL 
dx 2 2 


El— = -R a x 2 --wL 
dx 2 A 4 


x--L 

l 4 

2 


y-4l +c 3 


Ely = -|-R 4 .r 3 ~~ -2-wId x - ^ \ + CyX + C 4 


[x = 0, y = 0] : 


L dy dy 

X , 

2 dx dx 


0-0 + 0 + C 2 =0 C 2 = 0 



- +c. 


L 

x = -,y = y 



Q 

= c 3 + - 


^ i [ 


1 i „ fpr 

LY f 


- w\ 

— + 

CX\2) 

24 



C - —wL 3 
64 


192 


H-— H’Z 3 

3 192 


) L 

1 „ 

( L 1 

1 r 

( L ) 


—R 4 


— wL 


J2~ 

6 A 

<2J 

12 

,4 y 


+ C/^+C A 


C 4 = — —wL 4 + — wl 4 + — H’l 4 = — wL 4 
384 384 768 768 
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w 


A 














c ^ 

--L/2-► 

w 

- -L/2-- 


PROBLEM 9.30 

Determine the reaction at the roller support and the 
deflection at point C. 


[x = 0, y = 0] 

7-0, o' 

dx 


x = -,y = y 


L dv dv 
2 ’ dx dx 


[x = L, y = 0] 


SOLUTION 


Reactions are statically indeterminate. 


+ 1 "LF y = 0: R a + ^ wL — f wL + R B = 0 R A = —R B 


From A to C: 


+yLM A = 0: -M A 


(1 ^L 

-wL — + R b L = 0 
y2 ) 2 



d 2 y 1 7 

El — -7T = M = M A + R 4 x H— wx~ 
dx l 

El— = M A x H— RjX 2 H— wx 3 + Ci 

dx 2 A 6 

Ely = —Max 2 + -R 4 x 3 + —wx 4 + C,x + C, 
2 ^ 6 ' 4 24 12 
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r 

PROBLEM 9.31 

o' 

A 1 

1 B 

Determine the reaction at the roller support and the deflection at point D 




if a is equal to 773. 


-*- a —► 

-L- 



SOLUTION 


0<x < cr. 


M = R 4 x 


7 2 

£7^ = M = R 4 x 
dx 2 

EI— = -T^x 2 + C, 
dx 2 A 1 

Ely = -R a x 3 + Qjc + C 2 

6 

a<x < Z: 


M = R a x - P(x - a) 

,2 

£7^- = M = R a x - P(x - a) 
dx 2 A 

El— = -R a x 2 --P(x - af + C 3 
dx 2 2 

1^1 i 

Ely = —R a x 2 - P(x - ay + C 3 x + C 4 

6 ' 6 




1 

\ 

<"- 



0 


[x = 0, y = 0] : 0 + 0 + C 2 = 0 
dy dv 


x = a. 


dx dx 


C, = 0 


■f 7£,a 2 + C, = ^£ 4 a 2 - 0 + C 3 


c, = c. 


[x = a, y = y] : 

— R A a + + 0 — —7 ?^a — 0 + CjU + C 4 

6 6 


C 4 = 0 


* = !,£ = 0 

dx 


X -R a L 2 - X -P{L - a) 2 + C 3 = 0 


1 


C 3 =£P(Z-a) 2 -i^Z 2 
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M 

0 

PROBLEM 9.32 


r 

'- B 


V 

D =A= Determine the reaction at the roller support and the deflection at point D 




if a is equal to L/ 3. 



L ->- 



SOLUTION 


+ IZF v = 0: R a +R b = 0 R a =-R b 
+)Y.M A =0: M 0 - M a +R b L = 0 M A = R B L + M 0 


0<x < o: 


M = M A + R a x 
d 2 v 

EI^~ = M = M a + R a x 


M a 

G 


dx “ 

. dy 
dx 


El— = M A x H— R a x + Cy 


Ely = —M a x 2 + -R a x 3 + CyX + C 2 
2 6 

a<x < L: 


M = M , + f? 4 x - M, 


o 


El 


d 2 y 


2 = M = M A + f^x - M 0 


dx 

El— = M A x + -tf 4 x 2 - M 0 x + C 3 
dx 2 

1 , 1,1 , 

Ely = —M a x 2 + —R a x 3 - MqX 2 + C 3 x + C 4 

2 6 2 


« = o , ^.0 

dx 


: 0 + 0 + Q = 0 


[x — 0, — 0] : 0 + 0 + 0 + (7, — 0 

dy _ dy 


x = a. 


dx dx 


1 , 1 , 

M + —R A u ~ M A a + —R A u — Ad qO + C 3 

[x = a, y = y] : 

— M A a 2 + — = — M A a 2 + — - — M 0 a 2 + ( M 0 a)(a ) + C 4 

2 6 2 6 ' 2 


M 0 


c, = o 


C 2 = 0 


I 


C 3 = M 0 a 


1 7 

C 4 = — M n a 

2 
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PROBLEM 9.32 (Continued) 


[x = L, y = 0] : 

±-M a L 2 + ± R a I? - ±-M 0 L 2 + (. M 0 a)(L) - ±-M 0 a 2 = 0 
z o z Z 

~(R b L + M 0 )L 2 + -(- R b )L 3 - -M 0 L 2 + M 0 aL - -M 0 a 2 = 0 
2 6 2 2 


Rb = 


2 L 3 21} 


L \ L — 2 L\ = 
V 3 


. 5 Mo 

6 L 


R B = 5 -^l ◄ 
B 6 L 


Deflection at D. 


v at x = a = — 
3 


1J1., 2 1 D 3 

+ 6 ^- v 


-Li 

El 2 


5 M. 


6 L 


0-L + M r 


(lZU5MA(L 
V 3 J 6 V 61 A3 


7 M 0 r 
486£7 


7 b = 


1M 0 L 2 
486 El 


T ◄ 
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PROBLEM 9.33 

Determine the reaction at A and draw the bending moment diagram for 
the beam and loading shown. 


[x = 0, y = 0] 

= 0,^ = 0 
dx 


[x = L, >> = 0] 

= 1 ,^ = 0 
dx 


SOLUTION 

Reactions are statically indeterminate. 
By symmetry, 


R-b — R-a 1 - M A 


Over entire beam. 


dy „ L 

— = 0 at x = — 
dx 2 


+ |SF V =0: R a +R b -wL = 0 


1 9 

M = M A + R 4 x-— wx 

El —= M A + —wLx-—wx 2 
dx 2 2 2 

El — = M A x + — wLx 2 — — wx 2 +C, 
dx A 4 6 1 


& 


,F 






M* 

c 


W 

If ’. . TJ 


« = 0 ,^ = 0 

dx 

'x = E ^ = 0 
2 dx 


& 


o 




0 + 0-0 + Cj=0 C 1= 0 


—MaL + —wt - wE +0 = 0 


16 


48 


M = - wl} H —wLx - wx 2 

12 2 2 


M A = —— wL 2 4 
A 12 / 


M = w[6x{L - x) -Z 2 ]/12 4 
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SOLUTION 



Reactions are statically indeterminate. 

Because of symmetry, — = 0 and V = 0 at x = —. 

dx 2 


[x = 0, y = 0] 

x = 0, £-0 
dx 


[x = L, y = 0] 

x = L, E = 0 
dx 


L 


0 

2 dx 


Use portion AC of beam. 


0 < x < — 
v 2 



dV w 0 

-= -w = -2 —-x 

dx L 

^L = v = -^ + r a 

dx L 


El 


= M = -~—x 3 + R a x + M A 
dx 2 3 L 


- dy 
dx 


j_Wo 

12 L 


1 


El— = -—-Q-x 4 + —RaX 2 + M aX + C, 


l "Wa 9 1 ■j 1 9 

Ely =-—x 2 H—i?.x 3 H— M A x + Cx + C ? 

60 L 6 A 2 A 1 2 


(1) 

( 2 ) 

(3) 

(4) 


x = 0, ^ = 0 
dx 

[x = 0, y = 0] : 


0 = 0 + 0 + 0 + C, 


0 — 0 + 0 + 0 + 0 + C~i 


C, = 0 


C 2 = 0 


X = V = 0 
2 


w 0 f I 


I l 2 


+ ^ =0 


^ 4 


x = ^,^ = 0 
2 a!x 


1 w n (LX l(l 


12 L 


2 J + 2 




I 


I 


- + M, —h 0 = 0 
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PROBLEM 9.34 (Continued) 


From (2), with x 


L 

2 ’ 




w o L 2 



M A = -0.052 HZ 2 ' ◄ 


M c 


iB/ilY 

3 L U, 



—w 0 I 12 
96 0 


] W() L 2 = — WcL 2 M c = 0.0313 w.L 2 ◄ 

24 8 96 ) 32 0 
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y 

2 


w 

PROBLEM 9.35 








B For the beam and loading shown, determine (a) the equation of the 

elastic curve, ( b ) the slope at end A, (c) the deflection of point C. 

c 

*- LI 2- ► 

-- 

3 1 
- - LI 2- - 


SOLUTION 



dV / L 

-= —w{x - 

dx \ 2 


= V = Rj — w( x — 


dM 

dx 


M = pt A + R a X - 


1 


L 


w[ x - ■ 


[JC = 0, M = 0] [x = L,M = 0] 
[x = 0, y = 0] [x = L, y = 0] 


[x = L,M = 0] R a L--w 


L 


= 0 


R a = —wL 


El 


d 2 y 1 1 / l\ 2 

dx 2 8 2 \ 2, 


dy 1 2 1 / ^ \ n 

El — = —wLx - w( x -) + C. 

dx 16 6 \ 2/ 


Ely = —wix 3 ——wlx - —\ + C.x + C 9 
48 24 \ 2/ 1 

[x = 0, j = 0] o = o + o + o + c *2 


C 2 = 0 


[x = L, y = 0] —Mi 4 - —4 - I + Ci + 0 = 0 
48 24 U, 1 1 


Q = - 


—-- ■ — ]wi 3 = — 

v 48 24 16 J 384 


(o) Elastic curve . 


Ely = —Mix 3 - wlx -\ — Mi 3 x 

48 24 \ 2/ 384 


w 

\ 1 

El 

[48 



E,\ 

16 


c 3 -— /j» 

24 \ 


384 


-iz? 

384 
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PROBLEM 9.35 (Continued) 


(b) 


(c) 


Slope at A . 


Deflection at C. 


(x = 0 in slope equation) 


0 A 

f 

x 

V 


7 wL 3 
384 El 

— in deflection equation 


wL 4 

[1 

1 

7 

n_ 

f 1 

7 'l 

wL 4 

5 

wL 4 

El 

[48 

8 

384 

2j 

384 

768 ; 

El 

768 

El 


◄ 


◄ 
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y 



B 

PROBLEM 9.36 

For the beam and loading shown, determine (a) the 

A • 1 

I- X 

n 

^ c / 

id 

h * 

dz 

equation of the elastic curve, (6) the slope at end A, (c) the 
deflection of point C. 





[x = 

o 1 

II 

o' 

[x = L, y 

= 0] 



SOLUTION 

Reactions: 


M, 




L 

0 < x < a 
a < x < L 

Using singularity functions, 


Ra = -t 2 - t R B = ~^i 


B L 
M = R a x 
M = R a x - M 0 


El 


d 2 y 

dx" 


= M = R.x - M 0 (x - ay 


g 


C 2 = 0 


(a) Elastic curve . 


El— = -R a x 2 - M 0 (x - a) 1 + C, 
dx 2 

Ely = -R 4 x 3 - -M 0 (x - a) 2 + C]x + C 2 
6 ‘ 2 

[x = 0, y = 0] 0 = 0 - 0 + 0 + C 2 

[x = L, y = 0] -R a L 2 - -M 0 (L -a) 2 +C X L + 0 = 0 

6 2 

CL = - l -^L 2 + -M 0 6 2 
1 6 1 2 0 

C l= ^(3b 2 -L 2 ) 

1 61 

1 f 1 A/n 1 ,2 ... 2 2 \ 

v=—< --* 3 - M 0 {x - a) H--(36 - L 2 )x 

El 6 L 2 0 6L 


y = 


M, 


<Ur 3 _ 


6 EIL r 


3L<* - a) 2 + {3b 2 - I 2 )*} ◄ 


dv M { 


dx 6 EIL 


{3x 2 - 6 L{x - a) 1 + (36 2 - I 2 )} 
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PROBLEM 9.36 (Continued) 

(b) Slope at A. 

— at jc = ol 
\dx ) 

e A = M ° {0 0 + 3 Lb 2 L 3 } e A = M ° (3b 2 L 2 ) ^ ◄ 

6 EIL 6EIL 

(c) Deflection at C. 

(y at x = a) 

yc = mL {a '~ 0 + {3b2 ~ Ll)a} 

= ^77 {al + 31)2 ~ (fl + b)2} 

6 EIL 

= M ° a {/ + 3 b 2 / lab b 2 } 

6 EIL 

- M »“ {26- - lab) 

6EIL 

M 0 «6 
c 3 EIL 
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SOLUTION 

dM 


— = V= — -P(x-a)°-P(x- 2a)° - P(x - 3a)° 
dx 2 


El 


'ID 

= M = —x - P(x - a )* - P{x — 2a) 1 - P(x - 3a) 1 


d 2 y 
dx 2 

r dy 3 P 2 1 n/_ _\ 2 1 r>/__ „ 2 1 r>/ o 2 


f 


T. 


1 


El — = —x 2 - -P(x - a) 2 - -P(x - 2a) 2 - -P(x - 3a) 2 + C, 
dx 4 2 2 2 

Ely = —x 3 - P(x - a) 3 -P(x - 2a) 3 -P(x - 3a) 3 + Qx + C 2 

4 6 6 6 


(2 elf 

X 


[x = 0,J> = 0]: 
[x = 4a, y = 0]: 


0-0-0-0 + 0 + C 2 =0 

16Pa 3 - -Pa 3 - -Pa 3 - -Pa 3 + 4aC, = 0 


6 


••• c 2 = o 

C, = --Pa 2 

2 


p 

Elastic curve . _v = [3x 3 - 2(x - a) 3 - 2(x - 2a) 3 - 2<x - 3a) 3 - 30a 2 x] 


(a) x = a: v B = 


Pa - 
1 2EI 


[3-0-0-0-30] 


(6) x = 2a: v c = 


(c) x = 3 a: = 


Pa 3 
1 2FJ 
Pa 3 
1 2EI 


[24 - 2 - 0 - 0 - 60] 


[81-16-2-0-90] 


Ezj = 


= 


JVj = 


9 Pa 3 
4 El 
19 Pa 3 
6 El 
9Pa 3 
4EI 
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y 

1 

r 

r 

P PROBLEM 9.38 


A B ' 

C’ 

O' 

For the beam and loading shown, determine the deflection at (a) point B, 

( b) point C, (c) point D. 













SOLUTION 




R a = 3 P 


Q, 


t 

A. 


1XJ 



+| 'LFy = 0: R a -P-P-P = 0 

+)IM a = 0: ~M A - Pa- P(2a) - P(3a) = 0 M A = -6Pa 
dM 


- - = V = 3P-P(x-a) 0 - P{x - 2a)° 

dx 


El 


d 2 y 
dx 2 


= M = 3 Px - P{x - a) 1 - P{x - 2a) 1 - 6 Pa 


El ^ Px 2 - ^ P(x - a) 2 - ^P(x - 2a) 2 - 6Pax + C, 


* = 0 ,^ = 0 
dx 


dx 2 2 

: O-O-O-O + C^O C, = 0 


Ely = -Px 3 - ip(jc - a) 3 - -P(x - 2a) 3 - 3Pax 2 + C, 
2 6 6 2 


[jc = 0, y = 0]: 0 - 0 - 0 - 0 + C 2 = 0 


C 2 =0 


Elastic curve , y = —[3x 3 - (x - a) 3 - (x - 2a) 3 - 18ax 2 ] 
6 El 

Pa 3 

(a) x = a: y B = - [3-0-0-18] 


(6) x = 2a: = 


6£7 
Pa 2 
6EI 
Pa 3 


J'b = 


5Pa 
2 El 


[24 - 1 - 0 - 72] 


(c) x = 3a: =-[81 - 8 - 1 - 162] 

6 El 


y c = 


y d = 


49 Pa 2 
6 El 
15 Pa 2 
4EI 
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PROBLEM 9.39 

For the beam and loading shown, determine (a) the deflection at 
end A, (b) the deflection at point C, (c) the slope at end D. 


[x = a, y = 0] [x = 3 a, 7 = 0] 


SOLUTION 




$L 




Reactions: 

(0 < x < a): 

(a < x < 2a): 
(2a < x < 3a): 


R b = 2P T, r d = 0 

V = -P 

V = -P + 2P 

V = -P + 2P - P 




But 


M = 0 at x = 0 


Using singularity functions, 

— =V = -P + 2P(x - a>° - P(x - 2a)° 
dx 

M = —Px + 2P(x - a) 1 - P(x - 2a) 1 + M , 


M A = 0 


T 2 

EI-^J- = M = -Px + 2p(x - a)' - P(x - 2a) 1 


dx 


EI~ = -\; Px2 + p {x - a) 2 - ^(jc - 2a) 1 + C, 


Ely = -—Px 3 + —P(x - a) 3 - — P(x - 2a) 3 + C]x + C 2 


6 

[x = a, 7 = 0] 
[x = 3a, v = 0] 
Eq (5) — Eq (4) 


( 1 ) 

( 2 ) 

(3) 


--Pa 3 + 0 - 0 + C,a + C 2 = 0 

6 1 2 


aC x + C 2 = -Pa* (4) 

6 


--/■(Bo) 3 + \p(2a) 3 - -Pa 3 + C,(3a) + C 2 = 0 3aC, + C 2 = 2 Pa 1 (5) 
6 3 6 


2C,a + —Pa 2 

1 6 

1 , 3 , 

C 2 = —Pa - aC } = —Pa 
2 6 1 4 


C, + —Pa 
12 


P f 1 3 1 / \3 1 / - \3 11 2 3 : 

El I 6 3' 7 6 x 7 12 4 


2 1 / „ \2 11 2 


dy P ) 1 2 . / \2 1 / T \2 1 1 

— = —i—x + (x - a) -(x - 2a) H- a 

dx El 2 3 7 2' 7 12 
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(a) Deflection at A . 


(b) Deflection at C . 


(c) Slope at D . 


PROBLEM 9.39 (Continued) 

(v at x = 0) 


Pa 3 [ A A A 3l 3 Pa 3 
A El 4 4 El 


(y at x = 2a) 


'dy_ 

ydX 


Pa 3 J 

-7<2) 3 

El I 

6 

at x = 

= 3aj 

Pa 2 t 


El 

l 2 V 


i d ) 3 

3 


11 
—I 
12 


> 2 - 1(» 2 


11 

12 


1 Pa z 
12 El 


Va = 


3 Pa 3 


4 El 


y c = 


1 Pa 3 
12 El 


i ◄ 


T ◄ 


On = 


1 Pa 2 
12 El 
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PROBLEM 9.40 

For the beam and loading shown, determine (a) the deflection 
end A, (b) the deflection at point C, (c) the slope at end D. 
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PROBLEM 9.40 (Continued) 


(b) Deflection at C . 

y c = 


(v at x = 2d) 


El 

(c) Slope at D . 


M o al j__L (2) 2 + o + —(2) - —1 = LMs*(L_ 

2 4 4 4 El 


dy , , 

— at x = 5a 
dx 


e D = ^L \-3 + 1 + lL-I£af.. 

D El \ 4 4 El 


y c = 


1 M 0 a 2 
4 El 


T ◄ 




4 El 
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PROBLEM 9.42 

For the beam and loading shown, determine (a) the equation of the elastic 
curve, ( b ) the deflection at the midpoint C. 
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y 





PROBLEM 9.43 

For the beam and loading shown, determine (a) the equation of the 
elastic curve, ( b ) the deflection at point B, (c) the deflection at point C. 
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JST 


-L/2- 


-L/ 2- 


-L/2- 


D 


PROBLEM 9.44 

For the beam and loading shown, determine (a) the equation of the 
. x elastic curve, (b) the deflection at point B, (c) the deflection at point D. 
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SOLUTION 

Units: Forces in kN, lengths in meters. 




4 

6v 


o.5 


D 

(4 


/ = ^(50)(150) 3 

= 14.0625 x 10 6 mm 4 
= 14.0625 x 10“ 6 m 4 
El = (12 x 10 9 )(14.0625 x 10 -6 ) 

= 168.75 x 10 3 N • nr 
= 168.75 kN • m 2 

+)M d = 0: -2R a + (1.5)(4) + (0.5)(5) = 0 


w(;r) = 5(x - 1)° kN • m 

dV o 

-= -w = -5(x - 1) 

dx 

— = V = -5{x - l) 1 + 4.25 - 4{x - 0.5)° 
dx 

j2 r 

El= M = --(x - 1> 2 + 4.25x - 4(x - 0.5) 1 
dx" 2 

El— = --{x - l) 3 + 2.125* 2 - 2(x - 0.5) 2 + C) 
dx 6 


R a = 4.25 kN 
kNm 

kN/m 

kN 

kN • m 
kN • m 2 


c 9 1 9 

Ely = -—{x - 1> 4 + — ^-x 3 - -<jc - 0.5) 3 + C,x + C 2 kN • m 3 
24 3 3 12 


[ x = 0, y = 0] -0 + 0 - 0 + 0 + C 2 = 0 


[x = 2 m, y = 0] - 


— ( 1 ) + 
v 24 1 


2.125 


(2) _ I ~ | (1 -5) + 2C t = 0 


C 2 = 0 


Cj = -1.60417 kN • m- 
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PROBLEM 9.45 (Continued) 


(a) Slope at end A . 


' dy 

—— at x = 0 
K dx 


El 


= -0 + 0- 0 +Q 


dy_\ _ _Q = -1.60417 
\dx) A ~EI~ 168.75 

(b) Deflection at midpoint C . (y at x = I m) 


= -9.51 x 10“ 3 


d A = 9.51 x 10 _J rad \ 4 


Ely c = -0 + 1 ^l(l) 3 - f| |(0.5) J + (—1 -60417)(1) 


= -979.17 x 10 -3 kN • m 3 

-979.17 xl0“ 3 , „-3 

y r = -= -5.80 x 10 m 

c 168.75 


y c = 5.80 mm i A 
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SOLUTION 


Units : Forces in lbs; lengths in inches. 


c = —d = 
2 


I |(L2 5 ) 


= 0.625 in. 


/ = —c = —(0.625; 

4 4 

= 119.84 xl0~ 3 in 4 
EI = (29 xl0 6 )(l 19.84 xl0~ 3 ) 
= 3.4754 xl0 6 lb-in 2 




ICO lb | I 7.0 t)f k. 


11 


I n 


Use entire beam ABCD as free body. 

+)ZM D =0: -48i? 4 + (16)(160) + (8)(200) = 0 

w(x) = 10(x-24)° -10(x-40)° lb/in. 

— = -w = -10(x - 24)° + 10(x - 40)° lb/in. 
dx 

= V = -10(x -24) 1 + 10(x - 40) 1 + 86.667 - 200(x -40)° 
dx 

il 

EI—~y = M = -5{x - 24) 2 + 5<x - 40) 2 + 86.667x - 200<x - 40) 1 
dx 1 

EI^- = --(x- 24) 3 + -<x-40> 3 +43.333x 2 -100<x-40> 2 +C X 
dx 3 3 

Ely = -^-{x- 24) 4 +Y^(x - 40) 4 + 14.4444.V 3 - ^<x - 40> 3 + C,x + C 2 


R a = 86.667 lbT 


lb-in. 


lb-in. 


lb • in 2 


lb • in 
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PROBLEM 9.46 (Continued) 


[x — 0, v — 0] —0 + 0 + 0 + 0 + (^2 — 0 C *2 — 0 


[* = 48, 7 = 0] 


(a) Slope at end A . 


v il ) (24)4 + (ilj (8)4 +(M ' 4444)(48)3 

"f 1 r ) (8)3+48C1=0 


— at x = 0 
dx 


C, = -30.08 x 10 3 lb - in 2 


El 


fdy} 

\dx j 

f dy} 

\dx j 


= -0 + 0 + 0 +^ 


C 1 _-30.08x10 3 = _ 8 _ 66x10 _ 3 


, A El 3.4754 xlO b 
(b) Deflection at point B . (y at x = 24 in.) 


9. = 8.66 x 10~ 3 rad A 


EIy B = -0 + 0 + (14.4444)(24) 3 - 0 + (-30.08 x 10 3 )(24) 
=-522.24xlO 3 lb-in 3 


y B =■ 


-522.24 x 10 j 
3.4754 xlO 6 


= -0.1503 in. 


y B 


= 0.1503 in.i ◄ 
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3 Idps/ft 


-5 ft- 


-5 ft- 


D 




20 kips 
<— 6ft- 


W16 X 57 


PROBLEM 9.47 


For the beam and loading shown, determine (a) the slope at 
end A, ( b ) the deflection at the point C. Use E = 29 x 10 6 psi. 


SOLUTION 


3 kipi/tt 


Units: Forces in kips, lengths in feet. 


s 

_ 

uilllLvijUic tf A 

E 

<£> 

-5 " Cl ' 

■*- - W* 5 ■ 6ft — 

» » El 

R 


= 152,650 kip • fU 

+)IM d = 0: (20)(6) + (3xl 1)(5.5) - 7^(16) = 0 R A = 18.844 kips T 

Express the loading as a singularity function. 
w(x) = 2>{x. - 5)° 

V(x) = R A - jwdx - 20(x - 10)° = 18.844 - 3(x - 5) 1 - 20(x - 10>° 


El 


d 2 y 
dx 2 

- dy 


= Mix') = 18.844x - 1.5(jc - 5) 2 - 20(x - 10}‘ 


Ef-j- = 9A22x 2 - 0.5 (x - 5) - 10 (jc - 10)“ + C, 

Ely = 3.141x 3 - 0.125 (jc - 5) 4 - 3.333(x - 10) 3 + Qx + C 2 

Boundary conditions : 

[jc = 0, y = 0]: C 2 = 0 

[jc = 16, y = 0]: 3.141(16) 3 - (0.125)(11) 4 - (3.3333)(6) 3 + 16C, =0 C, = -644.7 kip ■ ft 2 
EI^- = 9.442x 2 - 0.5(x - 5} 3 - 10 (jc - 10} 2 - 644.7 
Ely = 3.141x 3 - 0.125(jc - 5) 4 - 3.333(jc - 10) 3 - 644.7x 

(a) Slope at A . f — at x = 0 

\dx 

152,6509 A = 0 + 0 + 0 - 644.7 d A = -4.22 x 10“ 3 rad d A = 4.22 x 10“ 3 rad ^ ◄ 

(b) Deflection at C . ( y at x = 10ft) 

152,650y c = (3.141)(10) 3 - (0.125)(5) 4 + 0 - (644.7)(10) = - 3384 

y c = -0.02217 ft y c = 0.266 in. I ◄ 
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PROBLEM 9.48 (Continued) 


(, b ) Deflection at C . (y at x = 1 m) 

EIy c = 4(1) 3 - 2(1) 4 + -(l) 4 - 0 - 0 - jy(l) = -3.1333 kN • m 3 


= _ j. = _ 3 0 599 x 10 -3 m 

c 1024 


y c = 3.06 mm -I A 
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1 



--i/2-- 

--i/2-- 


PROBLEM 9.49 

For the beam and loading shown, determine (a) the reaction at the 
roller support, (b) the deflection at point C. 


[x = 0, y = 0] 
dy 
dx 


[x = L, y = 0] 


x-oA-0 


SOLUTION 


+txF„ =0: R, + R r - P = 0 


r a - p r b 


Reactions are statically indeterminate. 

dM 


+ \'LM a = 0: -M a -P- + R»L = 0 M a =R r L--PL 


= V = R a -P x-- 


L 


dx 


El ^ = M = M a + R a x- plx-- 
dx 1 \ 2 


EI^- = M A x + -R A x 2 --plx-—) + C] 
dx 2 2 \ 2 / 


M, 

Cf 

v -,> 




Ely = —M a x 2 + - R A x 3 - -P(x - — ) + C x x + C 2 

2 6 6 \ 2 / 


, = 0 ,^ = 0 

dx 


0 + 0 + 0 + Q = 0 


[x — 0, v — 0] 0 + 0 + 0 + 0 + C*) — 0 
[x = L, y = 0] \m a L 2 + \r a L 2 - \p 

ZOO 


Q = 0 
C 2 =0 

x y 

- + 0 + 0=0 
v 2 J 


j/ 

2 


P S Z - -RZ Z 2 + -CP - R r )L 3 - — RZ 3 = 0 
v 2 J 48 


---I RuE* = 

\2 6 l B 


fl - X - + ^\PL 2 
v 4 6 48. 

11 


-R = —P 

3 48 


R a = P - P = —P 

16 16 


M „ = —PL - -PL = - PL 


16 


16 


e 




(a) R b = —P T ◄ 
B 16 
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PROBLEM 9.50 

For the beam and loading shown, determine (a) the reaction at 
the roller support, (b) the deflection at point C. 


[x = 0, y = 0] 




dx 


[x = L, y = 0] 
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PROBLEM 9.50 (Continued) 


Elastic curve. 


= Mo_ {9 

EIL 1 



(£) Deflection at point C . 


f 

y at x 

V 



[ 


f 9 l 


EIL 1 

UJ 

UJ 

UJ 


- 0 - 



M 0 L Z 

128£Y 


Ec 


MJ}_ 

128 El 
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r 

r 

PROBLEM 9.51 


A BJ 

c\ 

i) For the beam and loading shown, determine (a) the reaction at the roller 


-—L/3—»—«—L/3" 

A* L/3— 

support, (b) the deflection at point B. 
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PROBLEM 9.51 (Continued) 


Elastic curve. 


(b) Deflection at B . 


p \ 

1 2 

2 3 

1 . 

1 z\ 3 

1/ 


, —Lx + 

— x 3 - 

- - 

x- ) - 

-- 

El ] 

i 6 

9 

6 ] 

\ 3/ 

6\ 


L\ 

v at x = — 

3 J 


f 

(1 r ) 

'L 

f 2 


3 


-L 




1 

o 

1 

o 

l 

U ) 

,3, 

) 9 

,3 ) 



5 PI? 
486 El 



y B 


JHLim 

486 El 
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PROBLEM 9.52 

For the beam and loading shown, determine (a) the reaction at the roller 
support, ( b ) the deflection at point B. 
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14 kN/m 



A 



PROBLEM 9.53 



W410 X 60 


For the beam and loading shown, determine (a) the reaction at 
point C, ( b ) the deflection at point B. Use E = 200 GPa. 



3 m —► 


[x = 0, y = 0] 


[* = 8, y = 0] 


«.o,+ -o 

dx 


SOLUTION 

Units : Forces in kN; lengths in m. 

-Msf; = 0: R a -10 + R c = 0 
R A =70- R c kN 

+)M a = 0: - M A - (70)(2.5) + 8R C = 0 
M A = 8R C - 175 kN-m 

Reactions are statically indeterminate. 

w(x) = 14 - 14(x - 5)° 

— = -w = -14 + 14<jc - 5)° 
dx 

— = V = R 4 - \4x + I4(x - 5) 1 
dx 

El — = M = M A + R 4 x - lx 1 + l{x - 5) 2 

dx 

El— = M a x + -R A x 2 - -a 3 + -<jc - 5) 3 + C, 
dx 2 A 3 3 



Ely = 



[x = 
[x = 


-M a x 2 + -R a x 3 - —x 4 + —{x - 5) 4 + C,x + C , 
2 A 6 A 12 12 1 


0 ,^ = 0 

dx 


O + O + O + O + C^O 


0, y — 0] 0 + 0 + 0 + 0 + 0 + C 2 — 0 


y = 0] \m a { 8) 2 + iRXS) 3 - t~( 8) 4 + ^r(3) 4 + 0 + 0 = 0 

z o lz lz 


Ik 

Rc 


kN/m 

kN/m 

kN 

kN • m 

kN • m 2 
kN • m 3 
C, = 0 

c 2 = 0 
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PROBLEM 9.53 (Continued) 


32(8 R c - 175) + —(70 - R c ) - = 0 

6 12 


170.667R C = 5600 - 35,840 + 28,105 = 1968.75 R c = 11.536 kNt 
c 6 12 c 


(a) Reaction at C . 


Data: 


R r = 11.54 kNt ◄ 


(b) 


Deflection at B. 


M A = (8)(11.536) - 175 = -82.715 kN • m 
r a = 70 - 11.536 = 58.464 kN 

E = 200 x 10 9 Pa / = 216 x 10 6 mm 4 = 216xl0“ 6 m 4 
El = (200 x 10 9 )(216 x 10 -6 ) = 43.2 x 10 6 N • m 2 = 43,200 kN • m 2 
(y at x = 5 m) 


Ely B = —(-82.715)(5) + -(58.464)(5) J -(5 y = -180.52 kN • m 


6 


180.52 , 3 

ys = — _ = -4.18 x 10 m 


12 


43,200 


y B = 4.18 mm l- -4 
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PROBLEM 9.54 


For the beam shown and knowing that P = 40 kN, determine 
W 200 x 46.1 (a) the reaction at point E, ( b ) the deflection at point C. Use 

E = 200 GPa. 
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PROBLEM 9.54 (Continued) 


Data: 

E = 

200 x 

10 9 Pa, 

I = 45.8 xlO 6 mm 4 = 45.8 

x 10“ 6 m 4 



El = 

(200 > 

10 9 )(45 

8 x 10 -6 ) = 9.16 x 10 6 N • m 2 

= 9160 kN • m 2 


(b) 

Deflection at C. 


(y at x = 1 m) 






Efy c = 

i(-37.5)(l) 2 + i(78.75)(l) 3 - 
2 o 

—(0.5) 3 - 0 - 
3 

0 + 0 + 0 





-6.4583 kN • m 3 






Pc = 

6.4583 „ A - „_3 

= 0.705 x 10 J m 

9160 


y c = 0.705 mm 4- -4 
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9 kips/f't 

Ar 

PROBLEM 9.55 

For the beam and loading shown, determine (a) the reaction at 

3^5 c 

--6 ft-- 

B 

-6 ft-► 

W10 / 90 points, ( b) the deflection at point C. Use E = 29 x 10 6 psi. 


SOLUTION 


Units: Forces in kips, lengths in ft. 



Ely = -R 4 x 3 - 0.0125x 5 + 0.375(x - 6> 4 + 0.0125<x - 6) 5 + C]x + C 2 
6 

[x = 0, y = 0] 0 + 0 + 0 + 0 + 0 + Cf> = 0 


kip • ft" 
kip • ft 3 

c 2 = o 


x = 12,— = 0 
dx 


^{R a ){ 12) 2 - (0.0625)(12) 4 + (1.5)(6) 3 + (0.0625)(6) 4 + Q = 0 
C, = 891 - 72R a =0 kip • ft 2 


1 


Data: 


[x = 12, y = 0] —R a {\2) - (0.0125)(12) + (0.375)(6) 4 + (0.0125)(6r 
6 

+ (891 - 12R a ){\2) + 0 = 0 

(864-288)^ =8164.8 

R a = 14.175 kips 
Q = 891 - (72)(14.175) 

= -129.6 kip • ft 2 

E = 29 x 10 6 psi = 29 x 10 3 ksi 
/ = 156 in 4 

El = (29 x 10 3 )(156) = 4.524 x 10 6 kip • in 2 = 31,417 kip • ft 2 


R a = 14.18 kips T ◄ 
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PROBLEM 9.55 (Continued) 


(b) Deflection at C . (y at x = 6) 


EIy c = —(14.175)(6) 3 - (0.0125)(6) 5 + 0 + 0 - (129.6)(6) + 0 
6 


= -364.5 kip • ft 
364.5 


y c = 


31,417 


= -11.60 x 10 -3 ft 


yc 


= 0.1392 in. I ◄ 
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SOLUTION 

w = 4.5 Itips/ft 


A B 


wT~ 

'*2.5 ft’ 


D E 


2.5 ft ' 2.5 ft 


I 


W14 X 22 


Units : Forces in kips, lengths in ft. 

w(x) = 4.5<x - 2.5)° - 4.5<x - 7.5)° 
dV 


— = -w(x) = -4.5(x - 2.5) u + 4.5 (jc - 7.5)° kip 2 /ft 
dx 


2.5 ft 


[x = 0, y = 0] [x = 10 , y = 0] 
[x = 0, M = 0] 


dM 

dx 


= V = R A - 4.5(x - 2.5) + 4.5(x - 7.5) 1 kips 


x = loA = 0 

dx 


El 


d 2 y 

dx 2 


EI^= l -R A x 2 -^ 
dx 2 3 


2.25 


1_ 3 2.25, ocx4 2.25 


6 


12 


12 


| .r — 0, _v — 0 ] 0 + 0 + 0 + 0 + C 2 — 0 

dy 
dx 


- 7.5> 2 

kip • ft 

■ 7.5) 3 + Q 

kip • ft 2 

■ 2.5) 4 + C x x + C 2 

kip • ft 3 


O 

II 

u" 


, = 10,^=0 


-«,(10) 2 - — (7.5) 3 + — <2.5> 3 + C, = 0 
2 A 12 12 


C, = 304.69 - 507?, 


kip • ft" 


[x = 10, y = 0] |^(10) 3 - ^(7.5) 4 + ^(2.5) 4 + (304.69 - 502^)00) + 0 = 0 
6 12 12 


^500 - 22^ = 24,609 R a = 7.3833 


V 


6 


R a = 7.38 kips t ◄ 


Data: 


C, = 304.69 - (50)(7.3833) = -64.45 kip • ft 2 
E = 29xl0 6 psi = 29xl0 3 ksi, 7 = 199 in 4 
El = (29 x 10 3 )(199) = 5.771 x 10 6 kip • in 2 = 40,076kip ■ ft 2 


(b) Deflection at C . (y at x = 5 ft) 


EIy c = 2(7.3833)(5) 3 - 2^(2.5) 4 + 0 - (64.45)(5) + 0 = -175.76 kip • ft 2 
6 12 


= _ 175.76 = _ 4 3856 x 10 -3 ft 
c 40,076 


yc 


= 0.0526 in. >1 ◄ 
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PROBLEM 9.57 

For the beam and loading shown, determine (a) the reaction at point A, 
(b) the deflection at point D. 


SOLUTION 



[x = 0, v = 0] [x = 5a, y = 0] 


1 

X 

II 

© 

w 

II 

o 

__1 


1 

o 

II 

"^1 

IT) 

II 

H 

i_ 

dx 


dx 


w(x) = w{x - a) 0 - w{x - 3 a) 0 

—— = —w(x) = -w{x - a) 0 + w{x - 3a)° 
dx 

= R a — w(x - a) 1 + w{x - 3a) 1 
dx 

d 2 v 1 t 1 , 

El—y = M = M a + R a x - w{x - a) 2 H— w{x - 3a) 2 

dx~ 2 2 

El — = M a x + —R a x 2 - — w{x - a) 3 + — w{x - 3a) 3 + C] 
dx 2 6 6 


1 


1 


Ely = —M,x L + —R,x : 5 —— w(x - a) 4 + — (x - 3a) 4 + C,x + C 7 
' 2 A 6 A 24 24 1 2 


x = 0, — = 0 

dx 


o + o + o + o + q= o 


| .v — 0, v — 0 j 0 + 0 + 0 + 0 + 0 + Cl? — 0 

dv 
dx 


C, = 0 


C 2 = 0 


x = 5a, — = 0 


M A (5a) + -^(5a) 2 - -w(4a) 3 + -w(2a) 3 +0 = 0 
2 6 6 


5M A a + 12.5 R A a 2 = 9.3333 wa 3 

[x = 5a, y = 0] -M A (5a) 2 + -R A (5af - — w(4a) 4 + —(2a) 4 + 0 + 0 = 0 
^ 6 24 24 

12.5M^a 2 + 20.8333^a 3 = lOrva 4 


( 1 ) 


(2) 


Solving (1) and (2) simultaneously, 


(b) Deflection at D . (y at x = 3a) 

1 f 1 1 


M A = -1.3333wa 2 ◄ 
R a = 1.280wa T ◄ 


El 2 


7 D = — ~M a (3a)“ + -f? 4 (3a) J -w(2af + 0 + 0 + 0 


6 


24 


f (-1-3333) + i(1.28)(27)- 2-(16) 


wa = -0.907 Wa 


El 


El 


y D = 0.907 


wa 

El 
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PROBLEM 9.58 

For the beam and loading shown, determine (a) the reaction at point A, 
(b) the deflection at midpoint C. 


SOLUTION 


dM 

dx 


= V = R, - P(x - — 


El 


d 2 v 


dx 


, = M = M A + R a x — P(x - 


- dy 


El— = M A x H— R a x “- P{ x -> + C, 


dx 


1 


Ely = —M A x h— R a x - Pi x -) + C x x + C 2 


6 6 


x = 0 , — = 0 

dx 


0 + 0- 0 + Q = 0 


[x = 0, ^ = 0] 0 + 0- 0 + C 2 = o 

~X = L, — = 0 1 ' 1 

dx 


M A L + ^R A L 2 -±P 


(fl =0 


1 J 2L 


[x = L, y = 0] -M a L z + -R a U -~P\ — = 0 


2 6 
(a) Solving Eqs. (1) and (2) simultaneously, 


6 


R 4 = —P 
A 27 


M A = - PL 

A 27 


Elastic curve. 


y = 


El 


.A^ + k 

27 81 6 \ 3 


( b ) Deflection at midpoint C . 


L 

y at x = — 
2 




s. 


M, 




Rp 


C, = 0 
C 2 =0 
( 1 ) 

( 2 ) 


r 4 4 

^ 27 

4 ^ . 

M a = —PL / ◄ 
^ 27 


Ec = 


El 


- L 

27 


I 


10 ( L 


811 2 


L 


5 PE 
1296 El 


y c = 


5PE 

1296 El 


i ◄ 
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SOLUTION 

See solution to Prob.9.45 for the derivation of the equations used in the following: 
El = 168.75 kN • m 2 C, = -1.60417 kN • m 2 C 2 = 0 

El— = --{x - 1> 3 + 2.125x 2 - 2(x - 0.5) 2 + C, 
dx 6 1 

5 , .. 4 2.125 _3 2 


Ely = -(x - \y + 

24 3 


dy 


x i - -<x - 0.5) + C]x + C 2 


Compute slope at C. | — at x = 1 in. 

dx 


El 


— | = 0 + (2.125)(1)“ - 2(0.5)" - 1.60417 = 20.83 x 10 
\dx 


-3 


kN • m 2 


kN • m 


kN • m" 


Since the slope at C is positive, the largest deflection occurs in portion BC, where 

EI^- = 2.125x 2 - 2(x - 0.5) 2 - 1.60417 
dx 

o nc o 

Ely = ——x 1 - -(x - 0.5) 3 - 1.60417x 
3 3 

To find the location of the largest downward deflection, set — = 0. 

dx 

2.125 x 2 - 2(x 2 - x m + 0.25) - 1.60417 = 0.125x 2 + 2x m - 2.10417 = 0 


x = 1.0521 - 0.0625x 


Solve by iteration. 


x m = 1,0.989,0.991. 
f 2.125 


= 0.991m ◄ 


Efy m = 


\ 


(0.991) 3 - |(0.991 - 0.5) 3 - (1.60417)(0.991) 


= -0.97927 kN • m 
0.97927 


y m = 


168.75 


= -5.80 x 10“ 3 m 


y m = 5.80 mm 4- A 
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SOLUTION 

See solution to Prob. 9.46 for the derivation of equations used in the following: 

El = 3.4754 xlO 6 lb -in 2 
Q = -30.08 xl0 3 lb-in 2 , C 2 = 0 

El— = --{x - 24) 3 + -<jc - 40) 3 + 43.333;c 2 - 100(x - 40) 2 + Q 
dx 3 3 

Ely = ~—{x - 24) 4 + —<jc - 40) 4 + 14.4444x 3 - — <jc - 40> 3 + C,x + C 
12 12 3 12 

To find location of maximum I vl, set — = 0. 

dx 


Assume 24 < x m < 40. 


El — = -~(x m - 24) 3 + 0 + 43.3333x 2 - 0 - 30.08 x 10 3 = 0 
dx 3 

/ = - 24) 3 + 43.3333x 2 - 30.08 x 10 3 

= -5(x m - 24) 2 + 86.667x 

dx„, 


Solve by iteration: 


x m = 24 
/ = -5.12 x 10 3 
df/dx = 2.08 x 10 3 


26.46 

249 

2.26 x 10 3 


26.35 

-14 


lb • in 


lb • in 3 


x,„ = 26.4 in. A 


EIy m = -^-(26.35 - 24) 4 + 0 + (14.4444)(26.35) 3 - (30.08 x 10 3 )(26.35) 


= -528.35 x 10 3 lb • in 3 


y m = 


-528.35 x 10 
3.4754 xlO 6 


= -0.1520 in. 


= 0.1520 in. I ◄ 
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SOLUTION 


See solution to Prob. 9.47 for the derivation of following: 

El = 152,650 kip • ft 2 

- 644.7 kip • ft 2 
10) 3 - 644.7 x kip-ft 3 

To find the location of maximum I v|, set — = 0. 

dx 


EI~ = 9.422 x 2 - 0.5 (x - 5) 3 - 10 (x - 10) 2 
Ely = 3.141x 3 - 0.125(x - 5) 4 - 3.333(x - 


Assume 5 < x < 10. 


9.422x 2 - 0.5(x - 5) 3 - 644.7 = /(x) = 0 (1) 

18.844x - 1.5(x - 5) 2 

f 

Solve Eq. (1) by iteration: x i+1 = x ; --- 

df / dx 

x = 9 8.406 8.397 x m = 8.40 ft ◄ 

/ = 86.48 1.310 0.0415 

dfldx = 145.6 141.0 

EIy m = (3.141)(8.397) 3 - (0.125)(8.397 - 5) 4 - (644.7)(8.397) = -3570.5 kip • ft 3 
152,650y m = -3570.5 y m = -0.02339 ft y m = 0.281 in. >1 ◄ 



dx 


df_ 

dx 
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PROBLEM 9.62 

For the beam and loading of Prob. 9.48, determine the magnitude 
and location of the largest downward deflection. 


SOLUTION 

See solution to Prob. 9.48 for the derivation of the equations used in the following: 

El = 1024 kN • m 2 

El— = 12x 2 - 8x 3 + 2x 4 - 2(x - 1> 4 - 4(x - 1> 2 - — kN • m 2 
dx 15 

O O A O'J 

Ely = 4x 3 - 2x 4 + -x 5 - -<x - l) 5 - -<x - 1> 3 - —x kN • m 3 

5 5 3 15 


To find location of maximum M, set — = 0. Assume 0 < x< 1 m. 

dx 


Solving: 


El— = 12x 2 - 8x 3 + 2x 4 - — = 0 


dx 

x = 0.94166 m 


15 


= 0.942 m ◄ 


2 83 

EIy m = 4(0.94166) 3 - 2(0.94166) 4 + —(0.94166) 5 - —(0.94166) 


= -3.1469 kN • m 
3.1469 


y m = 


1024 


= -3.0731 x 10“ 3 m 


y m = 3.07 mm i A 
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0.5 m 

0.3 m 

0.3 m 

05 m PROBLEM 9.63 




^ F ^ ^ 

A o o\ -r The ricnH bars RF a nH DH are welder! to the rolled-steel 

A 

C 

j' 

D J —L o.im wioo x 193 beam AE as shown. Determine for the loading shown 

H \ (ct) the deflection at point B, (b) the deflection at 

midpoint C of the beam. Use E = 200 GPa. 

G 

' 

\ 

0.15 m 

r 100kN 
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PROBLEM 9.63 (Continued) 


For W100 x 19.3 rolled-steel shape, / = 4.70 x 10 6 mm 4 = 4.70 x 10 6 m 4 


El = (200 x 10 9 )(4.70 x 10“ 6 ) = 940 x 10 3 N • m 2 = 940 kN • m 2 


(a) 

y B = 

0.1667 

= 0.1773 x 10 

940 

(b) 

y c = 

0.8417 

= 0.895 x 10“ : 

940 


y B = 0.1773 mm T A 
y c = 0.895 mm T A 
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30 kN/m 


50 kN 1 
- 2.4 m- 


J 

W460 X 52 


PROBLEM 9.64 

The rigid bar DEF is welded at point D to the rolled-steel beam AB. 
For the loading shown, determine (a) the slope at point A, (b) the 
deflection at midpoint C of the beam. Use E = 200 GPa. 


1.2 m 1.2 m 


SOLUTION 

Units : Forces in kN; lengths in meters. 

+)M b = 0: -4.8 R a + (30)(2.4)(3.6) 

+ (50)(2.4) = 0 

R a = 79 kN t 

/ = 212 x 10 6 mm 4 = 212 x 10“ 6 m 4 
El = (200 x 10 9 )(212 x 10“ 6 ) = 42.4 x 10 6 N • m 2 
= 42,400 kN • nr 

w(x) = 30 - 30(x - 2.4)° 

— = -w = -30 + 30(x - 2.4)° 
dx 

— = V = 79 - 30x + 30(x - 2.4) 1 - 50(x - 3.6)° 
dx 




IIIT1 | 


n 1 


EI 


d 2 v 

dx 


= M = 19x - I5x 2 + I5(x - 2.4) 2 - 50<x - 3.6) 1 - 60(3: - 3.6)° 


EI— = —x 2 - 5x 2 + 5(x - 2.4) 3 - 25(jc - 3.6) 2 - 60<jc - 3.6) 1 + C, 
dx 2 

79 S S 7^ 

Ely = —x 3 - -x 4 + -(x - 2.4) 4 - —(x - 3.6) 3 - 30(x - 3.6) 2 + C,x + C, 
6 4 4 3 


[x = 0, j; = 0] 0-0 + 0- 0- 0 + 0 + C 2 = 0 


Q = 0 


[x = 4.8, y = 0] 


T |(4 - 8)J 


f 




( 4 -8) 4 + ^)(2.4) 4 


— | (1.2) J - (30)(1.2) z + 4.8Q = 0 

v 3 


GoktO'*! 




Ra 


kN/m 


kN 


kN • m 


kN • nr 


kN • m 


C, = -161.76 kN • m 2 
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PROBLEM 9.64 (Continued) 


(a) Slope at points . 



\ 

0 


El 


fdy} 

\dxj A 


0-0 + 0-0-0-161.76 
-161.76 kN • m 2 


dy^ 
dx) A 


-161.76 

42,400 


-3.82 xl0“ 3 


0 A = 3.82 x 10“ 3 rad. ^ ◄ 


(b) Deflection at midpoint C . (y atx = 2.4) 


Efy c = 


V T |(2 - 4r “ 


- (2.4)" + 0 - 0 - 0 - (161.76)(2.4) + 0 

v4. 


yc 


= -247.68 kN • m 
-247.68 


42,400 


= -5.84 x 10“ 3 m 


y c = 5.84 mm A 
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PROBLEM 9.65 

For the cantilever beam and loading shown, determine the slope and 
deflection at the free end. 


L/2- 


-L/2- 
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PROBLEM 9.66 

For the cantilever beam and loading shown, determine the slope and 
deflection at the end. 
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r 

r 

PROBLEM 9.67 

t 

♦ 

For the cantilever beam and loading shown, determine the slope and 

A 

B C 

deflection at the free end. 

|»- L/2 — 

—4-4- L/2 ■ -* 
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PROBLEM 9.68 

For the cantilever beam and loading shown, determine the slope and 
deflection at the free end. 


SOLUTION 

Loading I : M A at A. Case 3 of appendix D. 

v'a = 


O' = - M * L 


EL 


MJL 

2EI 




£ 


P c 




with 


M A = Pa 


0'a=~ 


PaL 

El 


/ A, 


yA = 


Pair 
2 El 


F 


Loading II : P downward at B. Case 1 of appendix D applied to portion BC. 


0” B = 


Pa - 
2EI 


y B = 


Pa i 
3 El 


AB remains straight. 


Pa z 


P” — P" — 

t7 A ~ t/n — 

B 2 El 

y" A = Zb -(L- a)0” B 

P(Z Pa 

= - (L - a) 

3 El 


By superposition. 


e A = e\ + e"=- 


2 El 


PaL Pa~ 
+ 


PcCL Pa 3 
+ ■ 


2 El 6EI 


El 2EI 


Pa 

2EI 


( 2 L - a) 


y A = y A + y A = 


PaL 2 Pa 2 L Pa 3 


2EI 2 El 6EI 
Pa -(3L 2 - 3 aL + a 2 ) 


6 El 


Pa 
6 El 


3 


Pa 
2 El 


(2 L - a) ^ ◄ 


(3 L 2 - 3 aL + a 2 ) T ◄ 
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J 

N 

N 

p PROBLEM 9.69 

—1 n For the beam and loading shown, determine (a) the deflection at point C, ( b) the 




_ slope at end A. 

a ~^\ 


SOLUTION 

Loading I : Load at B. Case 5 in Appendix D. 

L = 4a, a = a, b = 3a, x = 2 a 

For x > a, replace x by L - x and interchange a and b in expression for elastic curve given. 


y = 


y c = 


9 a = 


-^-[(L - x? - (L 2 - a 2 )(L - x )] 
6 EIL 

Pa 

6EI(4a) 

Pb(L 2 - b 2 ) 


, 9-, 11 Pa 

[(2a) 3 - (16a 2 - a 2 )(2a)] =- 

12 El 


P(3a)(16a 2 -9a 2 ) 


7 Pa 2 


Loading II : Load at C. 


Loading III : Load at D. 


(a) Deflection at C . 


( b ) Slone at A . 


6 EIL 6 El (4a) 

Case 4 of Appendix D with L = 4a. 


El 


y c = 


PE _ P(4ay 
48P7 ~ 4%EI 
PL 2 P(4a) 2 


4 Pa 3 


0 A = - 

1 6EI 1 6Ef 

Case 5 of Appendix D. 
L = 4a, a = 3a, 


3 El 
Pa 2 


El 


b = a, x = 2a at point C. 


yc 


6 EIL 
Pa 


(L 2 


b 2 )x] 


9 a =- 


16£7(4a) 
Pb(L 2 - b 2 ) 


[(2a) 3 - (16a 2 - a 2 )(2a)] = 


11 Pa 

12 El 


3 


yc = 


6EIL 
11 Pa 3 4 Pa 3 


Pa(16a~ - a") _ 5 Pa 

6EI(4a) ~ 8 El 

11 Pa 3 19 Pa 3 


12 El 3 El 12 El 


6 El 


9 A = -- 


7 Pa“ Pa 2 


5 Pa 1 


5 Pa 2 


El El 


El 


2 El 


y c = 


19 Pa 
6 El 




9 a =~ 


5 Pa 2 


2 El 


'V ◄ 
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PROBLEM 9.70 

For the beam and loading shown, determine (a) the deflection at point C, 
(b) the slope at end A. 


SOLUTION 



Loading I : Case 5. 


L , 2 L 

a = b = —, 
3 3 


P = P, x = a 


y c = 


° A = -- 


Pa 2 b 2 P 

f z T 

f 2L ) 

2 

4 PE 5 


6EIL 6EIL 

UJ 

l 3 J 

243 El 


Pb( [} - b 1 ) 

p 

f 2L) 

L 2 - 

(2 Lf 

5 PL 2 

6 EIL 

6EIL 

l 3 J 

{ 3 J 

81 El 


Loading II : 


Case 7. 

M 


M = - 


PL 


L 

x = — 
3 


y c = 


0A - + 


,3 r2 , PLl 3 
(x - Lrx) = +- 




6EIL 
ML -( PL/3)L 


6EIL 


- L 


V J 


L 


4 PL 
243 El 


(a) 


6EI 

Deflection at C. 


6EI 


1 PL 

18 ~eT 


yc = 


4 PE 


3 


4 PE 


3 


PE 


243 El 243 El 


243 El 


(b) Slope at A . 


°A=~ 


5 PL 


1 PL 


81 El 18 El 


19 PE- 
162 El 


y c = 


PE 


243 El 


i ◄ 


e A = 


19 PIE 
162 El 


^ ◄ 
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A, 

p PROBLEM 9.72 

oooo 

->—L/3 —» 

c, 

- — L/3 —*■ 

ror me oeam ana loaaing snown, aeienmne ya) me aeneciion ai point c, 

(b) the slope at end A. 
p 

-—L/3 —*j 


SOLUTION 


Loading I : Downward load P at B. 

Use Case 5 of Appendix D with 

p p L 2L 2 L 

3 3 3 


For x < a, given elastic curve is 


Pb 3 

V = - [x 

EIL 


(L 2 - b 2 )x] 


To obtain elastic curve for x > a, replace x by L — x and interchange a and b to get 

y = P a [(L - x) 3 - ( L 2 - a 2 )(L - x)] with x = at point C. 
6 EIL 3 


P(L/3) 

'(O 

3 

f 

t} 

(O 

2^ 

fL^\ 

7 PL 3 

}(J 6 ELL 

UJ 


V 

bJ 

y 

bJ 

486 El 


Pb(L 2 - b 2 ) _ P(2L/3)[L 2 - (2L/3) 2 ] _ 5 PL 1 

A ~ 6 ELL ~ 6 EIL ~ 81 El 

Loading II : Upward load at C. Use Case 5 of Appendix D with 

P P 2L A L T T 2L 

P = -P, a = —, b = —, L = L, x = a = - 

3 3 3 


(-P)(2L/3) 2 (L/3f 4 PL 3 

3EIL ~ 243 EL 

(-P)(L!3\L 2 - (L/3) 2 ) 4 PL 2 

6 EIL ~ 81 El 


(a) Deflection at C . 


7 PL 3 4 PL 3 
486 El 243 El 


0 b ) Slope at ^4 . 


5 PL 2 4 PL 2 
81 El 81 El 


1 PL 3 
486 EL 


T ◄ 


0 A 


1 PL 2 

Y\~eT 
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PROBLEM 9.73 

For the cantilever beam and loading shown, determine the 
slope and deflection at end C. Use E = 200 GPa. 


SOLUTION 





Units : Forces in kN; lengths in m. 

Loading I : Concentrated load at B . 

Case 1 of Appendix D applied to portion AB. 

_ PL 2 _ _ (3)(0.75 ) 2 _ 0.84375 

B ~ 2EI ~ 2 El ~ El 

, _ _Pl}_ _ (3)(0.75 ) 3 _ 0.421875 

y,i ~ 3EI ~ 3EI ~ El 


Portion BC remains straight. 


9'c = 0' b 


0.84375 

El 


y' c = y' B - (0.5 w B = 


0.84375 

El 


Loading II : Concentrated load at C . Case 1 of Appendix D. 


By superposition. 


= 


Va = 


PL 
2EI 
PL- 
3EI 


e A = d' A + d" A = - 


(3)(l-25) 2 

2EI 

(3)(l-25) 3 

3EI 

3.1875 


2.34375 

El 

1.953125 

El 


Va = yA + Va = — 


El 

2.796875 


El 


Data: 


E = 200 x 10 9 Pa, / = 2.52 x 10 6 mm 4 = 2.52 x 10“ 6 m 4 


El = (200 x 10 4 X2.52 x 10 -6 ) = 504 x 10 3 N • m 2 = 504 kN • m 2 


Slope at C . 


Deflection at C. 


0 C =- 


y c = 


3.1875 3 

-= -6.32x10 rad 

504 

2.796875 , n _ 3 

= -5.55 x 10 m 


504 


0 r = 6.32 x 10"-mad^T ◄ 


y c = 5.55 mm -l A 
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SOLUTION 




Units : Forces in kN; lengths in m. 

The slope and deflection at B depend only on the 
deformation of portion AB. 

Reduce the force at C to an equivalent force-couple system 
at B and add the force already at B to obtain the loadings I 
and II shown. 


Loading I : Case 1 of Appendix D. 

_ _Pl}_ _ (6)(0.75 ) 2 _ 1.6875 

B ~ 2 EI~ 2 El ~ El 

, _ PL 3 _ (6)(0.75 ) 3 _ 0.84375 

y ' B ~ 3EI ~ 3 El ~ El 


Loading II : Case 3 of Appendix D. 


By superposition, 


Data: 


Slope at B . 


Deflection at B. 


ML _ (L5)(0.75) _ 1.125 

El El El 

ML 2 _ (1.5)(0.75 ) 2 _ 0.421875 
2EI ~ El ~ El 


y B 


9’ b + 9" b 

y' B + y" B 


2.8125 

El 

1.265625 

El 


E = 200 x 10 9 Pa, / = 2.52 x 10 6 mm 4 = 2.52 x 10“ 6 m 4 
El = (200 x 10 9 )(2.52 x 10 -6 ) = 504 x 10 3 N • m 2 = 504 kN • m 2 


2.8125 0 3 , 

9n = -= -5.58 x 10 rad 


y B = 


504 

1.265625 

504 


9 b = 5.58 x 10 3 rad^T^4 


= -2.51 x 10“ 3 m 


y B 


= 2.51 mm >1 -A 
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lk P i kip/ft 



PROBLEM 9.75 

For the cantilever beam and loading shown, detennine the 
4.0 m. slope and deflection at end A. Use E = 29 x 10 6 psi. 


SOLUTION 


lki » © 


Units : Forces in kips; lengths in ft. 

Loading I : Concentrated load at A. 


c • 


Case 1 of Appendix D. 

PL 2 (Ilf!) 


® rr'i Vrr 


.* * k v y 


l 


B 


&a = 


yA = 


2 El 2EI 


12.5 

El 


PL 


d)(5) 3 


41.667 


3EI 3EI El 

Loading II : Uniformly distributed load over portion BC. 
Case 2 of Appendix D applied to portion BC. 


Ob 


wL 


d)(3) 3 


6EI 6EI 


425 

El 


y B = 


wT 

8£7 


d)(3) 4 

8£7 


10.125 

El 


4.5 

Portion AB remains straight. 0" A = 0" B = 


By superposition, 


„ , 10.125 ^f4.5l 19.125 

y A = y B ~ a O B = -( 2 ) — =- 

A ' El l El El 


12 5 4 5 17 

o A = & A + e\ = — + — = — 

A EI El El 


Data: 


y A = y A + y A = 

E 
i 
EI 


41.667 19.125 60.792 


EI EI EI 

29 x 10 6 psi = 29 x 10 3 ksi 

^-(2.0)(4.0) 3 = 10.667 in 4 

(29 x 10 3 )(10.667) = 309.33 x 10 3 kip • in 2 = 2148 kip • ft 2 


Slope at A . 


Deflection at A. 


0 , = 


17 


y A = 


2148 

60.792 


d* = 7.91 x 10“ 3 rad ◄ 


2148 


= -28.30 xl0“ 3 ft 


y A 


= 0.340 in. >1 ◄ 
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1 kip 


1 kip/ft 



PROBLEM 9.76 

For the cantilever beam and loading shown, detennine the 
4 0 m slope and deflection at point if. Use E = 29 x 10 6 psi. 


SOLUTION 


* 


I 

'f 


A 



Units : Forces in kips; lengths in ft. 

Loading I : Concentrated load at A. 
Case 1 of Appendix D. 


y = 

dy 

dx 


P 

6EI 

P 

6EI 


[.x 3 - 3Lx 2 ] 
[3x 2 - 6Lx] 


with P = 1 kip, L = 5 ft, x = 3 ft 



f y 

t ' 

t ' 

t y 

t ■ 

r > 

■ 

* 

1 


L- 3> — J 


y' B = 

dy y 
dx' 


1 

6EI 

1 

6EI 


[(3) 3 - (3)(5)(3) 2 ] = 
[(3)(3) 2 - (6)(5)(3)] 


18 _ 

El 

10.5 

El 


Adjusting the sign, 0 B 


10.5 

El 


Loading II : Uniformly distributed load over portion BC. 

Case 2 of Appendix D applied to portion BC. 


y B = 

By superposition. 


w£_ 

SEI 


(1)(3) 4 

8 El 


10.125 

El 


e B = e’ B + d" B = — + 45 

B a 8 EI EI 


15_ 

El 


°" B = 


wL 

6EI 


— = — y B = y B + y B 


(1)(3) 3 _ 4.5 
6EI El 

18 10.125 

El El 


28.125 

El 


Data: 


E = 29 x 10 6 psi = 29 x 10 3 ksi / = ^-(2.0)(4.0) 3 = 10.667in 4 
El = (29 x 10 3 )(10.667) = 309.33 x 10 3 kip • in 2 = 2148 kip • ft 2 
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PROBLEM 9.76 (Continued) 


Slope at B. 

e B = 

15 - 6.98 x 10 -3 

d B = 6.98 xl0“ 3 rad 

2148 

Deflection at B. 

y B = 

28 ' 125 = 13.09 xl0“ 3 ft 

2148 

y B = 0.1571 in. 1 ◄ 
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PROBLEM 9.77 

For the beam and loading shown, determine (a) the slope at 
end A, ( b ) the deflection at point C. Use E = 200 GPa. 


SOLUTION 


Units: 


Forces in kN; lengths in m. 


Loading I : Moment at B. 

Case 7 of Appendix D. 


M = 80 kN • m, L = 5.0 m, x = 2.5 m 
ML (80)(5.0) 66.667 


0 A = 


yc 


6 El 
M 


6 El 

(x 3 - Ex) ■■ 


El 


Loading II : 


6EIL 

Moment at A. Case 7 of Appendix D. 

M = 80kN-m, I = 5.0m, x = 2.5m 


—[2.5 3 -(5.0) 2 (2.5)] = — 
6 El (5.0) El 


0 A = 


ML (80)(5.0) 133.333 


3EI 

125 


3 El 


El 


y c = - (Same as loading I.) 

El 


Loading III : 


140 kN concentrated load at C. 


P = 140 kN 


o A =- 


yc = ■ 


PL 
1 6 El 
PL 3 


(140)(5.0) 2 

16 £7 

(140)(5.0) 3 


218.75 

El 

364.583 


Data: 


(a) Slope at A . 


(b) Deflection at C . 


48£7 48EI El 

E = 200x 10 9 Pa, 7=156xl0 6 mm 4 =156xl0“ 6 m 4 
El = (200 x 10 9 )(156 x 10“ 6 ) = 31.2 x 10 6 N • m 2 = 31,200 kN • m 2 


0a = 


67.667 + 133.333-218.75 
31,200 


= -0.601 xl0~ 3 rad 


Pc 


125 + 125-364.583 
31,200 


-3.67 xlO~m 


9 a =0.601 xlO -3 rad 

y c = 3.67 mm -i- A 
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8 kN/m 













A 

2 










B 

k: 

m 

■*-1.3 m 

c ! 

-1 

r 35 kN 

-2.6 m-- 



W360 X 39 


PROBLEM 9.78 

For the beam and loading shown, determine (a) the slope at 
end A, ( b ) the deflection at point C. Use E = 200 GPa. 


SOLUTION 


Units : Forces in kN; lengths in m. 

Loading I : 8 kN/m uniformly distributed. 

Case 6: w = 8kN/m, I = 3.9m, r = 1.3m 


WL 3 _ (8)(3.9) 3 _ 19.773 
A ~ 24EI ~ 24EI ~ El 

y r = - — [x 4 - 2 Lx 3 + L 3 x] = - ^—[(i-3) 4 - (2)(3.9)(1.3) 3 + (3.9) 3 (1.3)] 

24EI 24 El 

20.945 

El 


Loading II : 35 kN concentrated load at C. Case 5 of Appendix D. 

P = 35 kN, L = 3.9 m, a = 1.3 m, b = 2.6 m, x = a = 1.3 m 

Pb(L 2 - b 2 ) _ (35)(2.6)(3.9 2 - 2.6) 2 _ 32.861 
A ~ 6 EIL ~ 6EI(3.9) ~ El 

Pa 2 b 2 (35)(1.3) 2 (2.6) 2 34.176 

Vc ~ 3 EIL ~ 3El(3.9) ~ El 

Data: E = 200 x 10 9 , I = 102 x 10 6 mm 4 = 102 x 10“ 6 m 4 

El = (200 x 10 9 )(102 x 10“ 6 ) = 20.4 x 10 6 N • nr = 20,400 kN • nr 

, , 01 - 19.773 + 32.861 . co in _ 3 . 

(a) Slone at^4. 0, =-= -2.58 x 10 rad 

—- 20,400 


(. b ) Deflection at C . 


y c 


20.934 + 34.176 
20,400 


-2.70 x 10 -3 m 


2.58 xl0“ 3 rad ^4 


y c = 2.70 mm 4- 4 
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r i 

p PROBLEM 9.79 




—For the uniform beam shown, determine (a) the reaction at A , (b) the 


[A 

: l 

J _ reaction at B. 


->—L/3— *- 

- —L/3— *- 



SOLUTION 

Consider R B as redundant and replace loading system by I, II and III. 
Loading I : Case 1 of Appendix D applied to AB. 


(. v b)i ~ 


ML 

3EI 


Loading II : Case 1 applied to portion AC. 


(Mu = - 
C v c )ii = - 


P(L/3) 2 
2 El 
P(L/3f 
3EI 


1 PE 
18 El 
1 Pi} 
81 El 


Portion CB remains straight. 


2 L 


- (Xc)n + —(&c)n ~ 
Loading III : Case 1 applied to portion AD. 


4 PE 
81 El 


(0 D ) 


Dl III 


(Ld)ot 


P(2L/3) 2 

2EI 

P(2L!3f 


3 El 


2 PL 1 
~9~EI 
8 PlL 
81 El 


Portion DB remains straight. 


L 14 PE 

(yc)m = + ~t(^d)iii = ~ET 

3 81 El 

Superposition and constraint: 

yB = (>’«)/ + (y B )n + ( y B )iii = 0 

4 Pi} 14 Pi} 1 R B l} 2 Pi} 

9 El 


-R B l} - 
3 81 El 81 El 3 El 


0 


Statics: 


/ 


V i 




M, 

c 


+|ZF V = 0: R a -P-P + -P = 0 


1 




© 


6 


© 


i! 


0 


e 


LJ 


-p 

3 ' 


%P 1(1) = 0 


(b) R B =-Pt^ 


(a) R A =-P / [ < 
M a = \PL ^ ◄ 
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PROBLEM 9.80 

For the uniform beam shown, determine (a) the reaction at A, (b) the 
reaction at B. 


SOLUTION 


© 


R. 





HUT 



Beam is indeterminate to first degree. Consider R A as 
redundant and replace the given loading by loadings I, II, 
and III. 


Loading I : Case 1 of Appendix D. 


O'. a) I 


3EI 


Loading II : Case 2 of Appendix D. 


(yJn 


wL 4 

8EI 


Loading III : 

(@c)ni = ~ 


Case 2 of Appendix D (portion CB). 
w(L/ 2) 3 1 wL 3 


6EI 


(y c )in - 


w(L/2) 4 


48 El 
1 wL 4 


8EI 128 El 
Portion AC remains straight. 


wI7 


L 7 

(y a) in = (yc)m + —( 0 c)m = 3§4 “g/" 


Superposition and constraint: 
(a) 


0 b ) 


1M 

3 3 El 
Statics: 


+ 1EF = 0: 


+pM B = 0: 


1 wL7 7 wL 
+ 


1 r a e 


El 384 El 3 El 


yA = 0 ’a) i + (yA)n + (yA)m = 0 

41 wL 4 


384 El 


= 0 


41 

L28 


-wL - wL + Rn = 0 

2 B 


( 41 rlr 

f 1 T ) 

f 3L^j 

- wL \L - 

— wL 

V128 J 

U J 

l 4 J 


M b = 0 


Ra 


— wL t ◄ 
128 


Rb 

M b 


23 

128 

7 

128 


wL T -4 
wL 2 ) ◄ 
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I 

P 


2P 

PROBLEM 9.81 


B' 

1 C 1 

>D 

E 


A 

For the uniform beam shown, detennine the reaction at each of the three 






supports. 


-*-L/2-»- 

^L/2-~ 

^L/2-+ 

->-L/2->- 



SOLUTION 




i! 


Beam is indeterminate to first degree. Consider Rc to be the 
redundant reaction, and replace the loading by loadings I, II, 
and III. 

Loading I : Case 4 of Appendix D. 


\R C L 


7^7~ 


l 


< -X —ZZV7 


a - 


_ R c (2Lf 

^ c)l 48£7 6 El 

Loading II : Case 5 of Appendix D. 
Pb 


(. y c )n = 


I 


2P 


6EI(2L) 

P(L/2) 


[x 3 - {(2 L) 2 - b 2 }x] 


1 

1 _ 

4 ^ 

K) 

1 

1 

(N 

^TT 

1 


i 

CN 


a. 


% 


12 EIL 


Loading III : Case 5 of Appendix D. 


11 PU 
48 El 


(Lc)/// = 2 (y c )u = ~ 


11 PL 3 


Superposition and constraint: 


y c = 


24 El 

(lc)/ + (yc)n + ( yc)m = 0 


1 R C L 3 11 PL 3 11 PL 3 


1 R C L 3 11 PL 3 


6 El 48 El 24 El 

Pi t2P 


6 El 16 El 


= 0 


l? c = -Pt ◄ 
16 




J i 


tfp f 


Statics: = 0 : 

- R a (2L) + P 




31 


33 


V 2 J l l6 P y 


+1 TF V = 0: — P - P + —P - 2P + R f = 0 
1 * 32 16 £ 


L + (2P)| -| = 0 


32 


R = —p t ◄ 
32 
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( 


1 

2 L 

OOP 

L 


3 

’ T ' 3 




PROBLEM 9.82 

For the uniform beam shown, determine the reaction at each of the three 
supports. 


SOLUTION 



Beam is statically indeterminate to first degree. Consider R B to be 
the redundant reaction, and replace the loading by loading I and II. 


Loading I : Case 5 of Appendix D. 

R B a 2 b 2 _ R B (2L/3) 2 (L/3) 2 _ 4 R B L 3 

}>B r ~ 3EIL ~ 3EIL ~ 243 El 


Loading II : Case 7 of Appendix D. 


(Ls)// - 


M 0 
6 EIL 


(x 3 - L 2 x) 


Mq 
6 EIL 



-L 2 


v 3 y 


4 M 0 L 2 
8l El 


Superposition and constraint: 

y B = (y B )i + (y B )n = o 
4 r b l 3 | 4 m 0 l 2 _ Q 
243 El 81 El 


R « 


L 


Statics: 



+':EM C = 0: -R a L + M 0 + 3^2.-- = 0 

Z/ 3 

+|SF =0: 2^-3^ L + R c = 0 
' y LL 


R = 2 ^ ^ 
^ L 

R r = —0 f ^ 
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w 


A C 








--L/2-- 

B 

--L/2- A 


PROBLEM 9.83 

For the beam shown, determine the reaction at B. 


SOLUTION 



l-- ISL 


- f 


Vc, 

*-*C 


W 


* 


P 


A 

% 


n 


L 

2. 




Portion AC : Superposition of Cases 3 and 1 of Appendix D. 


yc 


o c = 


M c (L/2) 2 V c (L/2y 
2 El 

M c (L/2) 


M C L 


3EI 8 El 

V C (LI 2) 2 . M c L 
2EI 2 El 


Vc^ 

24 E/ 


V C V 


Portion CB\ 


El 2EI 2 El SEI 

Superposition of Cases 3,1, and 2 of Appendix D. 


yc 


M c (L/2) 2 V c (L/2y w(L/2y 


2 El 


3EI 


M C L~ 


V<P 


wV 


e c = - 

EI 

m c l 

2 El 

Matching expressions for v c . 


SEI 24EI 
M C (LI 2) V C (LI 2) 


128£7 

3 


2 El 


8 El 


w(L/2y 
6 El 


V C L S 


wU 


8 El 48 £/ 


M, 



v c y 


M, 



V C L* 


wU 


8 El 24EI /&EI 

Matching expressions for 6 C , 


24EI 128£7 


M C L 

2EI 



cr 


El 


M C L 
2 El 





wU 


El 48£7 


V r 


Mr 


— wL 
32 


— wL 2 
48 
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PROBLEM 9.83 (Continued) 


Using portion CB as a free body, 

K 




■ vlL 

klsy* 


1 ^= 0 : R b + V c -^ = 0 

R = — - — W L 
B 2 32 


+>M S = 0: M 5 -M c -F c | + ^-^ = 0 


/U = — Wi t ◄ 
B 32 


1 t2 1 

' 3 T \ 

( L) 

wL 2 


— wl? + 

— wL 




48 1 

,32 J 

UJ 

8 


- — wL 2 




M n = — wL 2 ◄ 

B 192 

192 
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PROBLEM 9.84 

For the beam shown, detennine the reaction at B. 


SOLUTION 


f 



1_ 


\fj 

-. . . 

i— 


L 

■ t:i 



Beam is second degree indeterminate. Choose R B and M B as 
redundant reactions. 


Loading I : Case 1 of Appendix D. 


(Lb)/ _ 


ml 

3EI 


= 


ML 

2EI 


Loading II : Case 3 of Appendix D. 


(Lb)// - 


ml 

2 El 


(P \ _ M b L 

(^b)ii ~ rT 
El 


Loading III : Case 2 of Appendix D. 


(y B )iu - 


wI7 


(Ob) in ~ 


wL - 
6EI 


8£7 

Superposition and constraint: 

Lb = Ob)i + (Lb)ii + (Lb)iii = 0 


L i 


-R, 


L 


-Mr 


3EI VB 2EI " B 


wL 

8EI 


0 


0 B - (0 B ) i + (0 B ) ji + (0 B )m - o 

wL 3 


T T 

- Rb ~ ~~M b - 

2EI El 6EI 

Solving Eqs. (1) and (2) simultaneously, 


= 0 


(1) 


( 2 ) 


Ru = -wL T ◄ 


M B = — wL 2 ) ◄ 
B 12 v 
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10 mm 


D 


_ 




± 


10 mm 


120 mm 


180 mm 


t 


25 N • m 


PROBLEM 9.85 

Beam DE rests on the cantilever beam AC as shown. Knowing that 
a square rod of side 10 mm is used for each beam, determine the 
deflection at end C if the 25-N • m couple is applied (a) to end E of 
the beam DE, (b) to end C of the beam AC. Use E = 200 GPa. 


SOLUTION 

E = 200 x 10 9 Pa 

I = _L(10)(10) 3 = 833.33 mm 4 = 833.33 x 10“ 12 m 4 

El = 166.667 N • m 2 
(a) Couple applied to beam DE. 

Free body DE. +)TM = 0: 0.180^-25 = 0 P = 138.889 N 
Loads on cantilever beam ABC are PT at point B and P-l at point C as shown. 
Due to PT at point B. 

Using portion AB and applying case 1 of Appendix D, 


JIS NL*" 


<y B \= — = (138 - 889)( °- 120)3 = 0.480 x IQ" m 
' B 1 3EI (3)(166.667) 

P^ = (13089X0120)^ = 6 oo x1Q -3 
2 El (2)(166.667) 

C v c)i = (Lb) i + L bc (0b) i 

= 0.480 x 10“ 3 + (0.180)(6.00 x 10“ 3 ) 

= 1.56 x 10 -3 m 

Due to load Pi at point C. Case 1 of App. D applied to ABC. 

. , Pi} (138.889X0.120 + 0.180) 3 _ in _ 3 

c 3EI (3)(166.667) 


pi 

|a _a 

~-0.Ho 

r i 

A - 

yyo.Wo - 

_ 1 

—4 


Total deflection at point C. v c = (_Vc)i + (Tc )2 

(b) Couple applied to beam AC. 

Case 3 of Appendix D. 

ML 2 (25)(0.300) 2 10 _ 3 

v r = -= --——-— = -6.75 x 10 m 

’ c 2 El (2)(166.667) 


-5.94 x 10 -3 m 


y c = 5.94 mm i A 


/ 


O.ioo 




y c = 6.75 mm } A 
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20 kips 20 kips 



PROBLEM 9.86 

Beam AD rests on beam EF as shown. Knowing that a W12 x 26 rolled- 
steel shape is used for each beam, determine for the loading shown the 
deflection at points B and C. Use E = 29 x 10 (1 psi. 


SOLUTION 

£ = 29xl0 3 ksi 7 = 204 in 4 
El = (29 - 10 3 )(204) = 5.916 x 10 6 kip • in 2 
= 41,083 kip • ft 2 

For equilibrium of beam ABCD , R A = 20 kips 

Deflection at points is due to bending of beam EAF. Using Case 5 of Appendix D 

405 


Xt = 


Pa 2 b 2 


3EIL 

Assuming that beam ABCD is rigid. 


(20)(3) 2 (9) 2 

(3)(£/)(12) 


El 


ft 


6 

9 

3 


yn = -y a = 


yc = ^y a = 


270 

EI 

135 

EI 


ft 

ft 


77 ^" 


Additional deflection at B due to bending of beam ABCD. Using case 5, 


y B = ~ 


P B a 2 b 2 


+ ■ 


[jc 3 - (L- - b 2 )x] 


P C b 

3EIL 6 EIL 
(20)(3) 2 (6) 2 | (20)(3)[(3) 3 - (9 2 - 3 2 )(3)] 
(3)(EI)(9) (6)(E/)(9) 

_240 _ 210 _ 450 

EI EI EI 

Additional deflection at C due to bending of beam ABCD. 

450 


ft 


EI 


By symmetry, v" c = y" B = —^ ft 

Total deflection at B. 

y B = y' B + y" B 

y c = y' c +y" c = - 


270 

450 

720 

720 

El 

EI 

EI 

41,083 

135 

450 

585 

585 

EI 

EI 

EI 

41,083 


70 




LI 


6 






-17.525 xl0“ 3 ft 


y B = 0.210 in. -I A 


= -14.239 xlO -3 ft 

y c = 0.1709 in. i ◄ 
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A 



-*—12 in. 



6 in. 


PROBLEM 9.87 


i25 

-I I - 1 


1.25 in. 


in. 


The two beams shown have the same cross section and are 
joined by a hinge at C. For the loading shown, determine 
(a) the slope at point A, (b) the deflection at point B. Use 
E = 29xl0 6 psi. 


SOLUTION 

Using free body ABC, 

+ 'XM a = 0: 187? c - (12)(800) = 0 R c = 533.33 lb 
E = 29xl0 6 psi 

/ = —M 3 = —(1.25)(1.25) 3 =0.20345 in 4 
12 12 

El = (29 x 10 6 )(0.20345) = 5.900x 10 6 lb • in 2 
Using cantilever beam CD with load R c , 

Case 1 of Appendix D. 


goo ft 


ft 


Vc 


R C L(:n 


(533.33X12/ , = _ 52 . 067xl0 -3 m _ 


3 El (3)(5.900xl0°) 

Calculation of 0' A and y' B assuming that point C does not move. 

Case 5 of Appendix D. 

i 3 = 800 lb, L = 18in., a = 12 in., b = 6 in. 


V77T 


0'a = 


y B = 


Pb(j} -b 2 ) (800)(6)(18 2 - 6 2 ) 

6 EIL 

Pb 2 a 2 


(6)(5.900 xl0 6 )(l 8) 
(800)(6) 2 (12)~ 


= -2.1695 x 10~ 3 rad 


3 EIL (3)(5.900x 10°)(18) 
Additional slope and deflection due to movement of point C. 

52.067 x 10~ 3 


= -13.017 xlO in. 


0'a = 


Tc 

Lac 


■ =-2.8926xlO -3 rad 


18 


y B =-y c 


(12)(52.067xl0^) 

18 


=-34.71 lxlO^ 3 in. 


I 



k 

8 





c 

j go o J/l 

1 c 




d A =d' A +0" A = -2.1695x10^-2.8926x10“ 


(a) Slope at A . 

( b) Deflection at B . y B = y' B + y" B = -13.017 x 10~ 3 -34.711 x 10~ 3 


0 A = 5.06 xl0“ 3 rad ◄ 
y B = 0.0477 in. ◄ 
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w 






'* • M 

A 

i Hinge / 

B ( 

: d 

\ El 
Hinge 


0.4 m 0.4 m 0.4 m 0.4 m 


PROBLEM 9.88 

_L 

12 mm A central beam BD is joined at hinges to two cantilever 

_ t beams AB and DE. All beams have the cross section shown. 

24 mm For the loading shown, determine the largest w so that the 

deflection at C does not exceed 3 mm. Use E = 200 GPa. 


SOLUTION 

Let a = 0.4 m. 

Cantilever beams AB and CD. 

Cases 1 and 2 of Appendix D. y B = y D = - 


(wa)a wa 


11 wa 


3 El 8 El 24 El 

Beam BCD , with L = 0.8 m, assuming that points B and D do not move. 
Case 6 of Appendix D. 


y c =- 


5wL 


384£7 

Additional deflection due to movement of points B and D. 


yc=yB=y D =- 


11 wa 

24 El 


Total deflection at C. 


Data: 


Tc = Tc + Tc 

w [ 5L 4 1 la 4 

- Vc ~ El 1 384 + 24 


E = 200 x 10 Pa, 

/ = —(24)(12) 3 = 3.456 x 10~ 3 mm 4 = 3.456 xl0~ 9 m 4 
12 

El = (200 x 10 9 )(3.456 x 10~ 9 ) = 691.2 N • m 2 

- 3 . 


y c =-3x10 m 


-3 x 10~ 3 = -- 


w [(5)(0.8) 4 + (ll)(0.4) 4 


691.2 384 


24 


=-24.69 xl0’ b w 

w = 121.5 N/m A 
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SOLUTION 

Units : Forces in kips; lengths in ft. 

For beam ACB , using Case 4 of Appendix D: 

U C ), = - A < 2 “> 3 


48EI 


£ 


A 


Rc 


For beam DCE, using Case 4 of Appendix D: 

(R c -P)(2b? 


(kc)2 - ' 


48£7 


Matching deflections at C, 


R c ( 2a) 3 ( R c -P)(2b ) 3 


48£Y 


V- 


48 El 


P^=(6K5)l = 3 
a 3 + b 3 4 3 + 5 3 
P-R c = 6 - 3.968 = 2.032 kips 


Using free body ACB, 

(a) Reaction at B . 

Using free body DCE, 

( b ) Reaction at E . 


+^M A = 0: 2aR B - aR c = 0 


R-b — 2 *c 


+ )M d = 0: 2bR E -b(P-R c ) = 0 

1 


R E =-(P-R C ) 


=1 

2EJ7 


A 






=1.984 kips t ◄ 


=1.016 kips t ◄ 
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PROBLEM 9.90 



|] 60 mm 

-I U 


60 mm 


Before the load P was applied, a gap, S 0 = 0.5 mm, existed 
between the cantilever beam AC and the support at B. 
Knowing that E = 200 GPa, determine the magnitude of P 
for which the deflection at C is 1 mm. 


SOLUTION 




Let length AB = L = 0.5 m 
length BC = a = 0.2 m 
Consider portion AB of beam ABC. 

The loading becomes forces P and R B at B plus the couple Pa. 
The deflection at B is S 0 . Using Cases 1 and 3 of Appendix D, 


S, = 


( 1} 


(P - R /S )L' PaL 2 


L 2 a^ 


+ 

3 2 


3EI 
P 


2 El 


Y R b = E/S o 


( 1 ) 


The deflection at C depends on the deformation of beam ABC 
subjected to loads P and R B . For loading I, using Case 1 of 
Appendix D, 

n3 


(*c)i = 


PjL + q) J 
3 El 


For loading II, using Case 1 of Appendix D, 

RrL 2 


y B = 


R b L> 


Ob = 


3EI 

Portion BC remains straight. 

Tc = y b + a 0 B = 


2EI 


f L 2 L 2 a A 
— +- 

3 2 

v J z j 


Rjl 

El 


By superposition, the downward deflection at C is 


J c = 


P(L + ay 
3EI 


( L 2 


T 2 ^ 

L a 


+ • 

3 2 


Rjl 

El 


{L + a) 5 


U 2 


L 2 a^ 


+ • 

3 2 


R b = EI8 C 


( 2 ) 
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PROBLEM 9.90 (Continued) 


Data: E = 200 x 10 9 Pa I = — 16011601 3 = 1.08 x 10 6 mm 4 = 1.08 x 10“ 6 m 4 


El = 216 x 10 3 N • m 2 

S 0 = 0.5 x 10 _3 m S c = 1.0 x 10 _3 m 


Using the data, Eqs. (1) and (2) become 

0.06667P- 0.04167^ = 108 

(1)' 

0.11433P- 0.06667^ = 216 

(2)' 

Solving simultaneously, 

P = 5.63 x 10 3 N 

P = 5.63 kN i ◄ 

R b = 6.42 x 10 3 N 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1501 




Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


D 



PROBLEM 9.91 

Knowing that the rod ABC and the wire BD are both made of steel, 
detennine (a) the deflection at B, (b) the reaction at A. Use E = 200 GPa. 


SOLUTION 





( a Li 


im mi 


2> 


nfr 


w 


iTininini 


J Ti 


*<. 


Pc 


Let F bd be the tension in wire BD. The elongation of the wire is 

8 = ^£ 

BD EA 

Beam ABC is subjected to loads F BD (I) and w (II). 

Loading I : Case 4 of Appendix D. 

, . F Rn l} 

yB 1 ~~ 48 El 

Loading II : Case 6 of Appendix D. 


(y B ) 


B>11 


5 wL 4 
384 El 


Deflection at B. 


$bd ~ y B ~ (Ts)/ + (Tb)// bd . 

EA 


F bd J} 5 wL 4 f 


48 El 384 El 


5 wI7 


l L 
+ 


3 3 


k EA 48 El j 


F, 


BD 


Data: 


384 El 
l = 0.2 m 


A = — d 2 = — (4) 2 = 12.566 mm 2 
4 4 

= 12.566 x 10“ 6 m 2 


E = 200 x 10 Pa 

— = 79.58 xlO“ 9 m/N 
EA 

L = 0.36 m 
w = 1.6 x 10 3 N/m 
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PROBLEM 9.91 (Continued) 


I = — c 4 = — 


40 


V z / 


= 125.66 x 10 3 mm 4 = 125.66 x 10“ 9 m 4 


El = (200 x 10 9 )(125.66 x 10“ 9 ) = 25.132 x 10 3 N • m 2 


79.58 x 10“ 9 + 


(0.36) 3 


(48)(25.132 x 10 3 ) 


Fbd ~ 


(5)(1.6 x 10 3 )(0.36) 4 
(384)(25.132 x 10 3 ) 


118.256 x 10 ~ j F bd = 13.923 x 10"° F BD = 117.74 N 


(a) Deflection at B . 


S B = ?bbL = (117.74X79.58 x 10“ 9 ) = 9.37 x 10“ 6 m = 0.00937 mm i 
EA 


0b) R a = R c = |[wL - F bd ] = |[(1600X0.36) - 117.74] = 229 N T 


◄ 

◄ 
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PROBLEM 9.92 

Before the 2-kip/ft load is applied, a gap, S 0 =0.8 in., exists 
between the W16 x 40 beam and the support at C. Knowing 
that £ = 29 x 10 6 psi, determine the reaction at each support 
after the uniformly distributed load is applied. 


SOLUTION 


Data : S 0 = 0.8 in. = 66.667 x 10 3 ft 

E = 29xl0 6 psi = 29xl0 3 ksi 
1 = 518 in 4 

EI = 15.022xlO 6 kip in 2 
= 104.319 xlO 3 kip-ft 2 



Loading I : Case 6 of Appendix D. 


5 wL 4 
384£7 

5(2)(24) 4 

3 84(104.3 1 9x 10 3 ) 
=-82.823 xl0~ 3 ft 



Loading II : Case 4 of Appendix D. 


y c = 


R C L> 


R c ( 24) 3 


2 . 


Deflection at C. 


48£7 48(104.319 xlO 3 ) 


’ ' 

' ' 

zn 

’ ’ 


2.7608 x 10~ 3 i? c 

< 





yc=y'c+y'c = ~ s o 


-82.823 x 10~ 3 + 2.7608 x 10 3 c = -66.667 x 10~ 3 

R c = 5.8519 kips R c =5.85 kips T 

+)ZM b = 0: (2)(24)(12)- R A (24) — (5.8519)(12) = 0 

R a =21.074kips ^ 4 =21.1 kipsT ◄ 

+tsF v =0: 21.074-2(24) + 5.8519 + R B =0 

R b = 21.1 kips T A 
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PROBLEM 9.93 

A ^-in.-diameter rod BC is attached to the lever AB and to 

o 

the fixed support at C. Lever AB has a uniform cross 
section | in. thick and 1 in. deep. For the loading shown, 
determine the deflection of point A. Use E = 29 x 10 6 psi 
and G = 11.2 x 10 6 psi. 
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SOLUTION 

Let 200 N = P. 

Consider torsion of rod AB. 


TL ( PL)L PL 2 


JG JG JG 

' - T h — PL ' 

y c - i4 B - jg 


Consider bending of AB. (Case 1 of Appendix D.) 


y c = y b 


Consider bending of BC. (Case 1 of Appendix D.) 


PL 
3 El 


y c =- 


PU 

3EI 


Superposition: 


yc ~ yc + yc + yc 

Pi} PE Pi} 
JG 3EI 3EI 


Pi} f El 24 
El \ JG + 3J 


Data: 


G = 80(10 9 ) Pa 

E = 200(10 9 ) Pa 
El = 643.40 N -m 2 


J = ^(0.008) 4 = 6.4340(10~ 9 ) m 4 

/ = = 3.2170(10 9 ) m 4 

/G = 514.72 N -m 2 


y c =- 


(200)(0.25) 3 


643.40 


643.40 

514.72 



-9.3093(10 3 )m 


y c = 9.31 mm 4- A 
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M 0 



PROBLEM 9.95 

For the uniform cantilever beam and loading shown, determine (a) the slope at 
the free end, ( b ) the deflection at the free end. 


SOLUTION 

Place reference tangent at B. 
Draw Ml El diagram. 


A = 


Mo 
v El j 


L =- 


M 0 L 

El 


x = —L 
2 

0 - A - M ° L 
U B/A ~ A ~ 


tB/A ~ A* - 


El 


El 


(U 

u 


AV£ 

2 El 


(a) Slope at end A 


(b) Deflection at A . 


®b ~®A + A 


0 A = 


M 0 L 

El 


y A — t A!B — 


Mp l 2 

2 El 


h- 

~t+/e> 

r~ 


A 



M /EX 



O = 0 A 


M (] L 

El 


MA 

El 


^ ◄ 


y A = 


Mq£_ 

2EI 


t ◄ 
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PROBLEM 9.96 

For the uniform cantilever beam and loading shown, determine (a) the slope at 
the free end, (b) the deflection at the free end. 


SOLUTION 

Place reference tangent at B. 
Draw Ml El diagram. 


A= l - 

2 


PL 

El 


L = - 


PL 
2 El 


x =-L 
3 


®B!A ~ A — 


*AIB = AX = 


PL 1 

2EI 


1 

{ 2 l\ 

l 2EI ) 

U J 


PE 
3 El 


(a) Slope at end A . 


@b 'a + A 


0 = 0 ,- 


PL 1 
2EI 


(.b ) Deflection at A . 


y a _ t Ai b - 


PLf 
3 El 
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PROBLEM 9.97 

For the uniform cantilever beam and loading shown, determine (a) the slope at 
the free end, (b) the deflection at the free end. 


SOLUTION 


Place reference tangent at B. 


0 B =O 


Draw Ml El curve as parabola. 


A = — 
3 


r wL 2 ^ 


v 2 EIj 


l = - 1 - wL 


6 El 


x = L - L = —L 

4 4 


By first moment-area theorem, 


e - a -J- wL 

°B!A ~ A ~ 


6 El 


~@A + &BIA 


& A ~ ®B ®B!A - 0 + 


1 wls 1 wE 


6 El 6 El 



By second moment-area theorem. 


*aib = xA = 


r 3 
—L 
v4 


f 1 M’J} A 


6 El 


VA ~ *A/B - ' 


1 Wl7 


El 


1 wL 4 
8 El 


(a) 

(b) 


6EI 


= 


w£_ 

8 £7 


i ◄ 
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A 

-L/2 



L/2 



PROBLEM 9.99 

For the unifonn cantilever beam and loading shown, determine the 
slope and deflection at ( a ) point B , (b) point C. 


SOLUTION 


B 



TAvl. 


M/ez 



Ho 

EX 


Place reference tangent at A. 0 4 = 0 


Draw — diagram. 
El 


A 

A 



1 M 0 L 

2 El 

1 M 0 L 

2 El 


(a) Slope at B . 


@b/a ~ A + A2 


1 M 0 L 1 M 0 L Q 

2 El 2 El 


®B ~ + ®B!A ~ 0 


Deflection at B. 



(L 

1 

L\ . (l L) 

A 

— + 




u 

2 

2 J 2 {2 2) 

3 M 0 L 2 


1 M 0 L 2 1 M 0 L 2 

8 

El 


8 El 4 El 


(b) Slope at C . 


y C/A 


= A, 


1 MqL 

2 El 


A ~ ®A + OdA 


Deflection at C. 


yc 



2y 


1 M 0 L 2 
8 El 


0 B =O< 


1 M,j} 
Vb ~ 4 El 


t ◄ 


0 C 


1 M 0 L 

2 El 


X ◄ 


Pc = 


1 MqL 


El 


t ◄ 
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PROBLEM 9.100 

For the uniform cantilever beam and loading shown, determine the slope and 
deflection at (a) point B, ( b ) point C. 


SOLUTION 


It P 


8 


I 


a—+ 



(a) At point B : 


@b ~ ®b/a - A + A 2 


Pa 2 Pa 2 


2EI El 


o„ 


3Pa 2 
2 El 
3 Pa 2 
2EI 




■Fg - ^B/A ~ A 


(2 V 

f 3 a) 


+ Aj — 

l ^ ) 

A 2 J 


f Pa 2 ) 

(2 a' 


r Pa 2 ) 


l 2EI ) 

It, 

+ 

{ El) 

ItJ 


1 l/V 

6EI 


y B = 


1 l/V 

6 £7 


f ◄ 


(h) At point C : 


G C ~ ®C!A ~ A 


y C - t C!A - A | 2 


Pa 2 

El 


Pa 2 
El 




( iV V 


v Kj 


/V 

2 El 


y c = 


/V 

2EI 


f ◄ 
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26 kN/m 


x . 1'Trnn 


7 -^ 

18 kN 

-*-2.2 m- A 


0.5 m 



W250 X 28.4 


PROBLEM 9.102 

For the cantilever beam and loading shown, determine (a) the 
slope at points, ( b ) the deflection at points. Use E = 200 GPa. 
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PROBLEM 9.102 (Continued) 

( b) Deflection at A . 

y A = yc~ e c L + *A/C 
= 0 - 0 + A(x\ + A 2 x 2 

= 0 - 0 + (5.4315 X 10 _3 )(1.9667) - (10.6350 x 10“ 3 )(2.025) 

= -10.85 x 10“ 3 m 

y A = 10.85 mm -l A 
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PROBLEM 9.103 

Two C6 x 8.2 channels are welded back to back and loaded as 
shown. Knowing that £ = 29 x 10 6 psi, detennine (a) the slope at 
point D, ( b ) the deflection at point D. 
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5 kN 

4 kN/m 

PROBLEM 9.104 


' rTTTTTTTT 

For the cantilever beam and loading shown, determine (a) the 

A 

B 

1 m—► 

c 

--2.5 m-- 

W 250 x 92 3 s l°P e at point A, (b) the deflection at point A. Use E = 250 GPa. 


SOLUTION 



Units: Forces in kN; lengths in m. 

E = 200 x 10 9 Pa 

/ = 28.7 x 10 6 mm 4 = 28.7 x 10“ 6 m 4 

El = (200 x 10 9 )(28.7 x 10 6 ) 

= 5.74 x 10 6 N • m 2 

= 5740 kN • m 2 

Draw Ml El diagram by parts. 

M L = _(5X3 : 5) = _3 0488xl0 -3 m - 1 
El 5740 


1 


4 = -(-3.0488 x 10“ 3 )(3.5) = -5.3354 x 10 


1 


,-3 


x x = —(3.5) = 1.16667 m 




El 


( 4 )(2.5) = _ 2 _ 1777 xl 0 -3 m -i 


(2)(5740) 


4 = — (-2.1777 x 10“ 3 )(2.5) = -1.81475 x 10 


-3 


x 2 = —(2.5) = 0.625 m 


Place reference tangent at C. 


(a) Slone at A . 


4 = 0 


-3 


e cu = 4 + 4 = -7.1502 x 10 


e A = e c - e CiA = 7.1502 x io~ 3 


6, = 7.15 X 10 -3 rad A 


= (2.3333)(—5.3354 x 10“ 3 ) + (2.875)(—1.81475 x 10“ J ) 


-3\ 


l A/C 


= -17.6665 x 10“ 3 m 


(b) Deflection at A . 


y A = t AC = -17.67 x 10 3 m 


y A = 17.67 mml A 
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W 







B C 


EI 

U 2-► 

3 EI 

~ -L/2-- 


PROBLEM 9.105 

For the cantilever beam and loading shown, determine (a) the slope at point A, 
( b ) the deflection at points. 


SOLUTION 




A 


8 ex 


M 

Draw the — diagram using the M diagram. 
EI 


4 = - 
2 


A 2 = - 
2 2 


A 3 =- 
3 3 


1 wL 


1 wU 


24 EI 

A 2 

) 96 EI 

1 wL 2 " 


i 

i 

8 EI ) 

Uy 

32 EI 

1 wL 2 ' 

( L ) 

1 wE 

8 EI J 

UJ 

48 EI 


Place reference tangent at C. 
(a) Slope at A . 0 A = -0 C/A 


0 A — A x A 2 A 2 — 


1 wU 
16 El 


(. b ) Deflection at A . y A = t A/c 


yA ~ A % L y A \^ L ) +A \i L 

47 wL 4 


1152 El 


1 wL 3 
16 El 




47 wL 4 
1152 El 


i ◄ 
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M 0 



PROBLEM 9.106 

C EI 

2EI 

3 EI 


\ A B 



For the cantilever beam and loading shown, determine the deflection and 
slope at end A caused by the moment Mq. 

C 

D 

r “ 
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90 kN/m 

r 

TTTTT ■ 



A B 

c 

-2.7 ill-- 


12 X 200 mm 


\ 



W410 X 60 


PROBLEM 9.107 

Two cover plates are welded to the rolled-steel beam as 
shown. Using E = 200 GPa, determine (a) the slope at 
end A, (b) the deflection at end A. 
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PROBLEM 9.107 (Continued) 


Place reference tangent at C. 6 C = 0 


(a) 

Slone at A. 

b a ~ @a/c ~ 0 (Aj + A 2 + A 3 + A 4 ) 

G A = 3.43 xlO" 3 rad A.< 

(b) 

Deflection at A. 

yA - t AIC 

y A = (0.4)(4) + (2 ){A 2 ) + (1.3)(4) + (2-175X4) = 

-6.66 x 10“ 3 m 

y A = 6.66 mm 4- -4 
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A 

.5 kips 

' 




B C 

--6 ft- 




W10 X 45 


PROBLEM 9.108 

Two cover plates are welded to the rolled-steel beam as shown. 
Using E = 29xl0 6 psi, determine (a) the slope at end C, ( b ) the 
deflection at end C. 


SOLUTION 

M/E I 



Portion BC: I = 248 in 4 

El = (29 x 10 6 )(248) = 7.192 x 10 9 lb • in 2 = 49,944 kip • ft 2 



4 in 2 ) 

d(in.) 

Ad 2 ( in 4 ) 

/(in 4 ) 

Top plate 

4.5 

5.3 

126.405 

0.09375 

W12 x 45 




248 

Bot. plate 

4.5 

5.3 

126.405 

0.09375 

Z 



252.81 

248.19 


/ = 252.81 + 248.19 = 501.00 in 4 El = (29 x 10 6 )(501) = 14.529 x 10 9 lb • in 2 = 100,896 kip • ft 2 


Draw — diagram. 
El 


M, 


i _ 


(15)(6) 


= -892.01 x 10 ft 


-6 ji-1 


M^_ _ _ (15)(1.5) = _ 450 _ 50 x 10 -6 ft -i 


El 100,896 

M 3 (15)(1.5) 

El 49,944 

4 = ^(4.5)(-892.01 x 10“ 6 ) = -2.0070 x 10“ 3 

An = —A, =- 0.50175 x 10“ 3 
2 6 1 


1 


A 3 = —(1.5)(-450.50 x 10“ 6 ) = -0.33788 x 10 


■»-3 


Place reference tangent at A. 

(a) Slone at C. ~ Oc/a -4 + 4 + 4 

(b) Deflection at C . 


9 r = 2.85 x 10 _3 rad ^ ◄ 


Tc “ tc/A 

y c = (4.5)(4) + (3)(4) + (1)(4) = -10.8746 x 10“ 3 ft 


Tc 


0.1305 in. i ◄ 
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L/2 


I 


C 



PROBLEM 9.109 

For the prismatic beam and loading shown, determine (a) the slope at 
end A, (b) the deflection at the center C of the beam. 


SOLUTION 


Symmetric beam and loading. 

Place reference tangent at C. 

@c ~ Fc = ,/c 



Reactions: 


Bending moment at C . 


R a =R b = X -p 

M r = —PL 
c 4 


f 1 PL ] 

(X 

1 

PL 2 

U El) 

U ) 

16 

El 



(a) Slone at A . 


(b) Deflection at C . 


6 A - 9 C 0 aA 


o A = o- 


1 Pi} 

16 El 


y c = -t A /c = ~ A 


f-1 

,3, 


r J_PL 2 ^ 
16 £7 


f-1 

V 3 y 


Oa 


1 PL 2 
16 El 


X ◄ 


1 PE 
48 El 


i ◄ 
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J 

LJ 

L 


IT 

L/2->- 

-- L/2 

A 

_ ^ 


PROBLEM 9.110 


E For the prismatic beam and loading shown, determine (a) the slope at end A, 
( b ) the deflection at the center C of the beam. 
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PROBLEM 9.111 

For the prismatic beam and loading shown, determine (a) the slope at end A, 
(b) the deflection at the center C of the beam. 
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BCD 




-L/ 2 - 


-L /2 


PROBLEM 9.112 

For the prismatic beam and loading shown, determine (a) the slope at 
end A, (b ) the deflection at the center C of the beam. 


SOLUTION 


Symmetric beam and loading. 
Place reference tangent at C. 
Reactions : 

Bending moment . 

Over AB: 

Over BD: 

Draw Ml El diagram by parts. 



. 1 M, 1 wa 

A, =- -a =- 

2 El 2 El 


3 


, 1 M 7 1 wa 

A n =- -a = - 

3 El 6 El 


3 


A 3 - 


m 3 

El 


L 


- a = — 


, 2 

1 wa 


4 El 


(L -2a) 


(a) Slope at^ . 


~ Qc ®cia — 0 (A l + A 2 + A 3 ) 


1 wa 


2 El 


1 wa J 1 wa A . 

I-(I -2a) 

6 El 4 El 


wa 


El 


1 


— L a 

v 4 6 


1 wa" 
12 El 


(31-2a) 


6 a =^—QL- 2a) ^4 


12EI 
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PROBLEM 9.112 (Continued) 


(b) Deflection at C . 


y c = 


CIA 


Xi =-fl, 

_ 3 

x 0 — —a, 

2 4 


1 L \ 1 x 

x-.=a -\— a = —(L + 2a) 

3 212 J 4 


~ ~ 4*1 4*2 4*3 

3Vo \ 7, 3^ 

1 wa (2 

—a + 


V 2 E1 J 
3 


V- 


1 wa 3 ir3 


v 6 EI J 


— a 
4 


4 2 

wa 


EI 


(L — 2a) —(L + 2a) 


1 wa 1 wa 
-b 

3 EI 

~ lr 1 


3 


wa 


EI 


EI 16 EI 

\ 


1 <i3-4a ! ) 


i r 2 1 ? 

—Zr- a 


16 


24 


7 


-L23L,3I j - 2 0 j ) 

48 EI 


y A = 


wa 

48£7 


(3L 2 -2a 2 ) i ◄ 
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M 0 

M 0 

PROBLEM 9.113 

A b J C -JL- tor the prismatic beam and loading shown, determine (a) the slope at 



L-a-*- 

end A, (b) the deflection at the center C of the beam. 


--L/2-* 

--L/2-- 
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PROBLEM 9.115 

For the beam and loading shown, determine (a) the slope at end A, 
(b) the deflection at the center C of the beam. 


SOLUTION 

Symmetric beam and loading. 


r a =r e = 2 P 


= 


-P | (2 a) = Pa 

v2 


Draw M and Ml El diagrams. 


, 1 ( Pa > 

A, = - 

1 2 y 2EI , 

, 1 f Pa ^ 

A 2 — 

2 2 y 4 El j 


1 Per 
a- — 


4 El 

1 Pa 2 
a = — 


El 


a 3 =- 


lf Pa) 1 Pa 2 
a = — 


21 2EI 


4 El 


Place reference tangent at C. 

(a) Slope at A . 


0 C =O 


9 A — 9 C 0 aA — 0 (Aj + A 2 + A 3 ) 
5 Pa 1 


El 


(b) Deflection at C . 


3 


\yc\ = t A/c =A \ +4 +4 


3 



M/EX 



0a = 


5Pa 
8 El 




3 


1 /V 1 Pa’ 5 Pa’ 3 Pa’ 
■ + -+ - 


6 El 6 El 12 El 4 El 


3 Pa’ , ^ 

y r = - \ ^ 

c 4 El 
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PROBLEM 9.116 

For the beam and loading shown, determine (a) the slope at end A, 
(b) the deflection at the center C of the beam. 


SOLUTION 


Symmetric beam and loading. 



R a =R e =2P. 


Draw V, M, and Ml El diagrams. 


A = 
^2 “ 
A = 


1 ( 2 Pa 


21 El 


a =- 


Pa 

El 


2 Pa_ 

3 El 


1 Pa 1 
a- — 


3 El 


\( Pa\ 1 Pa 1 
a = —~ 


21 El 


2 El 


Place reference tangent at C. 

r? c =o 


(a) Slope at ,4 . 


El 



6 A — o c e aA — 0 (A 1 + A 2 + A 3 ) 
11 Pa 2 


(b) 


6 El 
Deflection at C . 

\y c \ =t A/c 

= A, 


(2 > 


(4 > 


"5 ^ 


+ A.2 


+ Aj 

— a 

13 ) 


13 j 

3 i 

v3 J 


35 Pa J 
18 El 


0a = 


1 1 Pa 

6EI 




y c 


35 Pa' 
18£7 


i ◄ 
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1.5 kips 

r B C’ 

P 1.5 kips 

f d ' 


1 

r 

—4.5 ft— 

g 

—4.5 ft — 

— 



S6 X 12.5 


PROBLEM 9.117 

Knowing that the magnitude of the load P is 7 kips, determine 
(a) the slope at end A, (b) the deflection at end A, ( c ) the deflection 
at midpoint C of the beam. Use E = 29 x 10 6 psi. 
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PROBLEM 9.117 (Continued) 


(a) 

Slope at end A. 

Oa 

= -4.27 x 10 -3 rad 

0 A = 4.27 x 10 3 rad ^4 

(b) 

Deflection at A. 

yA 

= -(2)(-4.27425 x 10“ 3 ) - (-0.45141 x 10“ 3 ) 





= 8.9999 x 10“ 3 ft 

y A = 0.1080 in. f ◄ 

(c) 

Deflection at C. 

yc 

= 8.9999 x 10“ 3 - 26.1392 x 10“ 3 = -17.1393 x 

10“ 3 ft 



yc 

= -0.206 in. 

y c = 0.206 in. -1 4 
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40 kN/m 




S250 X 37.8 


PROBLEM 9.118 

For the beam and loading shown, determine (a) the 
slope at end A, ( b ) the deflection at the midpoint of 
the beam. Use E = 200 GPa. 
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PROBLEM 9.118 (Continued) 

(b) Deflection at midpoint C . y c = -t A/c 

t A/c =-^-{1.24 + 0.94 + (1.8 -0.3)4} 

= (1.2)(77.76) -(0.9)(18) -(1.5)(11.52) = $ g4 x 1Q _ 3 m 
10,240 

y c = -5.84 x 10 -3 m y c = 5.84 mm 4- A 
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W460 X 74 


PROBLEM 9.119 

For the beam and loading shown, determine (a) the 
slope at end A, (b) the deflection at the midpoint of 
the beam. Use E = 200 GPa. 


SOLUTION 


Use units of kN and m. 
For W460x 74, 


/ = 333 x 10 6 mm 4 = 333x 10~ 6 m 4 
El = (200 x 10 9 )(333 xl0~ 6 ) 

= 66.6 x 10 6 N • m 2 = 66,600 kN • nr 


Symmetric beam and loading. Place reference tangent at midpoint C where 0 C = 0. 


Reactions : R 4 =R £ =150kNT 

Draw bending moment diagram of left half of beam by parts. 

M x = (2)(150) = 300 kN • m 

4, = QJ (2)(300) = 300 kN • m 2 

A 2 = (0.5X300) = 150 kN-m 2 
M 3 =-60 lcN-rn 
A 3 =(2.5)(-60) = -150 kN-m 2 

(a) Slope at end A . 0 A = -9 CU 

= — - A 2 - A 3 } 

El 

-300-150 + 150 
66,600 

= -4.50 xl0“ 3 rad 


M 




e A = 4.50x10 3 rad ◄ 


(b) Deflection at midpoint C . 


kc _ t.4/C 


^AIC ~ 


1 

El 


-•2 

v3 j 


Ay + 2 + 


0.5 


A 2 +| 


(t 


400 + 337.5-187.5 0 ^ in _ 3 

-= 8.26x10 m 

66,600 


y c =-8.26x10 in 


y c = 8.26 mm i A 
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40 kN • m w 40 kN . m 

PROBLEM 9.120 

r, iu n 11 t 

Oi 

For the beam and loading shown and knowing that 

L c 1 

i 

H-5 m--5 m-► 

W310 X 60 

w = 8 kN/m, determine (a) the slope at end A, ( b) the 
deflection at midpoint C. Use E = 200 GPa. 


SOLUTION 



ww/m 


> *,/£T 


i0‘&- 


•10 kN' • m 


E = 200 x 10 9 Pa 

/ = 128 x 10 6 mm 4 = 128 x l(T 6 m 4 
El = (200 x 10 9 )(128 x 10~ 6 ) = 25.6 x 10 6 N • m 2 
= 25,600 kN-m 2 
Symmetrical beam and loading. 

R-a = R-b = ~(8)(10) = 40 kN 

Bending moment: 

M = 40x - 40 - — (8)x 2 
2 

At x = 5, 

M =200-40-100 
M ^ 

Draw — diagram by parts. 


t-A/c. 

•r 


M ] _ 200 
£7 ~ 25,600 
M 2 -40 
El ~ 25,600 
M 3 _ -100 
~E1 ~ 25,600 

Aj =^(7.8125 x10~ 3 )(5) = 19.5313x10 



y«F. +vi 


= 7.8125 x 10~ 3 m~' 

=-1.5625 xl0 _3 m _1 
= -3.9063 xl0“ 3 m _1 


-3 



2 

I 


A 2 = —(1.5625)(5) = -7.8125 x 10~ 3 



A 


l 

3 


(3.9063)(5) = -6.5105 x 10 -3 



Place reference tangent at C. 


0 C =O 


(5) = 3.3333 m 
| (5) = 2.5 m 
1(5) = 3.75 m 
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PROBLEM 9.120 (Continued) 

(a) Slope at A. 

@A = ~ ®C!A = 0 _ (4 + A 2 + Aj ) 

0 A = -(19.5313 x 10 3 -7.8125 x 1(T 3 - 6.5105 x 1(T 3 ) = -5.21 x 10 -3 

0 A = 5.21 xlO -3 rad ^4 

(b) Deflection at C. 

bcl = ^/c 

= (19.5313 x 10 3 )(3.3333) - (7.8125x 10 3 )(2.5) -(6.5105 x 10 3 )(3.75) 

= 2 1 .2 x 1 0~ 3 m v c = 21.2 mm X 4 
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S6 X 12.5 


PROBLEM 9.121 

For the beam and loading of Prob. 9.117, determine ( a ) the load P 
for which the deflection is zero at the midpoint C of the beam, 
( b ) the corresponding deflection at end A. Use E = 29 x 10 6 psi. 


SOLUTION 


Use units of kips and ft. 

For S6x 12.5, 7 = 22.1 in 4 


El = (29 x 10 6 )(22.1) = 640.9 x 10 6 lb • in 2 
= 4451 kip • ft 2 




Symmetric beam with symmetric loading. Place reference tangent 
at midpoint C where 6 C = 0. 

Draw the bending moment diagram by parts for the left half of the 
beam. 

4 = i(4.5)(4.5)J? a = 10.12507? a kip • ft 2 
M 2 = -(2 + 4.5)(1.5) = -9.75 kip • ft 
A 2 = |(4.5)(-9.75) = -21.938 kip • ft 2 
M 3 = —(2)(1.5) = -3 kip - ft 
A 3 = |(4.5)(-3) = -6.75 kip • ft 2 

A 4 = |(2)(-3) = -3 kip • ft 2 


(a) 


{ B/C 


= 0: -^j |(4.5)4 + |(4.5)4 
30.3757U - 75.938 „ „ 


+ i(4.5)4} 
= 2.5 kips 


By statics, —(2)(1.5) + 2 R B - P = 0 


(2 > 

1 

-•2 

v3 ; 

A 4 l 


A 1 = (10.125)(2.5) = 25.313 kip • ft“ 


(b) y A = t A , c = Yi^ 1 + 3)Al + {2 + 3)4 + (2 + L5)4 + 


(5)(25.313) + (5)(—21.938) + (3.5)(-6.75) + - |(-3) 
_ y3 

4451 


= -2.4152 x 10 -3 ft = -0.0290 in. 


P = 2.00 kips 1 A 


y A = 0.0290 in. i A 
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40 kN • m w 

40 kN • ill 

PROBLEM 9.122 

r, mm. 

■TT 

W310 X 60 

For the beam and loading of Prob. 9.120, determine the 
value of w for which the deflection is zero at the 
midpoint C of the beam. Use E = 200 GPa. 

C T , ' 

H-5 m-— 

, J 

— 5 m-► 


SOLUTION 

Symmetric beam and loading: 

Bending moment in kN • m: 

At x = 5 m. 

Draw Ml El diagram by parts. 


R.4 = R b = 5w (w in kN/m) 


1 ? 

M = 5wx-40 - wx 

2 


M = 25w - 40 -12.5w 


A = ~ 


1 ( 25 w 


21 El 


(5) = 


62. 5w 
El 


A 2 - 


A = - 


(40X5) 200 

El 

12.5 w 


El 


El 


(5) = - 


20.833w 

El 


x, =-(5) = 3.3333 m 
1 3 

x, = — (5) = 2.5 m 
“ 2 

3c, = —(5) = 3.75 m 
3 4 


Place reference tangent at C. 
Deflection at C is zero. 


M/£I 



"62.5 w 

v El 


( 200 

(3.3333)-I —|(2.5)- 


( a/c — yj yc - o 

d|X| + 4 2 x 2 + 4 3 x 3 = 0 

130.21w 500 
El El ~ 


w = 500 = 3.84 lcN/m 
130.21 




w 


= 3.84 kN/m ◄ 
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hi 2 




PROBLEM 9.123* 


B 


C D 






3 

£E 

i j 

A uniform rod AE is to be supported at two points B and D. Determine the 


^a-»- 


L 

-<—a —► 

distance a for which the slope at ends A and E is zero. 
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-- L/ 2 -- 



B 

C 

D 



PROBLEM 9.124* 

A uniform rod AE is to be supported at two points B and D. Detennine the 
distance a from the ends of the rod to the points of support, if the 
downward deflections of points A, C, and E are to be equal. 


SOLUTION 


Let w = weight per unit length of rod. 


Symmetric beam and loading: 

Bending moment : 

Over AB: 

Over BCD: 

Draw Ml El diagram by parts. 



M, 1 wL(y ~ a ) 1 wL(L - 2a) 
El ~ 2 


M 

El 


El 

2 _ 1 w ( 4) 2 


El 


1 wL~ 


2 El 


El 


A 1 M X ( L ' 

A, = -- a 

1 2 El l 2 


1 wL{L-2af 


16 


El 


1 

f M 0 


i 

wL 3 

3 

[ei ) 

Uj 

48 

EI 


2 L 


x, = a -\—-a= — (X + a) 


312 


1 


_ L 1^ 

x 1 = - 

2 2 4 




Place reference tangent at C. 


yA-yc = t A/c=° 

A 1 X j + ^2^2 = 0 

1 wL(L - 2a) 2 1 1 wL 3 3 

----- (L + a) - L = 0 

16 El 3 48 El 8 
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PROBLEM 9.124* (Continued) 


Let u = —. Divide by 
L 

wL 4 

48 El' 

(1 - 2m) 2 (1 + w) — — = 0 

8 




4 u 3 - 3u + — = 0 

8 


Solving for u, 


u =0.22315 - = 0.223 

L 

a = 0.223L ◄ 
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PROBLEM 9.125 

For the prismatic beam and loading shown, determine (a) the deflection at 
point D, (b) the slope at end A. 


SOLUTION 


m/e r 




(a) Deflection at D . 


+pM B 

= 0: 

2 PL 

L 



3 

- R A L + P- = 0 

A 3 

Ra 

= p 

+)m a 

= 0: 

2 PL 

2 L 


= 0 


-P— + R b L = 0 

Rb 


Draw — diagram. Reference tangent at A. 


A 


{ B/A 


t D!A 


1 

(2 PL) 

(2L) 


2 PL 2 

2 

U El) 

l 3 J 


9 El 

2 PL 2 ' 

(22 L 

L 

\ 14 Pi} 

9 

El) 


3 

3 

) 81 El 

2 PI 2 ) 

f 2 

2L' 

_ 

8 Pi} 

9 

El) 

u 

3 > 


81 El 


Vd ~ { DIA ^ l B!A 


8 PL 2 

-1-x 

81 El 3 


14 Pi} 
81 El 


_4_Pl}_ ^ 
243 El 


(b) 


Slope at A . 


Oa 


L 81 El 


◄ 


◄ 
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PROBLEM 9.126 

For the prismatic beam and loading shown, determine (a) the deflection at 
point D, ( b ) the slope at end A. 


-L/2- 


-L/4- 


-L/4- 
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PROBLEM 9.127 

For the prismatic beam and loading shown, determine (a) the deflection at 
point D, (b) the slope at end A. 
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w 0 


^^-tttTTTTT 

: 


PROBLEM 9.128 

For the prismatic beam and loading shown, determine (a) the deflection at 
point D, ( b ) the slope at end A. 


- — LI 2 -- 


L 


SOLUTION 




(«) 


(b) 


l BIA 


1 w 0 L 


2 'N 


v 6 EI j 


(L) 


L) 1 


7 w 0 r 


_ 1 

tD,A ~2 


360 EI 

T 


1 w 0 L 
12 EI 


2 h 


(L 

,2 


fL 

v6 


37 w o r 
11,520£7 


1 w 0 E 


2 'N 


v 6 EI ; 


(L) 


1 

+ — 

4 


C 


1 w 0 Z‘ 
48 EI 


2 h 


f- 

,2 


f— 

,10 


Deflection at Z). 


_ 1 

Fn - “ I-d/a 


7w 0 L 4 ' 
360 EI, 


75w 0 I 4 
1f520£7 


37 w 0 L 4 
11,520£7 


I’d = 


5w 0 I 4 

768EI 


i ◄ 


Slone at A . 



7w 0 L i 
360 EI 


7w 0 L 3 

360EI 
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PROBLEM 9.129 

For the beam and loading shown, determine (a) the slope at 
end A, ( b ) the deflection at point D. Use E = 200 GPa. 
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20 kN/m 

PROBLEM 9.130 








i 

C I 

30 kN T 
--1.6 m-►! 

0.8 m 

B For the beam and loading shown, determine ( a ) the slope at end A, 

W150 x 24 ( b ) the deflection at point D. Use E = 200 GPa. 


SOLUTION 


Units : Forces in kN; lengths in meters. 
For W150x24, 


/ = 13.4x 10 6 mm 4 
= 13.4x 10~ 6 m 4 


El = (200 x 10 9 )(13.4 x 10~ 6 ) = 2.68 x 10 6 N • m 2 

= 2680 kN • m 2 


+)IM b = 0: - 2AR a + (0.8)(30) + (1.2)(2.4)(20) = 0 
R a = 34 kN T 

Draw bending moment diagram by parts. 

M, = (1.6)(34) = 54.4 kN-m 
M 2 = (2.4)(34) = 81.6 kN-m 

M 3 = -^-(20)(1.6) 2 =-25.6 kN-m 

M 4 = -|(20)(2.4) 2 = -57.6 kN • m 
M 5 = —(0.8)(30) = -24 kN • m 
4 =i(1.6)(54.4) = 43.52 kN-m 2 

A x +A 2 = ^(2.4)(81.6) = 97.92 kN • m 2 

A 3 = |(1.6)(-25.6) = -13.6533 kN-m 2 

A 3 + A 4 = |(2.4)(-57.6) = -46.08 kN • m 2 

As = ^(0.8)(-24) = -9.6 kN • m 2 



As 
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PROBLEM 9.130 (Continued) 


(a) Slope at A . Place reference tangent at A. 

Q A = 


t B ,A = (A + A)( t]( 2 - 4 ) + (A + A){ 1]( 2 - 4 ) + A [\ 1(0.8) 


( b ) Deflection at point D . 


El 
48.128 


= 17.9582x 10~ 3 m 


0A=~ 


2680 
17.9582 x 10~ 3 


2.4 


= -7.48258 xl0~ 


yD - toiA + ®A X D 

= 17-7493 = 6.62289 X10~ 3 m 
2680 

y D = 6.62289xl0~ 3 + (-7.48258 x 10~ 3 )(1.6) 
= -5.3492 xlO 3 m 


0 A =7.48x10^ 3 rad. 


y D = 5.35 mm i A 
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PROBLEM 9.131 

For the timber beam and loading shown, determine (a) the slope 
at points, ( b ) the deflection at point C. Use E = 1.7x10 6 psi. 


SOLUTION 



4=I(6.4)(8) = 25.6 kip-ft 2 
A 2 = I(-4.8)(6) = -14.4 kip • ft 2 
4 = -(-1.6)(4) =-2.1333 kip-ft 2 


E^d/a ~ A I ^ ^ 


+ 4(2 ft) + 4(1 ft) 


= (25.6)^—J + (-14.4)(2) + (-2.1333X1) 

= 37.333 kip • ft 3 = 64,512 kip • in 3 

64,512 . 

=-- = 1.05412 in. 

61.2 x 10 3 


0.8 Wifi . 

1 0.2 k>pi/ft 


m k e>l c 






0.8 kips 1 

2t+ 

-f--- 



X) 

*T> 

(o.\- 

"D 

-4.8 

- 1.6 
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PROBLEM 9.131 (Continued) 

A 4 = ^-(3.2)(4) = 6.4 kip • ft 2 
A; =i(-1.6)(2) = -1.6 kip-ft 2 


(4 ) (2 ) 

( 4^) 

f 2 l 

-ft +4 -ft = 6.4) 

- + -1.6) 


v3 J ) 

13 J 

^3 , 


= 7.4667 kip • ft 3 = 12,902.4 kip • in 3 
12 902 4 

t = —’-— = 0.21082 in. 

61.2 xlO 3 

t 1 0541? 

(a) e A =-^- = -— -= -0.0109804 rad 

L 96 

(b) y c = t c/A - = 0.21082 in. -1(1.05412 in.) 



3.2 


C 

- 1 . 6 . 


^ =10.98xlO -3 rad 

y c = 0.316 in. X A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1552 















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


5 kips/ft 


8 kips/ft 


D 


T 


2 ft 


-4 ft- 


-4 ft- 


z 

W12 X 26 


PROBLEM 9.132 

For the beam and loading shown, detennine (a) the slope at points, 
( b ) the deflection at point E. Use E = 29 x 10 6 psi. 


SOLUTION 

Units : Forces in kips; lengths in ft. 

For W12x26, 7 = 204 in 4 

El = (29 x 10 6 )(204) = 5.916 x 10 9 lb • in 2 
= 41,083 kip-ft 2 

+)I.M b = 0: -107?^ + (6)(4)(5) + (2)(4)(8) = 0 R A = 18.4 kips t 

Consider loading as 5 kips/ft from D to B plus 3 kips/ft from E to B. Draw bending moment diagram by parts. 

Mj = 1 QR a = 184 kip ft 
M 2 =6R a =110.4 kip-ft 

M 3 = -^-(5)(8) 2 = -160 kip • ft 
M 4 = “(5)(4) 2 = -40 kip • ft 
M 5 = -^-(3)(4) 2 = -24 kip • ft 
4 + A 2 = i(10)(184) = 920 kip • ft 2 
4 =i(6)(110.4) = 331.2 kip ft 2 
A 3 + A 4 = |(8)(-160) = -426.667 kip • ft 2 
4 = l(4)(-40) = -53.333 kip • ft 2 
4 =I(4)(-24) = -32 kip-ft 2 
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PROBLEM 9.132 (Continued) 


(a) Slope at A . 


y B =yA + °a l + 1 

= ~ { S/A 


1 


B/A 


yA = y B = ° 


EI 
2181.33 
41,083 


h,A=—\(A+A) - \m + (A i + A 4 ) - (8) + (4) -|(4) 


v3. 

= 53.096 xl0~ 3 ft 

-3 


0a=- 


53 - 096x10- = -5.3096 x 10~ 3 
10 


0 A = 5.31xl0“ 3 rad ^ ◄ 


( b ) Deflection at E . yE =x E^i +t EiA 


1 E/A - EJ \ (A) 


||(6)+(4) 


v4y 


(4) 


609.067 


= 14.8253 xl0~ 3 ft 


41,083 

y E = (6)(—5.3096 x 10 ^ +14.8253 x 10 3 = -17.0323 x 10~ 3 ft 


y E 


= 0.204 in. i ◄ 
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PROBLEM 9.133 

For the beam and loading shown, detennine ( a ) the slope at point A, 
(, b ) the deflection at points. 


SOLUTION 



M 0 a 
El 
M 0 L 
2 El 
r 20 


V 


y 


M 0 L 
2 El 



M 0 L 2 
3 El 


(a) Slope at A . 


(b) Deflection at A . 


e K 


l C/B 


m 0 l 


L 3EI 

e B = & A + @B!A + A 


MoL _ q _ M Q a 
3EI A El 



M 0 a 2 
2 El 


a 

L 


yA - T l C!B + t A!B 


M 0 L- 
3 El 


2 h 


M 0 a~ 
2 El 




G A =—^(L + 3a) 
A 3E1 


y A = A ^( 2L + 3a ^ ^ 
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w 

PROBLEM 9.134 








D For the beam and loading shown, determine (a) the slope at point A, (b) the 
deflection at point D. 

A -h 

~ 

-- L -- 

& 

—L/2^ 


SOLUTION 




(a) Slope at A . 


Oa = - 


l D/A - A 


+)ZM b = 0: -R a L + \-wL 
\2 

^ M 

Draw — diagram by parts. 


—L =0 R, = —wL 


A = - 
2 


3 wL 


2 h 


El 


L = 


3 wlf 
16 El 


A 2 = — 
3 


A 3 = — 
3 3 


1 wL 


2 h 


2 El 


\wlf 


1 wL 


2 > 


El 


6 El 


1 wL 
48 El 


Place reference tangent at A. 
L_ . L 

y 

1 wL 4 1 wl 4 


{ B/A - A + A 4 


i wr 


16 EI 24 El 48 El 


B/A _ 

1 wl} 




L 

48 EI 




(L L 

} + a 2 \ 

L C 

. r 3 


-h — 

-1- 

+ — 

- 

V 3 2 

J l 

4 2, 

U 

2 


5 wU 1 wr 


1 wU 


3 wU 


(b) 


32 EI 

Deflection at D. 


EI 128 EI 128 EI 


y D 


3 wL 4 3 1 wL 4 1 wL 4 


l D!A 


L B!A 


128 EI 2 48 EI 


128 El 


y D 


1 wL 
128 EI 
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PROBLEM 9.135 

Knowing that the beam AB is made of a solid steel rod of diameter 
d = 0.75 in., determine for the loading shown (a) the slope at point 
D, ( b ) the deflection at points. Use £ = 29 x 10 6 psi. 


SOLUTION 


Units : Forces in lb; lengths in inches. 

c = - = -(0.75) = 0.375 in. 

2 2 

/ = 4 C 4 = -(0.375 ) 4 = 0.0155316 in 4 
4 4 

El = (29 x 10 6 )(0.0155316) = 450.4 x 10 3 lb • in 2 


Draw yj diagram by parts by considering the bending moment diagram due to each of the applied loads. 

(15 ° )(4) =1.33215xl0- 3 m.-‘ 

El 450.4 xlO 3 

M, = _ (300X6) 3 , 99645xl0 -3 in .- 1 

El 450.4 xlO 3 

4 = i(24)(l.33215 x 10~ 3 ) = 15.9858 x 10~ 3 

A 2 = i(24)(-3.99645 x 10~ 3 ) = -47.9574 x 10 3 

4=1 (4X1.33215 x 10" 3 ) = 2.6643 x 10 ~ 3 

Place reference tangent at D. 

(a) Slope at point D . 

Ve = yo + LBd + t E i D 0 D = -t E/D IL 
t E/A =164 + 8^2 = -127.8864 x 10 ~ 3 in. 

= -127 1 8864xl0_ = 5 32g6xl0 _ 3 ^ = 5.33x 10 3 rad ^!l ◄ 

D 24 D 



(, b ) Deflection at A . 


Va ~ -U) a @D + t AID - tAID a @D 


Va = 4 


- |(4) - (4X5.3286 x 10 ) = ■ 


-14.21 x 10 -3 in 


y A = 0.01421 in. i ◄ 
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1.2 kN 


3 kN/m 


C 


0.20 m 


-0.25 m- 


= 3 ? 


-0.25 m- 


□ 30 , 


30 mm 


PROBLEM 9.136 

Knowing that the beam AD is made of a solid steel bar, 
determine (a) the slope at point B, (b) the deflection at point A. 
Use E = 200 GPa. 


SOLUTION 

E = 200 x 10 9 Pa /=—(30)(30) 3 =67.5xl0 3 mm 4 =67.5xl0~ 9 m 4 

12 

El = (200x 10 9 )(67.5 x 10“ 9 ) = 13,500 N • m 2 = 13.5 kN • m 2 
+)XM b = 0: -(0.2)(1.2)-(3)(0.25)(0.125) + 5R D = 0 R D = 0.6675 kN 
„ M 

Draw — diagram by parts. 


M l = (0.6675)(0.5) = 0.33375 kN • m 
M 2 =(1.2)(0.2) = 0.240 kN-m 

M 3 = -f (3)(0.25) 2 = -0.09375 kN • m 

A x = ^-(0.33375)(0.5)/£7 = 0.0834375/£7 
A 2 = f (0.240)(0.2)/£/ = 0.024 IEI 
A 3 =^(-0.09375)(0.25 )/EI = -0.0078125 IEI 
Place reference tangent at B. 

t D/B = A x • 0.5 j + A 3 ^ • (0.25) + 0.25 ] = 0.024395/E7 


M/Er 



(a) Slope at B . 


e tp/B _ 0-024395 _ 0.048789 

B ~ L 0 .5EI ~ El 

= -3.6140xl0~ 3 

t Am = A 2 f|(0.20)l = 0.0032 IEI = 0.23704 x 10 -3 m 


9 b =3.61x 10 3 rad ◄ 


(b) Deflection at ,4 . y A = t A/B - L AR Q B 

= 0.23704x 10 -3 - (0.2)(-3.6140x 10~ 3 ) = 0.960x 10 3 m 


y A =0.960 mmt A 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1558 


























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 9.137 

For the beam and loading shown, determine (a) the slope at point C, 
( b ) the deflection at point D. Use E = 29 x 10 6 psi. 
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40 kN/m 



160 kN 



W410 X 114 


PROBLEM 9.138 

For the beam and loading shown, determine (a) the slope at point B, 
( b ) the deflection at point D. Use E = 200 GPa. 


4.8 m 


1.8 m 
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PROBLEM 9.139 




EI 


2EI 


For the beam and loading shown, determine ( a ) the slope at end A, ( b ) the 
slope at end B, (c) the deflection at the midpoint C. 


-L/2- 


-L/2- 


SOLUTION 

Reactions: 


R a= R h = 2 Wl 


Draw bending moment and M/EI diagrams by parts as shown. 


A, = - 


1 L wL 


wL 


2 2 A El 16EI 


A 2 - 


1 L wL 2 


wU 


A 3 — - ■ - ■ 


3 2 8EI 48 EI 
1 L wL 2 wL 5 


2 2 8EI 32 EI 

1 L wL~ wl} 


A 4 = - 


3 2 16EI 


96EI 


Place reference tangent at A. 
(a) Slope at end A . 

Vb = Va + L0 a + t B/A 


®a - 


tB1A ~ 


f L l). 

— 1 — \A 
[2 6) 

(2 8, 


wL 4 

f 1 

5 

1 

1 ^ 9 wL 4 

EI 

U4 

384 

96 

256 J 256EI 


(b) 


. 9wL 1 

v A — 

256EI L 
Slope at end B . 


&b ~ 0a + ®bia ~ 


9 wE 
256EI 


9 wU 
256EI 


4- A j 4- A 2 4- + A 4 


e R = 


lw£_ 

256EI 





M/£I 



#4 = 


9wL? 
256 EI 




e R 


IwL 3 
256EI 
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PROBLEM 9.139 (Continued) 


(c) 


Deflection at midpoint C . 


y.4 =y c + ^ 0 A+ t C /A 


? CM 


/ 

v 6 


— \Ai+ 


-\a 2 =- 


y c =0 + 



r 9wi} \ 

UJ 

256 El; 


wL 4 
128 El 

_ wL 4 
12SEI 


5 wL 4 
512 El 


5 wL 4 
512EI 


i 


◄ 
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PROBLEM 9.140 

For the beam and loading shown, determine the deflection (a) at point D , 
( b ) at point E. 
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PROBLEM 9.141 

For the beam and loading of Prob. 9.126, determine the magnitude and 
location of the largest downward deflection. 


SOLUTION 


> PI PI 

+ )£M„=0: -R a L + - -= 0 

' 2 4 


A, 


PL 


.3 L 


+ EM, =0:- + P — + R r L = 0 

/ A 2 4 


Draw V (shear) diagram and M 7 El diagram. 


R a = -Pt 
A 4 


R b = -P i 
B 4 


if 1 PLV 

A = - 

1 „ o EI 


v< 




1 PL - 
32 EI 


if 1 PLY 
A 2 = — 

2 2 


v< 


EI 


V 6 y 


1 PL 1 


96 EI 


A.~ \-L p -k 

16 EI 


( T \ 


V 12 y 


i r i plyy 

^'2 


V 16 EI 
Place reference tangent at A 
1 PL 


v ^y 


1 PL 1 
"384 EI 

1 PZ 3 
128 EI 


t B/A ~ 


32 EI 


2L 

V Y 
7-2 A 


' 1 PZ 2 ^ 


96 EI 


1 PZ Z I 


v 384 EI j 


1 I 
4 + 312y 


1 1 


1 


48 216 6912 768 


PL _ 3 PL 
EI ~ 128 EI 


o A =- 


1 B/A 


3 PL 2 
128 EI 






4 



- 3 p 
n r 



f L 

IL\ 



U 

3 6) 



f 

1 P/Y 

( 2 

L ) 

V 

128 EI y 

b 
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PROBLEM 9.141 (Continued) 


Let point K be the location of \y m \. 


—®a + Oku 


3 PL - 
128 El 


+ A k , 


3 PL 1 1 

128 El 2 


1 Px t 


4 El 


P < 
El y ' 


3 .2 I 2 

- L + —x k - 

128 8 A 


= 0 



1 Px 


2 h 


4 El 


3 


M/ex 







VC \ 


-— X* * 

x K =0.4331 ◄ 

1 Px\ V3 Pi} 



24 El 512 El 


yK - { K/A 


X * _ V3 PL 3 
L m 512 El 


U J128 El 


S pO 

256 £7 


PU 

v K = 0.00677-1 ◄ 

’ A El 
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w o 


^-r-rr TTTTTTT~ 


PROBLEM 9.142 


B For the beam and loading of Prob. 9.128, determine the magnitude and location 


-L/ 2- 


- of the largest downward deflection. 
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40 kN 

20 kN 


PROBLEM 9.143 

ii 


' ^ 

B 

For the beam and loading of Prob. 9.129, determine the 
magnitude and location of the largest downward deflection. 

k— 


"- A 

W250 X 44.8 


1.5 m 

1.5 m 





SOLUTION 




Referring to the solution to Prob. 9.129, 
EI = 14,160 kN ■ m 2 


R a = 40 kN, 4 


t B!A 

Oa 


742.5 

-m 

El 

123.75 

El 


45 

El 


Let K be the location of the maximum deflection. Assume 
that K lies between C and D. 


@K - + ®K1A 

123.75 


El 

123.75 


+ A 1 + A 4 


El 

123.75 - 45 


45 60 u 

+ — +-= 0 

El El 


u = 


60 


= 1.3125 m 


x K = 1.5 + u = 2.8125 m 


— A x {u + 0.5) + 4t 


f 1 

—u 

v2 


- 45 + (60)(1.3'25)(4)(1.3125) 

Er ’ ■ ei 


133.242 

EI 


Xk 

yx = ttaA ~i islA 

_ 133.242 _ 2.8125 f 742.5 A 
EI 6 { EI , 

= -15.17 x 10“ 3 m 


214.80 

EI 


214.80 

14,160 


y K = 15.17 mm i A 
x K = 2.81 m -4 
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8 laps/ft 



X 

W12 X 26 


PROBLEM 9.144 

For the beam and loading of Prob. 9.132, determine the magnitude 
and location of the largest downward deflection. 


SOLUTION 


From the solution to Prob. 9.132, 

El = 41,083 kip-ft 2 

R a =18.4 kips 


E 

4 =331.2 kip -ft 2 

D 


4 = -53.333 kip -ft 3 

A 7 


0 A = -5.3096 x 10 -3 




Slone at E . 0 E = 0 A + d EjA 


&EIA ~ gj {A + A} 


278.767 

41,083 


= 6.7855 xl(T 3 


0 E = 1.4759 xl(T 3 

Since 0 E > 0, the point K of zero slope lies to the left of point E. Let x K be the coordinate of point K. 



= 18.4 - 2.5 {x K -2) 2 

dx K 
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PROBLEM 9.144 (Continued) 


Solve for x K by iteration. 


x k ~ ( x k )o 


/ 


dfidx K 


X K 

5 

5.1473 

5.1525 

f 

-10.634 

-0.362 

0.001 

df! dx g 

72.2 

70.131 



x K =5.1525 ft 


Maximum deflection. 


A 6 = 244.244 kip • ft 2 , A 7 = -26.108 kip • ft 2 

yA = y K +1 aik = 0 y K = 

_ 2 _ 3 . 3x K + 2 

x h =—x k - x 7 = 2 H—(x r -2) = — - - 

6 3 a 7 4 V K ’ 4 

1 < . — . — i 725.033 3 _ 

v 7 =-MfrXfi + -4 7 x 7 } =-= -17.648 x 10 3 ft 

7 £7 6 6 7 7j 41,083 


Va 


: 0.212 in. 4- ◄ 
r,. =5.15 ft ◄ 
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i" r 


PROBLEM 9.145 

For the beam and loading of Prob. 9.135, determine the largest 
upward deflection in span DE. 


SOLUTION 

Units : Forces in lbs; lengths in inches. 

From the solution to Prob. 9.135, 


Multiply by 10 3 


El = 450.4x 10 3 lb-in. 




M, 

Ei 

M 


■271 = 1.33215 xl(T 3 in. 1 
EI 


—?- = -3.99645 xl0~ 3 ini 1 
EI 

d D =5.3286 xl(T 3 


Location of maximum deflection. 


u 


M ±= M 1 ( i_ 

v 24 


EI EI 
M a _ M 2 
EI ~ EI 24 



K 


A., = —. u = 0.666075 x 10 3 m 
2 EI 


4=-— 

^ 2 EI 


24 


— =0.666075 xl(T 3 1- \u 


24 


A = LMaJL = -1.998225 x 10 

7 2 EI 24 


~ @D + ^5 + \ + A-/ — 0 


-3 


( „ \ 


5.3286 + 0.666075m + 0.666075 1- \u - (1.998225 )—u = 0 


V 24y 




24 


24 


u = 15.16515 in. 


A 5 =10.10113x10^ 


5.3286 + 1.33215m - 0.11 10125m 2 =0 


A 6 =3.71842xlO -3 , A 7 = -19.14814x 10 3 


Maximum deflection in portion DE . y D = y K + 1 D:K = 0 


Vk ~ ( D/K ~ |-4 

= -{-0.1049} 


2m 


— + Ac\ — + A 1 \ — 


2m 


y K =0.1049 in. ◄ 
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40 kN/m 


A 

-67 


B " 


160 kN 


D 


X 

W410 X 114 


PROBLEM 9.146 

For the beam and loading of Prob. 9.138, determine the largest 
upward deflection in span AB. 


4.8 m 


1.8 m 


SOLUTION 

Units : Forces in kN; lengths in meters. 


Place reference tangent at A. 


I = 462 x 10 6 mm 4 = 462 x 1(T 6 m 4 
El = (200x 10 9 )(462x 1(T 6 ) 

= 92.4 x 10 6 N • m 2 = 92,400 kN • m 

+)M b = 0: -4.8 R a + (40)(4.8)(2.4) - (160)(1.8) = 0 
R a = 36 kN 

4 =I x (36x) = 18jc 2 

A 2 =-x(-20x 2 ) = -—x 3 


y B -yA+ + { b/a - 


M 


0a=~ 


1 B!A 


(4) s =(18)(4.8) 2 =414.72 kN-m 2 

f onh 

(A 2 ) b = — (4.8) 3 = -737.28 kN-m 2 



9a= ~xe[ {A)b (iJ (4 - 8)+ {A)b i (4 - 8) 

- - 221 184 =0.49870x10-3 


(92,400)(4.8) 
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PROBLEM 9.146 (Continued) 


Locate Point K of maximum deflection. 


&k - 0a + @kia ~ 0 

eio a + 4 + 4=0 
20 

/ = 46.08 + 18x£ -—x\ =0 


— = 36x^ - 20 x| 
dx 


Solve by iteration. 


x k ~ ( x k )o 


/ 


dfldx 


X K 

3 

3.39 

3.327 

3.3251 

dfldx 

-72 

-107.8 

- 101.6 

-101.42 

f 

28.08 

-6.78 

-0.188 

0.005 


3.32514 ■ 


Place reference tangent at K. 


y A =y K +t A/ K 

yA ~~ yK = ~^A!K 


- Ii\ {A \3 Xk ] +A2 ^a Xk 
= _ 170.064 = _ L 84 ixio-3 m 

92,400 


= -2^-|l2x^ + 5x 


y K =1.841 mm 4 
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PROBLEM 9.147 

For the beam and loading shown, determine the reaction at the roller 
support. 


SOLUTION 


Remove support A and treat R A as redundant. 


Draw the M/EI diagram by parts. 

, 1 t r a l r 4 l 2 

2 El 2 El 

_ _ 1 L PL _ PL 1 
2 ~ 2 2 2 " 8 £7 

Place reference tangent at B. 

y A = yB - + t A /s = o 


A 



A , L L 
+ A 1 \ —i— 
1 2 3 


= 0 


R a L 3 5 PL 3 
3EI 4SEI 



R 4 =—P t ◄ 
16 
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PROBLEM 9.148 

For the beam and loading shown, determine the reaction at the roller 
support. 


SOLUTION 

Remove support B and treat R B as redundant. 
Draw Ml El diagram. 

2 El 


Place reference tangent at A. 


M 

2 El 


4 k M ° L M » L 
2 2 El 2 El 


Vb - Va + L0 a + t B/A - 0 
hi a = 0 


A 


2L i , 

+ Ay 


M 


2 4, 

W 2 =() 


3 El 8 El 



R 


A 


8 L 


◄ 
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SOLUTION 

Remove support B and treat R B as redundant. 
Replace loading by equivalent shown at left. 
Draw Ml El diagram for load w 0 and R B . 

Use parts as shown. 


Place reference tangent at A. 


A^ 


R b l' 



l El ) 

V 

2 

= - 

-WqL: 
2 0 


1 

' 1 WqL 2 

1 ^ 

1 

v 2 El 

1 


1 

6 

L 

6 

1 

1 WqL 

2 > 


(i) = - 


l = _\_w q L 3 


v 6 El 


L = 


6 El 


1 WqL 3 

24 El 


h/A ~ A 


'h" 

v3 j 


-L +A J —L 


i R,A 

3 El 


+ A, 


i w 0 r | i w 0 r _ Q 
8 El 30 El 


R =— w3 I t 
B 40 0 



/ 

”111: ! NT 



1 R B L 

2 EL 


A A k A 7 T 7 JJ 


J . 


v. 



rep. +«* 


= 0.275wvL t ◄ 
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PROBLEM 9.150 

For the beam and loading shown, determine the reaction at the roller 
support. 


SOLUTION 


Remove support A and treat R A as redundant. 


Draw Ml El diagram for loads R A and w. 


Place reference tangent at B. 



A = 
^2 = 


Ml 

V El j 


1 wL- 


2 A 


El 


iM 

2 El 



1 wZ 3 
48 El 


*AIB - ^1 


L 


1 R a L 


3 


3 El 

R,=—wL 

128 


+ A.2 


Z + 3^ 
2 4 2 J 


7 wL 4 
384 El 


= 0 


M /EX 



R 


A 


= —^—wL'\ A 
128 
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B 



PROBLEM 9.151 

For the beam and loading shown, determine the reaction at each support. 


L 


-L/2—*- 


SOLUTION 


Choose R B i as the redundant reaction. 

Draw Ml El diagram for the loads R B and M 0 . 




M 

3EI 


ML 

6EI 


M 

'L\ 

(r b l^ 

r b l 2 

2I 

aJ 

{3 El J 

12EI 


a 3 =-{D 

A=1 a) 


r ML 


El 


M 0 L 
2 El 




ml 


v El j 


M 0 L 

6EI 



A 

AzA 

f 

ML 

3M 0 L 

2! 

2 J 

V 

El) 

4EI 


y B - yA + eo a + t BjA 

3 L. 

Vc - yA + ~Y + t C!A - 0 


Af ~ ^BlJE 


r . h/A + L/A 


= 0 


L 


h/A - (A) -z\ + A 3\-r\ + A ‘ 


2 L 


R b L 3 1M 0 L 2 


18£Y 18 El 


L L 


2 3 


/ 


iL 


tc/A - (A) "r + rr +^2 — + (A + A + 4)A _ 


3M 0 L 2 


' ~ { B/A + L/A ~ 


OJ 

R b L 3 M n A 


6EI 


4EI 


l o A 




12£7 6£7 

3L 


= 0 


A = - 


2M n 


i ◄ 


+;sm c = o: M 0 +-R B -—R A = 0 


A= — [Mo+M ° ] 


A=- 


4M n 


37, 


T ◄ 


+t Z7 7 = 0: 7? 4 +7? B +7? c =0 -^°--^°- + R c = 0 

v ^ B L 3 L L 


R Me'I 4 
3 L 
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PROBLEM 9.152 

For the beam and loading shown, determine the reaction at each support. 


SOLUTION 


Remove support C and add reaction R c . 

Draw Ml El due to each of the loads P and R c . 


A,=--L — 


2 3 PL PL~ 


3 8 El 8 El 


A A 1 3 L 3PL 

A, +A 7 = - 

" 2 2 8EI 


„ 1 L 3PL 

A 3 — 

3 2 2 8EI 


_ 9PL 2 
~ 32 El 
3 PL 2 
32EI 


1 


f 


A ' = 1 L 


R C L 

2EI 


R C L~ 

AEI 


Place reference tangent at A. 


A 4 +A 5 =j(2L) 

y A = 0 


R c l 

2 El 


R C L 

2 El 



Fc = l °a + tc/A =0 0 A = 

y B = 2 L9 a + t BiA = 0 + t B/A = 0 


. L A L 


A JL 2 3L\ 2 L A , " 

A j—i - A 4 — 

_ 3 4 3 _ 

+ 

(A t + a 2 )^— + — • — J + ^3 ‘ — ‘~ + (A + ^ 5 ) ' L 


-2 


PE 

24EI 


R C Z 3 
12 El 


+ 


9 Pi} | 
32 El 


Pi} 
32 El 


R C L 3 
2 El 


R C L 3 11 PE 

3EI 48£Y 


R c = —P T ◄ 

16 
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PROBLEM 9.152 (Continued) 


+)l.M B = 0: -2LR A - LR C + -- P = 0 






P 1 3 

R 4 = - R c = - P 

4 2 L 32 


R 4 =— Pi ◄ 
32 




3 L 


+ )^M a = 0: 2LR b +LR c -—P = 0 


3 P 1 13 

R„ =- - R r = —P 

4 2 c 32 


R *=—◄ 
B 32 
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PROBLEM 9.153 

A hydraulic jack can be used to raise point B of the cantilever 
beam ABC. The beam was originally straight, horizontal, and 
unloaded. A 20-kN load was then applied at point C, causing this 
point to move down. Detennine (a) how much point B should be 
raised to return point C to its original position, ( b ) the final value 
of the reaction at B. Use E = 200 GPa. 


SOLUTION 


20kt4| 



tt ( ktJ • 




For W130 x 23.8, I x = 8.91 x 10 6 mm 4 

El = (200 x 10 6 kPa)(8.91 x 10“ 6 m 4 ) = 1782 kN • m 2 

Let R b be the jack force in kN. 

A = ^(1.8f^)(1.8) = 1.62 R b 

A 2 = i(-60)(3) = -90 kN • m 2 

EIt cu = (2.4)4 + (2)4 

0 = (2.4)(l.62R g ) + (2)(—90) 

R b = 46.296 kN 
A = 75 kN • m 2 

A 3 = i (-60)(1.8) = -54 kN • m 2 

A 4 = |(-24)(1.8) = -21.6 kN • m 2 

EIt B/A = (1.2)4 + (1-2)4 + (0-6)4 

= (1.2)(75) + (1.2)(-54) + (0.6)(—21.6) 

= 12.24 kN • m 2 


(a) Deflection at B . 


Tb = hi a = ——^2^ = IlaI = 6.8687 x 10 3 m y B = 6.87 mm T 4 

' 8 8iA El 1782 


(b) Reaction at B . 


R b = 46.3 kN t ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1580 


























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


30 kips 

J 

10 kips 

PROBLEM 9.154 


A D\ 

' ' 


B Determine the reaction at the roller support and draw the bending 

1 




moment diagram for the beam and loading shown. 

W14 X 38 b b 


—4.5ft — 


—4.5 ft — 




3 ft 





-12 ft - 




SOLUTION 


Units: 





Forces in kips; lengths in feet. 

Let R b be the redundant reaction. 

Remove support B and add load R B . 

Draw bending moment diagram by parts. 

Mj = \2R b kip-ft 

M 2 = -(4.5 + 3)(10) = -75 kip ■ ft 

M 3 = —(4.5)(30) = —135 kip - ft 

A t = j( 12)(12R b ) = 72 R b kip-ft 2 
A 2 =j( 7.5)(-75) =-281.25 kip-ft 2 
4 =I(4.5)(-135) =-303.75 kip-ft 2 

Lfl = Xl + + hi A = 0 

hi a = 0 

t m = -^-{(72^X8) + (-281,25)(4.5 + 5) + (-303.75X7.5 + 3)} = 0 
hi 

516R b -5861.25 = 0 R B = 10.18kipsT ◄ 

Draw shear diagram working from right to left. 

BtoE: V = -R b =-10.176 kips 
is to Z): V = -10.184 + 10 = -0.176 kips 
Dto^: V = -0.176 + 30 = 29.824 kips 
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PROBLEM 9.154 (Continued) 


Areas of shear diagram. 

A ad = (4.5)(29.824) = 134.21 kip • ft 

A de = (3)(—0.176) = -0.53 kip • ft 

A eb = (4.5)(-10.176) = 45.79 kip-ft 


Bending moments. 

M a = M x +M 2 + M 3 = -87.888 kip • ft 

M A = -87.9 kip • ft ◄ 


M d =M a + A ad = 46.322 kip • ft 

M d = 46.3 kip • ft A 


M e =M d + A de = 45.792 kip • ft 

M e = 45.8 kip • ft A 


M b = M E + A eb = 0 

M b =0A 
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PROBLEM 9.155 

For the beam and loading shown, determine the spring constant k for which 
the force in the spring is equal to one-third of the total load on the beam. 


SOLUTION 

Symmetric beam and loading: 
Spring force: 


R c - R a 


F = —(2 wL) = —wL 
3 3 


hJEF =0: R a +F-2wL + R c =0 


Place reference tangent at B. 


R a = R ( = —wL 


3 El 


A 2 = — 
2 3 


0 B = o 


1 wL' 


2 \ 


2 El 


3 El 


L--- wL 


6 El 


y B 


■A/B 

f 9 3 

A ■-L + A , -L 
3 4 


v 

7 wL a 
12 El 

F = -kv B 

k = _H = } wL 


y B 


1 wL 
72 El 


5 

Draw Ml El diagram by parts. 



W 


> 

. 1 f 2 wL 2 ] 1 wL 3 




M /El 





, 48 El . 

k = - - 4 

7 1} 
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w 

PROBLEM 9.156 




C For the beam and loading shown, determine the spring constant k for which 
“ the bending moment at B is M B = -wZf/10. 

X b i 

•c 

-- L-► 

Ik ^ 

--L-- 
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B 



^ _•_ 


PROBLEM 9.157 

For the loading shown, determine (a) the equation of the elastic curve 
1 for the cantilever beam AB, (b) the deflection at the free end, (c) the 
slope at the free end. 


SOLUTION 



+ 


1 XFy = 0 : 


R A = —wL = 0 
A 2 



r a = -Wq l 

+) = 0 : 

2 L wL 

- M, =-= 0 


1 , 

M a - ~^ w o R 


+ : SM , = 0: — w n L - Wr,Lx + 

J 3 2 2L 3 


■ - + M = 0 


, , 1 t 2 1 j WnX' 

M =- WnL -\ - WnLx - 

3 2 0 6 L 


.3 


„ r d 2 V 1 t 2 1 T W 0 X 3 

El -z- = WnL" H —WnLx — 

dx 2 3 2 0 6 L 

Tn T dy I ,2 1 , 2 w 0 x 4 „ 

El— = —x H— w n Lx ---h C, 

dx 3 4 0 241 1 


.Y = 0, — = 0 

dx 


0 = -0 + 0- 0 + C, 


EIv = -~w 0 L 2 x 2 + —w 0 Lx 3 - + C 2 

6 12 0 1201 


[x = 0 , v = 0 ] : 


(a) Elastic curve: 


0 — —0 + 0- 0 + 0 +C- 

y = 


c, = o 


C 2 = 0 


Wn 


EIL 


1 .1 2 1 j 4 1 « 

—Lx - Lx H-x^ 

6 12 120 
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(b) y at x = L 


(c) —at x = L 
dx 


PROBLEM 9.157 (Continued) 


y B = - 


T 4 

WqL 


El 


I__L J_ 

v 6 12 120 


11 w 0 L 
120 El 


y B = 


li w 0 r 
120 EI 


i ◄ 


(ir 




EI 


1 


_ 

v 3 4 24 


1 w.r 


EI 


= ]_^L_ 
B 8 EI 
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y\ 




PROBLEM 9.158 

1 Mo 



B 

_ 

(a) Determine the location and magnitude of the maximum deflection of 
v beam AB. ( b ) Assuming that beam AB is a W360 x 64, L = 3.5 m, and 

E = 200 GPa, calculate the maximum allowable value of the applied 
moment Mq if the maximum deflection is not to exceed 1 mm. 
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PROBLEM 9.158 (Continued) 


Solving for M 0 , 
(b) Data: 


M 0 = 


EI y», 


0.06415Z 


E = 200 x 10 9 Pa, / = 178 x 10 6 mm 4 = 178xl0“ 6 m 4 

- 3 , 


L = 3.5m y m - 1mm = 10 m 




(200 x 10^(178 x 1 0- )(10-3) = 45 3 xiQ 3 N m 
(0.06415)(3.5) 2 


M n = 45.3 kN ■ m ◄ 
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PROBLEM 9.159 

For the beam and loading shown, determine ( a ) the 
equation of the elastic curve, ( b ) the slope at end A, (c) the 
deflection at the midpoint of the span. 


[jc = 0, M = 0] 
[x = 0, y = 0] 


[x = L,M= 0] 
[x = L, y = 0] 
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PROBLEM 9.159 (Continued) 


0 b ) Slope at end A . 


(c) Deflection at midpoint . 


Set x = 0 in —. 

dx 


o L ■ 

Set x = — m y. 
2 


dy _ 1 WqI} 

dx A 30 El 


0.4 


1 w 0 ^ ^ 
30 El 


y c = 


t 4 

WqL 

El 



v2y 



v2y 



r 0 3 





w 0 L 4 

El 


1 1 1 1 1 

5760 ~ 960 + I44 ~ 60j 


61 w 0 L 4 
5760 El 


61 w 0 L 4 
5760 El 


i ◄ 
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i 


- 272 - 


- L/2 ■ 


[x = 0, y = 0] 


x = 0, * = 0 
dx 


x = —, — =0 
2 


PROBLEM 9.160 

Determine the reaction at /I and draw the bending moment diagram for 
the beam and loading shown. 


SOLUTION 

By symmetry, 


R a = R b and — = 0 at x = —. 

dx 2 


4: 


IF =0: R a + R b -P = 0 


Moment reaction is statically indetenninate. 

0 < x < —: 
2 


By symmetry, 


El 


M = M A + R a x = M A + — Px 


d 2 y 


= M A + —Px 
dx z 2 


El— = M,x + -Px 2 + C, 
dx 4 1 

y B = — J-0 + 0 + — = 


X = 


Pa* 


EI 


12 


12 £7 

L 

dv 

M A 

L 

1 J L 


— = 0 


4 - .P — 

2’ 

dx 


~2 

4 U 

1 

PL 





R, = R r = -P ◄ 


4 


+ 0 = 0 


m b = m a 


1 1 


M r = M, + -P— = —PL + -PL 
A 2 2 8 4 


i 


M, 


1 






& 



U X = o PL ') ^ 


M, = +'0 ◄ 


M r = -PL ◄ 
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W150 X 13.5 


PROBLEM 9.161 

For the beam and loading shown, determine ( a ) the slope at 
end A, ( b ) the deflection at point C. Use E = 200 GPa. 


SOLUTION 



Units : Forces in kN, lengths in m 

+)M d = 0 : 

-1.6 R a + (9.6)(0.8) + (20)(0.4) = 0 
R a = 9.8 kN 

w(x) = 12 (x- 0.4)° - 12 (x - 1.2)° lcN/m 

= -w(x) = — 0.4)° +\l(x - l.l'f kN/m 


=-j- = V = 9.8 - 12(x - 0.4) 1 + 12 (jc - 1.2) 1 - 20(x - 1.2)° kN 

EI^y = M = 9.8x - 6 (jc - 0-4) 2 + 6(x - 1.2) 2 - 20(x - 1.2) 1 kN • m 

El — = 4.9x 2 - 2<x - 0.4) 3 + 2<x - 1.2) 3 - 10<x - 1.2) 2 + C, kN • m 2 

dx 

Ely = 1.63333x 3 - x - 0.4> 4 + ^<x - 1.2> 4 - y<x - 1.2> 3 + C,x + C 2 kN • m 3 
[x = 0, y — 0] : 0 — 0 + 0 — 0 + 0 + C *2 = 0 = 0 

[x = 1.6, 7 = 0]: (1,63333)(1 -6) 3 - ^(l-2) 4 + |(0.4) 4 - y(0.4) 3 + Ci(1.6) + 0 = 0 

C, = -3.4080 kN • m 2 

Data : £ = 200 xl0 9 Pa, I = 6.83 x 10 6 mm 4 = 6.83 x 10“ 6 mm 4 

El = (200 x 10 4 )(6.83 x 10 -6 ) = 1.366 x 10 6 N • m 2 = 1366 kN • m 2 

(a) Slope at A . at x = ^ j 


EI^-= 0-0 + 0- 0- 3.4080 kN • m 2 
dx 

0a = - ' l " N " = - 2.49 x 10" 3 rad 9 A = 2.49 x 10“ 3 rad ◄ 

A 1366 
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PROBLEM 9.161 (Continued) 


(b) Deflection at C. (v at x = 1.2 m) 


EIy c = (1.63333)(1.2) 3 - ^-(0.8) 4 + 0 - 0 - (3.4080)(1.2) + 0 


= -1.4720 kN • m 3 


1.4720 = 1 078xl0 -3 m 
c 1366 

v c = 1.078 mm f -4 
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Wq — 9 kips/ft 



-8ft- 


-4 ft- 


W12 X 40 


PROBLEM 9.162 

For the beam and loading shown, determine (a) the reaction at 
point C, ( b ) the deflection at point B. Use E = 29 x 10 6 psi. 
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PROBLEM 9.162 (Continued) 


(a) Reaction at C . R c = 3.47 kips T A 

M A = 12(3.4667) - 96 = -54.400 kip - ft R A = 36 - 3.4667 = 32.533 kips 
Data : E = 29 x 10 3 ksi / = 307 in 4 El = (29 x 10 3 )(307) = 8.903 x 10 6 kip • in 2 


= 61,826 kip ■ ft" 


(b) Deflection at B . 


(v at x = 8 ft) 

1 


3 


3 


Ely B = —(-54.400)(8) + -(32.533)(8) J - -(8)* +-(8) 3 - 0 = -193.451 kip • ft 


}’b 


2 

-193.451 

61,826 


320 


-3.1290 xlO“ 3 ft 


y B 


= 0.0376 in. 4^ A 
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I 

30 kips 


PROBLEM 9.163 


c 




Beam CE rests on beam AB as shown. Knowing that a W10 x 30 


V 

3- 

A 


rolled-steel shape is used for each beam, determine for the loading 


j§ 




v wio x 30 shown the deflection at point D. Use E = 29 x 10 psi. 

- 

2ft 

—4 ft-*! 

-«-4 ft—«- 

2ft 



-— 

-12 ft- 




SOLUTION 


.IS -Wf 


9* 



i 

» 

CP 




5* i 



£ 


© ^ 


:.VV/ 


■ f ;r 

JLk 


& 


For W10 x 30, / = 170 in 4 

El = (29 x 10 6 )(170) = 4.93 x 10 9 lb • in 2 = 34,236 kip • ft 2 
Beam AB : 15 kip downward loads at C and E. 

Refer to Case 5 of Appendix D. 


Loading I : (Lc)i = “ 


Pcrb 2 
3 EIL 


with a = 2 ft, b = 10 ft, L = 12 ft 
U5)(2) 2 (10)~ 


Loading II : 


(kc )i _ 
(Lc )2 = 


(3)(34,236)(12) 
/x[x 2 - (L 2 -b 2 )x] 


= -4.8682 x 10“ 3 ft 


6EIL 

with b = 2 ft, x = 2 ft, L = 12 ft 


(Teh 


(15X2)[2 3 -(12 2 - 2 2 )(2) U _ 3 _ 3104xl0 _ 3ft 


(6X34,236)(12) 
v c = (v c )i + (Vc)2 = -8.1786 X 10“ 3 ft 
By symmetry, y E = _y c 
Beam CD/: : 30 kip downward loads at D. 


Refer to Case 4 of Appendix D. 


Vd/C - 


PLr 


with 


48£7 

P = 30 kips and L = 8 ft 


)’d/c ~ 


(30)(8) 3 


(48)(34,236) 


= -9.3469 x 10“ 3 ft 


Total deflection at D. 


y D = y c + JX/c = 17.5255 x 10 3 ft 


v D = 0.210 in. f A 
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W410 X 46.1 


PROBLEM 9.164 

The cantilever beam BC is attached to the steel cable AB as shown. 
Knowing that the cable is initially taut, determine the tension in the 
cable caused by the distributed load shown. Use E = 200 GPa. 


SOLUTION 


Let P be the tension developed in member AB and S B be the elongation of that member. 


Cable AB: 


Beam BC\ 


A = 255 mm = 255 x 10 m z 
PL (P)( 3) 


S B = 


EA (200 x 10 9 )(255 x 10~ 6 ) 
= 58.82 xlO~ 9 P 

/ = 156x 10 6 mm 4 =156xl0~ 6 m 4 
El = (200 x 10 9 )(156x 10~ 6 ) 

= 31.2 x 10 6 N • m 2 




B 


E 


II 






-2 


Sr- 


Loading I : 20 kN/m downward. 

Refer to Case 2 of Appendix D. 

wL 4 (20 x 1Q 3 )(6) 4 
- Vb1 ~ 8 EI~ (8)(31.2x 10 6 ) 

= -103.846x 10~ 3 m 


Loading II : Upward force P at point B. 
Refer to Case 1 of Appendix D. 


By superposition, 


(y b)i — 


PL 3 
3 El 


P( 6) 3 

(3)(31.2xl0 6 ) 


= 2.3077 xl0 _6 P 


y b — (y B ) i + (y B )2 


Also, matching the deflection at B , 

y B = —8 b 

-103.846 x 10“ 3 + 2.3077 x 10* 6 /' = -58.82 x 10 _9 P 
2.3666 x 10 -6 /' = 103.846 x 10“ 3 


P = 43.9 x 10 3 N 
R = 43.9 kN ◄ 
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1 

5 kips 

D ' 


J. 

k ( 

5 ft —► 

5 ft —► 



PROBLEM 9.166 



W8 X 13 


Knowing that P = 4 kips, detennine ( a ) the slope at end A, 
(b) the deflection at midpoint C of the beam. Use E = 29 x 10 6 psi. 


SOLUTION 

4- Lip* 

8 


i 


5 V:\pA 


I ^ ^ ST 

4 3ft U-5ft-H 


Pl/E.1 



'2.5 

EX 


_IZ 

El 


E = 29 x 10 3 ksi 7 = 39.6 in 4 
El = (29 x 10 3 )(39.6) = 1.1484 x 10 6 kip • in 2 

= 7975 kip • ft 2 
Symmetric beam and loading: 

R a = R b = P + 2.5 = 4 + 2.5 = 6.5 kips 
Bending moment: 

Over AB: M = -Px = -4x 
Over BC: M = —4x + 6.5 (x - 3) 

= 2.5(jc - 3) - 12 


^ M 

Draw — diagram by parts. 


A = 


1 f 12.5 


21 El 


(5) = 


31.25 

El 


A 2 = -- 
2 


12 


El 


18 


"XT (3) = - — 


El 


12 


El 


60 


4 = H-(5) = -- 


El 


9 C = 0 


Place reference tangent at C. 

(a) Slope at A . 0 A = G c - O CIA = 0 - (A l + A 2 + A 3 ) 


0 A = - 


"31.25 
v El 


_18__ 60 
El El 


46.75 46.75 


El 


7975 


( b ) Deflection at C . y c = -t B/c 

= -(4|X| + ^ 3 x 3 ) 


31.25 

El 


C r 


\ 


v - 5 y 


4 60^ 


V^y 


n ^ 
i (5) 

v z y 


6, = 5.86 x 10 rad xC A 


45.833 45.833 


El 


7975 


= 5.7471 x 10“ 3 ft 


y c = 0.0690 in.T ◄ 
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PROBLEM 9.167 

For the beam and loading shown, determine (a) the slope at point A, 
(b) the deflection at point D. 


SOLUTION 



M /EL 




T 

“£»/*■ 

J 


l D/A 


= 4 


(L 

L ' 

+ A 7 
2 

( 2 

L\ 

— + — 

— 

- 

u 

6 j 



2) 


+)lM c = 0: -R a L + Pj~Pj = 0 


M 


Draw — diagram. 
El 


4 = - 


1 ( PL 


212 El 


A 2 - 


1 ( PL 


L 


2\2EI 
Place reference tangent at A. 

'i l4 


1 PL 1 
8 El 

1 PL 1 


El 


(a) 


tc/A ~ 4 


Slope at A . 


o A = ~— 

A L 


3 2 


1 PL 
48 El 


1 PE 
8 El 


1 Pi} 

f 3 l 

f 

i 

Pi}' 

8 El 

UJ 

V 

48 

EI ) 


R a = o 


d A = 


1 PL 1 
48 El 


y D = 


3 PE 
32 El 
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PROBLEM 9.168 

Determine the reaction at the roller support and draw the bending 
moment diagram for the beam and loading shown. 


SOLUTION 


Units : Forces in kN; lengths in meters. 

Let R a be the redundant reaction. 

Remove support at A and add reaction R 4 T. 
Draw bending moment diagram by parts. 


M l =3.6R A kN-m 

M 2 = -(75)(0.3 + 2.4) = -202.5 kN • m 

M 3 = -^-(40)(2.4) 2 = -115.2 kN • m 

4 = |(3.6)(3.64,) = 6.48kN-m 2 

A 2 = i(2.7)(-202.5) = -273.375 kN • m 2 

4 =I(2.4)(-115.2) = -92.16kN-m 2 

Place reference tangent at B , where 

9 b = 0 and y B = 0. 







to 


Mi 



Then 

y*A = ( A/B = 0 


{( 2 


(2)1 

' 3 ") ] 


3.6 4 + 

0.9+ --2.7 4, + 

0.9+ 0.3+ --2.4 4 

ll 3 

J 

l 3 J 


= —{15.552^ -1014.5925} =0 

R a = 65.24 kN R a = 65.2 kN T A 
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PROBLEM 9.168 (Continued) 


Draw shear diagram. 


A to D 
D to E 
E to B 
At B, 

Bending moment diagram . 


V = R a = 65.24 kN 

V = 65.24 -75 = -9.76 kN 

V = -9.76 - 40(jc -1.2) kN 
V B =-105.76 kN 

M a = 0 

M d =M a + 58.72 = 58.72 kN • m 
M e = 58.72 - 2.93 = 55.79 kN • m 
M b = 55.79 -138.62 = -82.83 kN • m 


V(kKH 



M d =58.7 kN-m ◄ 
M b =-82.8kN-m4 
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p, 


11111 


PROBLEM 9.Cl 

Several concentrated loads can be applied to the cantilever beam AB. 
Write a computer program to calculate the slope and deflection of beam 
AB from x = 0 to x = L, using given increments Ax. Apply this program 
with increments Ax = 50 mm to the beam and loading of Prob 9.73 
and Prob. 9.74. 


SOLUTION 

For each load, enter 

Compute reaction at A . 


P c 

1 l’ U l 


For i = 1 to number loads 


p a ~ p a + P i 


m a= m a -Pfii 


Compute slope and deflection . 

Using method of integration starting with x = 0 and updating through increments, superpose: 
(1) Due to reaction at A : 


(2) Due to each load with 


e = (1/EI)(R a x 2 /2.0 + M a x) 
y = (\/E/)(R a x 3 /6.Q + M a x 2 / 2.0) 

c t < x\ 

\2 


M, 

r A 


K 


t 


•y 


3 


0 = -(l/EI)(P i /2.0)(x-c i y 
y = -(\/Er)(P i /6.0)(x-c l ) 

At x = 0, y = — = 0 
dx 


tu 


r 


p- 

L 


/t. C; 




.'. The constants of integration equal zero 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1603 
























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 9.Cl (Continued) 

Program Output 

Problems 9.73 and 9.74 


AtA\ 

Force = 6.0 kN 

Couple = -6.0 kN 

X 

Slope 

Deflection 

m 

Radians 

m 

0.00 

0.000000 

0.000000 

0.05 

-0.000578 

-0.000015 

0.10 

-0.001126 

-0.000057 

0.15 

-0.001645 

-0.000127 

0.20 

-0.002134 

-0.000221 

0.25 

-0.002594 

-0.000340 

0.30 

-0.003024 

-0.000480 

0.35 

-0.003424 

-0.000642 

0.40 

-0.003794 

-0.000822 

0.45 

-0.004135 

-0.001021 

0.50 

-0.004447 

-0.001235 

0.55 

-0.004728 

-0.001465 

0.60 

-0.004980 

-0.001708 

0.65 

-0.005203 

-0.001962 

0.70 

-0.005395 

-0.002227 

0.75 

-0.005558 

-0.002501 

0.80 

-0.005699 

-0.002783 

0.85 

-0.005825 

-0.003071 

0.90 

-0.005936 

-0.003365 

0.95 

-0.006033 

-0.003664 

1.00 

-0.006114 

-0.003968 

1.05 

-0.006181 

-0.004275 

1.10 

-0.006233 

-0.004586 

1.15 

-0.006270 

-0.004898 

1.20 

-0.006292 

-0.005213 

1.25 

-0.006299 

-0.005527 
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3.5 kips/ft 



PROBLEM 9.C2 


The 22-ft beam AB consists of a W21x62 rolled-steel shape and 
supports a 3.5-kip/ft distributed load as shown. Write a computer 
program and use it to calculate for values of a from 0 to 22 ft, using 
1 -ft increments, (a) the slope and deflection at D, ( b ) the location and 
magnitude of the maximum deflection. Use E = 29 x 10 6 psi. 


SOLUTION 


Enter load w, length L, a. 

Compute reaction at A . 

R a = w(L - a) 2 /(2..0L) 

Compute slope and deflection at D . 

Using singularity functions, 

Cj=——(Z-fl) 4 ~-r 4 l 2 
1 24 L 6 A 

0 = (l/EI)(R A a 2 /2.0 + Q) 

y = (l/EI)(R A a 3 / 6.0 + C x a) 

n dl y d w / \2 

EI — = R A x-—(x-a) 

dx 2 

EI^ = ±-R A x 2 -^-(x-a? + C l 
ax 2 6 

Ely = —R,x i —— (x-a) 4 +C,x + C, 

From boundary conditions, 

C 2 =0 

C, =— —(L-a) 4 --R 4 L 2 
1 24 L 6 

Maximum y at 9 = 0: 

1 O "W 3 

0 = —R a x 2 - (x-a) 3 + Cj 

2 ‘ 6 


lfx n 


^R A x 2 + C x = 0 


-2.0 C, 


max a T j 

v 

Tmax — "7 ^/l^ rnax 

O 


ftr 
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PROBLEM 9.C2 (Continued) 


Compute location and magnitude of maximum deflection . 

Assume x < A: x max = (-2.0 C l /R A ) 1/2 


If X max < a, then 


= (\/EI)\^R A xl x+ C 1 x n 


If *max > «> then 

Begin with x = a 

0 = (1/C/)I -R a x - -(x - a) 3 + C, 
V 2 6 


Increase x by small amount until 0 is approximately 0 


jw = mi) 


— R.x - — (x- n) 4 + C,x 
v 6 A 24 


Program Output 


a 

ft 

Od 

Radians 

y D <t> 

in. 

X m 

ft 

y m 

in. 

0 . 

-0.00580 

0.000000 

11.000 

-0.478290 

1 . 

-0.00569 

-0.068758 

11.008 

-0.475922 

2. 

-0.00539 

-0.133047 

11.030 

-0.468860 

3. 

-0.00494 

-0.189440 

11.068 

-0.457231 

4. 

-0.00439 

-0.235551 

11.121 

-0.441245 

5. 

-0.00378 

-0.269927 

11.189 

-0.421192 

6. 

-0.00314 

-0.291944 

11.272 

-0.397443 

7. 

-0.00250 

-0.301695 

11.370 

-0.370441 

8. 

-0.00188 

-0.299889 

11.481 

-0.340699 

9. 

-0.00131 

-0.287738 

11.606 

-0.308795 

10. 

-0.00080 

-0.266855 

11.742 

-0.275364 

11. 

-0.00036 

-0.239145 

11.885 

-0.241090 

12. 

-0.00001 

-0.206699 

12.028 

-0.206700 

13. 

0.00025 

-0.171684 

12.159 

-0.172954 

14. 

0.00043 

-0.136240 

12.275 

-0.140603 

15. 

0.00052 

-0.102374 

12.376 

-0.110339 

16. 

0.00054 

-0.071846 

12.463 

-0.082792 

17. 

0.00049 

-0.046069 

12.537 

-0.058515 

18. 

0.00039 

-0.026001 

12.596 

-0.037987 

19. 

0.00027 

-0.012036 

12.643 

-0.021604 

20. 

0.00014 

-0.003896 

12.675 

-0.009677 

21. 

0.00004 

-0.000530 

12.695 

-0.002431 

22. 

0.00000 

0.000000 

12.702 

0.000000 
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PROBLEM 9.C3 

The cantilever beam AB carries the distributed loads shown. 
Write a computer program to calculate the slope and 
deflection of beam AB from x = 0 to x = L using given 
increments Ax. Apply this program with increments 
Ax = 100 mm, assuming that L = 2.4 m, w = 36 kN/m, and 
(a) a = 0.6 m, ( b ) a = 1.2 m, (c) a = 1.8 m. Use E = 200 GPa. 


SOLUTION 

Enter w, a, L. 

Compute reaction at A . 


Compute slope and deflection . 


R a = wL - 2.0 wa 

1 , 1 , 

M a = — wL~ —wa 
A 2 2 


Hi - 

\j~r 

h 

rTl/ 1/ it 4 4 ✓ 

V\ 

- A A h n 

1 i Z.vj- 

i 

«A 

\ 

*• — 0\ -— A 

<r- L -^ 


Using equation of elastic curve starting with x = 0 and updating through increments, superpose: 


(1) Due to reactions at A: 


(2) Due to load w: 


(3) Due to load 2w: 
If x =£ a. 


If x > a. 


0 = (l/£7) 


v = (!/£/) 


^2 R a x1 + m a x 

r l 3 1 

— R.x + —M,x 
\6 A 2 


0 = -(l/£7) 


y = -{\!Ei) 


f 1 , 

— wx~ 
v6 

' 1 


24 


■wx 


^ ur 

:'* r r ' rr 11 ' 


LET 


vU 


2ur 

CK — J 
OC — 


Atx = 0, v = — = 0 
dx 

The constants of 
integration are zero. 


9 = {MEI) 
y = (VEI) 


'l 

— wx 
v3 j 

' 1 


12 


-wx 


0 = (1 /El) 


y = (l/EI) 


—wx — w(x - a)' 
v3 3 

f 1 4 1 , \4 

— n ; x- w(x-a) 

112 12 
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PROBLEM 9.C3 (Continued) 

Program Output 



Problem 9.C3 (a) a = 0.6 m 


At A: 

Force = 43.2 kN Couple = 

-90.7 kN • m 

X 

Slope 

Deflection 

m 

Radians 

111 

0.00 

0.000000 

0.000000 

0.10 

-0.000905 

-0.000046 

0.20 

-0.001762 

-0.000179 

0.30 

-0.002567 

-0.000396 

0.40 

-0.003318 

-0.000691 

0.50 

-0.004009 

-0.001058 

0.60 

-0.004638 

-0.001491 

0.70 

-0.005202 

-0.001983 

0.80 

-0.005703 

-0.002529 

0.90 

-0.006145 

-0.003122 

1.00 

-0.006533 

-0.003756 

1.10 

-0.006868 

-0.004427 

1.20 

-0.007156 

-0.005128 

1.30 

-0.007399 

-0.005856 

1.40 

-0.007602 

-0.006607 

1.50 

-0.007769 

-0.007376 

1.60 

-0.007902 

-0.008160 

1.70 

-0.008006 

-0.008955 

1.80 

-0.008083 

-0.009760 

1.90 

-0.008139 

-0.010571 

2.00 

-0.008177 

-0.011387 

2.10 

-0.008199 

-0.012206 

2.20 

-0.008211 

-0.013027 

2.30 

-0.008215 

-0.013848 

2.40 

-0.008216 

-0.014669 
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PROBLEM 9.C3 (Continued) 

Program Output (Continued) 




Problem 9.C3 (b)a = 1.2 

m 


At A : Force = 0.0 kN 

Couple = -51.8 kN • m 

X 

Slope 

Deflection 

m 

Radians 

m 

0.00 

0.000000 

0.000000 

0.10 

-0.000529 

-0.000026 

0.20 

-0.001055 

-0.000106 

0.30 

-0.001574 

-0.000237 

0.40 

-0.002081 

-0.000420 

0.50 

-0.002574 

-0.000653 

0.60 

-0.003048 

-0.000934 

0.70 

-0.003500 

-0.001262 

0.80 

-0.003926 

-0.001633 

0.90 

-0.004323 

-0.002046 

1.00 

-0.004687 

-0.002497 

1.10 

-0.005014 

-0.002982 

1.20 

-0.005301 

-0.003498 

1.30 

-0.005544 

-0.004041 

1.40 

-0.005747 

-0.004606 

1.50 

-0.005913 

-0.005189 

1.60 

-0.006047 

-0.005787 

1.70 

-0.006150 

-0.006398 

1.80 

-0.006228 

-0.007017 

1.90 

-0.006284 

-0.007642 

2.00 

-0.006321 

-0.008273 

2.10 

-0.006344 

-0.008906 

2.20 

-0.006356 

-0.009541 

2.30 

-0.006360 

-0.010177 

2.40 

-0.006361 

-0.010813 
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PROBLEM 9.C3 (Continued) 

Program Output (Continued) 



Problem 9.C3 let a = 1.8 m 



At A : Force 

= -43.2 kN 

Couple = 13.0 kN -m 

X 

Slope 

Deflection 

m 

Radians 

111 

0.00 

0.000000 

0.000000 

0.10 

0.000111 

0.000006 

0.20 

0.000182 

0.000021 

0.30 

0.000215 

0.000041 

0.40 

0.000216 

0.000063 

0.50 

0.000187 

0.000083 

0.60 

0.000133 

0.000099 

0.70 

0.000056 

0.000109 

0.80 

-0.000039 

0.000110 

0.90 

-0.000149 

0.000101 

1.00 

-0.000270 

0.000080 

1.10 

-0.000398 

0.000046 

1.20 

-0.000530 

0.000000 

1.30 

-0.000662 

-0.000060 

1.40 

-0.000790 

-0.000132 

1.50 

-0.000911 

-0.000217 

1.60 

-0.001021 

-0.000314 

1.70 

-0.001116 

-0.000421 

1.80 

-0.001193 

-0.000537 

1.90 

-0.001248 

-0.000659 

2.00 

-0.001286 

-0.000786 

2.10 

-0.001309 

-0.000916 

2.20 

-0.001320 

-0.001047 

2.30 

-0.001325 

-0.001179 

2.40 

-0.001325 

-0.001312 
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PROBLEM 9.C4 

The simple beam AB is of constant flexural rigidity El and carries 
several concentrated loads as shown. Using the Method of 
Integration, write a computer program that can be used to calculate 
the slope and deflection at points along the beam from x = 0 to 
x = L using given increments Ax. Apply this program to the beam 
and loading of (a) Prob. 9.13 with Ax = l ft, ( b ) Prob. 9.16 with 
Ax = 0.05 m, (c) Prob. 9.129 with Ax = 0.25 m. 


SOLUTION 

For each load, enter f, a [ 
Compute reaction at A . 
For i = 1 to number loads. 


Then 


For x < a t , 


For x> a t . 


M A =M A +P fli 
Load = Load + P t 


R b =M a /L 
R a = Load - R b 


El —y = R 4 X 
dx 2 


EI- = -R 4 x 2 +C, 
dx 2 


Ely = —R i x i + CjX + C 2 
6 


For Load P,: 

A | P| 

t* - 

k-X —*■ 


El -—j- = R a x -Pfx-af) 
dx 

EI^ = ^R A x 2 -\p i (x-a i ) 2 + C i 
dx 2 2 

Ely = i R a x 3 - - (x - a, ) 3 + C 3 x + C 4 
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PROBLEM 9.C4 (Continued) 


From boundary conditions, 

C 2 = C 4 = 0 

C l =C 3 =^(L-a i ) 3 --R A L 2 
1 3 6 L ' 6 


Note: R a for load P t 
Compute slope and deflection . 

Starting with x = 0 and updating through increments, superpose: 
(1) Due to reaction at A : 


0 = (1 /El) 
y = (i!El) 


1 r> 2 

— RjX 


-R 4 x 

v6 


(2) Due to loads—constant part: 


1 ? 

Const, = — R 4 L~ 
6 


For 1 to number loads. 


Const 2 


—Pj(L - a,) 3 + Const, 
6 L 


(3) 


Then total contribution for constant: 

Const = (l/£7)(Constj + Const,) 
Due to loads—remaining part: 

If* < a ; , 


0 = (1 /El) 

y = 0/Ei) 


1 £> 2 

- R A x 

v 2.0 


1 

CO 


r a* 


If x > a i , 


G = (1 /El) 


y = Q/Ei) 


2.0 


R a x~ 


— R 4 x 3 

v 6.0 A 


-— PliX-Cl;) 2 ] 

2.0 ' 1 J 

1 

- Pi(x-a ,) 3 

6.0 
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PROBLEM 9.C4 (Continued) 

Program Outputs : 

Problem 9.13 


x in. 

6 rad x 10 3 

y in- 

0.00 

-8.2948 

0.000000 

12.00 

-8.0957 

-0.098742 

24.00 

-7.4985 

-0.192705 

36.00 

-6.5031 

-0.277113 

48.00 

-5.1096 

-0.347188 

60.00 

-3.3179 

-0.398151 

72.00 

-1.4267 

-0.426420 

84.00 

0.2654 

-0.433189 

96.00 

1.7585 

-0.420846 

108.00 

3.0525 

-0.391781 

120.00 

4.1474 

-0.348383 

132.00 

5.0433 

-0.293039 

144.00 

5.7400 

-0.228141 

156.00 

6.2377 

-0.156075 

168.00 

6.5363 

-0.079232 

180.00 

6.6359 

0.000000 
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PROBLEM 9.C4 (Continued) 

Program Outputs ( Continued) 

Problem 9.129 


x m 

6? rad x 10"' 

y mm 

0.000 

-8.703 

0.000 

0.250 

-8.615 

-2.168 

0.500 

-8.351 

-4.293 

0.750 

-7.911 

-6.329 

1.000 

-7.296 

-8.234 

1.250 

-6.505 

-9.962 

1.500 

-5.538 

-11.472 

1.750 

-4.483 

-12.724 

2.000 

-3.428 

-13.713 

2.250 

-2.373 

-14.438 

2.500 

-1.319 

-14.900 

2.750 

-0.264 

-15.098 

3.000 

0.791 

-15.032 

3.250 

1.802 

-14.706 

3.500 

2.725 

-14.138 

3.750 

3.560 

-13.350 

4.000 

4.307 

-12.365 

4.250 

4.967 

-11.204 

4.500 

5.538 

-9.889 

4.750 

6.021 

-8.442 

5.000 

6.417 

-6.886 

5.250 

6.725 

-5.241 

5.500 

6.944 

-3.531 

5.750 

7.076 

-1.776 

6.000 

7.120 

0.000 
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PROBLEM 9.C4 (Continued) 


Program Outputs ( Continued ) 

Problem 9.16 


X 111 

#rad x 10 3 

y mm 

x m 

0 rad x 10 3 

y mm 

0.000 

-2.490 

0.000 

1.300 

0.146 

-1.972 

0.050 

-2.485 

-0.124 

1.350 

0.293 

-1.961 

0.100 

-2.471 

-0.248 

1.400 

0.439 

-1.943 

0.150 

-2.448 

-0.371 

1.450 

0.586 

-1.917 

0.200 

-2.416 

-0.493 

1.500 

0.732 

-1.884 

0.250 

-2.375 

-0.613 

1.550 

0.879 

-1.844 

0.300 

-2.325 

-0.730 

1.600 

1.025 

-1.796 

0.350 

-2.265 

-0.845 

1.650 

1.172 

-1.741 

0.400 

-2.197 

-0.957 

1.700 

1.318 

-1.679 

0.450 

-2.119 

-1.065 

1.750 

1.460 

-1.610 

0.500 

-2.032 

-1.168 

1.800 

1.593 

-1.533 

0.550 

-1.936 

-1.268 

1.850 

1.716 

-1.451 

0.600 

-1.831 

-1.362 

1.900 

1.831 

-1.362 

0.650 

-1.716 

-1.451 

1.950 

1.936 

-1.268 

0.700 

-1.593 

-1.533 

2.000 

2.032 

-1.168 

0.750 

-1.460 

-1.610 

2.050 

2.119 

-1.065 

0.800 

-1.318 

-1.679 

2.100 

2.197 

-0.957 

0.850 

-1.172 

-1.741 

2.150 

2.265 

-0.845 

0.900 

-1.025 

-1.796 

2.200 

2.325 

-0.730 

0.950 

-0.879 

-1.844 

2.250 

2.375 

-0.613 

1.000 

-0.732 

-1.884 

2.300 

2.416 

-0.493 

1.050 

-0.586 

-1.917 

2.350 

2.448 

-0.371 

1.100 

-0.439 

-1.943 

2.400 

2.471 

-0.248 

1.150 

-0.293 

-1.961 

2.450 

2.485 

-0.124 

1.200 

-0.146 

-1.972 

2.500 

2.490 

0.000 

1.250 

0.000 

-1.976 
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PROBLEM 9.C5 



The supports of beam AB consist of a fixed support at end A and a 
roller support located at point D. Write a computer program that can be 
used to calculate the slope and deflection at the free end of the beam 
for values of a from 0 to L using given increments A a. Apply this 
program to calculate the slope and deflection at point B for each of the 
following cases: 



L 

A L 

w 

E 

Shape 

(a) 

12 ft 

0.5 ft 

1.6 k/ft 

29xl0 6 psi 

W16 x 57 

0 b ) 

3 m 

0.2 m 

18 kN/m 

200 GPa 

W460x 113 


SOLUTION 


Beam is indeterminate. 

Use Appendix D and superposition. 
Determine reaction at D . 

Due to distributed load: 


(y d)w = -~“ 4Z.U 3 + 6 ]Ja 2 ) 


Due to redundant load: 

Redundant reaction: 

Since 

Compute slope and deflection at B . 

Superpose: 

Due to distributed load: 


(Td)« - 


24 El 


3 EI 


3 El 

(T/j )«■ + (y d) r = 0: R d = —j-(}>£>)„, 


o B = - 


y B = - 


wlf 

6ei 

wE 1 
8 EI 


iat 






Or = 0 n 


Vi = Vo + U-a W D 
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PROBLEM 9.C5 (Continued) 


Due to R d : 




Pa 2 
2 El 


y B = 


Pa i 

3EI 


+ {L 


a ) 


Pa 2 
2 El 


Program Output 

Problem 9.C5(a) 


a ft 

0 B rad x 10 3 

y at B in. 

0.0 

-3.019 

-0.3260 

0.5 

-2.743 

-0.2869 

1.0 

-2.483 

-0.2511 

1.5 

-2.238 

-0.2183 

2.0 

-2.007 

-0.1885 

2.5 

-1.790 

-0.1614 

3.0 

-1.586 

-0.1369 

3.5 

-1.395 

-0.1149 

4.0 

-1.216 

-0.0953 

4.5 

-1.049 

-0.0778 

5.0 

-0.893 

-0.0624 

5.5 

-0.748 

-0.0490 

6.0 

-0.613 

-0.0374 

6.5 

-0.488 

-0.0274 

7.0 

-0.373 

-0.0191 

7.5 

-0.266 

-0.0122 

8.0 

-0.168 

-0.0067 

8.5 

-0.077 

-0.0025 

9.0 

0.006 

0.0006 

9.5 

0.082 

0.0027 

10.0 

0.152 

0.0037 

10.5 

0.216 

0.0039 

11.0 

0.274 

0.0033 

11.5 

0.328 

0.0020 

12.0 

0.377 

0.0000 
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PROBLEM 9.C5 (Continued) 

Program Output (Continued) 

Problem 9.C5 (b) 


a m 

Ob rad x 10 3 

V at B mm 

0.0 

-0.728 

-1.6389 

0.2 

-0.624 

-1.3324 

0.4 

-0.529 

-1.0663 

0.6 

-0.442 

-0.8374 

0.8 

-0.364 

-0.6426 

1.0 

-0.293 

-0.4789 

1.2 

-0.230 

-0.3435 

1.4 

-0.174 

-0.2338 

1.6 

-0.124 

-0.1472 

1.8 

-0.079 

-0.0813 

2.0 

-0.040 

-0.0337 

2.2 

-0.006 

-0.0024 

2.4 

0.023 

0.0149 

2.6 

0.049 

0.0198 

2.8 

0.072 

0.0143 
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y 


PROBLEM 9.C6 


--«2-► 


For the beam and loading shown, use the Moment-Area Method to 

m a 

| P 1 

P 2 1 

P " write a computer program to calculate the slope and deflection at 


\ 

- \ , 

r points along the beam from x = 0 to x = L using given increments 

Ia 

I 

1 

— j — i Ax. Apply this program to calculate the slope and deflection at 

* 


l“- each concentrated load for the beam of ( a ) Prob. 9.77 with 



L 

Ax = 0.5 m, ( b ) Prob. 9. 1 19 with Ax = 0.5 m. 
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PROBLEM 9.C6 (Continued) 


Determine slope and deflections . 


For x = 0 to L, superpose: 

Due to M A and R A : 

e x = e A + (m a x + r a x\I2ss)Iei 

y x =jhu -M a x 2 /(2.0EI)-R a x 3 /(6.0EI) 

Due to loads P t : 

Do for all loads with a i < x 

0 X = Pi(x- a J ) 2 /(2.0£'/) 

y x =f‘i(x-a i ) i /(6.0EI) 

Program Outputs 




Problem 9.77 


x m 

#rad x 1000 

y at x mm 



0.000 

-0.600962 

0.000000 

(a) 

◄ 

0.500 

-1.602564 

0.574252 



1.000 

-2.043269 

1.509081 



1.500 

-1.923077 

2.524039 



2.000 

-1.241987 

3.338675 



2.500 

0.000000 

3.672543 

(b) 

◄ 

3.000 

1.241987 

3.338676 



3.500 

1.923077 

2.524039 



4.000 

2.043269 

1.509082 



4.500 

1.602564 

0.574253 



5.000 

0.600962 

0.000000 



Problem 9.119 

x m 

9 radx 1000 

y at x mm 



0.000 

-4.504505 

0.000000 

(a) 

◄ 

0.500 

-4.673423 

2.317943 



1.000 

-A.279279 

4.579579 



1.500 

-3.322072 

6.503378 



2.000 

-1.801802 

7.807808 



2.500 

0.000000 

8.258258 

(b ) 

◄ 

3.000 

1.801802 

7.807808 



3.500 

3.322072 

6.503378 



4.000 

4.279279 

4.579579 



4.500 

4.673423 

2.317943 



5.000 

4.504505 

0.000000 
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52 kN 

L- 2.5 m-*- 
[ A 1 

i52 kN PROBLEM 9.C7 

c B 1=^3 Two 52-kN loads are maintained 2.5 m apart as 




- ' - -4 

- -4.5 m-- 

- 9 m-- 

they are moved slowly across beam AB. Write 
W460 x 113 a computer program to calculate the deflection 
at the midpoint C of the beam for values of x 
from 0 to 9 m, using 0.5-m increments. Use 

E = 200 GPa. 
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PROBLEM 9.C7 (Continued) 


If (LI 2 + D)<x<L, 

We have both loads to right of C. 

R b =Px/L + P(x-D)/L 


1 At.B 


= (R^ - Px 3 - P(x - bf )/(6.0 El) 


l C!B 



f L} 

3 / 

p 

x - 

6.0-P 


l 2; 

/ 


r r 3 

x-D - 

V 2 


6.0 El 


l P 


\ c i 


M 

-t- 7 -D 

,1 

<-X- 



yc ~ 2 ^ AIB tc/B 


Program Output 


x m 

P B kN 

0 B rad 

yc mm 

0.0 

0.000 

0.00000 

0.00000 

0.5 

2.889 

0.00315 

1.17881 

1.0 

5.778 

0.00624 

2.32839 

1.5 

8.667 

0.00921 

3.41951 

2.0 

11.556 

0.01200 

4.42296 

2.5 

14.444 

0.01456 

5.30950 

3.0 

20.222 

0.01998 

7.22872 

3.5 

26.000 

0.02499 

8.94335 

4.0 

31.778 

0.02947 

10.39493 

4.5 

37.556 

0.03331 

11.52503 

5.0 

43.333 

0.03639 

12.28492 

5.5 

49.111 

0.03859 

12.66487 

6.0 

54.889 

0.03980 

12.66487 

6.5 

60.667 

0.03989 

12.28492 

7.0 

66.444 

0.03876 

11.52503 

7.5 

72.222 

0.03629 

10.39493 

8.0 

78.000 

0.03235 

8.94335 

8.5 

83.778 

0.02684 

7.22872 

9.0 

89.556 

0.01963 

5.30950 
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PROBLEM 9.C8 

A uniformly distributed load w and several distributed loads P t may be 
applied to beam AB. Write a computer program to determine the 
reaction at the roller support and apply this program to the beam and 
loading of (a) Prob. 9.53a, ( b ) Prob. 9.154. 


SOLUTION 

The beam is indeterminate. 

Use equation of elastic curve. 

Enter w and for each load P t and C ; 

Compute displacement at B due to loads . 

Reaction at A: 

Due to w: 


R a = wa 

1 2 

Ma = — wa 


For i = 1 to number loads P , 


For displacement at B, superpose: 
Due to reaction at A: 


Ra=Ra-p. 

M A =M A -P iCi 


EIy B = { -R A L 3 +±-M A l} 
o Z 


Due to distributed loads: 

Due to Pf. 

For i = 1 to number loads. 

At x = 0, y = —- = 0 
dx 

.'. The constants of integration are zero. 


EIy B = 4 + W (L - a) 4 ) 


Ery H = ] -P l (L-c l ) 3 

O 



{ i i.n i 

:- (k -— J 



B 


M fl _w_ 


y c ^ 

' *— a 




JTJJ 


J 


UJ 
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PROBLEM 9.C8 (Continued) 


Compute displacement at B due to unit R B . 


El (yB ) unit _ ^ L 


Compute reaction at B . 



From 


Ely b + R B EI(y B ) un it - 0 

r b =- 


-y B Hy B ) unit 


L 


L 





dx 2 


= —x + L 



111 1 

EIy = - x H—Cx“+C 1 ^ + C 2 

6 2 


Boundary conditions give C, = C 2 = 0 

Program Outputs 

Problem 9.53 (a) 

Reaction at roller support = 11.5356 kN 
Problem 9.154 

Reaction at roller support = 10.1758 kN 
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CHAPTER 10 
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PROBLEM 10.1 

Knowing that the spring at A is of constant k and that the bar AB is rigid, determine the 
critical load P cr . 
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PROBLEM 10.2 

Two rigid bars AC and BC are connected by a pin at C as shown. Knowing that 
the torsional spring at B is of constant K, determine the critical load P CI for the 
system. 
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PROBLEM 10.3 

Two rigid bars AC and BC are connected as shown to a spring of constant k. Knowing that 
the spring can act in either tension or compression, detennine the critical load P CT for the 
system. 
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PROBLEM 10.4 

Two rigid bars AC and BC are connected as shown to a spring of constant k. 
Knowing that the spring can act in either tension or compression, determine the 
critical load P a for the system. 
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PROBLEM 10.5 

The steel rod BC is attached to the rigid bar AB and to the 
fixed support at C. Knowing that G = 11.2 x 10 6 psi, 
determine the diameter of rod BC for which the critical load 
P a of the system is 80 lb. 
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k 

AA'Vi 


k 

AA'Vi 




2h 


D 


PROBLEM 10.6 

The rigid rod /)/? is attached to a hinge at /) and to two springs, each of 
constant k = 2 kip/in., that can act in either tension or compression. Knowing 
that h = 2 ft, determine the critical load. 
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PROBLEM 10.7 

The rigid bar AD is attached to two springs of constant k and is in 
equilibrium in the position shown. Knowing that the equal and opposite 
loads P and P' remain horizontal, determine the magnitude P CI of the 
critical load for the system. 
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PROBLEM 10.8 

A frame consists of four L-shaped members connected by four torsional 
springs, each of constant K. Knowing that equal loads P are applied at 
points A and D as shown, determine the critical value P CI of the loads 
applied to the frame. 
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16 mm 


100 mm 



PROBLEM 10.9 

Determine the critical load of a pin-ended steel tube that is 5 m long and has a 100-mm 
outer diameter and a 16-mm wall thickness. Use E = 200 GPa. 


SOLUTION 


16 mm 



c 0 = —d 0 = 50 mm c ( - = c 0 - t = 50 - 16 = 34 mm 


/ = -(c 4 - c 4 ) = 3.859 x 10 6 mm 4 = 3.859 x 10“ 6 m 4 


P = = ;z ' 2 ^ 00 x 1q9 )( 3 -^59 x !0~ 6 ) _ 3Q5 ^ iq3 n 

L 2 (5.0) 2 


P„ = 305 kN ◄ 
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PROBLEM 10.10 

Determine the critical load of a pin-ended wooden stick that is 3 ft long and has a ^xli -in. rectangular 
cross section. Use E = 1.6 x 10 6 psi. 
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PROBLEM 10.11 

A column of effective length L can be made by gluing together 
identical planks in either of the arrangements shown. Determine 
the ratio of the critical load using the arrangement a to the critical 
load using the arrangement b. 


(. b) 


SOLUTION 

Arrangement (a) . 


Arrangement (b) . 


L = 


p = 


U 4 

12 

ti 2 EI K 2 Ed 4 


12 It 


An in 


= /.,=■ 


12 


-M 3 ) +— (d) 

v 3 J 12 


' d 


1 

12 


19 


- (d)- 5 =- d' 

v 3 ) 324 


Pcr,b 


n 2 El 19 n 2 Ed 4 


324 Li 


1 cr.b 


J_ 324 _ 27 
12~19~~J9 


1 cr,b 


1.421 ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1637 




















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 


7l 2 EI 


(«) Per = T 2 
L 


P CI is proportional to /. 

For solid rod, c = —d, / = — c 4 

2 s 4 

c = 1(30) = 15 mm I = -(15) 4 = 39.761 x 10 3 mm 4 = 39.761 x 10“ 9 m 4 
2 5 4 

For hollow rod, c,- = ^-d i I h = ~^(c 4 - c ; 4 ) 


(PJh _ h c i 

(P C r)s Is C A 
= 1 - 


= 1 


'aT -, 

V 1 


v d 


15 


30 


1 15 




16 16 


Percent reduction in P~ — x 100 % 


16 


6.25% ◄ 


w r.-^- - - 

cr 16 l} 16 


15 ^ 2 (105 x 10 9 )(39.761 x 10~ 9 ) = x 1q3n 


(1-5) 


P„ =17.17 kN ◄ 
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SOLUTION 

For square strut. 


For round strut. 


Critical loads: 


Round strut- 


Square strut . 


A = 25 2 = 625 mm 2 

/ = —(25) 4 = 32.552 x 10 3 mm 4 = 32.552 x 10“ 9 m 4 


— xd 2 = A 

4 


JT 


J 4 A (4)(625) „ 

d = , — = , - = 28.2 mm 


n 


c = —d = 14.10 mm 
2 


= 14.10 mm ◄ 


/ = —c 4 = 31.085 x 10 3 mm 3 = 31.085 x 10“ 9 m 4 


P„ = 


k 2 EI 

I 2 


, 2 (200 x 10 9 )(31.085 x 10- 9 ) = 6i4x1q3n 

(l ) 2 


P„ = 61.4 kN ◄ 


= 


tt 2 (200 x 10 9 )(32.552 x 10“ 9 ) _ ^ , 1a3 


(ir 


= 64.3 x 10 J N 


P cr = 64.3 kN ◄ 
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SOLUTION 


(a) Square strut . A = (25) 2 = 625 mm 2 


/ = — (25) 4 = 32.552 x IQ 3 mm 4 = 32.552 x 10“ 9 m 4 
12 


P„ = 


k 1 El ;t 2 (200 x 10 9 )(32.552 x 10 -9 ) 


L~ 


(D 2 


= 64.3 x 10 J N 


= 64.3 kN ◄ 


(b) Round strut . For the same critical load, modulus of elasticity, and length, the moments of inertia 
must be equal. 

^c 4 =/ 


c = 


= 4 - 


41 (4)(32.552 xl0 3 ) 


= 14.27 mm 


K 


d = 2c = 28.5 mm A 


(c) Area . 


A = nc~ = 639.58 mm 


Ratio = 


625 

639.58 


= 0.977 = 97.7% ◄ 
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10 in. 


PROBLEM 10.15 

A column with the cross section shown has a 13.5-ft effective length. Using a 
factor of safety equal to 2.8, determine the allowable centric load that can be 
applied to the column. Use E = 29 x 10 6 psi. 


1- 6 in. -I 


"T 
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y 


PROBLEM 10.16 


c 


11 
11 
11 



A = 13.8 X 10 3 mm 2 
I x = 26.0 X 10® mm 4 
ly = 142.0 X 10® nun 4 


A column is made from half of a W360 x 216 rolled-steel shape, with 
the geometric properties as shown. Using a factor of safety equal to 2.6, 
determine the allowable centric load if the effective length of the 
column is 6.5 m. Use E = 200 GPa. 


SOLUTION 


k 2 E1 


cr 2 

^ e 


;t 2 (200 x 10 9 Pa)(26.0 x 10 -6 m 4 ) 


(6.5 m) 2 


= 1214.72 kN 


1214.72 , 


Pm = kN 

a11 2.6 

P M = 467 kN ◄ 
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PROBLEM 10.17 

A column of 22-ft effective length is to be made by welding two 
9 x 0.5-in. plates to a W8 x 35 as shown. Determine the allowable 
centric load if a factor of safety 2.3 is required. Use 29 x 10 6 psi. 


SOLUTION 



Total: 


© W8 x 35: 


© and (D: 


4 = 127 in 4 7 = 42.6 in 4 


bf = 8.02 in. 


•2 


For each plate, A = (0.5)(9.0) = 4.5 in 


4 = ~(0-5)(9) 3 = 30.375 in 4 


Iy = ^(9)(0.5) 3 + (4.5) 


"8.02 0.5 

V 


+ — = 81.758 in 4 

2 2 


4 = 127 + (2)(30.375) = 187.75 in 4 = /, 
4 = 42.6 + (2)(81.758) = 206.12 in 4 
L = 22 ft = 264 in. 


min 


K. = ™ = *-< 29 * 10 I 1 ' 87 75 ) = 771.0 x 10’ lb = 771 kips 


264 


^all - 


771 


F.S. 2.3 


4n = 335 kips -4 
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PROBLEM 10.18 

A single compression member of 8.2-m effective length is obtained by 
connecting two C200 x 17.1 steel channels with lacing bars as shown. 
Knowing that the factor of safety is 1.85, determine the allowable centric 
load for the member. Use E = 200 GPa and = 100 mm. 


SOLUTION 


For C200 x 17.1 steel channel, A = 2170 mm 2 

I x = 13.5 x 10 6 mm 4 , I y = 0.545 x 10 6 mm 2 
x = 14.5 mm 


For the fabricated column. 


I x =2I X = (2)(13.5 x 10 6 ) = 27.0 x 10 6 mm 4 



(d f 

Iy + A 



U J _ 



1 

(N 

c 

G 

0.545 x 10 6 + 2170 

-+ 14.5 


l 2 J _ 


= 19.1455 xlO 6 mm 4 


/ mm = / = 19.1455 x 10 6 mm 4 = 19.1455 x 10“ 6 m 4 


E = 200 x 10 Pa 


P,,= 


L 2 


;r 2 (200 x 10 9 ) (19.1455 x 10~ 6 ) = 562 Q4>< ^ 

(8.2) 2 


P M =— = 562 - 04 xl ° = 303 x 10 3 N 


F.S. 


1.85 


P all = 304 kN ◄ 
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PROBLEM 10.19 

Knowing that P = 5.2 kN, determine the factor of safety for the structure 
shown. Use E = 200 GPa and consider only buckling in the plane of the 
structure. 


SOLUTION 


Joint B: 


From force triangle, 


F 


AB 


F, 


BC 


5.2 


sin 25° sin 20° sin 135° 
Fab = 3.1079 kN (Comp) 
F bc =2.5152 kN (Comp) 


Member^: 


/ = - 
AB 4 


\ ■ 


— —1 =5.153xl0 3 mm 4 
4 V 2 J 

= 5.153 xl0~ 9 m 4 


F 


7TEI ab _ ^ 2 (200x10 9 )(5.153x10- 9 ) 


AB, cr 


-'AB 


( 1 - 2) 2 


= 7.0636xl0 3 N = 7.0636 kN 


F.S. = - 


F 


AB, cr 


F 


AB 


7.0636 

3.1079 


= 2.27 


Member BC: 


hie ~ 


Tt 


"22 

vT 


= 11.499xl0 3 mm 4 =11.499x10 9 m 4 


Lbc = 1 - 2 2 + 1 . 2 2 = 2.1 


m“ 


F, 


tt 2 EI bc _ ;r 2 (200x 10 9 )(11.499 x 10~ 9 ) 


BC, cr 


L 


'BC 


2i 


= 7.8813x 10 3 N = 7.8813 kN 


F.S. = - 


F, 


BC, cr 


F, 


BC 


7.8813 

2.5152 


= 3.13 


Smallest F.S. governs. 



F.S. = 2.27 ◄ 
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B 

C PROBLEM 10.20 

Members AB and CD are 30-mm-diameter steel rods, and members BC 
and AD are 22-mm-diameter steel rods. When the turnbuckle is tightened, 
the diagonal member AC is put in tension. Knowing that a factor of safety 
with respect to buckling of 2.75 is required, determine the largest allowable 
tension in AC. Use E = 200 GPa and consider only buckling in the plane of 
the structure. 

3.E 

m 

X 


A 

/ \ 

n 


4 

f- 

| 



-2.25 m-► 
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^ L 

PROBLEM 10.21 

The uniform brass bar AB has a rectangular cross section and is 



supported by pins and brackets as shown. Each end of the bar can rotate 



freely about a horizontal axis through the pin, but rotation about a 



vertical axis is prevented by the brackets, (a) Determine the ratio bid for 


(I p+F 

which the factor of safety is the same about the horizontal and vertical 
axes, (b) Determine the factor of safety if P = 1.8 kips, L = 7 ft, d= 1.5 in., 



and £ = 29 x 10 6 psi. 

p 


SOLUTION 



Buckling in horizontal plane 

: L =—L, I = —db 3 
e 2 12 

7i 2 EI A7T 2 Edb 3 

crl ~ L 2 e ~ 12 L 2 

(1) 

Buckling in vertical plane: 

L = L, I = —bd 3 

12 

t: 2 EI n 2 Ebd 3 

cr2_ L] ~ 12 L 2 

(2) 

(a) Equating, P crl = P ci2 

An 2 Edb 3 rrEbd - 1 

12I 2 12Z, 2 

4 b 2 = d 2 b = -d < 

2 

(b) b = — d = 0.75 in. 

2 

L = 1 ft = 84 in. 


Using (2), 

^ 2 (15 x 10 6 )(0.75)(1.5) 3 
cr ~ (12)(84) 2 

= 4.4257 x 10 3 lb = 4.426 kips. 



p 4 4257 

F.S. = cr = = 2.46 ◄ 

P 1.8 
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PROBLEM 10.22 

A 1-in.-square aluminum strut is maintained in the position shown by a pin 
support at A and by sets of rollers at B and C that prevent rotation of the strut in 
the plane of the figure. Knowing that L AB = 3 ft, determine (a) the largest 
values of L BC and L CD that can be used if the allowable load P is to be as large 
as possible, (b) the magnitude of the corresponding allowable load. Consider 
only buckling in the plane of the figure and use E = 10.4 x 10 6 psi. 


SOLUTION 

/ = — bh 3 = —(1)(1) 3 = 0.083333 in 4 

12 12 


(a) Equivalent lengths: 



AB: 

4 =0.1 L ab =2.1ft = 25.2 in. 


BC: 

4 = 



L -11 

BC 0.5 

L bc = 4.20 ft ◄ 

CD: 

A? = 2l cd 



L - 2A 

CD ~ 2 

L cd =1.050 ft ◄ 

(b) 

p _ P„ k 2 El _ ^ 2 (10.4x10 6 )(0.083333) 

dl “ F.S. (F.S.)L 2 e (3.2)(25.2) 2 



= 4.21 x 10 3 lb 

4,1 = 4.21 kips 4 
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1 

P 

PROBLEM 10.23 

D 



A l-in.-square aluminum strut is maintained in the position shown by a pin support at A 



L t 

and by sets of rollers at B and C that prevent rotation of the strut in the plane of the 



J i 

figure. Knowing that L 4B =3 ft, L BC = 4 ft, and L CD = 1 ft, determine the allowable 

C E 



load P using a factor of safety with respect to buckling of 3.2. Consider only buckling 



-r 

in the plane of the figure and use E = 10.4x 10 6 psi. 



I‘BC 


B | 






S ~T 




Lab 


|a 





SOLUTION 

I = —bh 3 = — (1)(1) 3 = 0.083333 in 4 

12 12 

p 

cr 2 

L e 

p (^cr)min ^ El 

a11 F.S. (F.S.)(4)L 


Portion AB: 

4 =0.7^ =(0.7X3) = 2.1ft 


Portion BC: 

L e = 0.5 L bc = (0.5)(4) = 2.0 ft 


Portion CD: 

4=24 =(2X0 = 2.0 ft 



(4) max = 2.1 ft = 25.2 in. 



^(10.4x10^(0 083333) =421xl() 3 lb 
(3.2)(25.2 2 ) 

4u = 4.21 kips A 
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PROBLEM 10.26 

Column AB carries a centric load P of magnitude 15 kips. Cables BC 
and BD are taut and prevent motion of point B in the xz plane. Using 
Euler’s fonnula and a factor of safety of 2.2, and neglecting the tension 
in the cables, detennine the maximum allowable length L. Use 
E = 29x 10 6 psi. 


SOLUTION 


W10x22: ^ =118 in 4 
I y =11.4 in 4 

P = 15 x 10 3 lb 

P cr = (F.S.)P = (2.2X15 x 10 3 ) = 33 x 10 3 lb 
Buckling in xz-platie . L e = 0.7 L 

p l-JL IK 

cr (0.71) 2 0.7 ]j P cr 


n 1 (29 Xl0 6 )(l 1,4) 
0.7 V 33 x 10 3 


= 449.21 in. 


Buckling in r’z-plane . 


4 = 21 


... ^ 2 P/ A . 

(2 L) 2 




n_ j (29x 10 6 )(118) 
2 v 33x 10 3 


= 505.83 in. 


Smaller value for L governs. L = 449.21 in. 


L = 37.4 ft ◄ 
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I P„ = 7.5 kN 


I r r I 

IJ r M M M 


900 mm 


1 ° 




(1) (2) (3) (4) (5) 


PROBLEM 10.27 

Each of the five struts shown consists of a solid 
steel rod. (a) Knowing that the strut of Fig. (1) is 
of a 20-mm diameter, determine the factor of 
safety with respect to buckling for the loading 
shown. ( b ) Detennine the diameter of each of 
the other struts for which the factor of safety is 
the same as the factor of safety obtained in part a. 
Use E = 200 GPa. 


SOLUTION 


Solid circular cross section: c = —d = 10 mm 

2 

/ = ^ c 4 = ^(10) 4 = 7.854 x 10 3 mm 4 = 7.854 x 10“ 9 m 4 
4 4 

E = 200 GPa = 200 x 10 9 Pa 


El = (200 x 10 9 )(7.854 x 1(T 9 ) = 1570.8 N • m 4 
For strut (1), L e = L = 900 mm = 0.9 m 


P„ = = n (157( j' 8) = 19,140 N = 19.140 kN 


IF 


(0.9) 


P 19.140 kN 

(a) F.S. = -a- = —- 

P n 7.5 kN 


(b) For the same factor of safety, the struts must have the same critical load. 


P = 


x-EIt 

I? 


where i = 1, 2, 3, 4, and 5 


For i = 2, 3, 4, and 5, 


]} ]} 


/,. L- 

or — = -4r 

h A 


d q jJ: 

Since / is proportional to d 4 , -j- = —j 

d | 


or 


d L= \k 

dy M f‘| 


, where L t is the effective length. 


F.S. = 2.55 ◄ 
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SOLUTION 



/ = ~[(22 mm) 4 - (18 mm) 4 ] 

/ = 101.54 x 10 3 mm 4 = 101.54 x 10“ 9 m 4 
E = 70 GPa = 70 x 10 9 Pa 
El = (70 GPa)(101.54 x 10“ 9 m 4 ) = 7108 N • m 2 
_ 7T 2 EI _ ;r 2 (7108N • m 2 ) 


Allowable value of P: 


P a \\ 

P a \\ 


3l. 

F.S. 

;r 2 (7108 N • m 2 ) 
2-8 L] 


25,055 



Equilibrium . = 0: 2P M - W = 0 

_ W_ _ 2 _ (2)(25,055) _ 5108 
m ~ g ~ g ~ 9.81 L 2 “ L] 

Column length : = 4 m 


Effective lengths for columns . 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1655 












































































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 10.28 (Continued) 


Allowable capacity: 





Case (1): 

L e = L = 4 m 

m = 

5108 

(4) 2 

m = 319 kg A 

Case (2): 

L e = 2L = 8 m 

m = 

5108 

(8) 2 

m = 79.8 kg A 

Case (3): 

L e = L = 4 m 

m = 

5108 

(4) 2 

m = 319 kg 4 

Case (4): 

L e = 0.699 L = 2.796 m 

m = 

5108 

m = 653 kg 4 

(2.796) 2 
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SOLUTION 


(a) 


A = (3 0) 2 = 900 mm 2 

= 900 x 10 -6 m 2 

/ = _L(30)(30) 3 = 67.5 x 10 3 mm 4 
= 67.5 x 10 -9 m 4 

c = ^-(30) = 15 mm = 0.015 m e = 4xl0 -3 m 

L e = 2L = (2)(0.6) = 1.2 m 

k~EI ti 2 (10 x 10 9 )(67.5 x 10 -9 ) 


P = 


P 
P . 


L 1 (1.2)- 

32.385 x 10 3 N = 38.385 kN 
15 


32.385 


= 0.46318 


y m = e 


sec 

r 5 nr' 

- 1 

= (4x 10 3 ) 

sec 

—V0.4631 81 - 1 


1 2 V ^cr J 



V 2 J 


= (4 x 10 _3 )[sec(l.06904) - l] = 4.3166 x 10 -3 m 

(■ b) M max = P(e + y m ) = (15 x 10 3 )(4 x 10“ 3 + 4.3166 x 10“ 3 ) 

= 124.75 N • m 
15 x 10 3 


P Me 
= — + 


(124.75)(0.015) 


A I 900 x 10 -6 
= 44.4 x 10 6 Pa 


67.5x10 


-9 


y m = 4.32 mm A 


cr m „ = 44.4 MPa ◄ 
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1.2 m C 


32-mm 

diameter 


PROBLEM 10.30 

An axial load P is applied to the 32-mm-diameter steel rod AB as shown. For 
P = 37 kN and e = 1.2 mm, determine (a) the deflection at the midpoint C of 
the rod, ( b ) the maximum stress in the rod. Use E = 200 GPa. 



SOLUTION 


/ = — 
4 



4 

n 

f 32 1 

Uj 

~ 4 

L 2 J 


= 51.47 x 10 3 mm 4 = 51.47 x 10“ 9 m 4 


4 = L = 1.2 m 

^ = ^(200 xl0 9 )(51.47 xlQ- 9 ) = ^ x 1Q 3 N 

4 ( 1 . 2) 2 


P_ _ 37 X 10 J 

P CI ~ 70.556 x 10 3 


= 0.52440 


(a) Deflection at C . 


y max e 


sec 


^ r p 

V 2 Kcry 


-1 


= 1.3817e = (1.3817X1.2) 


if max = !- 658 mm < 


(b) Maximum normal stress . 

M max = P(e + y max ) = (37 x 10 3 )(1.2 + 1.658)(10- 3 ) = 105.75 N • m 

A = —d 2 = — (32) 2 = 804.25 mm 2 = 804.25 x 10 -6 m 2 , c = 16 x 10 -3 m 
4 4 

= 37 X 103 6 + (105 - 75)(16 X = 78.9 x IQ 6 Pa 

A I 804.25 xlO -6 51.47 xl0“ 9 

^max = 78 - 9 MPa < 
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SOLUTION 


For W250 x 58, A = 7420 mm 2 = 7420 x 10“ 6 m 2 

I y = 18.7 x 10 6 mm 3 = 18.7 x 10“ 6 m 4 
S y = 185 x 10 3 mm 3 = 185 x 10 _6 m 3 


L = 6.5 m L e = 6.5 m 

p ^L = ;z ' 2 (200 x 10 9 )(18.7 x 1Q~ 6 ) = 873 7 x 10 3 N 
L\ (6.5) 2 


P 

~Pr 


310x10 
873.7 x 10 3 

f 


= 0.35483 


y max ^ 


sec 


n 

2 \l P 

V V cr 


- 1 


= 0.68558 e 


(a) 


e = 


y a 


0.67990 0.67990 


9 x 1 0 -3 

= 13.13 x 10“ 3 m = 13.13 mm 


(b) M max = P(e + y ma J = (310 x 10 3 )(9 + 13.13)(1Q- 3 ) = 6859.6 N • m 


_P Me _P + M 


310x10 


6859.6 


/ A S„ 7420 xlO -6 185 x 10 -6 


= 41.78x10® + 37.08 xlO 6 = 78.86 x 10 6 Pa = 78.9 MPa 


◄ 


◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1659 






















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 10.32 

An axial load P is applied to the 1.375-in.-diameter steel rod AB as 
shown. When P = 21 kips, it is observed that the horizontal 
deflection of the midpoint C is 0.03 in. Using E = 29 x 10 6 psi, 
determine (a) the eccentricity e of the load, (b) the maximum stress in 
the rod. 


SOLUTION 


c = —d = 0.6875 in. A = nc' 2 = 1.4849 in 2 
2 

/ = — C A = 0.175461 in 4 


(a) 


0 b ) 


L e = L = 30 in. 

it 2 El ;r(29xl0 3 )(0. 175461) 


P a = 


P 

P„ 


21 x 10 3 


55.8 xl0 J 
Eccentricity of the load . 


(3 0) 2 


= 0.37634 


= 55.800 xlO 3 lb 


y n 


= e 


sec 




1 


e = 


y n 


cr 7 

0.03 


= e[sec0.96363 - 1] = 0.75272e 


0.75272 0.75272 

Maximum normal stress . 

M max = p (e + ^max) = (21 x 10 3 )(0.0399 + 0.03) = 1.467 x 10 3 lb • in. 


^max A ' 

A 


M max C 


21 : xl°\ (1-467 x 10^0-6875) = 19 89 xlo3psi 


1.4849 


0.175461 


e = 0.0399 in. -4 


o'max = 19.89 ksi ◄ 
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PROBLEM 10.33 

An axial load P is applied to the 32-mm-square aluminum bar BC as 
shown. When P = 24 kN, the horizontal deflection at end C is 4 mm. 
Using E = 70 GPa, determine (a) the eccentricity e of the load, (b) the 
maximum stress in the rod. 


SOLUTION 


(a) 


(b) 


I = —(32) 4 = 87.3813 x 10 3 mm 4 
12 

= 87.3813 x 10“ 9 m 4 
A = (32) 2 = 1.024 x 10 3 mm 2 
= 1.024 x 10 -3 m 2 
L e = 2L = (2)(0.65) = 1.30 m 

_ k 2 EI _ ;r(70 x 10 9 )(87.3813 x 10~ 9 ) 
Cr ~ L 2 e “ (1.30) 2 

= 35.7215 x 10 3 N 
= 35.7215 kN 


— =-= 0.67186 

P cr 35.7215 


sec 


-1 

= e 

sec 

—V0.671861 - 1 


l 2 V ) 




U J J 


= e[sec 1.28754 - 1] = 2.5780e 

g _ 1’max _ ^ 

“ 2.5780 “ 2.5780 

M max = P(e + y max ) = (24 x 10 3 )[1.552 x 10" 3 + 4 x 10" 3 ] 
= 133.24 N • m 

_P M max c _ 24 x IQ 3 (133.24X0.016) 

max A I 1.024 xl0“ 3 87.3813 xl0“ 9 

= 47.8 x 10 6 Pa 


e = 1.552 mm A 


CW = 47 - 8 MPa < 
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PROBLEM 10.34 



The axial load P is applied at a point located on the x axis at a distance e 
from the geometric axis of the rolled-steel column BC. When P = 82 kips, 
the horizontal deflection of the top of the column is 0.20 in. Using 
E = 29 x 10 6 psi, determine (a) the eccentricity e of the load, (b) the 
maximum stress in the column. 


SOLUTION 


W8 x 31 : A = 9.12 in 2 , I y = 37.1 in 4 , S y = 9.27 in 3 
L = 9.4 ft = 112.8 in. L=2L = 225.6 in. 


P = 2^=»-( 29 xl0 T 7 - 1) = 208.63 x!0 3 


82 x 10 

208.63 x 10 3 


(225.6) 

= 0.39304 


(a) y n 


= e 


sec 


n 


- 1 


= 0.8081 \e 


e = - 


y n 


0.20 


0.80811 0.80816 


= 0.247 in. 


(b) M max = P(e + y max ) = (82 x 10 3 )(0.247 + 0.20) = 36.693 x 10 3 lb • in. 


P Me P M 82 x 10 3 36.693 x 10 3 in3 

7 max = — +-= — + — =-+-= 12.95 x 10 J psi 

max A I AS,, 9.12 9.27 


◄ 


Omax = 12 - 95 ksi ^ 
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I 



PROBLEM 10.35 

An axial load P is applied at a point D that is 0.25 in. from the geometric 
axis of the square aluminum bar BC. Using E = 10.1 x 10 6 psi, determine 

(a) the load P for which the horizontal deflection of end C is 0.50 in., 

( b ) the corresponding maximum stress in the column. 


SOLUTION 


/ 

A 

L 

Per 


^max 


(a) 


(b) 


— bh 3 = — (1.75)(1.75) 3 = 0.78157 in 4 
12 12 

(1.75) 2 = 3.0625 in 2 c = i(1.75) = 0.875 in. 

2.5 ft = 30 in. L e = 2L = 60 in. 

tt 2 EI zr 2 (10.1 X 10 3 )(0.78157) 

—■=— = —--V--- = 21.641 kips 

Ll (60) 2 



= 0.61411 P= 0.6141 \P cr 

M max = P(e + y max ) = (13.29)(0.25 + 0.50) = 9.9675 kip • in. 

_P_ Me 13.29 (9.9675X0.875) 

CTmax ~ A + I ~ 3.0625 + 0.78157 


e 

kmax + e 


P = 13.29 kips ◄ 

cr max = 15.50 ksi A 
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PROBLEM 10.36 

A brass pipe having the cross section shown has an axial load P applied 
5 rmn from its geometric axis. Using E = 120 GPa, detennine (a) the load P 
for which the horizontal deflection at the midpoint C is 5 mm, (b) the 
corresponding maximum stress in the column. 
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PROBLEM 10.37 

Solve Prob. 10.36, assuming that the axial load P is applied 10 mm from the 
geometric axis of the column. 

PROBLEM 10.36 A brass pipe having the cross section shown has an axial 
load P applied 5 mm from its geometric axis. Using £ = 120 GPa, 
determine (a) the load P for which the horizontal deflection at the midpoint C 
is 5 mm, (b) the corresponding maximum stress in the column. 
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PROBLEM 10.38 

The line of action of the axial load P is parallel to the geometric 
axis of the column AB and intersects the x axis at x = 0.8 in. Using 
E = 29 x 10 6 psi, determine ( a ) the load P for which the horizontal 
deflection at the end C is 0.5 in., (b) the corresponding maximum 
stress in the column. 
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PROBLEM 10.38 (Continued) 


(a) 

P = (0.33409)(201.64) = 67.366 

P = 67.4 kips A 

(b) 

M max = P(e + y m ) = (67.4)(0.8 + 0.5) = 87.575 kip • in. 



P M max 67.366 87.575 

O’-. — + — + 

max A S v 11.7 12.2 

= 12.94 ksi ◄ 
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PROBLEM 10.39 

The line of action of the axial load P is parallel to the geometric 
axis of the column and applied at a point located on the x axis at 
a distance e = 12 mm from the geometric axis of the W310 x 60 
rolled-steel column BC. Assuming that L = 7.0 m and using 
E = 200 GPa, detennine (a) the load P for which the horizontal 
deflection of the midpoint C of the column is 15 mm, ( b ) the 
corresponding maximum stress in the column. 


SOLUTION 

W310 x 60 : 

Critical load: 


(a) Load P : 


A = 7550 mm 2 =7550x10~ 6 m 2 / = 18.4x 10 6 mm 4 = 18.4xl0~ 6 m 4 

y 

S y = 180xl0 3 mm 3 = 180xl0~ 6 m 3 
L. = 7.0 m 


P„ = = ;r2(200x 1q9)( 1 8-3x1 °~ 6 ) = 741.2 xlQ 3 N = 741.2 kN 


Lt 


(7.0) 


y max 


COS 



sec 


K | P 

J\P 


y max + g 


cr 


P 

P„ 


2 

—arccos 

K 


VTmax + e J 


'2 ( 12 > 
— arccos 


Tt 


15 + 12 


= 0.49957 


P = 0.49957P cr = 370.3 kN 
(b) Maximum normal stress . 


P = 370 kN ◄ 


M max = P{e + y mm ) = (370.3x 10 3 )(12 +15)(10 3 ) = 99 98 N• m 

P Me P M 370.3xlO 3 9998 , , a6n 

cr max = —+-= —+ — =-- +-- = 104.6x10 Pa 

A I A S v 7550 x 10 -6 180x10^ 


^ =104.6 MPa ◄ 
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PROBLEM 10.40 

Solve Prob. 10.39, assuming that L is 9.0 m. 

PROBLEM 10.39 The line of action of the axial load P is parallel to the 
geometric axis of the column and applied at a point located on the x axis 
at a distance e = 12 mm from the geometric axis of the W310 x 60 rolled- 
steel column BC. Assuming that L = 7.0 m and using E = 200 GPa, 
determine (a) the load P for which the horizontal deflection of the 
midpoint C of the column is 15 mm, ( b ) the corresponding maximum 
stress in the column. 


SOLUTION 

W310x 60: 

Critical load: 


(a) Load P : 


A = 7550 mm 2 =7550x10~ 6 m 2 I y = 18.4xl0 6 mm 4 = 18.4xl0‘ 6 m 4 

S„ =180 xl0 3 mm 3 = 180x 10~ 6 m 3 L„ = 9.0 m 


_ 7T 2 EI zt 2 (200x 10 9 )(18.4 x 10~ 6 ) . , , T 

P„ = —— = — --- = 448.4x10 N = 448.4 kN 


(9.0) z 


y max 


COS 



sec 


n P 
2 VP 

V \ or y 


y max +e 


P 

~Pr 


2 

— arccos 

7T 


r \ 

e 

V y max + e J 


2 


2 ( 12 

— arccos 

K \ 


15 + 12 


-i2 


= 0.49957 


P = 0.49957P cr = 224.01 kN 

M max = P{e + ^ max ) = (224.01 x 10 3 )(12 +15)(10- 3 ) = 6048 N • m 


(b) Maximum normal stress . 


P Me P M 224.01 x 10 3 6048 in6 „ 

- +-- = 63.3 x 10 6 Pa 


A I AS 7550 x 10~ 6 180x10^ 


P = 224 kN ◄ 


Cmax = 63 - 3 MPa ^ 
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PROBLEM 10.41 

The steel bar AB has a |x| -in. square cross section and is held by pins that are a 
fixed distance apart and are located at a distance e = 0.03 in. from the geometric axis 
of the bar. Knowing that at temperature T 0 the pins are in contact with the bar and 
that the force in the bar is zero, determine the increase in temperature for which the 
bar will just make contact with point C if d = 0.01 in. Use E = 29 x 10 6 psi and a 
coefficient of thermal expansion a = 6.5 x 10 6 /° F. 


SOLUTION 


A = 


'2 

Y 3 1 

v8 

JUJ 

1 

nr 


12 


-I = 1.64795 xl0~ 3 in 4 


El = (29 x 10 6 )(1.64795 x 10~ 3 ) = 47,791 lb • in 2 

£ ^.= , 2 (4 7 791) = 737)) i b 


( 8 )' 


Calculate P using the secant formula. 


Tmax =d = e 


sec 


K j P 

2 VP 
V “ “ ; 


n P 

— — = cos 
2 \ P„ 


( d\ 
1 + - 

l e) 


= cos 


1 + 



-|2 


—(0.72273) 

71 


= 0.21170 


P = 0.21170P cr = 1560.2 lb 


Thermal analysis: 

(1) Simple approximation by ignoring eccentricity. 

PL 

Total elongation = aL(AT) -= 0 

EA 


AT = 


PL 1 


1560.2 


EA aL EAa (29 x 10 b )(0.140625)(6.5 x 10“ 6 ) 


AT = 58.9°F ◄ 
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PROBLEM 10.41 (Continued) 


(2) Analysis with inclusion of eccentricity. 

Total elongation of centroidal axis = aL(AT) - = 2e— 

EA dx x=0 

To calculate —, differentiate Eq. (10.26). 
dx 


dy ( pL 

— = e p tan-cos px - psin px 

dx \ 2 


At x = 0, 



pL [~P~ jt 

ep tan-= e ,—tan — 

2 V El 2 



The elongation of the centroidal axis is 2e 2 



^ 2 \ E cr y 


= (2)(0.03) 2 


1560.2 

47,791 


tan(0.72273) = 286.8 x 10“ 6 in. 


ctL(AT) = — + 2e— 

EA dx x=0 


P 286.8 xl0“ 6 con 286.8 xl0“ 6 

-+-= 58.9 +-t- 

EAa aL (6.5 x 10“ 6 )(8) 


58.9 + 5.5°F 
64.4°F 
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PROBLEM 10.42 

For the bar of Prob. 10.41, determine the required distance d for which the bar 
will just make contact with point C when the temperature increases by 120°F. 

PROBLEM 10.41 The steel bar AB has a 4-x|-in. square cross section and is 
held by pins that are a fixed distance apart and are located at a distance 
e = 0.03 in. from the geometric axis of the bar. Knowing that at temperature T 0 
the pins are in contact with the bar and that the force in the bar is zero, determine 
the increase in temperature for which the bar will just make contact with point C 
if <7 = 0.01 in. Use is = 29 x 10 6 psi and a coefficient of thermal expansion 
a = 6.5x 10~ 6 /°E 


SOLUTION 


A = 


f 3 l 

f 3 l 

UJ 

UJ 


1 f 3 


■3 -4 


/=— - =1.64795 x 10 in 

12UJ 

El = (29x 10 6 )(1.64795 x 10 3 ) = 47,791 lb • in 2 
^7 = ^(47 791) s7370|b 
L 2 (8) 2 

Calculate P from thennal analysis. To obtain an approximate value, neglect the effect of eccentricity in the 
thermal analysis. 

PL 

Total elongation = aL(AT) -= 0 

EA 

P = EAa(AT) = (29 x 10 6 )(0.140625)(6.5 x 10“ 6 )(120) = 3181 lb 


Calculate the deflection using the secant formula. 


d = Tmax = e 


sec 


re P 

Tar 


■5 


1 


cr 


= (0.03) 


sec 


n 3181 




2 V7370 


1 


= (0.03)[sec(l .03197) - 1] = (0.03)(0.94883) 

For an improved thermal analysis including eccentricity, see solution of Prob. 10.41. 


d = 0.0285 in. ◄ 
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127 mm 



127 mm 


A = 3400 mm 2 
I = 7.93 X 10- 6 m 4 
r = 48.3 mm 



3.5 m 


PROBLEM 10.43 

A 3.5-m-long steel tube having the cross section and properties shown 
is used as a column. For the grade of steel used a Y = 250 MPa and 
E = 200 GPa. Knowing that a factor of safety of 2.6 with respect to 
permanent deformation is required, determine the allowable load P 
when the eccentricity e is (a) 15 mm, (b) 7.5 mm. (Hint: Since the 
factor of safety must be applied to the load P not to the stress, use 
Fig. 10.24 to determine Py). 



SOLUTION 


A = 3400 x 10 -6 m 2 


r = 48.3 x 10 3 m 


L e = 3.5 m 

127 A3 S 

c =-= 63.5 mm 

2 


L„ 


3.5 


48.3 x 10 


-3 


= 72.46 


(a) e = 15 mm . 


ec _ (15X63.5) 
r 2 ~ (48.3) 2 


= 0.40829 


Using Fig. 10.23 with Ljr = 72.46 and edr = 0.40829, 
P1A = 144.75 MPa = 144.75 x 10 6 Pa 
P = (144.75 x 10 6 )(3400 x 10“ 6 ) = 492 x 10 3 N 


Using factor of safety, 
(b) e = 7.5 mm . 


P M = 492 x 10 = 189.0 x 10 3 N 


2.6 

ec_ _ (7.5)(63.5) 
r 2 ~ (48.3) 2 


= 0.20415 


Using Fig. 10.23 with Ljr = 72.46 and edr 2 = 0.20415, 
PI A = 175.2 MPa = 175.2 x 10 6 Pa 
P = (175.2 x 10 6 )(34 00 x 10 -6 ) = 596 x 10 3 N 

Using factor of safety, P aU = ^ x ^ = 229 x 10 " N 


P aU = 189.0 kN ◄ 


P M = 229 kN ◄ 
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PROBLEM 10.44 

Solve Prob. 10.43, assuming that the length of the steel tube is 
increased to 5 m. 

PROBLEM 10.43 A 3.5-m-long steel tube having the cross section 
and properties shown is used as a column. For the grade of steel 
used, cr r = 250 MPa and E = 200 GPa. Knowing that a factor of 
safety of 2.6 with respect to permanent deformation is required, 
determine the allowable load P when the eccentricity e is (a) 15 mm, 
(b) 7.5 mm. ( Hint : Since the factor of safety must be applied to the 
load P not to the stress, use Fig. 10.24 to determine Py). 


SOLUTION 


A = 3400 x 10 -6 m 2 


4 = 5 m 

127 « s 

c =-= 63.5 mm 

2 


r = 48.3 x 10 3 m 


48.3 x 10 


-3 


= 103.52 


(a) e = 15 mm . 


ec _ (15)(63.5) 
r 2 ~ (48.3) 2 


= 0.40829 


T pp P , 

Using Fig. 10.23 with = 103.52 and -E = 0.40829 gives — = 112.75 MPa = 112.75 x 10“ 6 Pa 
r r A 

P = (112.75 x 10 6 )(3400 x 10“ 6 ) = 383 x 10 3 N 


Using factor of safety, P M = 
( b) e = 7.5 mm . 


383 x 10 = 147.0 x 10 3 N 


2.6 

ec_ _ (7.5X63.5) 
r 2 ~ (48.3) 2 


P M = 147.0 kN ◄ 


= 0.20415 


Using Fig. 10.23 gives — = 133.2 MPa = 133.2 x 10 6 Pa. 
A 

P = (133.2 x 10 6 )(3400 x 10 -6 ) = 453 x 10 3 N 

Using factor of safety, P M = ^ 3 X 10 = 174.0 x 10 3 N 

2.6 


P M =174.0 kN ◄ 
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PROBLEM 10.45 


e 


''v 



W8 


An axial load P is applied to the W8 x 28 rolled-steel column BC that 
is free at its top C and fixed at its base B. Knowing that the 
eccentricity of the load is e = 0.6 in. and that for the grade of steel 
used a Y = 36 ksi and E = 29 x 10 6 psi, determine (a) the magnitude of 
P of the allowable load when a factor of safety of 2.5 with respect to 
permanent deformation is required, (b) the ratio of the load found in 
part a to the magnitude of the allowable centric load for the column. 
(See hint of Prob. 10.43.) 


SOLUTION 


(a) cr Y = 36 ksi 


E = 29 x 10 ksi 
e = 0.60 in. 


with FA. = 2.5: 


W8 x 28: 


A = 8.24 in 


1 


I y = 21.7 in 


r v = 1.62 in. 


e = —(6.54 in.) = 3.27 in. 

2 

L e = 2L = 2(6 ft) = 12 ft = 144 in. 

i = iili = 88 .9 

r 1.62 in. 

ec _ (0.60 in.)(3.27 in.) 


(1.62 in.) 2 


= 0.748 


From Fig. 10.23, we read PI A = 15 ksi 


F = (15 ksi)(8.24 in") 
P = 123.6 kips 
123.6 


^all _ 


2.5 


F a u = 49.4 kips ◄ 


£ ^ = ,(29>10^si)(21.7.n 4 ) = 29952 

L] (144 in.) 2 

299 52 

P all = kips = 119.808 kips 


2.5 


Ratio: 496tips = 0.413 

119.808 kips 


0.413 ◄ 
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PROBLEM 10.46 

An axial load P of magnitude 50 kips is applied at a point located on 
the x axis at a distance e = 0.25 in. from the geometric axis of the 
W8 x 28 rolled-steel column BC. Knowing that the column is free at its 
top C and fixed at its base B and that cry = 36 ksi and E = 29 x 10 6 psi, 
determine the factor of safety with respect to yield. (See hint of 
Prob. 10.43.) 


SOLUTION 


(a) cr f =36 ksi W8 x 28: A = 8.24 in 2 , I = 21.7 in'*, r = 1.62 in. 


•4 


E = 26 x 10 ksi 
e= 0.60 in. 


C = —(6.54 in.) = 3.27 in. 

2 

L e = 2L = 2(6 ft) = 12 ft = 144 in. 

4 = Mi£i = 88 . 9 

r 1.62 in. 

ec_ = (0.25 in.)(3.27 in.) = Q312 
r 2 (1.62 in.) 2 

From Fig. 10.23, we read PI A = 20 ksi 

.-. P all = (20 ksi)(8.24 in 2 ) 

= 164.8 kips 

For P = 50 kips, 

164.8 kips 


F.S. = - 


50 kips 


F.S. = 3.30 ◄ 
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PROBLEM 10.47 

A 100-kN axial load P is applied to the W150xl8 rolled-steel 
column BC that is free at its top C and fixed at its base B. 
Knowing that the eccentricity of the load is e = 6mm, detennine 
the largest permissible length L if the allowable stress in the 
column is 80 MPa. Use E = 200 GPa. 
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PROBLEM 10.48 

A 26-kip axial load P is applied to a W6 x 12 rolled-steel column BC that 
is free at its top C and fixed at its base B. Knowing that the eccentricity of 
the load is e = 0.25 in., determine the largest permissible length L if the 
allowable stress in the column is 14 ksi. Use E = 29 x 10 6 psi. 
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y 



PROBLEM 10.49 

e ^ 

P 




1 ' 


Axial loads of magnitude P = 135 kips are applied parallel to the 

A 



geometric axis of the W10 x 54 rolled-steel column AB and intersect the 





x axis at a distance e from the geometric axis. Knowing that cr all =12 ksi 





and is =29x10 6 psi, determine the largest permissible length L when 





(a) e = 0.25 in. ,(b)e = 0.5 in. 

C 








1 



1 P' 
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PROBLEM 10.49 (Continued) 


r2 0.47246 it 2 El 0.47246^ 2 (29x10 3 )(103) 


L.= 


135 


= 103.172 x 10 in 


3 ;„2 


L„ =321.2 in. 


L = L„ =321.2 in. 


L = 26.8 ft ◄ 


( b ) e = 0.5 in . 


sec 


cos 


\ 2 ]j P cr j 

Z lip 

V 2 Kory 


(2.56)" 


(0.5)(5.00) 


(15.8X12) 

135 


= 1.06023 


= 0.94319 - —= 0.33868 

2 \ P 


P 

z 

p = 


-|2 


—(0.33868) 

K 


= 0.046488 


tt 2 EI 


0.046488 


t2 0.046488 tt z EI 0.046488^(29 x 10 J )(103) 1a1c „ w1a3; _ 2 

L; ( . —-—-— iu.i3zxiu in 


p 

L„ =100.8 in. 


135 


L=L =100.8 in. 


L = 8.40 ft ◄ 
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y 



PROBLEM 10.50 


P 




h 


Axial loads of magnitude P = 84 kN are applied parallel to the geometric 

/ A 



axis of the W200 x 22.5 rolled-steel column AB and intersect the x axis at a 





distance e from the geometric axis. Knowing that cr all = 75 MPa and 





E = 200 GPa, determine the largest permissible length L when (a) e = 5 mm, 

z' 


n 


(b) e - 12 mm. 

C 







R 

/ 



Ip 


\ 
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PROBLEM 10.50 (Continued) 


(b) e = 12mm: 


P,= 


7T 2 EI 


0.61757 Li 


t2 0.61151 nEI 0.61757^ (200 x 10 )(1.42 x 10 ) „ ,, 2 

— 20. o 1 m 

P 84 x10 3 


L e = 4.54 m 


f 7t 


L = L= 4.54 m 


sec 


cos 


2 VP 


(22.3)" 


n P 
J\P 


cr y 


(12)(51) 


(2860 x 1 0~ 6 )(75 x 10°) 
84 x 10 3 


-1 


= 1.26238 


cr y 


= 0.79216 — — = 0.65646 

2 V 


-\2 


-(0.65646) 

n 


= 0.17466 


P... = - 


k 2 El 


0.17466 Li 


t1 0.\l\667t 1 EI 

L~„ = - 


0.17466^ 2 (200 x 10 9 )(1.42 x 10 -6 ) 


84 x 10 


= 5.828 m- 


L e = 2.41 m 


L = L„ = 2.41 m A 
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PROBLEM 10.51 

An axial load of magnitude P = 220 kN is applied at a point located 
on the x axis at a distance e = 6 mm from the geometric axis of the 
wide-flange column BC. Knowing that E = 200 GPa, choose the 
lightest W200 shape that can be used if cr all =120 MPa. 


SOLUTION 


P = 220 x 10 N 


L =1.8 m 


L =2L = 3.6m 


tt 2 EI v ;T (200x1 0 9 )/„ 

P a = -=^ = —-^^ = 152.3xlO 9 /,, N 

[}„ 3.6 2 y 


e = 6 mm c = —— — = - 


^max . 

A 


i ec 

1 + —sec 
r 


r 

K 

2 \lP 

V V cry 


ebf 

2 r: 


Shape 

^4(10~ 6 m 2 ) 

b f (mm) 

I y ( 10- 6 m 4 ) 

A (mm) 

p cr m 

ec 

~Y 

r 

o- m ax( MPa ) 

W200x 41.7 

5320 

166 

9.03 

41.1 

137.5 

0.2948 

56.4 

W200x 26.6 

3390 

133 

3.32 

31.2 

505.7 

0.4099 

117.1 

W200x 22.5 

2860 

102 

1.42 

22.3 

216.3 




cr max =117.1 MPa <120 MPa 


Use W200x 26.6. ◄ 
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PROBLEM 10.52 

Solve Prob. 10.51, assuming that the magnitude of the axial load is 
P = 345 kN. 


PROBLEM 10.51 An axial load of magnitude P = 220 kN is applied 
at a point located on the x axis at a distance e = 6 mm from the 
geometric axis of the wide-flange column BC. Knowing that 
E = 200 GPa, choose the lightest W200 shape that can be used if 
cr a n =120 MPa. 


SOLUTION 


P = 345 x 10 3 N I = 1.8 m L e = 2L = 3.6 m 


e 


n 2 EI y _ ;r(200 x 10 9 )/ v 

4 (3Ap 

, b f ec 

6 mm c = — 

2 r 2 


P_ 

~A 


( 


i ec 

1H—^-sec 
r 


K 

~2 



152.3 x 10 9 I y N 

ebf 

73 " 


Shape 

A(10“ 6 m 2 ) 

b f (mm) 

3(10 6 m 4 ) 

3 (mm) 

P cr (kN) 

ec 

~Y 

r 

^max( MPa ) 

W200x 41.7 

5320 

166 

9.03 

41.1 

1375 

0.2948 

91.9 

W200x 26.6 

3390 

133 

3.32 

31.2 

505.7 

0.4099 

256 

W200x35.9 

4570 

165 

7.62 

40.9 

1161 

0.2959 

109.6 

W200x31.3 

3970 

134 

4.07 

32.0 

619.3 

0.3926 

174.7 


o- max = 109.6 MPa <120 MPa 


Use W200x 35.9. ◄ 
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PROBLEM 10.53 

A 12-kip axial load is applied with an eccentricity e = 0.375 in. to the 
circular steel rod BC that is free at its top C and fixed at its base B. 
Knowing that the stock of rods available for use have diameters in 
increments of j in. from 1.5 in. to 3.0 in., determine the lightest rod 
that can be used if a al] = 15 ksi. Use E =29 x 10 6 psi. 


SOLUTION 


E = 29 x lOpsi = 29,000 ksi d = diameter (in.) 


A = — d 2 I = — 

4 4 


'rfY Jid A 


c = — d 
2 


v 2 ) 64 

e = 0.375 in. 

L = 4.0 ft = 48 in. 

L e =2L = 96 in. 

tt 2 EI n 2 (29,000)^ 


P = 


I 71 d 


(64)(96 f 
4 d 2 




ec 

~2 


A 64 7 : d 1 16 

(0.375)(jrf) _ 3 
d 


= 1.52449 d 4 kips 
P = 12 kips 


^max . 

A 


it* 


i eC 

1 + —sec 
r 




cr y 


d (in.) 

A (in 2 ) 

P cr (kips) 

ec/r 2 

<W( k si) 

2.25 

3.976 

39.07 

1.3333 

9.26 

2.0 

3.1416 

24.39 

1.5 

16.49 

2.125 

3.546 

31.09 

1.4118 

11.90 


cr max = 11.90 ksi < 15 ksi 


Use d = 2.125 in. -4 
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PROBLEM 10.54 

Solve Prob. 10.53, assuming that the 12-kip axial load will be 
applied to the rod with an eccentricity e = jd. 

PROBLEM 10.53 A 12-kip axial load is applied with an 
eccentricity e = 0.375 in. to the circular steel rod BC that is free 
at its top C and fixed at its base B. Knowing that the stock of rods 
available for use have diameters in increments of 4 in. from 
1.5 in. to 3.0 in., determine the lightest rod that can be used 
if <T all = 15 ksi. Use £’ = 29xl0 6 psi. 


SOLUTION 


£■ = 29 xl0 6 psi = 29,000 ksi 


A = -d 2 / = — 

4 4 

1 , 1 , 

c=—d e=—d 
2 2 


d 

V 2 y 


= ^d* 
64 


d = diameter (in.) 


L = 4 ft = 48 in. 
L e =2L = 96 in. 


r 


2 


ec 

~T 


r 


7T 2 EI ^- 2 (29,000)M 4 ) 
L] ~ (64)(96) 2 

I 7id A 4 1 j2 

— =- T =— d 

A 64 r:d 2 16 


(U)(U) 




= 4.0 


= 1.52449J 4 


P = 12 kips 


^"max 


P 

~A 


f 


i ec 

1 + —sec 
r 


n 

~2 



P 

~A 


1 + 4.0 sec 


( 

n 



d (in.) 

A (in 2 ) 

^cr (kips) 

^max (ksi) 

2.25 

3.976 

39.07 

21.75 

3.0 

7.068 

123.48 

9.39 

2.5 

4.909 

59.55 

15.28 

2.625 

5.412 

72.38 

13.27 


cr max = 13.27 ksi < 15 ksi 


Use d = 2.625 in. -4 
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PROBLEM 10.55 

Axial loads of magnitude P = 175 kN are applied parallel to the geometric 
axis of a W250 x 44.8 rolled-steel column AB and intersect the axis at a 
distance e = 12 mm from its geometric axis. Knowing that ay = 250 MPa 
and E = 200 GPa, determine the factor of safety with respect to yield. 
{Hint: Since the factor of safety must be applied to the load P, not to the 
stresses, use Fig. 10.24 to determine P Y .) 


SOLUTION 

For W250 x 44.8 , 


A = 5700 mm" 
L„ = 3800 mm 


c = 




148 


2 2 
ec _ (12)(74) 


= 74 mm 


(34.8) 2 


= 0.73325 


r„ = 34.8 mm 

y 

LJr = 108.26 
e = 12 mm 


Using Fig 10.24 with LJr = 108.26 and — = 0.73325, 

r 1 

P y /A = 93 MPa = 93 x 10 6 N/m 2 

Py = APy/A = (5700 X 10“ 6 )(93 x 10 6 ) = 530 x 10 3 N = 530 kN 
p s = ^ = 530 
P 175 


F.S. = 3.02 ◄ 
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PROBLEM 10.56 

Solve Prob. 10.55, assuming that e = 0.16 mm and P = 155 kN. 

PROBLEM 10.55 Axial loads of magnitude / ) = 175kN are applied 
parallel to the geometric axis of a W250 x 44.8 rolled-steel column AB and 
intersect the axis at a distance e = 12 mm from its geometric axis. Knowing 
that a Y = 250 MPa and E = 200 GPa, determine the factor of safety with 
respect to yield. {Hint: Since the factor of safety must be applied to the 
load P, not to the stresses, use Fig. 10.24 to determine P Y .) 


SOLUTION 


For W250 x 44.8 , 


A = 5700 mm 


r„ = 34.8 mm 


L e = 3800 mm 


LJr = 108.26 


b f 148 

c = — = -= 74 mm 

2 2 


e = 16 mm 


ec _ (16)(74) 
r 2 ~ (34.8) 2 


= 0.97767 


Using Fig 10.24 with LJr = 108.26 and -y = 0.97767, 

r 

P y /A = 84 MPa = 84 X 10 6 N/m 2 
P Y = A{P y /A) = (5700 x 10“ 6 )(84 x 10 6 ) = 479 x 10 3 N = 479 kN 

F.S. = *AL = — F.S. = 3.09 ◄ 

P 155 
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PROBLEM 10.57 

Using allowable stress design determine the allowable centric load for a column of 6-m effective length that is 
made from the following rolled-steel shape: (a) W200 x 35.9, ( b ) W200 x 86. Use a Y = 250 MPa and 
E = 200 GPa.. 


SOLUTION 

Steel: 


a Y = 250 MPa E = 200 x 10 MPa 


Transition L!r\ 4.71 — = 133.22 


(a) W200 x 35.9 : 


(b) W200 x 86 : 


A = 4570 x 10 -6 m 2 


r, = 40.9 x 10 3 m 


4 

r y 

= 

°all = 


6 


40.9 x 10 

jt 2 E 
{LJrj 


-3 


= 146.70 > 133.22 


;t 2 (200 x 10 3 ) 


(146.70) 2 


= 91.72 MPa 


(0.877X91.72) 


= 48.17 MPa 


F.S. 1.67 

P. M = a aIl A = (48.17 x 10°)(4570 x 10“°) 


A = 11,000 xl0 _6 m 2 


r, = 53.3 x 10 3 m 


6 


53.3 x 10“ 


= 112.57 < 133.22 


cr„ = 


n 2 E 

(LJr) 2 


= 155.77 MPa 




^• 2 (200 x 10 J ) 

(112.57) 2 


1 [0.65 8 250/155 ' 77 ](250) = 76.47 MPa 


F.S. 1.67 


4n = = (76.47 x 10 6 )(11,000 x 10^ b ) 


P all = 220 kN ◄ 


P all = 841 kN ◄ 
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PROBLEM 10.58 

A W8 x 31 rolled-steel shape is used for a column of 21-ft effective length. Using allowable stress design, 
determine the allowable centric load if the yield strength of the grade of steel used is (a) a Y = 36 ksi, 
( b) a Y = 50 ksi. Use E = 29 x 10 6 psi. 


SOLUTION 

Steel: E = 29,000 ksi 


W8 x 31: 


A = 9.12 in" 


L = 21 ft = 252 in. 


'mm = 2 -02 in - 


LJr = 124.75 


cr, = 


7T 2 E 


_ 7T 2 (29,000) 

(LJr) 2 ~ (124.75) 2 


= 18.391 ksi 


(a) a Y = 36 ksi. Transition ( Hr ): 4.71 I— = 133.68 > 124.75 


1 


[0.658 


°' a " F.S. 1.67' 

^aii = = (9.501X9.12) 


36 / 18.391 


](36) = 9.501 ksi 


( b ) a Y = 50 ksi. Transition (L/r): 4.71 I— = 113.43 < 124.75 


°all _ 


_ (0.877)(18.391) 
F.S. ~ 1.67 

/In = = (9.658)(9.12) 


= 9.658 ksi 


P all = 86.6 kips A 


P M = 88.1 kips A 
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«— 127 mm • 

1 

PROBLEM 10.59 

t = 8 mm —► 


178 

A rectangular structural tube having the cross section shown is used as a 
column of 5-m effective length. Knowing that ay = 250 MPa and 
mm E = 200 GPa, use allowable stress design to determine the largest centric 




load that can be applied to the steel column. 
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PROBLEM 10.60 

A column having a 3.5-m effective length is made of sawn lumber with a 114xl40-mm cross section. 
Knowing that for the grade of wood used the adjusted allowable stress for compression parallel to the grain is 
<7 C = 7.6 MPa and the adjusted modulus is E = 2.8 GPa, detennine the maximum allowable centric load for 
the column. 


SOLUTION 

Sawn lumber: 


c = 0.8 cr c = 7.6 MPa E = 2800 MPa 

^ = (114)(140) = 15,960 mm 2 

= 15,960x10 6 m 2 
d =114 mm = 114 x 10~ 3 m 


Ltd = 3.5/114 xl0~ 3 =30.70 
_ 0.822£ _ (0.822)(2800) 
GcR ~ (Lid f ~ (30.70) 2 


= 2.442 MPa 


^ = 0.32132 
cj c 

u = 1 + (7 ce^c = 1 + 0 - 32132 = o_ 8 2583 

2c (2)(0.8) 

v = e 7 CE l &c = o _ 40165 


C P — u — \lu 2 - v = 0.29635 

cr all = C P (T c = (0.29635)(7.6) = 2.252 MPa 


= a all A = (2.252x 10 6 )(15,960 x 10 6 ) 


P M = 35.9 kN ◄ 
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PROBLEM 10.61 

A sawn lumber column with a 7.5 x 5.5-in. cross section has an 18-ft effective length. Knowing that for the 
grade of wood used the adjusted allowable stress for compression parallel to the grain is cr c = 1200 psi and 
that the adjusted modulus is E = 470 x 10 3 psi, determine the maximum allowable centric load for the column. 


SOLUTION 

Sawn lumber: 


c = 0.8 o" c = 1200 psi E = 470 x 10' psi 

A = (7.5)(5.5) = 41.25 in 2 d = 5.5 in. L = 18ft = 216 in. 


L/d = 216/5.5 = 39.273 

_ 0.822is _ (0.822)(470xl0 3 ) 
GcE ~ (.Lid f ~ (39.273) 2 

o'cflo'c = 0.20874 


250.49 psi 


I + <j cf J<j c 1.20874 
” 2c “ (2)(0.8) 

= GceI(Tc = 0.26093 
c 


0.75546 


C P = u-\!u 2 -v =0.19887 

cr all = C P a c = (0.19877)(1200) = 238.6 psi 


P all =ct m A = (238.6X41.25) = 9.84x10 3 lb P all = 9.84 kips ◄ 
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PROBLEM 10.62 

Bar AB is free at its end A and fixed at its base B. Determine the allowable 
centric load P if the aluminum alloy is (a) 6061-T6, (b) 2014-T6. 


SOLUTION 


A = (30)(10) = 300 mm 2 = 300 x 10“ 6 m 2 
4rin = ~(30)(10) 3 = 2.50 x 10 3 mm 4 


2.50 x 10 J 


300 


= 2.887 mm 


L=2L = (2)(85) = 170 mm 


= 58i 


(a) 6061-T6 : L/r < 66 

o- aU = 140 - 0.874 (L/r) = 140 - (0.874)(58.88) 

= 88.53 MPa 

P M = a an A = (88.53 x 10 6 )(300 x 10“ 6 ) = 26.6 x 10 3 N 


Allowable centric load. 


0 b ) 2014-T6 : L!r > 55 


_ 382 xlO 3 
(L/r) 2 


382 xIQ 3 
(58.88) 2 


110.15 MPa 


P all = a all A = (110.15 x 10 6 )(300 x 10“ 6 ) = 33.0 x 10 3 N 


Allowable centric load. 


P M = 26.6 kN ◄ 


P all = 33.0 kN ◄ 
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t = 0.375 in. 


4.0 

PROBLEM 10.63 

in - A compression member has the cross section shown and an effective 

length of 5 ft. Knowing that the aluminum alloy used is 2014-T6, 


- -4.0 in.-»- 



SOLUTION 


b„ = 4.0 in. 


b: = b„ - 2t = 3.25 in. 


A = (4.0) 2 - (3.25) 2 = 5.4375 in 2 
/ = -L[(4.0) 4 - (3.25) 4 ] = 12.036 in 4 


I 

' ~ \A " 


12.036 

5.4375 


= 1.488 in. 


L e = 5 ft = 60 in. 


— =-= 40.33 < 55 for2014-T6 aluminum alloy. 

r 1.488 

cr all = 30.9 - 0.22 9{L/r) = 30.9 - (0.229)(40.33) = 21.66 ksi 

p all = cr m A = (21.66)(5.4375) P all = 117.8 kips ◄ 
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— 4 in. —»-j 
" 1 1 

0.6 in. 

PROBLEM 10.64 

4 in. 

- 0.4 

T 

in. 

A compression member has the cross section shown and an effective length of 
5 ft. Knowing that the aluminum alloy used is 6061-T6, determine the allowable 

1 ■=: 

1 

0.6 in. 

centric load. 


SOLUTION 


/ r =^(0.4)(2.8) 3 + 2 
= 14.7477 in 4 
I y = ~ (2.8)(0.4) 3 + 2 
= 6.4149 in 4 = 


^(4)(0.6) 3 +(4)(0.6)(1.7) 2 


-1(0.6) + (4) 3 


A = (0.4)(2.8) + (2)(4)(0.6) = 5.92 in 2 


r — 


Ail in 


6.4149 

5.92 


= 1.04096 in. 


L = 5 ft = 60 in. — = ——— = 57.639 
r 1.04096 

6061-T6 aluminum alloy with L/r < 66: 

Using Eq. 10.43, we have 

cr all = 20.3 - (0.127X57.634) = 12.9799 ksi 
^aii = <Un A = (12.9799)(5.92) 


P all = 76.8 kips A 
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PROBLEM 10.65 



A compression member of 8.2-ft effective length is obtained by bolting together 
two L5 x 3 x 2--in. s teel angles as shown. Using allowable stress design, determine the 
allowable centric load for the column. Use a Y = 36 ksi and E = 29 x 10 6 psi. 


SOLUTION 


Jj ^ 

Axis ftx'- X*: 




For one 5 x 3 x ~in. steel angle. Appendix C gives 
A = 3.75 in 2 

l x = 9.43 in 4 , r x = 1.58 in., y = 1.74 in. 

I y = 2.55 in 4 , r y = 0.824 in., x = 0.746 in. 


For the column made using the two angles as shown, 


A = (2)(3.75) = 7.50 in 2 , / min = (2)(2.55) = 5.10 in 4 

T 98 4 

r = 0.824 in. L = 8.2 ft = 98.4 in. - =-— = 119.42 


0.824 


Steel: 

Transition: 


E = 29,000 ksi, a Y = 36 ksi 


- = 4.71 — = 4.71 


29,000 


36 


= 133.68 


cr = 


7l 2 E 


;z- 2 (29,000) 
(.Ltrf (119.42) 2 


= 20.070 ksi 


cr cr = [0.658 1 e ]a Y = [0.658 (36/20070) ](36) = 16.992 ksi 


‘Till _ 


cr cr 16.992 . 

- —^ -= 10.175 ksi 


1.67 1.67 


Allowable centric load: 


^all “ CJ all^ 


P an = (10.175X7.50) 


P all = 76.3 kips A 
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PROBLEM 10.66 

A compression member of 9-m effective length is obtained by welding two 10-mm-thick 
steel plates to a W250 x 80 rolled-steel shape as shown. Knowing that a Y = 345 MPa and 
E = 200 GPa and using allowable stress design, determine the allowable centric load for the 
compression member. 


SOLUTION 


For W250 x 80, A = 10,200 mm 2 , d = 257 mm, b f = 254 mm 

I x = 126 x 10 6 mm 4 , I y = 42.9 x 10 6 mm 4 

For one plate, A = (257)(10) = 2570 mm 4 

4 = ^(10)(257) 3 = 14.145 x 10 6 mm 4 

I v = ^(257)(10) 3 + (2570)^^ + yj = 44.801 x loSnm 4 

For column, A = 10,200 + (2)(2570) = 15.34 x 10 3 mm 2 = 15.34 x 10 _3 m 2 

4 = 126 x 10 6 + (2)(14.145 x 10 6 ) = 154.29 x 10 6 mm 4 
4 = 42.9 x 10 6 + (2)(44.801 x 10 6 ) = 132.50 x lOSnm 4 = 7 min 


r - 


132.50 x 10° 


min - i —-— = 92.938 mm = 92.938 xl0~ 3 m 


A V 15.34 x 10 
= 96.838 


r 92.938 x 10“ 3 


Steel: Transition Ur\ 4.71 I— = 4.7lJ 2 °° X 1Q , = 113.40 > 96.838 

345 xlO 6 


=210.49 MPa 

(L/r)~ (96.838) 2 


^all _ 


F.S. 1.67 


1 [0.658 3457210 49 ](345) = 104.03 MPa 


4n = cr an A = (104.03 x 10°)(15.34 x 10“ 3 ) 


4 n = 1596 kN ◄ 
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PROBLEM 10.67 

A column of 6.4-m effective length is obtained by connecting 
four L89 x 89 x 9.5-mm steel angles with lacing bars as shown. 
Using allowable stress design, determine the allowable centric 
load for the column. Use a Y = 345 MPa and E = 200 GPa. 


SOLUTION 

89 x 89 x 9.5 mm angle: 


P 


1 sX~F 

7 1 

n.t 100 

J. 1 


A L = 1600 mm" 
x = 25.4 mm 
I x = 1.19 x 10 6 mm 2 
d = 100 - x = 74.2 mm 
/ = 4 {Ad 2 + IJ = 4[(1600)(74.2) 2 + 1.19 x 10 6 ] 
= 39.996 xlO 6 mm 4 
A = 4A l = 6400 mm 2 = 6400 x 10“ 6 m 2 

r = J— = 79.053 mm = 79.053 x 10“ 3 m 
V A 


4 

r 

L 

r 


6.4 


79.053 x 10 


-3 


= 80.958 


_ = 4.71 — = 4.71 


200 x 10* 

345 xlO 6 


= 113.4 > 80.958 


cr = 


OVr — 


;r(200 xl0 9 ) 
(80.958) 2 


= 301.17 MPa 


a n\\ ~ 


7T 2 E 
(L/r) 2 

[0.658 (C7y/CTe) ](j y = [0.658 <34S/30I I7) ](345 x 10 6 ) = 213.59 
c rr 213.59 


1.67 1.67 


= 127.9 MPa 


P M = A cx all = (6.4 x 10 _3 )(127.9 x 10°) = 819 MPa 
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7.0 in.—*- 



PROBLEM 10.68 

A column of 21-ft effective length is obtained by connecting CIO x 20 
steel channels with lacing bars as shown. Using allowable stress design, 
determine the allowable centric load for the column. Use a Y = 36 ksi and 
E = 29 x 10 6 psi. 
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PROBLEM 10.69 

The glued laminated column shown is made from four planks, each of 38 x 190-mm 
cross section. Knowing that for the grade of wood used the adjusted allowable 
stress for compression parallel to the grain is a c = 10 MPa and E = 12 GPa, 
determine the maximum allowable centric load if the effective length of the 
column is (a) 7 m, ( b ) 3 m. 


SOLUTION 


(a) 


(b) 


Glued laminated column , c = 0.9, K CE =0.418 


cr c = 10MPa E = 12,000 MPa 
4 x 38 = 152 mm = d b = 190 mm 

A = (152)(190) = 28.88 x 10 3 mm 2 =28.88 x 10“ 3 m 2 


L = 7 m = 7000 mm — = 46.053 

d 

_ K ce E _ (0.418)(12,000) 
aCE ~ {Lid) 2 ~ (46.053) 2 


2.36510 MPa 


^ = 0.236510 
cr c 

1 + cr CE /a c 1.19709 

u =-——— =-= 0.68695 

2c (2)(0.9) 

a CE^c = 0.262788 
c 

C P = u - \lu 2 — v = 0.22966 
cr a n = a c C P = (10)(0.22966) = 2.2966 MPa 


p all = a, dll A = (2.2966 x 10 6 )(28.88 x 10“ 3 ) = 66.3 x 10 3 N = 66.3 kN 


L = 3 m = 3000 mm — = 19.7368 

d 


<7rc — 


K CE E _ (0-418)(12,000) _ 12-8766MPa -C, 


CE {Lid) 2 (19.7368) 2 


= 1.28766 


u = 


1 “1“ 2.28766 t 

CE c - = 1.27092 V = —^—±- 


2c 


(2)(0.9) 


= 1.43074 


C p = i/V « 2 - v = 0.84138 

cr a u = cr c C P (10)(0.84138) = 8.4138 MPa 

p al] = = (8.4138 x 10 6 )(28.88 x 10“ 3 ) = 243 x 10“ 3 N = 243 kN 


◄ 


◄ 
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6 mm. 8 mm 8 mm , 6 mm 

- 34 mm - 


8 mm 


54 mm 


8 mm 


PROBLEM 10.70 

An aluminum structural tube is reinforced by bolting two plates to it 
as shown for use as a column of 1.7-m effective length. Knowing 
that all material is aluminum alloy 2014-T6, detennine the 
maximum allowable centric load. 


SOLUTION 


b a = 6 + 8 + 34 + 8 + 6 = 62 mm 
b t = 34 mm 

h a = 8 + 54+ 8 = 70 mm 
hj = 54 mm 


A = b 0 h 0 - bfr = (62)(70) - (34)(54) 


= 2.504 x 10 3 mm 2 = 2.504 x 10“ 3 m 2 
4 = J^[ b o h o ~ b i h i ] = ^[(62)(70) 3 - (34)(54) 3 ] 

= 1.32602 xIO 6 mm 4 

4 = ^[hjbl - htf] = ^[(70)(62) 3 - (54)(34) 3 ] = 1.21337 x 10 6 mm 4 = I mm 


r 



Zl.21337 x 10^ 

\ 2.504 xIO 3 


= 22.013 mm = 22.013 x 10 3 m 


L = 1.7 m 


1.7 


22.013 x 10 


,-3 


= 77.23 > 55 (aluminum alloy 2014-T6) 


a a\i ~ 


382 x 10 382 x 10 


= 64.05 MPa 


{L/r) 1123 

P M = cx all ^ = (64.05 x 10 6 )(2.504 x 10 -3 ) = 160.4 x 10 3 N 


P all = 160.4 kN ◄ 
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SOLUTION 

Glued laminated column: 


Assume C P . 


Checking: 


c = 0.9 E = 5700 MPa 
L e = 2L = (2)(2) = 4 m = 4000 mm 


ct c = 9.2 MPa 


A = d~ P. M = 62,000 N 
LJd = 4000/c/ with d in mm 


'Till — °C C P 


a au = 9-2 C P (MPa) 


d = 


a CE ~ 


C P = 



62,000 249 


J n\i 


-'all 


0.822 E (0.822)(5700) 4685 


(L/d) 1 

1 + G CE^ a C 


(L/d) 2 


(L/df 


(MPa) 


2 c 


1 + cr C£ /cr c ^ 

2c 


a CE^ a C 
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PROBLEM 10.71 (Continued) 


Calculations are carried out in the following table: 


Cp (assumed) 

cTau(MPa) 

</(mm) 

Lid 

a CE ( MPa ) 

Cr C£^ C7 C 

Cp(calc.) 

A C P 

0.5 

4.6 

116.1 

34.45 

3.948 

0.4291 

0.4021 

-0.0979 

0.4 

3.68 

129.8 

30.82 

4.932 

0.5361 

0.4892 

+0.0892 

0.448 

4.122 

121.7 

32.87 

4.336 

0.4713 

0.4373 

-0.0107 

0.443 

4.076 

123.3 

32.44 

4.452 

0.4839 

0.4476 

+0.0046 


Using interpolation, C P = 0.443 + ^^^(0.005) = 0.4445 

P 0.0153 

cr all = (0.4445)(9.2) = 4.0894 MPa 

249 

d= . - = 123.1 mm d = 123.1mm -4 

V4.0894 
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PROBLEM 10.72 

An 18-kip centric load is applied to a rectangular sawn lumber column of 22-ft effective 
length. Using sawn lumber for which the adjusted allowable stress for compression 
parallel to the grain is cr c =1050 psi and the adjusted modulus is E = 440xl0 3 psi, 
determine the smallest cross section that can be used. Use b = 2d. 


SOLUTION 


Sawn lumber: 


Let 


c = 0.8 L = 22 ft = 264 in. 

a CE (0.822 )E 
cr c cr c (L/d) 2 

(0.822)(440x 10 3 )of 2 
(1050)(264) 2 
= 4.9423x10 - 3 d 2 
d 

X =-;- 

6 in. 


where 6 in. is a reference value for d. 


= 0.17792* 2 


u = 


1 + (J CE /a c _ 1 + 0.17792X 2 


2c 


1.6 


= 0.2224x 2 


C P =u - v/m 2 - v = 


l + 0.17792x 2 

1.6 


r l + 0.17792v 2 ^ 
L6 


- 0.2224jc‘ 


P &u — ^aii^ — ( C P <7 c )(bd ) — C P (J c (2d ) 
= C P {mO){12x 2 ) = 75,600C P x 2 
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PROBLEM 10.72 (Continued) 

Determine ^all for various values of x. 


X 

u 

V 

C P 

^aii(lb) 

1.0 

0.73620 

0.22240 

0.17087 

12,920 

1.2 

0.78513 

0.32026 

0.24092 

26,227 

1.1 

0.75955 

0.26910 

0.20473 

18,729 

1.09 

0.75712 

0.26423 

0.20124 

18,075 

1.089 

0.75687 

0.26374 

0.20089 

18,011 


P* 11 = 1 8 kips 
= 18,000 lb 

For P M =18,000 lb x = 1.089 

d = (1.089)(6 in.) d = 6.53 in. ◄ 
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PROBLEM 10.73 

A laminated column of 2.1-m effective length is to be made by gluing 
together wood pieces of 25 x 150-mm cross section. Knowing that for 
the grade of wood used the adjusted allowable stress for compression 
parallel to the grain is a c = 7.7 MPa and the adjusted modulus is 
E =5A GPa, determine the number of wood pieces that must be used to 
support the concentric load shown when (a) P = 52 kN, ( b) P = 108 kN. 


SOLUTION 


Glued laminated column: c = 0.90 

Let n = number of pieces. 

A = (150)(25w) = 3750« mm 2 
= 3750 x 10 _6 zi nr 
d = 25 x 10 _3 n m if n < 6 
d = 150 x 10 _3 m if n > 6 
L e = 2.1m 

4 2.1 
d 25x10 
2.1 


84 _ 
= — it n < 6 


0.15 


= 14 if n > 6 


o q = 7.7 MPa 


E = 5400 MPa 


a CE ~ 


(0.822)(5400) 
c Ltd ) 2 


C _ ^ + a CE^ a C 


2c 


1 + a c la CE j 


a CE^ a c 


2c 


a a\\ _ CpG c 


4ll _ a all^ 


Calculations are carried out in the table below. 


4439 

(L/d) 2 


MPa 


n 

d(in 1) 

A( 10 -6 nr) 

L 

~d 

a C E (MPa) 

a CE 

c P 

cr a ii (MPa) 

4ukN 

3 

0.075 

11,250 

28 

5.662 

0.7353 

0.6288 

4.842 

54.5 

4 

0.100 

15,000 

21 

10.066 

1.3073 

0.8453 

6.509 

97.6 

5 

0.125 

18,750 

16.8 

15.727 

2.0421 

0.9237 

7.112 

133.6 


(a) For P = 52 lcN, use n = 3. A 
(. b ) For P = 108 kN, use n = 5. ◄ 
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PROBLEM 10.74 

For a rod made of the aluminum alloy 2014-T6, select the smallest square cross section that 
may be used if the rod is to carry a 55-kip centric load. 


SOLUTION 


Square cross section: 


A = d 2 , I = —d\ L = 20 in. 

12 

T _ _d_ L 20\fl2 69.282 

A Vf2 r d d 


2014-T6 aluminum alloy: 


Assume — < 55. 
r 


But 


cx all = 30.9 - 0.229- ksi = 30.9 - ksi 

r d 

P aU = cr an A = 30.9d 2 - 15.866 d kips 

P = 55 kips: 30.9d 2 - 15.86W = 55 

d 2 - 0.5134 6d - 1.7799 = 0 

, 0.51346 ± J( 0.51346) 2 - (4)(-1.7799) 

d = - - - 

2 

= 0.25673 ± 1.35861 d = 1.6153 in. 

L 69.282 

— =-= 43.89 < 55 as required. 

d 1.6153 


d = 1.615 in. A 
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PROBLEM 10.75 

A 72-kN centric load must be supported by an aluminum column as shown. Using the 
aluminum alloy 6061-T6, determine the minimum dimension b that can be used. 


SOLUTION 


Rectangular cross section 2b x b: 


A = 2 b z 


6061-T6 aluminum alloy: 


An in 


(2 bW 


r = 


12 6 
L 0.45V12 1.5588 

T ~ b ~ b 


Amn _ b 


■J\2 " 


L = 0.45 m 


Assume 


°all _ 


- < 66 
r 


140 - 0.874—1 MPa = 

lllO C°- 874 X1 -5588)1 

l r) 

b 


(10°) Pa 


= 140x10° - 


6 1.3624 x 10° 


Pa 


P a n = a aU A = 280 x 10 6 h 2 - 2.7248 x 10 6 h N 


But 


P = 72 kN = 72 x 10 N 


280 x 10 6 h 2 - 2.7248 x 10 6 6 = 72 x 10 3 
b 2 - 0.00973146 - 0.00025714 = 0 

, 0.0097314 J(0.0097314) 2 - (4)(-0.00025714) 

b = -+ — - 

2 2 

= 0.0048658 + 0.0167575 b = 0.02162 m 

— = _ 72.09 > 66 (Assumption is false.) 

b 0.02162 
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Use 


PROBLEM 10.75 (Continued) 


354 x l(r 354 x 10 2 U n 

<rx— MPa =- =-b MPa 


a1 ’ (Z/7-) 2 


(1.5588) 


= 145.688 x 10 3 MPa = 145.688 x 10 9 Pa 


P au = a an A = (145.688 x 10 v )(22> z ) = 291.375 x IOVn 
P = 72 x 10 3 N 

291.375 x 10V = 72 x 10 3 b = 0.0223 m 
L 1.5588 


But 


0.0223 


= 69.9 > 66 


b = 22.3 mm -4 
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PROBLEM 10.76 

An aluminum tube of 90-mm outer diameter is to carry a centric load of 
120 kN. Knowing that the stock of tubes available for use are made of alloy 
2014-T6 and with wall thicknesses in increments of 3 mm from 6 mm to 
15 mm, determine the lightest tube that can be used. 


SOLUTION 


L = 2250 mm, P = 120 x 10 1 N r a = 45 mm 
r i = r 0 -t A = - >f) / = -^(r 4 - r, 4 ) 

r = sjI/A 


For 2014-T6 aluminum alloy, 


o- all = 213 - 1.577(£/r) MPa 


382 X 10 UT, 

^ii =-— MPa 


{L/rY 


^all “ a a\\A 


if L/r < 55 

if L/r > 55 


Calculate ^all for each thickness. 


T 

mm 

r i 

mm 

A 

2 

mm 

/ 

10 6 mm 4 

R 

mm 

L/r 

^aU 

MPa 

kN 

6 

39 

1583 

1.404 

29.78 

75.56 

66.91 

105.9 

9 

36 

2290 

1.901 

28.82 

78.08 

62.66 

143.5 

12 

33 

2941 

2.289 

27.90 

80.65 

58.73 

172.7 

15 

30 

3534 

2.584 

27.04 

83.20 

55.18 

195.0 


Since ^all must be greater than 120 kN, use t = 9 mm. 4 
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PROBLEM 10.77 

A column of 4.6-m effective length must carry a centric load of 525 kN. Knowing that a Y = 345 MPa and 
E = 200 GPa, use allowable stress design to select the wide-flange shape of 200-mm nominal depth that 
should be used. 


SOLUTION 


Transition —: 

r 


4.71 I— = 4.7lJ 200 X 10 = 113.40 
345x10 6 


P<?1± 

1.67 


. 1.67P (1.67)(525 x lCr) „ in _ 3 2 2 

A >-= - 7 —-= 2.541 x 10 J m" = 2541 mm 2 


345 x 10° 


p , 0-877 K~EI mm 
1-674 

j . ^ 1-67 PL] ... 


(1.67X525 x 10W =ia72xl06m 4 = ia72xl0 - 6mm 4 


0.877^ 2 P 0.877^(200 x 10 9 ) 

Try W200 x 46.1. A = 5880 mm 2 , / min = 15.4 x 10 6 mm 4 , r = 51.3 mm 


4.6 


51.1 x 10 

jt 2 E 


-3 


= 89.67 < 113.40 


(W 


= 245.50 MPa 


cr cr = (0.658 <7r/CTe )ay = [0.658 


^ 345 / 245.50 


](345) = 191.589 MPa 


^ii = 


a cr A _ (191.589 x 10 6 X5880 x 10“ 6 ) 


= 675 kN > 525 kN 


1.67 1.67 

All lighter sections fail the minimum moment of inertia criterion. Use W200 x 46.1. M 
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PROBLEM 10.78 

A column of 22.5-ft effective length must carry a centric load of 288 kips. Using allowable stress design, select 
the wide-flange shape of 14-in. nominal depth that should be used. Use <r Y = 50 ksi and E = 29 x 10 6 psi. 


SOLUTION 

Preliminary calculations. 


P< a ? A 


J> L67P = (L67X288) = 9 _ 62m2 


1.67 (7 Y 50 

L e = 22.5 ft = 270 in. E = 29,000 ksi 

1.61 PL 


p ' 0.877^£/ min 
1.61L 2 


I > 

min 


(1.67)(288)(270) 2 = m y 


0.811 nE 0.877^ (29,000) 


Transition —: 

r 


4.71 — = 4.71 


29,000 


50 


= 113.43 


Try W14 x 82. A = 24.0 in 2 , / mm = 148 in 4 , r = 2.48 in. 


min 

4 = 270 

r 


2.48 


= 108.87 < 113.43 


cr = 


7T 2 E 


k 2 { 29,000) 
(LJrf (108.87) 2 


= 24.148 ksi 


a- cr = (0.658 CTy/CTe )(jy = [0.65 8 50/24148 ](50) = 21.018 ksi 


4n = 


a cr A _ (21.018)(24.1) 


1.67 


1.67 


= 302 kips > 288 kips 


Use W14 x 82. ◄ 


All lighter 14-in. wide-flange shapes fail the minimum moment of inertia criterion. 
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PROBLEM 10.79 

A column of 17-ft effective length must carry a centric load of 235 kips. Using allowable stress design, select 
the wide-flange shape of 10-in. nominal depth that should be used. Use a Y = 36 ksi and E = 29 x 10 6 psi. 


SOLUTION 

Preliminary calculations . 


Transition LJr. 
Try W10 x 54. 


P<^A 

F.S. 


P < 


o.8iin l Ei 

( fs.)4 


. (F.S.)P (1.67)(235) ,-...2 

a Y 36 

L e = 17 ft = 204 in. 

E = 29x 10 6 psi = 29,000 ksi 
j > (F.S.)(PLf = (1.67)(235)(204) 2 = 65 { 


4.71 — = 4.71 


29,000 


36 


0.871xE 


= 133.68 


0.877^ (29,000) 


A = 15.8 in' I v = 103 in 4 r = 2.56 in. 

y y 


4 

r 

= 

^all = 


204 

2.56 


= 79.69 < 133.68 


7T 2 E tt 1 (29,000) 


= 45.07 ksi 


(LJr) 1 (79.69) 

— [0.658 CT),/<7e ]cjj. = — 


F.S. 1.67 

4u = o-aii^ = (15.431X15.8) 
4u = 244 kips 

P. M > P = 235 kips 


1.67 


[0.65 8 36745 07 ](36) = 15.431 ksi 


Use W10 x 54. ◄ 
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PROBLEM 10.80 

A centric load P must be supported by the steel bar AB. Using allowable stress design, 
determine the smallest dimension d of the cross section that can be used when 
(a) P = 108 kN, ( b) P = 166 kN. Use a Y = 250 MPa and E = 200 GPa. 


SOLUTION 


Transition 4.71 \— = 4.7lJ 2 °° X 10 = 133.22 

250 x 10 6 


4 = L = 1.4 m A = (3 d)(d) = 3 d 2 I = — (3d)(df = -d 4 


12 


n 


Vl2 


= 0.288675^ 


(a) P = 108 x 10 3 N . 


Assume — > 133.22 
r 


^all - 


0.877 rrEI 
1.67 


_ (1.67)P all 4 _ 1 4 
0.877 jt 2 E 4 


d4 = m.67)PL 2 e = (4)(1.67)(108 xlQ 3 )(1.4) 2 = glg x ^ ^ 


0.877 ^E 


(0.877^ 2 )(200 x 10 9 ) 


d = 30.063 x 10 -3 m r = 8.678 x 10 -3 m 

L. 1.4 


8.678 x 10 


-3 


= 161.32 > 133.22 


(b) P = 166 x 10 3 N . 


Assume — > 133.22 
r 


7 4 _ (4)(1.67)(166 x 10 3 )(1.4) 2 


d 4 = 


■9 4 


(0.877^ 2 )(200 x 10 9 ) 


d = 33.474 x 10“ 3 m 
L. 1.4 


= 1.25548 x 10 _v m 


r = 9.663 x 10 J m 
= 144.88 > 133.22 


9.633 x 10 


-3 


d = 30.1 mm A 


d = 33.5 mm A 
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PROBLEM 10.81 

A square steel tube having the cross section shown is used as a column of 26-ft 
effective length to carry a centric load of 65 kips. Knowing that the tubes available 
for use are made with wall thicknesses ranging from j in. to in. in increments of 
-A in., use allowable stress design to determine the lightest tube that can be used. 
Use a Y = 36 ksi and E = 29 x 10 6 psi. 


SOLUTION 


K = 6 in. b i =b 0 -2t A = bg -bf 

L e = 26 ft = 312 in. P = 65 kips 

a Y = 36 ksi E = 29 x 10 6 psi = 29 x 10 3 ksi 


Transition LJr\ 


1 . 


4.71 — =4.71 


29,000 


36 


= 133.68 


Try t = — in. = 0.5 in. A =5.0 in. A = 6 2 -5.0 2 = 11 in 2 
2 


/ = i-[( 6) 4 -(5.0) 4 ] = 55.9167 in 4 

r = J— = 2.2546 in. 

\A 


312 


= 138.382 > 133.68 


r 2.2546 

= 0.877^ = (0.877)^(29 OOP) =13J08ks . 


(W 


(138.382) 


^=^= (13 '! 0 l )(11) =86.34 kips 


P u is approximately proportional to t. 


1.67 


65 


1.67 


0.5 86.34 


t ~ 0.3765 in. 
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PROBLEM 10.81 (Continued) 


Try t = — in. = 0.375 in. Z? ( =5.25in. A = 8.4375 in 2 


/ = -|-[(6) 4 - (5.25) 4 ] = 44.6924 in 4 


r = .\— = 2.3015 in. 
V A 


312 


= 135.564 >133.68 


r 2.3015 

0.^11 K 2 E ■ 

=--— = 13.659 ksi 

(LJrf 


n a cr A (13.659X8.4375) 

P M = -s*— = 5-_2T_- L = 69.0 kips > 65 kips 


1.67 


1.67 


Use t = 3/8 in. A 
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PROBLEM 10.82 


6 in. 



6 in. 


Solve Prob. 10.81, assuming that the effective length of the column is decreased to 
20 ft. 

PROBLEM 10.81 A square structural tube having the cross section shown is used as a 
column of 26-ft effective length to carry a centric load of 65 kips. Knowing that the 
tubes available for use are made with wall thicknesses ranging from j in. to in. in 
increments of A in., use allowable stress design to determine the lightest tube that can 
be used. Use a Y = 36 ksi and E = 29 x 10 6 psi. 


SOLUTION 


b a = 6 in. b t = b a - 2t 


A = bl- b , 2 


12 

L e = 20 ft = 240 in. P = 65 kips 

a Y = 36 ksi E = 29 x 10 6 psi = 29 x 10 3 ksi 


Steel: 


Transition —: 

r 


4.71 — = 133.68 


Try t = — in. = 0.5 in. h, = 5.0 in. A = 6 2 - 5.0 2 = 11 in 2 
2 

I = -|-[(6) 4 - (5.0) 4 ] = 55.9167 in 4 

r = — = 2.2546 in. 

V A 


K 

r 

cr„ = 


240 

2.2546 

7l 2 E 

C Ur) 2 


= 106.449 < 133.68 


;t 2 (29 x IQ 3 ) 
(106.442) 2 


= 25.262 ksi 


d^YIc 


cr cr = j^O.658 

_ a cr A _ (19.827X11) 

' all “ 


= [0.658 36725 262 ](36) = 19.827 ksi 


1.67 1.67 

^all is approximately proportional to t. 

t ~ 65 
0.5 ~ 130.6 


= 130.60 kips 


t ~ 0.249 in. 
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PROBLEM 10.82 (Continued) 


1 9 

Try t = — in. = 0.25 in. b f = 5.5 in. A = 5.75 in~ 
4 

I - ~[(6) 4 - (5.5) 4 ] = 31.745 in 4 


4 

r 


240 
2.3496 
tt 2 (29 x 10 3 ) 


= 102.143 < 133.68 

= 27.433 ksi 


(102.143) 

a- cr = [0.658 36/27 433 ](36) = 20.786 ksi 


4n - 


(20.786X5.75) 

1.67 


= 71.5 kips > 65 kips 


— = 2.3496 in. 
A 


Use t = 1/4 in. -4 
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PROBLEM 10.83 

|-e— 89 mm—*- 

-<—89 mm— 

Two 89 x 64-mm angles are bolted together as shown for use as a column of 

•v. m 

t 

2.4-m effective length to carry a centric load of 180 kN. Knowing that the 

E 

jg 64 mm 

angles available have thickness of 6.4 mm, 9.5 mm, and 12.7 mm, use 

V. 

r i 

allowable stress design to determine the lightest angles that can be used. Use 



cT y = 250 MPa and E = 200 GPa. 
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64 mm 64 mm PROBLEM 10.84 


—r Two 89 x 64-mm angles are bolted together as shown for use as a column of 2.4-m 

effective length to carry a centric load of 325 kN. Knowing that the angles available 
89 i" 111 have thicknesses of 6.4 mm, 9.5 mm, and 12.7 mm, use allowable stress design to 
JJ_ determine the lightest angles that can be used. Use cry = 250 MPa and E = 200 GPa. 


SOLUTION 


Transition —: 4.71 — 
r V ov 


4.71 


200 xIQ 9 
250 x 10 6 


= 133.22 


Try L89 x 64 x 9.5. A = (2)(1360) = 2720 mm 2 = 2720 x 10 -6 m 2 
I x = (2)(1.07 x 10 6 ) = 2.14 x 10 6 mm 4 

= (2)[0.463 x 10 6 + (1360)(16.9) 2 ] = 1.70285 x 10 6 imn 4 = I n 


r = 


2.4 


25.021 x 10 


1.70285 x 10 = 25.021 mm x 25.021 x 10“ 3 m 
2720 

= 95.919 < 133.22 


-3 


k~E 

{Ljrf 


/r 2 (200 x 10 y ) 


(95.919) 2 


= 214.55 MPa 


cr cr = (0.658 oW °'«)o , y =[0.658 


^250/214.55 


](250) = 153.51 MPa 


4 , = 


(7 CI A _ (153.51 x 10 6 )(2720 x 10“ 6 ) 


1.67 


1.67 


= 250 kN < 325 kN 


Do not use. 


Try L89 x 64 x 12.7. A = (2)(1780) = 3560 mm 2 = 3560 x 10“ 6 m 2 
I x = (2)(1.36 x 10 6 ) = 2.72 x 10 6 mm 4 
/ = (2)[0.581 x 10 6 + (1780)(18.1) 2 ] = 2.3283 x 10 6 mm 4 = I a 


2.3283 x 10 6 


4 

r 

cr„ = 


2.4 


25.574 x 10 


-3 


3560 
= 93.846 < 133.22 


= 25.574 mm = 25.574 x 10 3 m 


tt 2 E 

(4 /r) 2 


^• 2 (200 x 10 9 ) 

(93.846) 2 


= 224.13 MPa 
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PROBLEM 10.84 (Continued) 

a CI = [0.658 2507224 13 ](250) = 156.74 MPa 

= = (156.74 x 10^)(3560 xl0") = 334kN > 325 kN 

1.67 1.67 

Use L89 x 64 x 12.7. ◄ 
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<-5 in.-» 

PROBLEM 10.85* 

t 16 in. * 


7 

A rectangular steel tube having the cross section shown is used as a column 
of 14.5-ft effective length. Knowing that ay = 36 ksi and E = 29 x 10 6 psi, 
n use load and resistance factor design to detennine the largest centric live 
load that can be applied if the centric dead load is 54 kips. Use a dead load 
factor y D =1.2, a live load factor y L = 1.6, and the resistance factor 
cp = 0.90. 



SOLUTION 


Transition L/r. 


L = 14.5 ft = 174 in. 


b Q =l in. 
h 0 = 5 in. 

A = (7)(5) - 


b t = 7 - (2) 


h,= 5- (2) 


( 5 3 . 

— = 6— in. 

1.16 J 8 

( 5 'i .3 . 

— =4- in. 

U6 J 8 


6 - 


4- I = 7.109375 in 2 


1 


f 3^ 

( 3^ 

3" 

I = — 

(7)(5) 3 - 


4- 


12 

l 8 J 

V 8 j 



= 28.42967 in 4 


r = ,— = 1.99972 in. 
V A 


4.71.1— = 4.7 y 29 ’^°° = 133.68 
174 


e _ _ 

r 1.99972 
7T 2 E 


= 87.012 <133.68 

= 37.804 ksi 

15 ( LJr) 1 

cr cr = [0.658 CTr/CTe ]o> = [0.65 8 36/37 ' 804 ](36) = 24.166 ksi 
p u = Aa cr = (7.109375)(24.166) = 171.804 kips 

Yd^d + Yl^l = vPu 
(1.2)(54) + (1.6)P l = (0.90)(17.804) 


P L = 56.1 kips 4 
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PROBLEM 10.86* 

A column with a 5.8-m effective length supports a centric load, with a ratio of dead to live load equal to 1.35. 
The dead load factor is y D = 1.2, the live load factor y L = 1.6, and the resistance factor tp = 0.90. Use load 
and resistance factor design to detennine the allowable centric dead and live loads if the column is made of 
the following rolled-steel shapes: (a) W250 x 67, ( b ) W360 x 101. Use <j y = 345 MPa and E = 200 GPa. 


SOLUTION 

Transition L/r: 


(a) W250 x 67 . 


4. 71 |T =4.71, P 00 * 10 ’ =113.40 
345x10" 


A = 8580 mm" = 8580 x 10 6 m“, 
r =51.1 mm = 51.1x10 -3 m 


L J r y = 


5i 


51.1 x 10 


-3 


= 113.725 > 113.40 


0.877;r 2 £ 0.877 tt 2 (200 x 10 9 ) . „ 0 . A/ro 

a nr = - r— =---=-- = 133.85 MPa 


{LJr y ) 


(113.725) 


p u = Aa ct = [8580 x 10“ fe )(l33.85 x 10 6 ) = 1.1484 x 10 6 N 


Yd p d + Yl p l = <P p u -pr = L35 

l L 

1 2P n + 1.6^ = (0.9)(1.1484 X 10 6 ) 


p l= — 
1.35 


P D = 433 kN ◄ 


P, = 321 kN ◄ 


(b) W360 x 101 . 


A = 12,900 mm 2 = 12,900 x 10“ 6 m 2 
r = 62.5 mm = 62.5 x 10“ J m 


LJk, = 


5i 


ery 


( 7 , = 


62.5x10 
k 2 E 


-3 


= 92.652 < 113.40 


;t 2 (200 x 10 9 ) 


= 229.94 MPa 


(L e /r y r (92.652) 
cr cr = [0.658‘ 7f/<Te ]cr v = [0.65 8 345722994 ](345) = 184.12 MPa 
P u = Acr cl . = (12,900 x 10“ 6 )(184.12 x 10 6 ) = 2.3751 x 10 6 N 
Yd p d + Yl p l = ^ p u 
1.2 P D + 1.6j^j = (0.90)(2.3751 x 10 6 ) 


P D = 896 kN ◄ 
P, = 664 kN ◄ 
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PROBLEM 10.87 

A steel column of 5.5-m effective length must carry a centric dead load of 310 kN and a centric live load of 
375 kN. Knowing that cr y = 250 MPa and E = 200 GPa, use load and resistance factor design to select the 
wide-flange shape of 310-mm nominal depth that should be used. The dead load factor is y D = 1 .2, the live 
load factor is y L = 1.6, and the resistance factor is cp = 0.90. 


SOLUTION 


Transition —: 

r 


4.71 — = 4.71, 


200 xlO 9 


= 133.22 


Design criterion : 
Required minimum P u \ 
Preliminary calculations: 


1250x 10° 

YpPp + Yl^l — vPu 

p = YpPp + YlPl = (1-2X310) + (1.6X375) = mQkN 


9 


0.90 


P u < <j y A 


A> Pu_ = 1080 x 10 = 4 32 x io “ 3 m 2 = 4320 mm 2 
cj v 250 xlO 6 


Pu < 


0.877;r £7„ 




= ( 1 Q 8 °f 0 )(5 - 5) : = 18.87 x 10- m 4 = 18.87 x 10 6 .nm 4 
0.877^ 2 £ 0.877^ 2 (200 x 10 9 ) 


Try W310 x 74. 


A = 9420 mm 2 I v = 23.4 x 10 6 mm 4 r v = 49.8 mm 


5.5 


49.8x10 


-3 


= 110.44 < 133.22 


( j„ = ^X= ^ 200xl09 ) = 1 61.83 MPa 


(Ljr y Y 


(110.44) 


cr cr = [0.658 <Ty/C7e ]cr r = [0.65 8 230/16L83 ](250) = 130.96 MPa 
p u = Ac x cr = (9420 x 10 “ 6 nr)(130.96 x 10 6 Pa) = 1234 kN > 1080 kN 

(Acceptable) 

The next lighter shape, W310 x 60, with I = 18.3 x 10 6 mm 4 , fails the moment of inertia criterion given 
above. 

Use W310 x 74. ◄ 
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PROBLEM 10.88* 


The steel tube having the cross section shown is used as a column of 15-ft effective 
length to carry a centric dead load of 51 kips and a centric live load of 58 kips. 
Knowing that the tubes available for use are made with wall thicknesses in increments 
of d- in. from -d- in. to | in., use load and resistance factor design to determine the 
lightest tube that can be used. Use a Y = 36 ksi and E = 29 x 10 6 psi. The dead load 
factor is y D = 1.2, the live load factor is y L = 1.6, and the resistance factor is cp = 0.90. 


SOLUTION 

Transition L/r: 


Required: 


Try 


4.71 ±, 4.71, ^-133.68 
]Ja Y V 36 

4 = 15 ft = 180 in. 

Yd^d + Yl^l = 9 p u 


Pu = 


YdPd + YlPl _ (1-2X51) + (1.6X58) 


9 


0.90 


= 171.11 kips 


b n = 6.0 in. b, = b„ - 2t = 5.5 in. 


t = — in. = 0.25 in. 

4 " ‘ 

A = b 2 a - bf = (6) 2 - (5.5) 2 = 5.75 in 2 
I = ^(b 4 0 ~ bf) = -1[(6) 4 - (5.5) 4 ] = 31.74 in 4 


/ 

7 ~ V A " 


180 

2.3496 

it 2 E 

{LJrf 


31.74 

5.75 


= 2.3496 in. 


= 76.61 < 133.68 


CTo = 


k 2 (29,000) 
(76.61) 2 


= 48.767 ksi 


a- cr = l<d.65% aYlae }G Y = [0.65 8 36/48 ' 767 ](36) = 26.431 ksi 
p u = Aa cr = (5.75)(26.431) = 151.98 kips < 171.11 kips 

Thickness is too small. 
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PROBLEM 10.88* (Continued) 



Since P u 

is approximately proportional to thickness, the required thickness is approximately 



4g 

_ 4(reg) _ 171.11 -0.2815 in. 




0.25 

151.98 151.98 reg 



Try 






t 

= — in. = 0.3125 in. b, = 5.375 in. 





16 




A 

= 7.1094 in 2 




I 

= 38.44 in 4 r = 2.3254 in. 




4 

r 

= 77.41 < 133.68 




<j e 

;r(29,000) . , . 

’ - 47.764 ksi 





(77.41) 2 





= [0.658 36747 ' 764 ](36) = 26.26 ksi 




Pu 

= (7.1094)(26.26) = 186.69 kips > 1 7 1. 11 kips 






Use t = 

5 ■ <4 

— m. ◄ 





16 
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PROBLEM 10.89 

An eccentric load is applied at a point 22 mm from the geometric axis of a 
60-mm-diameter rod made of a steel for which cr Y = 250 MPa and 
E = 200 GPa. Using the allowable-stress method, determine the allowable 
load P. 


SOLUTION 


For the solid circular cross section, c = —d = 30 mm = 0.030 m 



A = KC 2 = 

;r(0.030) 2 = 2.8274 x 10“ 3 m 2 


■'T 

tel 

ii 

*—< 

r = , — = — c = 0.015 m = 15 mm 


4 

\IA 2 


L = 1.2 m 

1 - 12 - 80 



;• 0.015 

Steel: 

E = 200 x 10 3 MPa, 

a Y = 250 MPa 


transition — = 4.71 = 4.71 


200 x 10 

250 


= 133.22 


= 


7T 2 E 

(L/r) 2 


;r 2 (200 xl0 3 ) 


( 80) 2 


= 308.43 MPa 


= (0.658° 1 ' /o '‘) = [0.65 8 250730843 ](250) = 178.07 MPa 


Eccentric loading : 


<x. n = —— 

al1 1.67 
M = Pe 


= 106.63 MPa 
e = 22 mm 


'all 


P 

Me 


( 1 

ec\ 

P(. ec\ 

-1- 

= P 

— 

+ — 

= — 1 + -r 

A 

I 


u 

i) 

A l r~) 


1 + 


(22)(30) 

(15) 2 


= 3.9333 — 
A 


P = 


^ll - 4 

3.9333 


(106.63 x 10 6 )(2.8274 x 10- 3 ) ^ * iq3 

3.9333 


Allowable load. 


P = 76.7 kN ◄ 
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PROBLEM 10.90 

Solve Prob. 10.89, assuming that the load is applied at a point 40 mm from the 
geometric axis and that the effective length is 0.9 m. 

PROBLEM 10.89 An eccentric load is applied at a point 22 mm from the 
geometric axis of a 60-mm-diameter rod made of a steel for which 
cr } = 250 MPa and E = 200 GPa. Using the allowable-stress method, 
determine the allowable load P. 


SOLUTION 

For the solid circular cross section. 


c = —d = 30 mm = 0.030 m 
2 



A = kc 2 = 

;r(0.030) 2 = 2.8274 x 10“ 3 m 2 


/ = ^c 4 

r = A— = —c = 0.015 m = 15 mm 


4 

Ma 2 


L = 0.9 m 

U = 60 



r 0.015 

Steel: 

E = 200 x 10 3 MPa, 

a Y = 250 MPa 


transition — = 4.71 I— = 4.71 


200 x 10 

250 


3 


= 133.22 


^=^=* (200 * 10 ) = 548.31 MPa 


6 ( L/rf 


(60) 


cr cr = [0.658 <7y/<7B ] = [0.65 8 (250/548 ' 30) ](250) = 206.57 MPa 


Eccentric loading : 


a11 1.67 

M = Pe 

a a\l 


e = 40 mm 


P Me J 


ec\ 

P ( ec'] 

— +- = P\ 


+ — 


A I 

A 

i) 

A r J 


1 + 


(40)(30) 

(15) 2 


= 6.3333— 
A 


P = = (123.69 xlQ 6 )(2.8274 x IQ" 3 ) = ^ ^ N 


6.3333 


6.3333 


Allowable load. 


P = 55.2 lcN ◄ 
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PROBLEM 10.91 

A sawn-lumber column of 5.0 x 7.5-in. cross section has an effective 
length of 8.5 ft. The grade of wood used has an adjusted allowable 
stress for compression parallel to the grain a c = 1180 psi and an 
adjusted modulus E = 440 x 10 3 psi. Using the allowable-stress 
method, determine the largest eccentric load P that can be applied 
when (a) e = 0.5 in., ( b) e = 1.0 in. 


SOLUTION 

Sawn lumber: 


c = 0.8 

L e = 8.5 ft = 102 in. 
b = 7.5 in. d = 5.0 in. 

A = bd = (7.5)(5.0) = 37.5 in 2 
L 102 


c = — = 3.75 in. 

2 

I = — (5.0)(7.5) 3 = 175.78 in 4 
x 12 


= 20.4 


d 5.0 


a CF J g c = 869-1/1180 = 0.73652 


g ce ~ 


0.822 E (0.822)(440 x 10 3 ) 


(L/dY 


(20.4) 2 


= 869.1 psi 


C p = 


1 + g ce^ g c 

2c 


(1 + a CE la c 
2 c 


g CE/' G c 


= 0.5777 


o- all = a C P = (1180)(0.5777) = 681.7 psi 


'c'-p 

P M P a \\ec . _ 1 ec 

— + —— = (J„ii = BP m where B = — + —. 
A T a11 a " A T 


P&\\ - 


J all 

B 


(a) e = 0.5 in . 


(b) e = 1.0 in . 


B = — [ — + (°- 5 X 3 - 75 ) = 0.037333 in“ 2 


^all - 


37.5 175.78 

681.7 


0.037333 


= 18,260 lb 


B = —— + ( 1 -°X 3 - 75 ) = 0.048000 in -1 


^all - 


37.5 175.78 

681.7 


0.048000 


= 14,202 lb 


P all = 18.26 kips A 


P all = 14.20 kips A 
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PROBLEM 10.92 



Solve Prob. 10.91 using the interaction method and an allowable 
stress in bending of 1300 psi. 

PROBLEM 10.91 A sawn-lumber column of 5.0 x 7.5-in. cross 
section has an effective length of 8.5 ft. The grade of wood used has 
an adjusted allowable stress for compression parallel to the grain 
cr c =1180 psi and an adjusted modulus E = 440 x 10 J psi. Using 
the allowable-stress method, determine the largest eccentric load P 
that can be applied when (a) e = 0.5 in., ( b) e = 1.0 in. 


SOLUTION 

Sawn lumber: 


where 


(a) e = 0.5 in . 


(b) e = 1.0 in . 


c = 0.8 

L = 8.5 ft = 102 in. 


b = 7.5 in. 


d = 5.0 in. 


c = — = 3.75 in. 
2 


A = bd = (7.5)(5.0) = 37.5 in 2 
4 = ~(5-0)(7.5) 3 = 175.78 in 4 


L 102 
d ~ 5.0 


= 20.4 


a CE ~ 


0.822 E (0.822)(440 x 10 3 ) 


(Lid) 1 


(20.4) 2 


= 869.1 psi 


<j cf J<j c = 869.1/1180 = 0.73652 


C P = 


1 + a CE ! a c 
2c 


( 1 + gcg/gc 

2 c 


= 0.5777 


' all, centric 


= a c C P = (1180)(0.5777) = 681.7 psi 


' all 


A a. 


P *" eC — = 1 P M = B- ] (lb) 


all, centric 


Ix ^"all, bending 


B = 


ec 


Act. 


B = 


all, centric 

1 


-^x^all, bending 


(lb- 1 ) 


(0.5X3.75) 


(37.5X681.7) (175.78)(1300) 


= 47.323 x 10“ 6 lb 1 


P M = (47.323 x lO -6 ) -1 = 21,131 lb 


(1.0)(3.75) 


B = 


1 


(37.5)(681.7) (175.78)(1300) 


= 55.528 x 10" 6 lb 


-l 


P all = (55.528 x lO” 6 )” 1 = 18,009 lb 


P a u = 21.1 kips A 


P a ii = 18.01 kips A 
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15 mm 


152 mm 



152 mm -► 



PROBLEM 10.93 

A column of 5.5-m effective length is made of the aluminum alloy 
2014-T6, for which the allowable stress in bending is 220 MPa. 
Using the interaction method, determine the allowable load P, 
knowing that the eccentricity is (a) e = 0, (b) e = 40 mm. 


SOLUTION 


b 0 = 152 mm b i = b 0 - 2t = 122 mm 
A = bl- b 2 = 8220 mm 2 = 8220 x 10 -6 m 2 

= 26.02 xlO 6 mm 4 


/ 




r = — = 56.26 mm = 56.26 x 10 3 m 

V A 


L 

r 

7 all ,c 

P 


5.5 


56.26 x 10 


,-3 


= 97.76 > 55 


382 xlO 3 382 xlO 3 


C Hr ) 2 

Pec 


(97.76) 2 


= 39.98 MPa for centric loading 


Act. 


all, c 


1(7. 


= l 


all ,b 


(a) e = 0: P = Aa allc = (8220 x 10 _6 )(39.97 x 10 6 ) = 329 x 10 3 N P = 329 kN ◄ 

(tb ) e = 40 x 10 -3 m: c - —(152) = 76 mm = 76 x 10 -3 m 

_ P _ , -P(40 x 10 3 )(76 x 1Q~ 3 ) _ 3 571xl0 ^_ 1 

(8220 x 10 _6 )(39.98 x 10 6 ) (26.02 x 10 _6 )(220 x 10 6 ) 

P = 279.8 x 10 3 N P = 280 kN -4 
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15 mm 


1 


1 

mm 

1 

t 


<—152 mm -► 



PROBLEM 10.94 

Solve Prob. 10.93, assuming that the effective length of the column 
is 3.0 m. 

PROBLEM 10.93 A column of 5.5-m effective length is made of 
the aluminum alloy 2014-T6, for which the allowable stress in 
bending is 220 MPa. Using the interaction method, determine the 
allowable load P, knowing that the eccentricity is (a) e = 0, 
(b) e = 40 mm. 


SOLUTION 


b 0 = 152 mm b , = b a - 2t = 122 mm 

A = b: - b 2 = 8220 mm 2 = 8220 x 10 -6 m 2 

= 26.02 x 10 6 mm 4 




I = — 
12 


r = — = 56.26 mm = 56.26 x 10 3 m 
\A 


L 


3.0 


56.26 x 10 


-3 


= 53.32 < 55 


(2014-T6 aluminum alloy) 


o- alljC = 213 - 1.577(L/r) = 213 - (1.577)(53.32) = 128.91 MPa 


Act, 


Pec , 

+-= 1 


all.c 


la. 


all,* 


(a) e = 0: P = Aa allc = (8220 x 10“ 6 )(128.91 x 10 6 ) = 1060 x 10 3 N P = 1060kN<4 

( b ) e = 40 mm = 40 x 10 -3 m: c = ^-(152) = 76 mm = 76 x 10 -3 m 

_/_^ + ^0xl0- 3 )(76xl0- 3 ) = L474? x 1() _ 6p = j 

(8220 x 10“ 6 )(128.91 x 10 6 ) (26.02 x 10“ 6 )(220 x 10 6 ) 

P = 678 x 10 3 N P = 678 kN ◄ 
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PROBLEM 10.95 

A steel compression member of 9-ft effective length supports an 
eccentric load as shown. Using the allowable-stress method, 
determine the maximum allowable eccentricity e if (a) P = 30 kips, 
(b) P = 18 kips. Use a Y = 36 ksi and E = 29 x 10 6 psi. 
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PROBLEM 10.96 

Solve Prob. 10.95, assuming that the effective length of the column is 
increased to 12 ft and that (a) P = 20 kips, (b) P = 15 kips. 

PROBLEM 10.95 A steel compression member of 9-ft effective length 
supports an eccentric load as shown. Using the allowable-stress method, 
determine the maximum allowable eccentricity e if (a) P = 30 kips, 
(b) P = 18 kips. Use a Y = 36 ksi and E = 29 x 10 (1 psi. 
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PROBLEM 10.97 

Two L4 x 3 x J-in. steel angles are welded together to form the 
column AB. An axial load P of magnitude 14 kips is applied at 
point D. Using the allowable-stress method, determine the largest 
allowable length L. Assume a Y = 36 ksi and E = 29 x 10 6 psi. 
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PROBLEM 10.98 



D\ 



Solve Prob. 10.97 using the interaction method with P = 18 kips 
and an allowable stress in bending of 22 ksi. 


PROBLEM 10.97 Two L4x3x-|-in. steel angles are welded 
together to form the column AB. An axial load P of magnitude 14 
kips is applied at point D. Using the allowable-stress method, 
determine the largest allowable length L. Assume a Y = 36 ksi 
and E = 29 x 10 6 psi. 
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PROBLEM 10.98 (Continued) 


Assume — > 133.7 
r 

2 f 

cr= ° cr = 0.877 71 , = 4.2333 

1.67 1.67(I/r) 2 



Z = J( 0.877)^(29,000) = lgg ,3 > 133 y 
r ]j 1.67(4.2333) 



L = (188.43)(1.16736) = 219.97 m. 

L = 18.33 ft ◄ 
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PROBLEM 10.99 

A rectangular column is made of a grade of sawn wood that has an 
adjusted allowable stress for compression parallel to the grain 
cr c = 8.3 MPa and a modulus of elasticity E = 11.1 GPa. Using 
the allowable-stress method, determine the largest allowable effective 
length L that can be used. 


SOLUTION 


E = 11,100 MPa d = 180 mm = 0.180 m b = 240 mm = 0.240 m 


A = bd = 43.2 x 10 3 m 2 


e = 25 mm = 0.025 m 
P Pec 


I r = —db 3 = —(0.180)(0.240) 3 = 207.36 x 10“ 6 m 4 
x 12 12 


c = — = 0.120 m 
2 


-h 

A I 


< a. 


all 


O’all ^ 


85 X 10 J 


-3 


43.2 x 10 
= 3.1973 MPa 


(85 x 10 3 )(0.025)(0.120) 
207.36 x 10 -6 


= 3.1973x10 6 Pa 


Define y and x as 


C = ^!L = L1221 = 0.38522 = y 
p a r 8.3 


x - a CE! a c 


y = 


’c 

1 + X 

2c 


1 + x 
2c 


x 

c 


where c = 0.8 for sawn lumber. 


1 + x 
2c j 


x = y- 


1 + x 
2c 

1 + x 


7 = 


i \ 2 

1 + X ) X 


0 - cy ) 

1 -y 


+ r = 


= (0.38522) 


2c ) c 

f \ + X V X 
K 2c ) c 

1 - (0.8X0.38522) 
1 - 0.38522 


= 0.43350 


a CE = o- c (0.43350) = (8.3)(0.43350) = 3.598 MPa 


K a: E 

a CE = - 

(Ltdf 

Largest allowable effective length . 


j2 _ K C r;Ed 


where K CE = 0.300 


’ CE 


L = d\^CE^_ = (0 180 ) 

7 ce 


(0.300)(11,100) 


3.598 


L = 5.48 m A 
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PROBLEM 10.100 

Solve Prob. 10.99, summing that P = 105 kN. 

PROBLEM 10.99 A rectangular column is made of a grade of 
sawn wood that has an adjusted allowable stress for compression 
parallel to the grain a c = 8.3 MPa and a modulus of elasticity 
E =11.1 GPa. Using the allowable-stress method, determine the 
largest allowable effective length L that can be used. 


SOLUTION 

E = 11,100 MPa 


d = 180 mm = 0.180 m 


b = 240 mm = 0.240 m 

3 _ im i/: „ 1 n~6 m 4 


A = bd = 43.2 X 10“ 3 m 2 I r = —db 3 = —(0.180)(0.240V = 207.36 x 10“° m 

* 12 12 


e = 25 mm = 0.025 m 


P Pec ^ 

— +-^ <x,,, 

A I, 


Define y and x as 


Call ^ 


c = — = 0.120 m 
2 

105 x 10 3 + (105 x 10 3 )(0.025)(0.120) = 3M% x iq6 pa 


,-3 


43.2 x 10 
= 3.9496 MPa 


207.36 x 10 


-6 


C = ^!L = U9496 = 0 4?586 = 
P CJr 8.3 


x - °ce'°c 


1 + X 

2c 

1 + X 
2c 


y = 


y = 


'C 

1 + X 


1 + JC 

2 c 


x 

c 


where c = 0.8 for sawn lumber. 


y = 


1 + X j 

2 c J 


1 + X i 

- y + y 


1 + X 

2c 

1 + x 
2c 

1 + x 
2c 


x 

c 


X 

c 

X 

c 


X = V- 


1 — cy 

'1^7 


= (0.47586) 


1 - (0.8X0.47586) 
1 - 0.47586 


= 0.56227 


a CE = cr c (0.56227) = (8.3)(0.56227) = 4.6668 MPa 


a CE ~ 


K CE E 


l 2 _ K CE Ed z 


(L/dY ct ce 

Largest allowable effective length . 

L = d 


where K CE = 0.300. 


\^ce^_ = 0 _ 180 


>CE 


(0.300)(11,100) 


4.6668 


L = 4.81m ◄ 
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PROBLEM 10.101 

An eccentric load P = 48 kN is applied at a point 20 mm from the geometric 
axis of a 50-mm-diameter rod made of the aluminum alloy 6061-T6. Using 
the interaction method and an allowable stress in bending of 145 MPa, 
determine the largest allowable effective length L that can be used. 


SOLUTION 


c = —d = 25 mm 
2 


A = nc 2 = 1.9635 x 10 3 mm 2 


/ = — c 4 = 306.8 x 10 3 mm 4 r = — = 12.5 mm 
4 ^A 

e = 20 mm a Mb = 145 x 10 6 Pa 


Act. 


P Pec . 
+-= 1 


all.c- 


^all ,b 

P 


Act. 


= 1 - 


Pec 


all ,c 

1 __ A 
~ P 


la. 


all,* 


■'all.c 


la. 


all,6 


1.9635 x 10 


-3 


48 x 10 3 


(48 x 10 3 )(20 x 10~ 3 )(25 x 10~ 3 ) 
(306.8 x 10“ 9 )(145 x 10 6 ) 


= 18.838 x 10“ 9 Pa _1 


a all c = 53.086 x 10° Pa = 53.086 MPa 


Assume — > 66 . 
r 


^all ,c 

L _ 
r 


354 x 10 
(L/rf 


354 xlO 3 


'all,f 


354 x 10 
53.086 


= 81.660 > 66 


L = 81.660r = (81.660)(12.5 x 10“ 3 ) 


L = 1.021m ◄ 
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PROBLEM 10.102 

Solve Prob. 10.101, assuming that the aluminum alloy used is 2014-T6 and 
that the allowable stress in bending is 180 MPa. 

PROBLEM 10.101 An eccentric load P = 48 kN is applied at a point 20 mm 
from the geometric axis of a 50-mm-diameter rod made of the aluminum alloy 
6061-T6. Using the interaction method and an allowable stress in bending of 
145 MPa, determine the largest allowable effective length L that can be used. 


SOLUTION 


c = —d = 25 mm 
2 


A = tic 2 = 1.9635 x 10 3 mm 2 


K 


I 


1 = —c = 306.8 x 10 mm r = , — =12.5 mm 


e = 20 mm 


0^,6 = 180x10° Pa 


Act. 


Pec , 
H-= 1 


all, c 


la. 


all, b 


Aa. 


= 1 


Pec 


all, <■ 


la. 


all, b 


'all.c 


1 - 


Ia. 


all, b 


1.9635 x 10 


-3 


48 x 10 3 


1 - 


(48 x 10 3 )(20 x 10~ 3 )(25 x 10~ 3 ) 
(306.8 x 10“ 9 )(180 x 10 6 ) 


= 23.129 xl0“ 9 Pa -1 


o- alljC = 43.237 x 10° Pa = 43.237 MPa 


Assume — > 55. 
r 


'all, c 

L 

r 


382 x 10 j 

C Llrf 


382 x 10 


'all,c 


382 x10 J 
43.236 


= 93.995 > 55 


L = 93.996 r = (93.996)(12.5 x 10“ 3 ) 


L = 1.175 m ◄ 
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18 mm 


P 




PROBLEM 10.103 

A compression member made of steel has a 720-mm effective length and must 
support the 198-kN load P as shown. For the material used, a Y = 250 MPa and 
E = 200 GPa. Using the interaction method with an allowable bending stress equal 
to 150 MPa, determine the smallest dimension d of the cross section that can be used. 


SOLUTION 


Using dimensions in meters, 

A = 40 x 10“ 3 c/ 4 = 720 mm = 0.720 m 

4 = —(40 X 10“V = 5.3333 x 10 ~ 6 d 
x 12 

4 = —(40 X 10“V 3 = 3.3333 x 10“ 3 r/ 3 
*12 

Ixl = —, I v| = 20 mm = 0.020 m \e r \ = 18 mm = 18 x 10 -3 m 

ll 2 '' 1 1 JC| 


Transition 


L 

r 


4.71 


E _ /f71 l 200 x 10^ 
<j y V 250 x 10 6 


133.22 


Assume d > 40 mm = 40 x 10 3 m. Then / min = I x 


TT = 1 5.3333 x 10- 6 7 
' ~ V A ~ 40x10 ~ 3 d 


11.547 x 10“ 3 m, 


^ = 62.35 < 133.22 
r 


^"all, centric 
^"all, bending 


tt 2 E _ ;t 2 (200 x IQ 9 ) 
(4/r) 2 “ (62.35) 2 


507.76 MPa 


-^3- =-(0.65 8 250/5O7 ' 76 )(250) = 121.82 MPa 

1.67 1.67 

150 MPa 


P Pex 

- + -^- = 1 

^^all, centric ^y^all,bending 

198 xlQ 3 | (198xl0 3 )(18xl0~ 3 )(lrf) 

(40 x 10“ 3 t/)(127.82 x 10 6 ) (3.3333 x 10“V 3 )(150 x 10 6 ) 

40.634 xl0“ 3 3.5640 xl0“ 3 , 

-+- , -= 1 

d d~ 

d 2 - 40.634 x 10 ~ 3 d - 3.5640 x 10“ 3 = 0 


d = ^40.634 x 10“ 3 + ^(40.034 x 10“ 3 ) 2 + (4)(3.5640 x 10“ 3 )j 

d = 83.4 x 10 -3 m > 40 x 10 _J m d = 83.4 mm ◄ 
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18 mm 


P 




PROBLEM 10.104 

Solve Prob. 10.103, assuming that the effective length is 1.62 m and that the 
magnitude of P of the eccentric load is 128 kN. 

PROBLEM 10.103 A compression member made of steel has a 720-mm effective 
length and must support the 198-kN load P as shown. For the material used, 
cr Y = 250 MPa and E = 200 GPa. Using the interaction method with an allowable 
bending stress equal to 150 MPa, determine the smallest dimension d of the cross 
section that can be used. 


SOLUTION 


Using dimensions in meters, 

A = 40 x 10 ‘ V L e = 1.62 m 

I = —(40 x 10 _ 3 ) 3 c/ = 5.3333 x 10 _f V 
* 12 

I = —(40 x 10 “V 3 = 3.3333 x 10 “ 3 c / 3 
y 12 

Ixl = —d, I y\ = 20 mm = 20 x 10 -3 m 


Transition —: 4.71 — = 4.71 


200 x 1 Q V 

250x10 6 


\e x \ = 18 mm = 18 x 10 3 m 
133.22 


Assume d > 40 mm 

r 


40 x 10 3 m. Then 7 min = I x 



1 5.3333 x 10^ 

3.3333 x 10 “ 3 c/ 


11.547 x 10 “ 3 m. 


^ = 140.29 > 133.22 
r 


°- 877 ^ = Q - 877 ^ 200 2 x 1 0 9 ) = 87.958 MPa 
(LJrf (140.29) 2 


Acentric = ^7 = 52.67 MPa 
1 . 0 / 

Abending = 150 MPa ~r^- - + ^ - = 1 

^ ^all,centric ^ y ^"all,bending 

128 xlQ 3 | (128 x 10 3 )(18 x 10~ 3 )(^t/) 

(40 x 10 _3 <i)(52.67 x 10 6 ) (3.3333 x 10“ 3 c/ 3 )(150 x 10 6 ) ~ 

60.756 xl0“ 3 2.304 xl0“ 3 , 

d d 2 

d 2 - 60.756 x 10“ 3 J - 2.304 x 10“ 3 = 0 
d = -^-j60.756 x 10“ 3 + 7(60.756 x 10 -3 ) 2 + (4)(2.304 x 10“ 3 )j 

d = 87.2 x 10 -3 m > 40 x 10 -3 m d = 87.2 mm ◄ 
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PROBLEM 10.105 

A steel tube of 80-mm outer diameter is to carry a 93-kN load P with an 
eccentricity of 20 mm. The tubes available for use are made with wall 
thicknesses in increments of 3 mm from 6 mm to 15 mm. Using the 
allowable-stress method, determine the lightest tube that can be used. 
Assume E = 200 GPa and a Y = 250 MPa. 


SOLUTION 


Transition L/r\ 
Try t = 9 mm. 


>o = ~jd 0 = 4 0 

n = r 0 -t 

A = n(rl - r}\ 

l = fo-o - r, 4 ) 

IT 

r ~ \A 


t (mm) 

i] (mm) 

^4 (mm 2 ) 

7(10 6 mm 4 ) 

r (mm) 

3 

37 

726 

0.539 

27.24 

6 

34 

1395 

0.961 

26.25 

9 

31 

2007 

1.285 

25.31 

12 

28 

2564 

1.528 

24.41 

15 

25 

3063 

1.704 

23.59 


4.71 — = 4.71 


200xIQ 9 
250 xlO 6 
2.2 


= 133.22 


25.31 x 10 

n 2 E 


-3 


= 86.92 < 133.22 


ay = 


P 

- 1 - 

A I 


e 

{LJrf 

‘Till = 

a cr 

1.67 

Pec 

93 x 


200 x 10 9 ) 

(86.92) 2 


= 261.27 MPa 


1 


L„ = 2.2 m 


P = 93 x 10 J N 


1.67 

i n 3 


[0.658 25O/26L27 ](250) = 100.30 MPa 


(93 x 10 3 )(20 x 10 _3 )(40 x 10 -3 ) 


2007 x10 


-6 


1.285 x 10" 


= 104.2 MPa >100.3 MPa 


(not allowed) 
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PROBLEM 10.105 (Continued) 

Approximate required area: 

[ 104-2 1(2007) = 2085 mm 2 

U00.3J 

Try t = 12 mm. 

Le = 22 = 90.12 < 133.22 

r 24.41 x 10“ 3 


(7 e = 243.05 MPa 
cr all = 97.33 MPa 


P Pec 93 x 10 3 (93 x 10 3 )(20 x 10“ 3 )(40x10“ 3 ) 

A I ~ 2564 x 10 -6 1.528 x 10 -6 

= 85.0 MPa < 97.3 MPa 


Use t = 12.00 mm. A 
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PROBLEM 10.106 

Solve Prob. 10.105, using the interaction method with P = 165 kN, e = 15 mm, 
and an allowable stress in bending of 150 MPa. 


2.2 m 


80-mm outer 
diameter 




PROBLEM 10.105 A steel tube of 80-mm outer diameter is to carry a 93-lcN 
load P with an eccentricity of 20 mm. The tubes available for use are made with 
wall thicknesses in increments of 3 mm from 6 mm to 15 mm. Using the 
allowable-stress method, determine the lightest tube that can be used. Assume 
E = 200 GPa and a Y = 250 MPa. 


SOLUTION 


—d n =40 mm 
2 0 


r i =r a -t 
A = n(r; - i f) 


IT 
' ~ v A 


((mm) 

r t (mm) 

A (mm 2 ) 

/(10 6 mm 4 ) 

/■(mm) 

3 

37 

726 

0.539 

27.24 

6 

34 

1395 

0.961 

26.25 

9 

31 

2007 

1.285 

25.31 

12 

28 

2564 

1.528 

24.41 

15 

25 

3063 

1.704 

23.59 


L e = 2.2 m 
P = 165 x 10 3 N 

Abending = 150 MPa 


Transition L!r\ 


Try t = 9 mm. 



* all, centric 


Pec 


Act, 


all, centric 


I<J , 


all, bending 


4.71, 


200 x10 v 

'250 xl0 6 

2.2 


= 133.22 


-3 


= 86.92 < 133.22 


25.31 x 10 
n 2 E ;r 2 (200 x 10 9 ) 


(W 


(86.92) 2 


= 261.27 MPa 


=-10.65 8 250/261 ' 27 ](250) = 100.30 MPa 

1.67 1.67 

_ 165 xlQ 3 _ (165 x 10 3 )(15 x 10~ 3 )(40 x 10~ 3 ) 

(2007 x 10 _6 )(100.3 x 10 6 ) (1.285 x 10 _6 )(150 x 10 6 ) 


0.820 + 0.514 = 1.334 > 1 


(not allowed) 
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PROBLEM 10.106 (Continued) 


Approximate required area: A = (1.334)(2007) = 2677 mm 2 

Try t = 12 mm. ^ =-—- T = 90.12 < 133.22 

r 24.41 x 10“ 3 

(7 e = 243.05 MPa 

^all,centric = 97.33 MPa 

P Pec _ _ 165 x 10 3 _ 

^ali,centric + /cr all, bending (2564 X 10“ 6 )(97.33 X 10 6 ) 

(165 x 10 3 )(15 x 10~ 3 )(40 x 10~ 3 ) 

(1.528 x 10“ 6 )(150 x 10 6 ) 

0.661 + 0.432 = 1.093 > 1 (not allowed) 


Try t = 15 mm. — = 93.26 

r 

(7 e = 226.95 MPa 
O-aii.centric = 94.40 MPa 


165 xio 3 + (165 x 10 3 )(15 x 10~ 3 )(40 x 10 ~ 3 ) = Q 95g < j 

(3063 x 10 _6 )(94.40 x 10 6 ) (1.704 x 10“ 6 )(150 x 10 6 ) 


Use t = 15.00 mm. A 
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PROBLEM 10.107 

A sawn lumber column of rectangular cross section has a 2.2-m effective length and 
supports a 41 -lcN load as shown. The sizes available for use have 6 equal to 90 mm, 
140 mm, 190 mm, and 240 mm. The grade of wood has an adjusted allowable stress 
for compression parallel to the grain cr c = 8.1 MPa and E = 8.3 GPa. Use the 
allowable-stress method to determine the lightest section that can be used. 


SOLUTION 

Sawn lumber: 


cr c = 8.1 MPa E = 8.3 GPa 

c = 0.8 K ce = 0.300 


L„ = 2.2 m 


Pali | P att eC a 


all 


e = 80 x 10 3 m, 


c = ^(190) = 95 mm = 95 x 10 3 m 


A = 0.1906 m 


4 = ^-6(0.190) J = 571.58 x 10“ 6 6 m 4 


Pall + ^ all (80 X 10-4(95 X IQ- 3 ) = 18.56P all = ^ 


0.1906 571.58 x 10 _f, 6 


all 


Pal, 


0.05388<r all 6 


d = 0.190 m or 6, whichever is smaller. 


a CE ~ 


K^_ (0.300X8300) = 5145 , 2 MPa 


(L/dy 


(2.2/d) 


a CE^ a C 


C„ = 


514.5<7 4 „ , 2 

-= 63.5 W" 

8.1 


1 + a CE! °~c 
2 c 

1 + a CE^ a c 

1.6 


1 + a CE! a c 
2c 


<t ce! <7 c 


1 + a CE! a c 

1.6 


a CE! a c 

0.8 


^aii = ° C C P = (8.1 x 10 6 )C„ 


Pall “ 


(0.053886)(8.1 x 10 6 )C„ = 472.47 x 10 3 6C„ 
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PROBLEM 10.107 (Continued) 

Calculate ~^all for all four values of b. See table below. 

<- P = 41 kN 

Use b = 0.140 m. 

b = 140.0 mm -4 


b (m) 

d (m) 

a c 

c P 

P all (kN) 

0.090 

0.090 

0.51443 

0.44367 

18.87 

0.140 

0.140 

1.24480 

0.76081 

50.3 

0.190 

0.190 

2.2927 

0.8878 

79.7 

0.240 

0.190 

2.2927 

0.8878 

100.7 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1750 












Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 10.108 

Solve Prob. 10.107, assuming that e = 40 mm. 

PROBLEM 10.107 A sawn lumber column of rectangular cross section has a 2.2-m 
effective length and supports a 41-kN load as shown. The sizes available for use 
have b equal to 90 mm, 140 mm, 190 mm, and 240 mm. The grade of wood has an 
adjusted allowable stress for compression parallel to the grain cr c =8.1 MPa and 
E = 8.3 GPa. Use the allowable-stress method to determine the lightest section 
that can be used. 


SOLUTION 


Sawn lumber: 


cr c = 8.1 MPa 
c = 0.8 
L„ = 2.2 m 


^all , ^all ec _ 

T ~ 1 ~ - ■" 


e = 40 x 10 3 m. 


A = 0.190 bm z 


E = 8.3 GPa 
K ce = 0.300 


c = -i- (190) = 95 mm = 95 x 10 3 m 

I = —h(0.190) 3 = 571.58 x 10“ 6 h m 4 
x 12 


Kn , ^aii(40 x 10~ 3 )(95 x 10~ 3 ) _ 11.91 lP all _ 
0.190Z? 571.58 x \0~ 6 b b 

P all = 0.083953cr all h 

d = 0.190 m or b, whichever is smaller. 

(0.300)(8300) = 51 ^ Mp a 

{Lid) 1 (2.2/dy 

. 514.5 d 2 j 2 

g ceJ G c - ^ _ 63 . 5 Id 

_ 1 + g ce / G c _ f 1 + ct ce !o c \ _ a CE la c 
p 2c 2c ) c 

_ 1 + cr CE l ct c _ f 1 + g ce! G c _ g ce /g c 

1.6 ]{ 1.6 J 0.8 

G all = G cC p = (8-1 x 10 6 )C P 

P all = (0.083953h)(8.1 x 10 6 )C p = 680.02 x 10 2 bC p 
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PROBLEM 10.108 (Continued) 

Calculate ~^all for all four values of b. See table below. 

<- P = 41 kN 

Use b = 0.140 m. 

b = 140.0 mm -4 


b (m) 

d (m) 

a c 

c P 

P all (kN) 

0.090 

0.090 

0.51443 

0.44367 

27.2 

0.140 

0.140 

1.24480 

0.76081 

72.4 

0.190 

0.190 

2.2927 

0.8878 

114.7 

0.240 

0.190 

2.2927 

0.8878 

144.9 
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P = 32 kips 



PROBLEM 10.109 

A compression member of rectangular cross section has an effective length of 
36 in. and is made of the aluminum alloy 2014-T6 for which the allowable 
stress in bending is 24 ksi. Using the interaction method, determine the 
smallest dimension d of the cross section that can be used when e = 0.4 in. 


SOLUTION 

A = 2.25 d c = —d e = 0.4 in. L„ = 36 in. 

2 

<r all6 = 24 ksi P = 32 kips 


I x = —(2.25 )d 3 
x 12 


r = 


Assume 


r — v 


Vf2 

i.e. d < 2.25 in. 


L Jr m in = Vl 24 Id 


Assume L„/r mi „ > 55. a M „ = 


55,400 55,400<r 


a “’ c (Vu) 2 

32 


12 Li 


55 , 400 _ d2 = 3 _ 56224 ^2 


(12)(36) 2 


7 all,c ^(Taii j, 


(12)(32)(0.4)(^) i 


(2.25J)(3.56224^ 2 ) (2.25d 3 )(24) 


3.9925 1.42222 , 
-^;— = 1 


Let x = — 
d 


3.9925x 3 + 1.42222x 2 = 1 


d = — = 1.8823 in. < 2.25 in. 
x 


Solving forx, x = 0.53126 

L!r x = (Vl2)(36)/1.894 = 65.8 > 55 


d = 1.882 in. A 
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P = 32 kips 

PROBLEM 10.110 


.. dJvV'. . 

Solve Prob. 10.109, assuming that e = 0.2 in. 




PROBLEM 10.109 A compression member of rectangular cross section has 




an effective length of 36 in. and is made of the aluminum alloy 2014-T6 for 




which the allowable stress in bending is 24 ksi. Using the interaction method, 

2.25 

n. 


determine the smallest dimension d of the cross section that can be used when 
e = 0.4 in. 


SOLUTION 


A = 2.25 d 


c = —d 
2 


e = 0.2 in. L„ = 36 in. 


cr all h = 24 ksi P = 32 kips 


I x = —(2.25 )c/ 3 
* 12 


d 


r = 


VI2 

Assume = r min , i.e. <7 < 2.25 in. 

4/r min = Vl2Z7rf 


Assume L e /r min > 55. er alu = 


P P„, 
+ ■ 


55,400 55,400c/ 2 55,400c/ 2 


(W 


32 


(12)(36) 2 


= 3.56224 d- 


all , c -an j, (2.25rf)(3.56224rf z ) 


^CTall.c ^ 

3.9925 0.71111 


+ 


c/ 3 


d 1 


= 1 


Let x = 


1 


1 


(12)(32)(0.2)(^) _ | 
(2.25d7 3 )(24) 

3.9925x 3 + 0.7111 lx 2 = 1 


Solving forx, x = 0.57623 in 

LJr x = (Vl2)(36)/1.748 = 71.4 > 55 


d = — = 1.735 in. < 2.25 in. 
x 


d - 1.735 in. 4 
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PROBLEM 10.111 

An aluminum tube of 3-in. outside diameter is to carry a load of 10 kips having 
an eccentricity e = 0.6 in. Knowing that the stock of tubes available for use are 
made of aluminum alloy 2014-T6 and have wall thicknesses in increments of 
-jk in. up to ~ in., determine the lightest tube that can be used. Use the 
allowable-stress method. 


SOLUTION 



L = 6 ft = 72 in. 

c = —d 

= 1.500 in. = c 


0 2 


c { = c 0 — t = 1.500 

~ t 


A = ) 

' = -M 

-4) 

Try t = — in. = 0.25 in. 

4 

c t = 1.250 in. 


A = 2.1598 in 2 

/ = 2.0586 in 4 


r = . — = 0.97629 in. 


V A 



— = ——— = 73.748 > 55 (2014-T6 aluminum alloy) 

r 0.97629 



55.400 55.400 _ . 



„ - 10.186 ksi 


{Lh-y (73.748) 


P-i\\ ! Me _ P M | PtffC _ 

1 (0.6)(1.500) _ 

P al 1 = 0.9002P all 

A I A I 

^2.1598 2.0586 


rr „ 10 186 


D _ an _ 

— = 11.315 laps > 10 kips 

“ 0.9002 0.9002 


Since P aU is nearly proportional to the thickness t. 


t 10 

3 



t « 0.221 in. > — 

in. = 0.1875 in. 

0.25 11.315 

16 


3 

-in. thickness would be too small. 


Use t = — in. 4 

16 


4 
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PROBLEM 10.112 

Solve Prob. 10.111, using the interaction method of design with an allowable 
stress in bending of 25 ksi. 

PROBLEM 10.111 An aluminum tube of 3-in. outside diameter is to carry a 
load of 10 kips having an eccentricity e = 0.6 in. Knowing that the stock of 
tubes available for use are made of aluminum alloy 2014-T6 and have wall 
thicknesses in increments of -4- in. up to j in., determine the lightest tube that 
can be used. Use the allowable-stress method. 


SOLUTION 


L e = 6 ft = 72 in. 

C: = c„ - t = 1.500 - t 


A = jt 


(cl-cf) 


c„ = —d n = 1.500 in. = c 

o 2 o 


'-fM 


1 . 


Try t = — in. = 0.25 in. 
4 


A = 2.1598 in" 


r = . — = 0.97629 in. 

n 


c i = 1.250 in. 
/ = 2.0586 in 4 


72 


r 0.97629 

55,400 55,400 


^all ,c ~ 


= 73.748 > 55. (2014-T6 aluminum alloy) 

= 10.186 ksi 


‘all 


Me 


^ a all,c ^ a aU,b 


cL/ry (73.748) 

P all | P all ec 


^ a al\ I a all ,b 

1 (0.6)(1.500) 

(2.1598)(10.186) + (2.0586)(25) 

= 15.89 kips > 10 kips 


Pan = 0.062943 P M = 1 


p — 

a " 0.062943 
Since ^all is nearly proportional to the thickness t, 
t 10 


0.25 15.89 


t * 0.1574 in.<— in. = 0.1875 in. 
16 
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PROBLEM 10.112 (Continued) 


Try t 


— = 0.1875 in. 
16 


c, = 1.3125 in. 


A = 1.6567 in 2 , / = 1.64537 in 4 , r = 0.99658 in. 
— = 72.247 > 55 cr all c =10.614 ksi 


1 (0.6)(1.500) 

(1.6567)(10.614) + (1.64537)(25) 

1 


P an = 0.07875 P M = 1 


= 


0.07875 
t 10 


= 12.70 kips > 10 kips 


0.1875 12.70 


0.1477 in. < — in. 
16 


Use t = — in. 
16 


◄ 
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PROBLEM 10.113 

A steel column having a 24-ft effective length is loaded eccentrically as 
shown. Using the allowable-stress method, select the wide-flange shape 
of 14-in. nominal depth that should be used. Use a Y = 36 ksi and 
E = 29 x 10 6 psi. 


SOLUTION 


E = 29,000 ksi 


L = 24 ft = 288 in. 


Transition —: 

r 


4.71 — = 133.68 


e = o m. 


P Pec 


-b 

A T 


< Call or — 


, ec 
1 + — 

V u J 


< a. 


all 


For 14-in. nominal depth, c ~ 7 in., r x « 6 in. 


l + j * i + (8X7) = 23 3 

r ( 6) 2 


If the column is short, 


If the column is long, 


a „ii = = 21.56 ksi 

a11 1.67 

i<> 2j3P = (2.33X120) = 1297in2 

Call 21 - 56 


2.33 P < 


Q.877^- 2 ^/ 

1.67L 2 


(1.67)(2.33)PL 2 = (1.67)(2.33)(120)(288) 2 = ^ _ 
0.877k 2 E 0.877^ 2 (29,000) 
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Try W14 x 82. 


Try W14 x 145. 


PROBLEM 10.113 (Continued) 


A = 24.0 in 2 , 

L. 288 




p 

-h 

A S 


2.48 


S x = 123 in 3 , 
= 116.13 < 133.66 


r v = 2.48 in. 


= ^(29,000) = 2L221ksi 


(116.13)" 


cr — °~ cr — 

°all - 


1.67 


^-[o.65 8 36/21 221 ](36) = 10.60 ksi 


P Pe 120 (120)(8) ,„ on1 . . 

—i-=-h --—- = 12.80 ksi > 10.60 ksi 

A S r 24.0 123 


(not allowed) 


A = 42.7 in 2 


S x = 232 in 3 , 


r v = 3.98 in. 


288 ?r 2 (29,000) t . . 

= 72.36 < 133.68 ay =-= 54.664 ksi 


‘Till _ 


3.98 

<T, 


1 


1.67 1.67 


(72.36)" 


[0.65 8 36/54 ' 664 ](36) = 16.36 ksi 


Pe 120 (120)(8) , nc1 . 

- + --= 6.95 ksi < 16.36 ksi 


42.7 


232 


Use W14 x 145. ◄ 
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120 kips 


PROBLEM 10.114 

Solve Prob. 10.113 using the interaction method, assuming that 
< t y = 50 ksi and the allowable stress in bending is 30 ksi. 

PROBLEM 10.113 A steel column having a 24-ft effective length is 
loaded eccentrically as shown. Using the allowable-stress method, select 
the wide-flange shape of 14-in. nominal depth that should be used. Use 
(T Y = 36 ksi and E = 29 x 10 6 psi. 


SOLUTION 


Transition —: 

r 


For r, < 2.54 in.. 


Interaction formula: 


E = 29,000 ksi 


4.71 — = 113.43 


= 113.43 


4 = 24 ft = 288 in. 


288 


r 

y 


r v = 2.54 in. 


0.8 lln 2 E 5.1 83£r 2 


all,centric j -67(£/r) 2 

P Pe 


^^all,centric ^.v^all, bending 


< 1 


PLt 


Pe 


5.183£V v A 5' ( .cr a [| bendlng 


= P< 1 


(120)(288) | (120)(8) 
(5.183)(29,000)4 5430) P 

66.22 32 „ , 

-+ — = B < 1 
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PROBLEM 10.114 (Continued) 

Obviously, 


I y > 66.22 in 4 and 5 

x > 32 in 3 



Shape 

r y (in.) 

I y (in 4 ) 

S x (in 3 ) 

P 

W14 x 68 is the lightest shape with 


W14 x 82 

2.48 

148 

123 

0.708 

/?<!■ 


W14 x 68 

2.46 

121 

103 

0.858 

<- UseW14x68. ◄ 


W14 x 53 

1.92 

* 

57.7 





*too small 
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PROBLEM 10.115 

A steel compression member of 5.8-m effective length is to support a 
296-kN eccentric load P. Using the interaction method, select the wide- 
flange shape of 200-mm nominal depth that should be used. Use 
E = 200 GPa, a Y = 250 MPa, and cr a u = 150 MPa in bending. 


SOLUTION 


Transition —: 

r 


At transition. 


4.71 = 4.71 J 200 X 1 ° 9 6 = 133.22 

V 250 x 10 6 


5T 


= 133.22 


r = 45.4 x 10 3 m = 45.4 mm 


For 200-mm nominal depth wide-flange sections, 

1 


c = —d » 104 mm 
2 


For r., = 45.4 mm. 


Interaction formula: 


a "’ centric (1.67)(133.22) 2 
P Pec 


ec .. (125)(104) 

mm a-r— = l.oo 

r 2 (88) 2 


0.8777T E =58 _ 4xl0 6 pa 


^^all,centric ^ r x ^all,bending 


< 1 


A > P 


1.67 


ec/r" 


) all,bending 


1.68 


= 296 x 10 3 f— L6? + , 

V250 x 10 6 150 xlO 6 

= 5.29 x 10 -3 m 2 = 8380 mm 2 


Try W200 x 59. 


A = 7550 mm 2 , S x = 582 x 10 3 mm 3 , r = 51.8 mm 


5i 


-3 


51.8 x 10 
a nr 1 


= 111.97 < 133.22 


n 2 E 

(LJrf 


L„ = 5.8 m 


= 157.45 MPa 


J all,centric 

Pe 


1.67 1.67 


[0.65 8 250/157 ' 45 ](250) = 77.02 MPa 


296 x 10 


3 


_ _ _ (296 x 10 3 )(125 x 10~ 3 ) 

^centric " ^^aii.bending ~ (7550 x 10- 6 )(77.02 x 10 6 ) + (582 x 1Q- 6 )(150 X 10 6 ) 

= 0.5090 + 0.4238 = 0.9329 < 1 (allowed) 
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PROBLEM 10.115 (Continued) 


Try W200 x 52. A = 6650 mm 2 , S x = 511 x 10 3 mm 3 , r y =51.6 mm 


— = 112.40 cr e = 156.23 MPa cx alliCentric 

r v 

_ 296 X IQ 3 _ (296 x 10 3 )(125 x 10~ 3 ) 

(6550 x 10“ 6 )(76.62 x 10 6 ) (512 x 10“ 6 )(150 x 10 6 ) 


76.62 MPa 

1.064 > 1 (not allowed) 


Use W200 x 59. ◄ 
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PROBLEM 10.116 

A steel column of 7.2-m effective length is to support as 83-kN eccentric 
load P at a point D, located on the x axis as shown. Using the allowable- 
stress method, select the wide-flange shape of 250-mm nominal depth that 
should be used. Use E = 200 GPa and ay = 250 MPa. 


SOLUTION 


Transition —: 

r 


At the transition, 


All sections meet 


Try W250 x 49.1. 


4.71 — = 133.22 


= 133.22 


7.2 


r, = 54.05 x 10 1 m = 54.05 mm 


— > 133.22. 


^all “ 


ay _ 0.877;U£’ 


1.67 1.67(Z/r v f 


A = 6260 mm - 


0.877^(200 x 10^) =i9 9%2xi 
(1.67)(7.2/,-,r 7 


= 15.2 x 10 mm 


P + Pe 


S v = 151 x 10 3 mm r v = 49.3 mm 

y y 

o- all = (19.9962 X 10 9 )(49.3 x 10“ 3 ) 2 = 48.601 MPa 
83 x 10 3 (83 x 10 3 )(70 x 10 -3 ) 


6260 x 10 


-6 


151 x 10 


-6 


= 51.736 MPa > a. 


all 


(not allowed) 


Approximate required area: 
Try W250 x 58. 


51 736 (6260) = 6664 mm 2 
48.601 


A = 7420 mm 2 , = 185 x 10 3 mm 3 , r = 50.3 mm 


er all = (19.9962 x 10 9 )(50.3 x 10“ 3 ) 2 = 50.592 MPa 


P 

-h 

A S 


Pe 


83 x 10 j 
7420 x10“ 


(83 x 10 3 )(70 x 10 -3 ) 


185x10 


-6 


= 42.591 MPa < cr. 


all 


Use W250 x 58. ◄ 
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PROBLEM 10.117 

Determine (a) the critical load for the steel strut, ( b ) the 
dimension d for which the aluminum stmt will have the same 
critical load, (c) Express the weight of the aluminum stmt as 
a percent of the weight of the steel stmt. 


Aluminum 
E = 10.1 X 10 6 psi 
y = 170 lb/ft 3 


SOLUTION 

Steel: 

Aluminum: 

Length: 

(a) Steel strut : 


E = 29 x 10 6 psi y = 490 lb/ft 3 = 0.28356 lb/in 3 

E = 10.1 x 10 6 psi 7 = 170 lb/ft 3 =0.09838 lb/in 3 
L = 4 ft = 48 in. 


/ = — d*=— f-| = 5.2083xl0~ 3 in 4 
12 s 121 2 . 


P = 


7T 2 EI _ 7r 2 (29 x 10 6 )(5.2083 x 10~ 3 ) 


L 


(48)" 


Weight: W s = y s Ld 2 = (0.28356)(48) 

(b) Aluminum strut : 


- =3.4028 lb 

2 


P... = 


7t 2 EI 


/ = 


P a E- (647)(48) 2 
n 2 E ~ ^ 2 (10.1xl0 6 ) 


= 14.9546 x 10 in 


-3 -4 


Weight: 


/ = -L fl ' 4 d = %J\2I = ^/(12)(14.9546 x 10^ 3 ) 
W a =y a Ld 2 =(0.09838)(48)(0.651) 2 =2.0004 lb 


(c) Weight ratio as a percent : 


x 100% = 2 ' 00 ° 4 x 100% 




3.4028 


P = 647 lb ◄ 


d = 0.651 in. A 


58.8% ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1765 





















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


IL B 



l - 

h 

k 

k 


■A/W'/y@ 

frvVVVV'- 


A A; 

i 

d 

1 : 


PROBLEM 10.118 

The rigid rod AB is attached to a hinge at A and to two springs, each of 
constant k. If h = 450 mm, d = 300 mm, and m = 200 kg, determine the 
range of values of k for which the equilibrium of rod AB is stable in the 
position shown. Each spring can act in either tension or compression. 


SOLUTION 


Let 6 be the angle change of bar AB. 

5 x =h sin 9 
S 2 =d sin 0 

+yLM A = 0 : 

(2 k d 2 ){d cos 0) - mg d, =0 
(2 kd 2 cos 9 - mgh) sin 9 = 0 


Let 9 be small. 


For stability, 


k = - 


mgh 


2d" cos 9 


cos 9 ~ 1 


k> 


mgh 

2d 2 



Data: 


m = 200 kg, g = 9.81 m/s 2 , h = 0.450 m, d = 0.300 m 

, (200)(9.81)(0.450) . , a3i . 2 

k > - ---—- = 4.905 x 10 J kg/s 

(2)(0.300) 2 


k > 4.91 kN/m ◄ 
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e-r 

■p 


PROBLEM 10.119 




A column of 3-m effective length is to be made by welding together two Cl30 x 13 

cA 

As 

- 

rolled-steel channels. Using E - 200 GPa, determine for each arrangement shown the 

(a) 

(b) 

allowable centric load if a factor of safety of 2.4 is required. 


SOLUTION 

For channel Cl30 x 13, 


Arrangement (a) : 


Arrangement (b) \ 


A = 1700 mm- 


b f = 48.0 mm 


4 = 3.70 x 10 ° mm 4 


4 , = 0.260 x 10 6 mm 4 x = 12.1 mm 


7 X =(2)(3.70x10 6 ) = 7.40x10 6 mm 4 

/ v = 2[0.260x 10 6 + (1700)(12.1) 2 ] = 1.0178 x 10 6 nun 2 


/ mm = 4 = 1.0178 x 10 6 mm = 1.0178 x 10 “ 6 m 4 


4. = ^ = " 2(20 ° * 109)(L0178 * 10 ~ 6) = 223 x IQ 3 N = 223 kN 


^all “ 


^e 

4. 223 


(3.0) 


F.S. 2.4 
4 = (2)(3.70 X10°) mm 4 = 7.40 x 10° mm 4 


4„ = 93.0 kN ◄ 


4 =2[0.260x10 6 + (1700)(48-12.1) 2 ] = 4.902x 10 6 mm 4 


/ min = 4 = 4.902 x 10 6 mm 4 = 4.902 x 10 ^ 6 m 4 


p _ ^ EI mm 
r cv t 2 


^ 2 (200x10 9 )(4.902x1Q- 6 ) 

(3.0 ) 2 


= 1075 x 10 3 N = 1075 kN 


_ 4r _ 1075 
a11 F.S. 2.4 


4, = 448 kN ◄ 
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PROBLEM 10.120 

(a) Considering only buckling in the plane of the structure shown and using 
Euler’s formula, determine the value of 9 between 0° and 90° for which the 
allowable magnitude of the load P is maximum, (b) Determine the 
corresponding maximum value of P knowing that a factor of safety of 3.2 is 
required. Use E = 29 x 10 6 psi. 


SOLUTION 

Strut AB. 


L = 3 ft = 36 in. 


c = -d = H^\ = 0.375 in. 


2 

n 

~4 


I = — c 4 = 15.5316 x 10“ 3 in 4 


, _ n 2 EI _ n 2 ( 29 x 10 6 )(15.5316 x 10“ 3 ) 

\”ab) cr ~ T 2 - 


( 36 ) 


= 3.4301 x 10 3 lb 


Strut BC: L = 2 ft = 24 in., 


c = — 
2 


- = 0.3125 in., 


/ = 7.4901 xl0“ 3 in 4 


. **(29xlO‘X7.4901xlO-*) = x , 0 3 

L (24) 2 

For structure, P is maximum if both struts buckle simultaneously. 

(Pbc) c 


(a) tan 0 = 


(Pab) c 


= 1.08507 


0 = 47.2° ◄ 


0 b) P CI = J(Pab) cr + (Pbc) cr = 5-0614 X 10 3 lb = 5.0614 kips 

5.0614 


With F. S. = 3.2, 


P = 


3.2 


P = 1.582 kips ◄ 
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PROBLEM 10.121 

Member AB consists of a single C130 x 10.4 steel channel of length 
2.5 m. Knowing that the pins at A and B pass through the centroid of the 
cross section of the channel, determine the factor of safety for the load 
shown with respect to buckling in the plane of the figure when 9 = 30°. 
Use Euler’s formula with E = 200 GPa. 
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PROBLEM 10.122 

The line of action of the 75-kip axial load is parallel to the geometric axis 
of the column AB and intersects the x axis at x = 0.6 in. Using 
E = 29 x 10 6 psi, determine (a) the horizontal deflection of the midpoint C 
of the column, ( b ) the maximum stress in the column. 


SOLUTION 

L=L = 20 ft = 240 in. 


e = 0.6 in. 


W8 x 35: A = 103 in 2 1= 42.6 in 4 


(a) 


= 10.6 hr E = 29,000 ksi 


P cr = 

P 
P 


7T 2 EL, 


75 


211.68 


;T(29,000)(42.6) 

(240) 2 

= 0.35404 


= 211.68 kips 


y m = 



(b) M n 


= (0.6)[sec (0.93499) - l] 

= 0.41040 in. 

= P(y m + e) = (75)(0.6 + 0.41040) = 75.780 kip • in. 


P 

A 




S y 


75 75.780 

+ 


10.3 10.6 


y m = 0.410 in. A 

O'max = 14 - 43 ksi < 
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PROBLEM 10.123 

Supports A and B of the pin-ended column shown are at a fixed distance L from each other. 
Knowing that at a temperature To the force in the column is zero and that buckling occurs 
when the temperature is 7j = T 0 + AT, express AT in terms of b, L, and the coefficient of 
thermal temperature a. 



SOLUTION 


Let P be the compressive force in the column. 


La(AT) -= 0 P = EAa(AT) 

EA 

rr 2 FJ 

P a = = P = EAa(AT) 

AT _ n 2 El _ n 2 Eb A l\l 
- L 2 EAa ~ L 2 Eb 2 


AT 


7T 2 b 2 
III} a 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1771 













Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


y 


PROBLEM 10.124 


c 


11 
11 
11 



x 

A = 13.75 X 10 3 mm 2 
4 = 26.0 X 10 6 mm 4 
I = 141.0 X 10 6 mm 4 


A column is made from half of a W360 x 216 rolled-steel shape, with 
the geometric properties as shown. Using allowable stress design, 
determine the allowable centric load if the effective length of the 
column is (a) 4.0 m, (b) 6.5 m. Use ay = 345 MPa and E = 200 GPa. 
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PROBLEM 10.125 

A rectangular column with a 4.4-m effective length is made of glued 
laminated wood. Knowing that for the grade of wood used the adjusted 
allowable stress for compression parallel to the grain is a c = 8.3 MPa and 
the adjusted modulus is E = 4.6 GPa, determine the maximum 
allowable centric load for the column. 


SOLUTION 


Glued laminated column: 


c = 0.9 E = 4600 MPa 
A = (216)(140) = 30,240 mm 2 

= 30,240 xl0^ 6 m 2 
d = 140 mm = 140 x 10 3 m 
L = 4.4 m 


L _ 
~d~ 

a CE = 



4.4 

140x10 

0.822£ 

{Ltd'f 

3.8281 

8.3 


r = 31.429 

(0822X4600) 

(31.429) 2 

0.46121 


= 3.8281 MPa 


u J + cJce/cTc = L46121 =Q81178 

2c (2)(0.9) 


v= %^r =051246 

c 

C p =u- 4u 2 -V = 0.42908 

cr all = C p a c = (0.42908)(8.3) = 3.5614 MPa 


p all = a M A = (3.5614 x 10 6 )(30,240x 10 6 ) 


P M =107.7 kN ◄ 
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PROBLEM 10.126 

A column of 4.5-m effective length must carry a centric load of 900 kN. Knowing that a Y = 345 MPa and 
E = 200 GPa, use allowable-stress design to select the wide-flange shape of 250-mm nominal depth that 
should be used. 


SOLUTION 


Transition —: 

r 


P<2x± 

1.67 


4.71 I— = 4.71 J 200 X 10 = 113.40 
345x10 6 


a> L67P = (1.67X900 x 10*) = ^ x ^ = 435? ^ 


345x10° 


p < = 0-877 n~EI^ 


r 2 

> L61PL ‘ = (1 67)(9 °° * '° 3)(4 f 2 = .7.58 X = 17.58 x 10W 

mill /V r-.r-rr-, c r ft Q'7'7 _ ^/A A A *, 1 A^^ 


0.877 n A E 


0.877;r (200 x 10 y ) 


Try W250 x 58. A = 7420 mm 2 , r = 50.3 mm 


4.5 


cr„ = 


50.3 x 10 
k 2 E 
(LJrf 


-3 


= 89.46 < 113.40 


;r 2 (200 x 10 9 ) 


(89.46) 2 


= 246.64 MPa 


a cr = (0.658 °* /<T «)<7 y = [0.658 


r.345/246.64 


](345) = 192.11 MPa 


P a n = 


a cr A (192.11 xl0 b )(7420xl0“ 6 ) 


1.67 


1.67 


= 854 kN < 900 kN 


(not acceptable) 


Try W250 x 67. A = 8580 mm", r =51.1 mm 


4.5 


cr = 


51.1 x 10 

ttE 

Tw 2 


-3 


= 88.063 < 113.40 


;t 2 (200 x 10 9 ) 


(88.063)“ 


= 254.53 MPa 


cr cr = (0.658 olr/tr ‘)cr y = [0.658 345/254 ' 53 ](345) = 195.63 MPa 


a cr A (195.63 xl0 6 )(8580 xl0“ 6 ) 


_ ^ cr _ 

a11 1.67 


1.67 


= 1005 kN > 900 kN 
(acceptable) 


Use W250 x 67. ◄ 
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PROBLEM 10.127 

An 11 -kip vertical load P is applied at the midpoint of one edge of the square cross 
section of the steel compression member AB, which is free at its top A and fixed at its 
base B. Knowing that for the grade of steel used cr Y = 36 ksi and E = 29 x 10 6 psi, 
and using the allowable-stress method, determine the smallest allowable dimension d. 


SOLUTION 


Steel: a Y = 36 ksi 

■ ■ L A 
transition — = 4.71 
r 


E = 29,000 ksi 


= 4.71 


29,000 


36 


= 133.68 


a L , n577 , cr cr 0.877^‘£' 5.18305 

Assume — > 133.68 so that <j rr = 0.877<x, and ov,, = —— =- T 

r 1.67 1.67(Z/r) 2 (L/r) 2 


Square cross section: 

1 


A = d 2 


I = — <7 for all axes through the center of the square. 


I d 


A yjil 
Allowable stress for centric loading . 


L e = 2L = (2)(4.5 ft) = 9 ft = 108 in. 


cr„n — 


(5.1830 )E _ (5.1830)(29,000) 2 


a11 (108) 2 /((7 2 /12) (108) 2 (12) 


d z = 1.07387 d A ksi 


Eccentric loading : M = Pe P = 11 kips 


1 


e = c = —d when the loading is at point D. 


Allowable stress method. 


P Me Pi, ec 
<7di = - + — = “I 1 + — 


I 


1 + 


(d/2)(d/2) 

d 2 /n 


AP_ _ 44 

d 2 ~ d 2 


ksi 
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PROBLEM 10.127 (Continued) 


Equating the two expressions for cr a|| . 



, 44 

44 


1.07387 d 2 = — 

d - 4 - 2.53 in. 


d 2 

V 1.07387 


2.53 

o 

DC 


r - - 0.730 in. 

e - - 147.9 > 133.68 


V12 

r 0.730 


Assumption is verified. 



Smallest allowable dimension. 


d = 2.53 in. A 
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PROBLEM 10.128 

A column of 14-ft effective length consists of a section of steel tubing 
having the cross section shown. Using the allowable-stress method, 
determine the maximum allowable eccentricity e if (a) P = 55 kips, 
( b ) P = 35 kips. Use a Y = 36 ksi and E = 29 x 10 6 psi. 
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PROBLEM 10.C1 

A solid steel rod having an effective length of 500 mm is to be used as a compression strut to carry a centric 
load P. For the grade of steel used, E = 200 GPa and a Y = 245 MPa. Knowing that a factor of safety of 2.8 
is required and using Euler’s formula, write a computer program and use it to calculate the allowable centric 
load for values of the radius of the rod from 6 mm to 24 mm, using 2-mm increments. 


SOLUTION 


Enter radius rad, effective length L e and factor of safety FS. 
Compute radius of gyration . 


A 

I 

r 



Determine allowable centric load . 

Critical stress: 


Let cr equal smaller of cr cr and cr Y . 


n~E 

(LJrf 


Pa 


ctA 

~FS 


Program Output 


Radius 
of Rod 

m 

Critical 

Stress 

MPa 

Allowable 

Load 

kN 

0.006 

71.1 

2.87 

0.008 

126.3 

9.07 

0.010 

197.4 

22.15 

0.012 

284.2 

39.58 

0.014 

386.9 

53.88 

0.016 

505.3 

70.37 

0.018 

639.6 

89.06 

0.020 

789.6 

109.96 

0.022 

955.4 

133.05 

0.024 

1137.0 

158.34 


Below the dashed line we have: Critical Stress > Yield Strength. 
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PROBLEM 10.C2 




An aluminum bar is fixed at end A and supported at end B so that it is free 




to rotate about a horizontal axis through the pin. Rotation about a vertical 

J 



axis at end B is prevented by the brackets. Knowing that E = 10.1 x 10 6 psi, 




use Euler’s formula with a factor of safety of 2.5 to determine the 


1.5 in. 

allowable centric load P for values of b from 0.75 in. to 1.5 in., using 




•''A' A 0.125-in. increments. 




>1,1' 

P 
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PROBLEM 10.C3 

The pin-ended members AB and BC consist of sections of aluminum 
pipe of 120-mm outer diameter and 10-mm wall thickness. Knowing 
that a factor of safety of 3.5 is required, determine the mass m of the 
largest block that can be supported by the cable arrangement shown for 
values of h from 4 m to 8 m, using 0.25-m increments. Use E = 70 GPa 
and consider only buckling in the plane of the structure. 


SOLUTION 

Compute moment of inertia : 


for h = 4 to 8 using 0.25 increments. 
Compute allowable loads for members . 


Determine allowable W. 


W all equals smaller value. 
Compute mass m . 


I = —(0.06 4 - 0.05 4 ) 
4 


tt 2 EI 


{FAB)a 3.5 (4) 2 ’ 


k 2 EI 


{FbcXi 3.5 (6) 2 


(W m \=2(F ab ) ci 

0^all)2 = 


w. 


m - - 


all 


9.81 


Joint D\ 

MX ZM 

3 i\/i 

w 1 

HF V = 0 yields 

T = —W 
y 2 

T - S 

= — yields 
T v h 


T = ■ 

1 r 


1.5W 


Joint B: 


• -c- 


f=sc- 


/•5-W 


F - 7 ^ 

~AQ 2 


! y~ 


/.rw 


~ — W 
1 Y 2 
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PROBLEM 10.C3 (Continued) 

Program Output 


h 

m 

Weight Critical Stress 
AB 
kN 

Weight Critical Stress 

BC 

kN 

Mass 

kg 

4.00 

455.11 

269.7 

7854.88 

4.25 

455.11 

286.6 

8345.80 

4.50 

455.11 

303.4 

8836.74 

4.75 

455.11 

320.3 

9327.66 

5.00 

455.11 

337.1 

9818.59 

5.25 

455.11 

354.0 

10,309.52 

5.50 

455.11 

370.8 

10,800.45 

5.75 

455.11 

387.7 

11,291.38 

6.00 

455.11 

404.5 

11,782.31 

6.25 

455.11 

421.4 

12,273.24 

6.50 

455.11 

438.3 

12,764.17 

6.75 

455.11 

455.1 

13,255.10 

7.00 

455.11 

472.0 

13,255.10 

7.25 

455.11 

488.8 

13,255.10 

7.50 

455.11 

505.7 

13,255.10 

7.75 

455.11 

522.5 

13,255.10 

8.00 

455.11 

539.4 

13,255.10 
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PROBLEM 10.C4 

An axial load P is applied at a point located on the x axis at a distance 
e = 0.5 in. from the geometric axis of the W8 x 40 rolled-steel 
column AB. Using is = 29 x 10 6 psi, write a computer program and 
use it to calculate for values of P from 25 to 75 kips, using 5-kip 
increments, (a) the horizontal deflection at the midpoint C, ( b ) the 
maximum stress in the column. 


SOLUTION 

Enter length L, eccentricity e. 
Enter properties A, /,,, r v , b f . 
Compute critical load : 


7T 2 EI y 

~1T 


for P = 25 to 75 kips in increments of 5. 


Compute horizontal deflection at C . 


y c = e 


f f 

sec 

V 


v 



- 1.0 

) 


Compute maximum stress . 



v 


eb 


'f n 
^sec— 
• 2 2 
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PROBLEM 10.C4 (Continued) 

Program Output 


Load 

kip 

Maximum Deflection 
in. 

Maximum Stress 
kips 

25.0 

0.059 

3.29 

30.0 

0.072 

3.99 

35.0 

0.086 

4.69 

40.0 

0.100 

5.41 

45.0 

0.115 

6.14 

50.0 

0.130 

6.88 

55.0 

0.146 

7.65 

60.0 

0.163 

8.43 

65.0 

0.181 

9.22 

70.0 

0.199 

10.04 

75.0 

0.219 

10.88 
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PROBLEM 10.C5 

A column of effective length L is made from a rolled-steel shape and carries a centric axial load P. The yield 
strength for the grade of steel used is denoted by a Y , the modulus of elasticity by E, the cross-sectional area 
of the selected shape by A, and its smallest radius of gyration by r. Using the AISC design formulas for 
allowable stress design, write a computer program that can be used with either SI or U.S. customary units to 
determine the allowable load P. Use this program to solve ( a ) Prob. 10.57, ( b ) Prob. 10.58, (c) Prob. 10.124. 


SOLUTION 

Enter I, E, cr Y . 

Enter properties A, r 
Determine allowable stress. 


\fL/r y =2 C, 


If L/r y < C, 


Calculate allowable load. 


C = 4.71 



_ 0.877;r 2 E’ 
~ 1.67 (L/r y ) 2 


7T 2 E 
( L/r y ) 2 


°all ~ 


—[ 0 . 658 ^ 
1.67 L 


°y 


^all = ‘Till ^ 

Program Outputs 

Problem 10.57a 

Effective length = 6.00 m 

A = 4580.0 mm 2 
r = 40.8 mm 

Yield strength = 250.0 MPa 
E = 200 GPa 


Allowable centroid load: P = 219.5 kN 
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PROBLEM 10.C5 (Continued) 

Program Outputs ( Continued ) 

Problem 10.57/? 

Effective length = 6.00 m 

A = 11,000.0 mm 2 
r y = 53.2 mm 

Yield strength = 250.0 MPa 
E = 200 GPa 


Allowable centroid load: P = 839.0 kN 
Problem 10.58a 


Effective length = 21.00 ft 
A = 9.130 in 2 
r v = 2.020 in. 
Yield strength = 36.0 ksi 

E = 29,000 ksi 


Allowable centroid load: P = 86.7 kips 
Problem 10.58/? 


Effective length = 21.00 ft 
^4 = 9.130 in 2 

r, = 2.020 in. 

y 

Yield strength = 50.0 ksi 

E = 29,000 ksi 


Allowable centroid load: P = 88.2 kips 


Problem 10.124a Effective length = 4.00 m 

A = 13.8 mm 2 
r = 43.4 mm 

Yield strength = 345.0 MPa 
E = 200 GPa 


Allowable centroid load: P = 1532 kN 

Problem 10.124 b Effective length = 6.50 m 

A = 13,800.0 mm 2 


r = 43.4 mm 

Yield strength = 345.0 MPa 
E = 200 GPa 


Allowable centroid load: P = 638.0 kN 
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PROBLEM 10.C6 

A column of effective length L is made from a rolled-steel shape and is 
loaded eccentrically as shown. The yield strength of the grade of steel 
used is denoted by a Y , the allowable stress in bending by cr all , the 
modulus of elasticity by E, the cross-sectional area of the selected shape 
by A, and its smallest radius of gyration by r. Write a computer program 
that can be used with either SI or U.S. customary units to determine the 
allowable load P, using either the allowable-stress method or the 
interaction method. Use this program to check the given answer for 
(a)Prob. 10.113, (b) Prob. 10.114. 


SOLUTION 

Enter L, E, cr Y , (cr alI ) bending , e x , e y . 

Enter properties A, S x , S , r v . 

Determine allowable stress. 

C = 4.71 £ 


\a Y 

If L/r y 3® C, 

o.sn^ 2 E 

^"all — o 

1.67(L/r v ) 2 

If Llr y < C, 

jt 2 E 
<Y e = , 

(L/r y ) 2 


^ aI1 “[ 0.658 CT ^]cx y 

For allowable-stress method: 

«• 1 e x e v 

A S x S y 


p _ ^all 
r a\\ ~ 

coeii. 

For interaction method: 

,, 1 (e x /S x ) + (e v /S) 

coeff. = - H - ; — 

^^all (^al^bending 


p - 10 

all _ 

coeir. 
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PROBLEM 10.C6 (Continued) 

Program Outputs 


Problem 10.113 

Effective length = 24.00 ft 

A = 42.700 in 2 
r y = 3.980 in. 

S x = 232.00 in 3 

Yield strength = 36.0 ksi 

£ = 29xl0 3 ksi 

Using allowable-stress method, 

Allowable load: P = 282.6 kips 

Problem 10.114 

Effective length = 24.00 ft 

A = 20.000 in 2 
r v = 2.460 in. 

S x =103.00 in 3 

Yield strength = 50.0 ksi 

E = 29 x 10 3 ksi 

Using interaction method, 

Allowable load: P = 139.9 kips 
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PROBLEM 11.1 

Determine the modulus of resilience for each of the following grades of structural steel: 

(a) ASTM A709 Grade 50: cr y = 50 ksi 

(b) ASTM A913 Grade 65: cr Y = 65 ksi 

(c) ASTM A709 Grade 100: = 100 ksi 


SOLUTION 


Structural steel : E = 29 x 10 6 psi for all three steels given. 


(a) cr y = 50 ksi = 50 x 10 3 psi 



u Y = 

<4 

(50xl0 3 ) 2 


2E 

(2)(29 x 

TO 6 ) 

(b) 

a Y = 65 ksi = 

■- 65 x 

10 3 psi 



VI y — 


(65 x 10 6 ) 2 


2 E 

(2)(29 x 

10 6 ) 

(c) 

c t y =100 ksi 

= 100 

xl0 3 psi 



Vly 


(lOOx 

10 3 ) 2 


2 E 

(2)(29 

so 

O 

X 


= 43.1 in.-lb/in 3 ◄ 


= 72.8 in.-lb/in 3 ◄ 


u v = 172.4 in. • lb/hT -4 
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PROBLEM 11.2 



Determine the modulus of resilience for each of the following aluminum alloys: 

(a) 1100-H14: 

E = 10 GPa 

a Y = 55 MPa 

(. b ) 2014-T6: 

E = 12 GPa 

a Y = 220 MPa 

(c) 6061-T6: 

E = 69 GPa 

a Y =150 MPa 


SOLUTION 


Aluminum alloys : 

(a) E = 10 x 10 9 Pa 


(b) E = 12 x 10 9 Pa 


(c) E = 69xl0 9 Pa 


Uy = 


Uy = 


U y — 


55 x 

o 

OS 

TJ 

P 


oi 

(55 x 

10 6 ) 2 

2 E 

1 

^3 

o 

Os 

O 

X 

220 

X 

o 

OS 

P 


Gy 

(220 x 

10 6 ) 2 

2 E 

(2)(72 

Os 

O 

X 

150 

x10 6 Pa 



(150x 

10 6 ) 2 


= 21.6x 10’N -m/m 3 


= 336x 10 3 N • m/m 3 


2 E (2)(69xl0 9 ) 


= 163.Ox 10 3 N-m/m 3 


u Y = 21.6 kJ/m 3 4 


u Y =336 kJ/m 3 4 


u Y = 163.0 kJ/m 3 4 
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PROBLEM 11.3 

Determine the modulus of resilience for each of the following metals: 

(a) Stainless steel 

AISI 302 (annealed): E = 190 GPa a Y = 260 MPa 

( b ) Stainless steel 

AISI 302 (cold-rolled): E = 190 GPa a Y = 520 MPa 

(c) Malleable cast iron: £’ = 165 GPa cr f =230MPa 


SOLUTION 


(a) E = 190xl0 9 Pa, o> = 260 x 10 6 Pa 


oi 

u Y = — 
y 2 E 

- (260xl ° 6) ; = 177.9x 10 3 N■ m/m 3 
(2)(190x 10 9 ) 

u Y = 177.9 kJ/m 3 ◄ 


(, b ) E = 190xl0 9 Pa, oy = 520x 10 6 Pa 


f 

LI y — 

r 2 E 

(520x 10 6 ) 2 , T . 3 

= —-— = 712 x 10 N • m/m 

(2)(190x 10 9 ) 

u Y = 712 kJ/m 3 A 


(c) E = 165 x 10 9 Pa, ay = 230 x 10 6 Pa 


<4 

U Y = - 

7 2 E 

- ( 230xl ° 6 ) 2 = 160.3X10 3 N.m/m 3 
(2)(165 x 10 9 ) 

u Y = 160.3 kJ/m 3 A 
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PROBLEM 11.4 



Determine the modulus of resilience for each of the following alloys: 


(a) Titanium: 

E = 16.5x 10 6 psi 

o Y = 120 ksi 

( b ) Magnesium: 

E = 6.5 x 10 6 psi 

a Y = 29 ksi 

(c) Cupronickel (annealed): 

E = 20 x 10 6 psi 

Gy =16 ksi 


SOLUTION 


U y — 


Uy = 


= 120 

x 10 3 psi 

oi 

(120 xlO 3 ) 2 

2E 

(2)(16.5 x 10 6 ) 

= 29x 

10 3 psi 

G 2 y 

(29x 10 3 ) 2 

2E 

(2)(6.5 x 10 6 ) 

--16 x 10 3 psi 

.o$_ 

(16xl0 3 ) 2 

2E 

(2)(20 x 10 6 ) 


= 436 in. • lb/in 3 A 


= 64.7 in.-lb/in 3 ◄ 


= 6.40 in.-lb/in 3 ◄ 
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PROBLEM 11.5 

The stress-strain diagram shown has been drawn from data obtained 
during a tensile test of a specimen of structural steel. Using 
E = 29 x 10 6 psi, detennine (a) the modulus of resilience of the steel, 
(b) the modulus of toughness of the steel. 
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o-(MPa) 





PROBLEM 11.6 

600 





The stress-strain diagram shown has been drawn from data obtained 




T 

during a tensile test of an aluminum alloy. Using E = 72 GPa, 

450 

1 




determine (a) the modulus of resilience of the alloy, (b) the modulus 
of toughness of the alloy. 

300 

41 

1 





150 

! i 

-i 

i 

i 

i 


_ 

_ 




0.14 0.18 



x 0.006 






SOLUTION 

(cl ') (7 y — ESy 

u Y = ^Eey = ^-(72 x 10 9 )(0.006) 2 

= 1296 x 10 3 N-m/m 3 u Y = 1296 kJ/m 3 ◄ 

( b ) Modulus of toughness = total area under the stress-strain curve 

The average ordinate of the stress-strain curve is 

500 MPa = 500x 10 6 N/m 2 . 

The area under the curve is A = (500 x 10 6 )(0.18) = 90.0 x 10 6 N/m 2 . 

modulus of toughness = 90.0 x 10 6 J/m 3 =90.0 MJ/nT A 
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PROBLEM 11.7 

The load-deformation diagram shown has been drawn 
from data obtained during a tensile test of a specimen of 
an aluminum alloy. Knowing that the cross-sectional area 
of the specimen was 600 mm 2 and that the deformation 
was measured using a 400-mm gage length, determine by 
approximate means ( a ) the modulus of resilience of the 
alloy, ( b ) the modulus of toughness of the alloy. 


SOLUTION 




P P 

A 600 xl0“ 6 m 2 




5 5 

£ = — = - 

L 400 nun 

Soo 

Draw a - £ curve: 

t"Ya 

(a) 

Modules of resilience: 

(shaded area) o 

u Y = f(500MPa)(0.007) 

A j 

1 

L 


j 

S-oo') 

o.m 



Uy — 

1.750 MJ/m 3 ◄ 

(b) 

Modules of toughness: (total area under a - £ curve) 




= 1.750 MJ/m 3 + (500 MPa)(0.125 - 0.007) + |(6.33 - 500)(0.125 - 0.007) 




= 1.750 MJ/m 3 + 59 MJ/m 3 + 10.46 MJ/m 3 =71.2 MJ/m 3 


◄ 
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P (kips) 

20 





1 

r 

PROBLEM 11.8 





J 

L 

The load-deformation diagram shown has been 

15 






pr 

drawn from data obtained during a tensile test of a 
--in.-diameter rod of structural steel. Knowing 
that the deformation was measured using an 18-in. 

10 

i 





i 

Ti i 

1 1 i 





- r S 

P 

gage length, determine by approximate means 

5 

L 





(a) the modulus of resilience of the steel, (b) the 


'l 

l 

i 





r p 

n 'l 

modulus of toughness of the steel. 


^ 0.36 

3.2 


u( 

n.; 



0.025 
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PROBLEM 11.9 

Using E = 29 x 10 6 psi, detennine (a) the strain energy of the steel rod ABC when 
P = 8 kips, (b) the corresponding strain energy density in portions AB and BC of the 
rod. 


SOLUTION 

P = 8kips, £’ = 29xl0 3 ksi 

, n 2 jr , T P C > 2 

A = —d , V = AL, a = —, u =- 

4 A 2 E 

U = uV 


Portion 

t7(in.) 

L(in.) 

A (in 2 ) 

U(in 3 ) 

cr (ksi) 

u(m. ■ kip/in 3 ) 

U (in. • kip) 

AB 

0.625 

24 

0.3608 

7.363 

26.08 

11.72 xlO -3 

86.32 x 10 -3 

BC 

0.75 

36 

0.4418 

15.904 

18.11 

5.65 x 10~ 3 

89.92 x 10 -3 

Z 


176.24 xl0~ 3 


(i a ) (7 = 176.2x10 3 in.-kip (7 =176.2 in.-lb A 

(b) In AB : n = 11.72 x 10 3 in. ■ kip/in 3 u AB = 11.72 in. ■ Ib/in 3 -^ 


In BC : u =5.65x10 3 in.-kip/in 3 u BC =5.65 in. • lb/in 3 A 
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SOLUTION 


(a) 

(b) 


A ab =j( 20) 2 = 314.16 mm 2 

= 314.16x 10~ 6 m 2 
A bc =j( 16) 2 =201.06 mm 2 

= 201.06x 10~ 6 m 2 


P = 25x 10 3 N 
U = I- 


p 2 l 


2EA 


(25 x 10 3 ) 2 (1.2) 


(25 x 10 3 ) 2 (0.8) 


(2)(200 x 10 9 )(314.16 x 10~ 6 ) (2)(200 x 10 9 )(201.06 x 10~ 6 ) 


U = 5.968 + 6.213 = 12.18 N • m 


U = 12.18 J ◄ 


a AB ~' 


25 x 10 3 




314.16xl0~ 


= 79.58 xl0 6 Pa 


u JB = —^- = (79-58x10 6 ) 2 _ 15 83x1Q 3 


*AB 


(J BC ~~ 


2 E (2)(200xl0 9 ) 

P 25 x 10 3 


*AB 


= 15.83 kJ/m 3 ◄ 


A ab 201.1 6 x 10~ 6 


= 124.28 xl0 6 Pa 




2 E (2)(200x 10 ) 


*BC 


= 38.6 kJ/m 3 ◄ 
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PROBLEM 11.11 

A 30-in. length of aluminum pipe of cross-sectional area 
1.85 in 2 is welded to a fixed supports and to a rigid cap B. The 
steel rod EF, of 0.75-in. diameter, is welded to cap B. Knowing 
that the modulus of elasticity is 29xl0 6 psi for the steel and 
10.6xl0 6 psi for the aluminum, determine (a) the total strain 
energy of the system when P = 8 kips, (b) the corresponding 
strain-energy density of the pipe CD and in the rod EF. 


SOLUTION 

Member EF carries a force P = 8000 lb in tension while member CD carries 8000 lb in compression. 

Area of member EF: A = —d 2 = — (0.75) 2 =0.4418 in 2 

4 4 


(a) Strain energy . 


CD: 


EF: 


UCD — 


U EF - 


p 2 l 


(-8000) 2 (30) 


2EA (2)(10.6 x 10 6 )(1.85) 

P 2 L (8000) 2 (48) 

2 EA ~ (2)(29 x 10 6 )(0.4418) 


= 48.95 in.-lb 


= 119.89 in. lb 


Total: U = U CD + U EF = 168.8 in. • lb 
(b) Strain energy density . 

8000 


CD: 


EF: 


cr = — 


1.85 


= -4324 psi. 


u = - 


(-4324) 2 


2 E (2)(10.6 x 10 6 ) 


8000 , 8,08 ' 

cr =-= 18,108 psi, 

0.4418 


it = - 


(18,108) 2 


2 E (2)(29xl0 6 ) 


t/ = 168.8 in.-lb. ◄ 


= 0.882 in.-lb/in 3 ◄ 


= 5.65 in. • lb/in 3 4 
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PROBLEM 11.12 

A single 6-mm-diameter steel pin B is used to connect the steel strip 
DE to two aluminum strips, each of 20-mm width and 5-mm 
thickness. The modulus of elasticity is 200 GPa for the steel and 
70 GPa for the aluminum. Knowing that for the pin at B the 
allowable shearing stress is r all = 85 MPa, detennine, for the loading 
shown, the maximum strain energy that can be acquired by the 
assembled strips. 


SOLUTION 

^ in = ^ = ^ (6)2 = 28.274 mm 2 


= 28.274 xl(T 6 m 2 


r all = 85 x 10 6 Pa 

Double shear: 

P = 2 At = (2)(28.274 x 1 (T 6 )(85 x 10 6 ) 


= 4.8066xl0 3 N 

For strips AB, DB, BE , 

A = (20)(5) = 100 mm 2 = 100 x lCT 6 m 2 


Fa,‘Fd. =4p = 2.4033x10>N 

Uab , Udb ._^s __ <2.4033*,0=)(0.5, =02063j 

IE u A A r (2)(70xl0 9 )(100xl(T 6 ) 

T r F beL be (4.8066 x 10 3 ) 2 (1.25 - 0.5) 

BE 2 E s A m (2)(200xl0 9 )(100xl0- 6 ) ' 

Total: 

U = U AB + U DB + U BE = 0.846 J U = 0.846 J ◄ 
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PROBLEM 11.13 

Rods AB and BC are made of a steel for which the yield strength 
is cjy = 300 MPa and the modulus of elasticity is E = 200 GPa. 
Determine the maximum strain energy that can be acquired by the 
assembly without causing any permanent deformation when the 
length a of rod AB is (a) 2 m, (b) 4 m. 


SOLUTION 


A ab = j(lO) 2 = 78.54 mm 2 = 78.54 x 10“ 6 m 2 


A bc = ^(6) 2 = 28.274 mm 2 = 28.274 x 10“ 6 m 2 

P = a Y A miD = (300 x 10 6 )(28.274 x 10“ 6 ) 

= 8.4822 x 10 3 N 


U 


X 


p 2 l 

2EA 


(a) a = 2 m L - a = 6-2 = 4m 

(8.4822 x 1Q 3 ) 2 (2) | (8.4822 x 10 3 ) 2 (4) 

~ (2)(200 x 10 9 )(78.54 x 10“ 6 ) (2)(200 x 10 9 )(28.274 x 10“ 6 ) 

= 4.5803 + 25.4466 = 30.0 N • m = 30.0 J 

( b ) a = 4m Z-a = 6- 4 = 2m 

(8.4822 xlQ 3 ) 2 (4) | (8.4822 x 10 3 ) 2 (2) 

~ (2)(200 x 10 9 )(78.54 x 10“ 6 ) (2)(200 x 10 9 )(28.274 x 10“ 6 ) 

= 9.1606 + 12.7233 = 21.9 N • m = 21.9 J 


◄ 


◄ 
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PROBLEM 11.14 

Rod BC is made of a steel for which the yield strength is a Y =300 MPa 
and the modulus of elasticity is E = 200 GPa. Knowing that a strain 
energy of 10 J must be acquired by the rod when the axial load P is 
applied, determine the diameter of the rod for which the factor of safety 
with respect to pennanent deformation is six. 


SOLUTION 


For factor of safety of six on the energy, 

Uy = (6)(10) = 60 J 


_ cTy _ (300 xio 6 ) 2 
7 ~ 2 E ~ ( 2)(200 x 10 9 ) 

= 225 x 10 3 J/m 3 

(/y — ALlly 

A _. Uy ... 60 

Lu y (1.8)(225 x 10 3 ) 

= 148.148 xl0~ 6 m 2 


A = —d 2 




n 


(4)(148.148 x 10 -6 ) 


n 

= 13.73 xl0~ 3 m 


d = 13.73 mm A 
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PROBLEM 11.15 


18-mm diameter 

The assembly ABC is made of a steel for which E = 200 GPa 



and (t y = 320 MPa. Knowing that a strain energy of 5 J must be 

12-mm diameter / \ 1 

acquired by the assembly as the axial load P is applied, determine 



the factor of safety with respect to permanent deformation when 

aC 


(a) x = 300 mm, ( b ) x = 600 mm. 

p 

900 mm 



SOLUTION 


Uy = 320 MPa = 320 x 10 6 Pa, E = 200 GPa = 200 x 10 9 Pa 

A ab = ^d 2 AB = ^(12) 2 = 113.097 mm 2 = 113.097 x 10“ 6 m 2 

a bc = ^ d lc = ^( 18 ) 2 = 254.47 ™ 2 = 254.47 x 10“ 6 m 2 

At lin = A AB 

Force at yielding or allowable axial force . 

P = Py = CTyA mm = (320 X 10 6 )(113.097 x 10“ 6 ) = 36.191 x 10 3 N 


(a) x 


Uy 


300 mm: 

Uab + Ubc 


L ab = 0.300 m, 


_ 73 Lab + P L B c 
2E a ab 2EA bc 


Lbc ~ 


2 E 


■ 0.600 m 
L L ^ 

^ab _j_ ^bc 

a ab a bcj 


(36.191 xl0 3 ) 2 f 0,300 0.600 

(2)(200 x 10 9 ) L 113.097 x 10“ 6 254.97 x 10“ 6 

(3.2745 x 10“ 3 )(2652.6 + 2353.2) = 16.392 J 


Applied energy : U = 5 J 


Factor of safety : 


U Y _ 16.392 
U 5 


F.S. = 3.28 ◄ 


{b) x = 600 mm: L AB = 0.600 m, L BC = 0.300 m 

36.191 xlO 3 f 0,600 | 0.300 

F ~ (2)(200 x 10 9 )L 113.097 x 10“ 6 254.97 xlO -6 . 

= (3.2745 x 10“ 3 )(5305.2 + 1176.6) = 21.225 J 

tt 21 225 

Factor of safety: — - = — : - F.S. = 4.25 4 

U 5 
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SOLUTION 


Radius: r = — 
L 


Anin = * C 


a 2 2 

A = nr = —7— x 


U = 


L 

r 2L P 2 dx 
h 2 EA 

P A L 


2r2 / j 


IEtic 


P~ r 2L Lr dx 
2 E J l nc 1 x 2 

2 L 


P 2 L 2 f 


2 EA m] 


in V 


l l 

2 L + L 
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2.85 in. 



PROBLEM 11.17 

Using E = 10.6 x 10 6 psi, detennine by approximate means the 
maximum strain energy that can be acquired by the aluminum rod 
shown if the allowable normal stress is cr all = 22 ksi. 


-«- 4 @ 1.5 in. = 6 in. —*- 


SOLUTION 


4 nin =^(1.5) 2 =1.7671 in 2 


cr al | = 22,000 psi 

^all =<T allAnin =38,877 lb 


u = 


r P 2 dx _ P 2 | 

r dx 2P 1 | 

r dx 

J 2 EA 2 E J 

' Krf 2 7 tE J 

d 2 


4 


Use Simpson’s rule to compute the integral, h = 1.5 in. 


Section 

<7(in.) 

1/t/ 2 (in 2 ) 

multiplier 

m(Vd 2 )(in 2 ) 

1 

1.50 

0.4444 

1 

0.4444 

2 

2.10 

0.22675 

4 

0.9070 

3 

2.55 

0.15379 

2 

0.3076 

4 

2.85 

0.12311 

4 

0.4924 

5 

3.00 

0.11111 

1 

0.1111 

Z 


2.2625 



U = 


h Y 

—Lm 

3 


= ^-(2.2625) = 1.13125 in’ 1 


(2)(38877) 2 (1.13125) 
^•(10.6x 10 6 ) 


U = 102.7 in.-lb ◄ 
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B 



PROBLEM 11.18 

In the truss shown, all members are made of the same material and have the 
uniform cross-sectional area indicated. Determine the strain energy of the trass 
when the load P is applied. 
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PROBLEM 11.19 

In the truss shown, all members are made of the same material and have the uniform 
cross-sectional area indicated. Determine the strain energy of the truss when the 
load P is applied. 


SOLUTION 



c 


+|ZF V =0: 
ZF X = 0 : 
U = I 


V3 


~Fcd~P = 0 


Fbc 2 ^ CD ~ 0 


F 2 L 1 
2EA 2E ^ 


F 2 L 


F 


CD 


F, 


BC 



Member 

F 

L 

A 

F^L/A 

BC 

Jr p 

l 

A 

-P 2 l/A 

3 

CD 


21 

A 

-P 2 1/A 

3 

Z 




3 P 2 l/A 


U = - 

2 E 


, PI 


2 ,\ 


P 2 l 

U = 1.5— ◄ 
EA 
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SOLUTION 



Equilibrium of joint C. 



t+2X = 0: 

p - p - 0 

2 p cd / u 

F 

CD ~ V3 

© 

II 

+ 

~F BC ~ ~2^ cd ~ ® 

Frc = ~i=P 
BC V3 

Equilibrium of joint D. 



+1 I F y = 0: 

Frd + ~^F CD = 0 

f bd = p 


Strain energy . 


t/ = I 


1 F 2 L 

2 EA 


1 y F 2 L 
2A 


Member 

F 

L 

A 

f 2 l/a 

BC 

4 p 

1 

A 

-P 2 I/A 


V3 



3 

CD 

P 

21 

A 

*P 2 1/A 


V3 



3 

BD 

P 

73/ 

A 

73 P 2 l/A 

Z 




4.732P 2 I/A 


U = 


2 E 


4.732 


P 2 l^ 


P 2 I 

U = 2.37— 4 
EA 
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80 kN PROBLEM 11.22 

(2000 

(2500irm?X 

mm 2 ) 


2a 

— 30 kN Each member of the truss shown is made of aluminum and has the 
cross-sectional area shown. Using E = 12 GPa, determine the strain 
energy of the truss for loading shown. 

Be 

v ; ' D 














1 m 





PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1812 
































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 




PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1813 






























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 11.24 

B Taking into account only the effect of normal stresses, determine the strain 
energy of the prismatic beam AB for the loading shown. 


L 


SOLUTION 


M 



= 0 : 


■ M - (wv) | — | = 0 


1 9 

M = — wv " 

2 


r l m 2 , 

1 

r L f i 

- dv- 

= - 

—wv 2 

Jo 2EI 

2 El • 

lol 2 J 


z _ t z a 

W 4 . W V 

- v dv =- 

8£/Jo 8 El 5 


w 2 L 5 
40 El 


U 


w 2 L 5 

40 El 
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PROBLEM 11.25 

Taking into account only the effect of normal stresses, determine the strain 
energy of the prismatic beam AB for the loading shown. 



Over portion AD \ 



Total: U - U AD + U DB 


M = ~Px 


rr r* M2 , 1 f a r)~ 2, P 2 V 

U A n = n - = - \,P x ax = - 

AD Jo 2EI 2El 10 2EI 3 


TV 

6EI 


., aP 

M = -v 

L 


J DB 


rL M 2 1 rL a 2 P 2 2 , 

= n - dv = - n - ~ v dv 

J o 2E1 o J o 


2 El 


L 

P 2 a 2 e l 2 , P 2 a 2 v 3 

^Jo v dv = 


2 EIL 


2 EIL 2 3 


P 2 a 2 L 

6EI 


U = 


TV 

6 El 


(a + L) A 
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r r 

PROBLEM 11.26 

-- L -- 

Taking into account only the effect of normal stresses, determine the strain 
energy of the prismatic beam AB for the loading shown. 


SOLUTION 


Symmetric beam and loading: 

R-a ~ P B 

Over portion AD, 

+tsF v =0: R a +R b -2P = 0 R a =R b =P 

M = R a x = Px 

tt r Ml a pl r 2 1 p 2 x 3 a p 2 a 3 

U An = - ax- - x ax- -=- 

Jo 2 El 2El Jo 2 R1 3 Q 6£7 

Over portion DE, 

D TT P 2 a 2 (L - 2d) 

M = Pa U nF = - 1 - - 

DE 2EI 

Over portion EB, 


By symmetry, 

P 2 a 3 

U E b =U ad =- 

EB AD 6RI 

Total: 

U = U AD +U DE +U EB U = ^-(3L-4a) 4 

6EI 
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PROBLEM 11.27 

Taking into account only the effect of normal stresses, determine the 
strain energy of the prismatic beam AB for the loading shown. 
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8 kips 


PROBLEM 11.28 


A t 



6 ft 


3 ft — 


Using E = 29 x 10 6 psi, determine the strain energy due to 
bending for the steel beam and loading shown. (Neglect the 
effect of shearing stresses.) 
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1.5 in. 


N 



PROBLEM 11.29 

Using E = 29 x 10 6 psi, detennine the strain energy due to bending for 
the steel beam and loading shown. (Neglect the effect of shearing 
stresses.) 


SOLUTION 

Overy4 to B \ 

Over B to C: 


By symmetry, 

Total : 

Data: 


M = -Px 

a M 2 dx 


U A b ~ 


0 2 El 2 El j 0 

-M = Pa = constant 


x"dx = 


P 2 a 3 
6 El 


VBC - 


M 2 b P 2 a 2 b 


2EI 2 El 


U CD ~ U AB ~ 


r>2 3 
P a 

6EI 


u — U AB + U BC + U CD — 


P 2 a 2 (2a + 3b) 
6EI 



P ? 


P = 2 x 10 3 lb, a = 15 in., b = 60 in. 
I = ~(l-5)(3) 3 = 3.375 in 4 

jj _ (2 x 10 3 ) 2 (15) 2 [(2)(15) + (3)(60)] 
(6)(29 x 10 6 )(3.375) 


U = 322 in. • lb ◄ 
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PROBLEM 11.30 

Using E = 200 GPa, determine the strain energy due to bending for the 
steel beam and loading shown. (Neglect the effect of shearing stresses.) 


SOLUTION 


Over portion AC, 


By symmetry, 


Total: 



r 1,2 M 
Uac ~)o 2 E 

P 2 x 3 

/*= p5 f 

I 8 Eli 

m , , 

p 2 l 3 

8£Y 3 

\92EI 


P 2 ]} 

U cb Uac 192EI 


P 2 L 3 

U = U AC + U CB = - 

c c 96EI 


1/2 


x 2 dx 



Data: 


P = 180 x 10 3 N, L = 4.8 m, £ = 200xl0 9 Pa 
/ = 178 x 10 6 mm 4 =178xl0~ 6 m 4 


(180 x 10 3 ) 2 (4.8) 


U = 


(96)(200 x 10 9 )(178 x 10~ 6 ) 


= 1048 N-m 


U =1048J ◄ 
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W310 X 74 



PROBLEM 11.31 

Using E = 200 GPa, determine the strain energy due to bending for 
the steel beam and loading shown. (Neglect the effect of shearing 
stresses.) 


SOLUTION 

Over portion AD, 


? 


LA 


I* a 


By symmetry, 


P 

E 


8 


-X- a 


a 


Data: 


/* = 80 x 10 3 N, a = 1.6 m, E = 200 x 10 y Pa 


M =Px 


U AD ~ 


■ a M 


>0 2 El 
P 


dx = - 


— f \Pxf 

FT Jo 


2 El 3 


2EIJ0 

n 2 3 

P a 


dx 


6 El 


Over portion DE, 


V de ~ 


{Pa) 2 a 
2 El 


M = Pa 


P 2 a 3 


2 El 


UEB ~ UAD ~ 


P 2 a 3 
6EI 


u - U AD + U DE + U EB - 


5 P 2 a 3 


6 El 


I = 163 x 10 b mm 4 = 163 x 10 _b m 4 

_ g = 670 N • m 


u = 5 - 


(80 x 10 3 ) 2 (1.6) 3 


6 (200 x 10 )(163 x 10 ) 


U = 670 J ◄ 
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PROBLEM 11.32 



Assuming that the prismatic beam AB has a rectangular cross section, show 
that for the given loading the maximum value of the strain-energy density 
in the beam is 


u 


max 


45 U_ 
8 V 


where U is the strain energy of the beam and V is its volume. 
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T a = 300 N • m 

'Sy-r 

PROBLEM 11.33 

30 mm 

7] [7 0.9 m 

In the assembly shown, torques T a and T B are exerted on disks A and B, 
respectively. Knowing that both shafts are solid and made of aluminum 



(G = 73 GPa), determine the total strain energy acquired by the 

T b = 400 N • m 


assembly. 

46 mm — 

0.75 m 



SOLUTION 

Over portion AB : 


Over portion BC : 


Total: 


T ab = T a = 300 N • m 

J = —c 4 = — ( —) = 79.52 x 10 3 mm 4 = 79.52 x 10 _9 m 4 

AB 2 2 J 


L ab = °- 9 m 

v T 2 ab L ab (300) 2 (0.9) 

AB 2 GJ ab (2)(73 x 10 9 )(79.52 x 10“ 9 ) 

= 6.977 J 


T bc = t a + T b = 300 + 400 = 700 N • m, 
L bc = 0.75 m 


J 


BC 




439.57 x 10 3 mm 4 = 439.57 x 10 _9 m 4 


^BC 


t bc l bc .... (700) 2 (0.75) 

2 GJ bc (2)(73 x 10 9 )(439.57 x 10“ 9 ) 


U — U AB + U BC = 6.977 + 5.726 = 12.70 J 


◄ 
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PROBLEM 11.34 


36 in. 

ft 


The design specifications for the steel shaft AB require that the shaft 




\B 

acquire a strain energy of 400 in. • lb as the 25-kip • in. torque is applied. 
Using G = 11.2 x 10 5 psi, determine (a) the largest inner diameter of the 




shaft that can be used, ( b ) the corresponding maximum shearing stress in 

A 

s' 



the shaft. 


^s'k 2.5 in 




25 kip • in. 
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PROBLEM 11.35 

Show by integration that the strain energy in the tapered rod AB is 


where J min is the polar moment of inertia of the rod at end B. 


SOLUTION 


r = ■ 


cx 

L 


_ TC 4 TC C 4 

J = —r =- -x , 

2 2 L 4 


U = 


T — K 4 

7 m i n — ^ C 


U = 


r 2L T 2 dx r 2 l 


T 2 

dx 

J l 2 GJ Ji 

2 G 

f 

TC 

A ^ 




l 2 

I 4 

^ y 

T 2 L 4 

f 2L dx 




2G/ min 

h ,4 




T 2 L 4 

' 1 1 

2 L 



2-GJ mm 

1 

H 
\ rn 

L 



t 2 l 4 

r 

l 


l 

h 


2 GJ„ 


3(2 LY 3U 



U = 


7 T L 
48 GJ . 
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PROBLEM 11.36 



The state of stress shown occurs in a machine component made of a 
brass for which a Y = 160 MPa. Using the maximum-distortion-energy 
criterion, determine the range of values of a z for which yield does not 
occur. 


SOLUTION 


cx ave =-(100 + 20 ) 


cr - cr. 


= 60 MPa 
_ 100-20 
” 2 
= 40 MPa 


= 75 MPa 


r „ __ x 2 
R = — -^ + r; 

t 2 . 

= V40 2 + 75 2 
= 85 MPa 

°a = ^ave + R 

= 145 MPa 

~ ^ave — R 

= -25 MPa 

(°a-°bf +(°b- 
(145 + 25) 2 + (-25- a z ) 2 + (a z - 145) 2 = (2)(160) 
28,900 + (625 + 50o\ + cr 2 ) + (cr 2 - 290a z +21,025) = 51,200 


cr_ = 


2cr 2 - 240 cj 2 - 650 = 0 
240 + x/240 2 + (4)(2)(650) 


(2)(2) 

cr. = 122.65 MPa, -2.65 MPa 


= 60 + 62.65 




-2.65 MPa < cr. < 122.65 MPa ◄ 
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SOLUTION 


cx ave =1(100 + 20) 
= 60 MPa 

(T x -(7y _ 100-20 

2 ~ 2 
= 40 MPa 
= 75 MPa 

xy 


y ‘ 

1 2o 


1 

-> 

IS 




> 

1 


-V 


' 




(145 + 25) 2 + (-25 - 45) 2 + (45 -145) 2 l 2(160) 2 = 51,200 
28,900 + 4900 +10,000 = 43,800 < 51,200 


(No yield.) A 


( b ) ct c =a, = -45 MPa 


(145 + 25) 2 + (-25 + 45) 2 + (-45 -145) 2 -2:51,200 
28,900 + 400 + 36,100 = 65,400 > 51,200 


(Yield occurs.) A 
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PROBLEM 11.38 



The state of stress shown occurs in a machine component made of a 
grade of steel for which a Y = 65 ksi. Using the maximum-distortion- 
energy criterion, determine the range of values of a v for which the 
factor of safety associated with the yield strength is equal to or larger 
than 2.2. 


SOLUTION 


cr - cr 


^ave=|(0 + 8) 

= 4 ksi 
-0 


X z 


2 2 
= 4 ksi 
= 14 ksi 


ft 


R = . 


2 ) 


+ t: 


= V 4 2 +14 2 
= 14.56 ksi 

v a =v me + R 

= 18.56 ksi 

G b = ^ave ~~ R 

= -10.56 ksi 

= °y 


K - °bf + K - <*c f + K ~ 


65 


(18.56 +10.56) + (-10.56 - a v Y + (a v -18.56) z = 2 

847.97 + (111.51 + 21.12 a y + a;) + (a) - 37. 12a r + 344.47) = 1745.87 

2cr 2 -16cr - 441.92 = 0 


cr,, = 


16 +Vl6 2 +(4)(2)(441.92) 


(2)(2) 

= 4 + 15.39 

cr= 19.39 ksi, -11.39 ksi 



-11.39 ksi < cr< 19.39 ksi 4 
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PROBLEM 11.39 



The state of stress shown occurs in a machine component made of a 
grade of steel for which a Y = 65 ksi. Using the maximum-distortion- 
energy criterion, determine the factor of safety associated with the 
yield strength when (a) a r =+16 ksi, ( b ) a =-16 ksi. 


SOLUTION 


(a) 


^ave=|(0 + 8) 

= 4 ksi 
<Tx-<Tz _ 8 ~° 

2 2 
= 4 ksi 
r xz =14 ksi 





(18.56 + 10.56) 2 +(-10.56 -16) 2 +(16-18.56) 2 

847.97 + 705.43 + 6.55 



8450 


(FS.f 


F.S. = 2.33 ◄ 


( b ) cr c = cr = -16 ksi 


(18.56 +10.56) 2 + (-10.56 +16) 2 + (-16 -18.56) 2 = 2 


847.97 + 29.59 +1194.39 = 


' 65 
k F.S. 
8450 
(F.S.) 2 


F.S. = 2.02 ◄ 
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b 

PROBLEM 11.40 

M 0 



( 


F Determine the strain energy of the prismatic beam AB, taking 


_ 

_^ into account the effect of both normal and shearing stresses. 


SOLUTION 

Reactions: 

Shear: 

Bending moment: 
For bending . 


For shear . 


Total : 

with 


R A =^i, R b =^-T 

L B L 


V 



3_V_ 
2 A 


f i\ 



u - 


xy 


9V A 


j 


U 2 = | udv = 



2 G 8 GA 

J J ubdy dx = 


8Gb 2 d 2 L 2 


dvdx 


9M 2 q r L ( 2 / 1/" 

8Gbd 2 L 2 Jo 3 C 2 5 c\ 


dx = 


9 Ml 
8Gb d 2 j} 




dx 


9 M 2 r 16 ^ 6 MpC 3 Ml 

8Gbd 2 l}V\5 C ) ~ 5 Gbd 2 L~ 5 GbdL 


U = U l +U 2 = 


M 2 0 L | 3 M 2 
6EI 5 GbdL 


/ = 

U = 


—bd 3 

12 

2MqL 

Ebd? 


, 3 M 2 
5 GbdL 


U = 


Ebd 3 [ 10GI 2 J 


◄ 
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PROBLEM 11.41* 



A vibration isolation support is made by 
bonding a rod A, of radius R\, and a tube 
B , of inner radius Ri, to a hollow rubber 
cylinder. Denoting by G the modulus of 
rigidity of the rubber, determine the strain 
energy of the hollow rubber cylinder for 
the loading shown. 


SOLUTION 


+ —► = 0: -x(2nrL) + Q = 0 


r = ■ 


Q 


2 nrL 


u - 


Q z 


2 G 8 7T 2 r 2 L 2 G 

Q 2 




U = u dV = —=—- —^ = 


1 r R i 2nr dr 


dV 

2^,2 I j" o_2^ r 2 l„ l„ 2 


GL 


-J J 

Jo J 


Q 2 


L r r 2 dr 


n 

J 0 J 


8x z GL z Jo J Rl r - 
2 


dx 


—dx = - 


Q 


AjxGLT Jo Jr, r 


4 nGL 


-J. ) 


dx 


25—> Q. 


u = 


Q 2 


/n^- ◄ 


AtxGL R, 
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PROBLEM 11.42 

A 5-kg collar D moves along the uniform rod AB and has a speed 
v 0 = 6 m/s when it strikes a small plate attached to end A of the 
rod. Using E = 200 GPa and knowing that the allowable stress in 
the rod is 250 MPa, determine the smallest diameter that can be 
used for the rod. 


SOLUTION 


U m = ~ mv o = ~(5)(6) 2 =90 J 

v p l L 

m 2EA 2EA 

a = 2EU^ A 2X200 xl0; X 90) =480xl0 - 6m2 

o' Ll (250 x 10 6 ) 2 (1.2) 

/ (4)(480xl0g = 247xl0 _3 m 
4 v TC V TC 


d = 24.7 mm -4 
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PROBLEM 11.43 

The 18-lb cylindrical block E has a horizontal velocity Vo when it strikes 
squarely the yoke BD that is attached to the in.-diameter rods AB 
and CD. Knowing that the rods are made of a steel for which cr Y = 50 ksi 
and E = 29 x 10 6 psi, determine the maximum allowable speed vo if the 
rods are not to be permanently deformed. 


SOLUTION 


6yA 

GvA 


Data: 


At the onset of yielding, the force in each rod is 


F = a y A. 






Corresponding strain energy: 


tt _ FabLab 

U AB ~ 


cr Y A z L _ <j y AL 


2EA 


AB 


2EA 


2 E 


TT _ F CD L CD _ cr Y AL 

u CD ~ 


2EA, 


CD 


2 E 


Total: 


U m = U AB + U CD = 


CTyAL 


TT 1 2 1 W 2 

u m = ^' mv o = A V 0 


2 g 


Solving for Vq, 


v 0 2 = 


Vn = 


2 gU m _ 2gcTyAL 


W 


EW 


2gcTyAL 

EW 


g = 32.17 ft/s 2 = 386 in./s 2 


A = —d 2 = 71 


7 


4 4 

L = 3.5 ft = 42 in. 


= 0.60132 in 2 , 


j (2)(386)(50 x 10 3 ) 2 (0.60132)(42) 

I (29 x 10 6 )(18) 


V n = 


ct y = 50 x 10 2 psi 
E = 29 x 10 6 psi 
W = 18 lb 
= 305.6 in./sec 


= 25.5 ft/sec -4 
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PROBLEM 11.44 

The cylindrical block E has a speed v 0 = 16 ft/s when it strikes squarely the 
yoke BD that is attached to the 2-in.-diameter rods AB and CD. Knowing that 
the rods are made of a steel for which a Y =50 ksi and E = 29 x 10 6 psi, 
determine the weight of block E for which the factor of safety is five with 
respect to permanent deformation of the rods. 


SOLUTION 

At the onset of yielding, the force in each rod is 

Corresponding strain energy: 


Solving for W, 

Data: 


F = CTyA. 


er Y A 


F 2 L 

TT - r AB^AB 
U AB~' 


a Y A 2 L _ cj y AL 


£ 


2 EA 


AB 


2 EA 


2 E 




u -u - a Y AL 

U CD ~ u AB ~ 

2 E 


6VA 


fA 


U m =U AB +U CD = 


ct y AL 


1* 


u m = 


w = 


\mv 2 \(F.S.) = 


1 W 2 Wjyc, 

v 0 \(F.S.) 

V 2 g 


2gU„ 


2 g<7 2 AL 


v 2 0 (F.S.) v 2 (F.S.)E 


g = 32.17 ft/sec 2 = 386 in./sec", cr y = 50x 10’psi, 
7 


A = -d 2 =- 

4 4 


L = 3.5 ft = 42 in. 


= 0.60132 in £’ = 29xl0°psi 


F.S. = 5 


v n = 16 ft/sec = 192 in/sec 


(2)(386)(50x 10 3 ) 2 (0.60132)(42) 
(192) 2 (5)(29 x 10 6 ) 


W = 


$ 

* 


W = 9.12 lb ◄ 
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PROBLEM 11.45 

The 35-kg collar D is released from rest in the position shown and is 
stopped by a plate attached at end C of the vertical rod ABC. Knowing that 
E = 200 GPa for both portions of the rod, determine the distance h for 
which the maximum stress in the rod is 250 MPa. 


SOLUTION 

Portion BC has smaller cross section, thus 


K 


P m = a M A BC = (250 MPa)—(0.030 m) z = 176.7 kN 


Maximum strain energy (forP m = 176.7 kN) 


PlL Pi _ L; 


U m = = 


(176.7 kNf 


2 A i E 2 E Af 2(200 GPa) 


2 m 


1.5 m 


^(0.040 m) 2 


^(0.030 m) 2 


U m = 78.06 x 10“ 3 [1591.6 + 2122.1] = 289.9 J 


Max. deflection: —P m A m = U n 


—(176.7 kN)A m = 289.9 J 


A m = 3.28 x 10 3 m = 3.28 mm 

Work of weight = U m 

W{h + AJ = U m 
(mg)(h + A m ) = U m 
(35 kg)(9.81 m/s 2 )(/2 + AJ = 289.9 J 

h + A m = 0.8443 m = 844.3 mm 
h = 844.3 - A,„ = 844.3 - 3.28 


Sr'", _ S'" 


% 


5 


w< 




sn - 


= 841mm ◄ 
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PROBLEM 11.46 

A 


2 m 


1.5 m 


D m 


40-mm diameter 


30-mm diameter 


The 15-kg collar D is released from rest in the position shown and is 
stopped by a plate attached at end C of the vertical rod ABC. Knowing that 
E = 200 GPa for both portions of the rod, determine (a) the maximum 
deflection of end C, ( b ) the equivalent static load, (c) the maximum stress 
that occurs in the rod. 


SOLUTION 


2 -* 


AS* 




LUa 

* 

- A - 

.1 

L-LM 



V 


f 







/ 




A 


y 

/ 


V 


1 




0/Ar* % 


3o- m■*> DiAm. 


E = 200 GPa 


7 , 


c 


p T p r p 

r \ A = V" m i _ 1 m y i _ ± m 

m ~ ^ AfE ~ E ^ A i ~ 200 GPa 


A m = 18.57 x 1 0 P m 
P m = 53.85 x 10 6 A,„ 


2 m 

^(0.04 m) 2 


1.5 m 


^(0.03 m) 2 


U m = X -P m A m = d-(53.85 x 10 6 )A 2 


Strain energy : 

Weight falls distance of h + A m 
Work of weight = strain energy 

W(h + AJ = d(53.85 xl0 6 A 2 ) 

W = mg = (35 kg)(9.81 m/s) = 343.4 N 
For h = 0.5 m 

Eq. (1): 343.4(0.5 + AJ = 26.93 x 10 6 A 2 

Solve quadratic : 

(.b ) P m = 53.85 x 10 6 A m = (53.85 x 10 6 )(2.531 x 10“ 3 m) 


( 1 ) 


(c) 


— 


*BC 


136.3 kN 
^(0.030 m) 2 


= 192.82 MPa 


A m = 2.531 x 10 3 m = 2.53 mm -4 
P m = 136.3 kN A 

cr,„ = 192.8 MPa ◄ 
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PROBLEM 11.47 

The 48-kg collar G is released from rest in the position shown and is stopped by 
plate BDF that is attached to the 20-mm-diameter steel rod CD and to the 
15-mm-diameter steel rods AB and EF. Knowing that for the grade of steel used 
cr a u = 180 MPa and E = 200 GPa, determine the largest allowable distance h. 


SOLUTION 


Let A m be the maximum elongation. A„, = G = (T( -' I) ^ = 17EF ^ 

m & m £ £ E 


a AB = a CD = a EF =180 MPa = 180 x 10 6 Pa 


L = 2.5 m E = 200 x 10 9 Pa 


(180x,0‘)(2.5) =000225m 

200 xlO 9 

For each rod. 

L t F 2 L (EAAJLfL EAA 2 m 

2EA 2EA 2 L 

Rod CD: 

A cd = ^(20) 2 = 314.16 mm 2 = 314.16 x 10“ 6 m 2 

TT (200 x 10 9 )(314.16 x 10 _6 )(0.00225) 2 

Urn — = 63.617 J 

(2)(2.5) 

Rods AB and EF: 

A ab = A ef = ^(15) 2 = 176.71 mm 2 = 176.71 x 10“ 6 m 2 

U AB = U EF = ( 20 ° X 10 ^ (176 - 71 X 1 0“ 6 )(0.00225) 2 = 35 6?4 ; 

AB EF (2)(2.5) 

Total strain energy: 

U m = U AB + U CD + U EF = 134.97 J 

Work of falling collar: 

U,„ = rng(h + AJ = (48)(9.81 )(h + AJ 

Equating, (48)(9.81)(/t + A m ) = 134.97 h + A m = 0.28662 m 


h = 0.28662 - 0.00225 = 0.285 m h = 285 mm ◄ 
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PROBLEM 11.50 

An aluminum tube having the cross section shown is struck 
squarely in its midsection by a 6-kg block moving 
horizontally with a speed of 2 m/s. Using E = 70 GPa, 
determine (a) the equivalent static load, ( b ) the maximum 
stress in the beam, (c) the maximum deflection at the 
midpoint C of the beam. 


SOLUTION 


Kinetic energy : 


T = i-mv 0 2 = i(6 kg)(2 m/s) 2 = 12 J 


Moment of inertia. 








H*®*! 


Aluminium 
E = 70 GPa 


I aa =^[80 x 100 3 - 60 x 80 3 ] 

= 4.1067 x 10 6 mm 4 
= 4.1067 x 10 -6 m 4 


From Appendix /) : y m = 


P L 
48£7 


(a) U m = T : 


1 P 2 l} 

U =—Py = —— 
m 2 m 96 El 

P,l( l-8m) 3 

96(70 GPa)(4.1067 x 10“ 6 m 4 ) 


= 12 J P„= 7535.5 N 


(b) M m = ~P m L = ^-(7535.5 N)(1.8 m) = 3391 N • m 

= = (3391 N.mX0.050m) = 4L2g Mpa 

/ 4.1067 x 10 _6 m 4 


(c) y m = 




(7535.5 N)(l.8 m) 3 


4SEI 48(70 GPa)(4.1067 x 10“ 6 m 4 ) 


= 3.184 xl0“ 3 m 



P m = 7.54 kN ◄ 


cr m = 41.3 MPa ◄ 


y m = 3.18 mm -4 
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PROBLEM 11.51 



mm 


Solve Prob. 11.50, assuming that the tube has been replaced 
by a solid aluminum bar with the same outside dimensions as 
the tube. 

PROBLEM 11.50 An aluminum tube having the cross 
section shown is struck squarely in its midsection by a 6 -kg 
block moving horizontally with a speed of 2 m/s. Using 
E = 70 GPa, determine (a) the equivalent static load, ( b ) the 
maximum stress in the beam, (c) the maximum deflection at 
the midpoint C of the beam. 


SOLUTION 


For solid aluminum bar. 


/ = —80 x 100 3 = 6.667 x 10“ 6 m 4 
a 12 

Follow solution of Prob. 10.50: T = 12 J 






So 


p ]} 1 p 1 ]} 

V = —• u =-Py =- m — 

y "' 48£7 2 n,ym 96EI 


(a) 


U =T- 

v - y rn • 


^( 1.8 m ) 3 


96(70 GPa)(6.667 x 10 _ 6 m 4 ) 


= 12 J P„, = 9601 N 


(. b ) M m = ~P m L = ^-(9601 N)(1.8 m) = 4320.5 N • m 

= Mj _ (4320.5 N.m)(0.05m) _ 3 ^ Mpa 
/ 6.667 xl0“ 6 m 4 


(c) 


y,n = 


P m E 


(9601 N)(1.8 m ) 3 


48 El 48(70 GPa)(6.667 x 10 “ 6 m 4 ) 


= 2.500 x 10“ 3 m 


P, = 9.60 kN ◄ 


cr = 32.4 MPa ◄ 


y m = 2.50 mm A 
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40 mm | 


D 

□ 2 kg 


■ 0.6 m - 


PROBLEM 11.52 

The 2-kg block D is dropped from the position shown onto the end of a 16-mm- 
diameter rod. Knowing that E = 200 GPa, determine (a) the maximum deflection 
of end A, (b) the maximum bending moment in the rod, (c) the maximum normal 
stress in the rod. 


SOLUTION 


Appendix D, Case 1: 


Work of dropped weight: 


/ 


n ' d V 

tUJ 


*,t 6 v 

~4{Y) 


= 3.2170xl0 3 mm 4 
= 3.2170xl0~V 4 



miu = 8x10 3 m L AB = 0.6 m 



p [ 

1 tv, 1 -' 


y m =- 


AB 


P,„ = 


3EI 
3 El 




1 m T 3 y m 

LAB 


(3)(200 x 10 9 )(3.217 x 10~ 9 ) 


( 0 . 6 ) 


= 8.9361x10 3 y n 


3, ,2 


U m =\p m y m = ^(8.9361 xIOOt; = 4.4681x10V, 

mg(h + y m ) = (2)(9.811(0.040 + y m ) 

= 0.7848 + 19.62 y m 


Equating work and energy, 

0.7848 + 19.62y m = 4.4681 x 10 3 v* 
y 2 m - 4.3911x10 r i y n -175.645 x 10 ^ 6 = 0 

(a) y m = I{4.3911 xl 0~ 3 + 7(4.3911 x 10 ~ 3 ) 2 + (4)(175.645x 10 6 )J 


= 15.629 xl0~ 3 m 


(b) 

(c) 


P,n 

M m 


= (8.9361 x 10 3 )(15.629 x 10~ 3 ) = 139.66 N 

= -P m L AB =-(139.66X0.6) 

= WmUj = (83.8)(8 x 10~ 3 ) = 2Q8 x 1Q6pa 
/ 3.2170xl0~ 9 


y m =15.63 mm A 

\M m \ = 83.8 N • m ◄ 
a m = 208 MPa ◄ 
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D 

nm. 


0.4 m 


1.2m- 


40 mm 

-H h- 

□pi 

60 mm 


PROBLEM 11.53 

The 10-kg block D is dropped from a height h = 450 mm onto the 
aluminum beam AB. Knowing that E = 70 GPa, determine (a) the 
maximum deflection of point E, (b) the maximum stress in the beam. 


SOLUTION 


A £< 


L 0,B-»7 ? 

f, ,,Z ‘ m 

— 


P 


h 
Gf 






I = -L(40)(60) 3 = 720 x 10 3 mm 4 = 720 x 10“ 9 m 4 

S = — (40)(60) 2 = 24 x 10 3 mm 3 = 24 x 10 _6 m 3 
6 


Appendix D : 

flj 


\L 


4 


u*. 

— b 


y,n = 


y m = 


p,y-b 2 


3EIL 


^„(0.4m) 2 (0.8m) 2 

3(70 GPa)(720 x 10 — 9 )(1.2 m) 


(a) y m = 0.5644 x lO" 6 ^ or P m = 1.772 x 10 6 v m 

U m = \P m y m = ^(L772 x 10 6 y m )y m = 885.9 x 10 3 y 2 m 

Work of weight =W(h + y m ) = mg ( h + y m ) 

(10 kg)(9.81 m/s 2 )(0.45 m + yj = 885.9 x 10 3 ^ 2 
885.9 x 10 3 yl - 98.1 y m - 44.145 = 0 
Solve quadratic : y m = 7.114 x 10 _3 m 

(. b ) P m = 1.772 x 10 6 y m = 1.772 x 10 6 (7.114 x 10“ 3 m) 

P„ = 12.61 kN 


t/r ab . (0.4 m)(0.8 m) 

M m =M e = P— = (12.61 kN)--- } - 

L 1.2 m 

M m = 3.363 kN • m 

,, c M 3.363 kN-m 

= M ,nj = — 




k 


8 

3 


24 x 10 -6 m 3 


cr = 140.11 MPa 


y„ 


= 7.11mm ◄ 




cr = 140.1 MPa ◄ 
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D 

□ 4 lb 

1.5 in. | g 

a' =7 


2 ft 


2 ft 



PROBLEM 11.54 

The 4-lb block D is dropped from the position shown onto the end of a 
|-in.-diameter rod. Knowing that E = 29 x 10 6 psi, determine (a) the 
maximum deflection at point A, (b) the maximum bending moment in 
the rod, (c) the maximum normal stress in the rod. 
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J 



PROBLEM 11.55 





A 160-lb diver jumps from a height of 20 in. onto end C of a 


( 



2 65 diving board having the uniform cross section shown. 

B 

1 20 in. 


1 Assuming that the diver’s legs remain rigid and using 

j!£ 

C 


1 E- 1.8x10 psi, determine (a) the maximum deflection at 






point C, ( b ) the maximum normal stress in the board, (c) the 


2.5 ft 

--9.5 ft- 


16 in. 

equivalent static load. 
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PROBLEM 11.56 



A block of weight W is dropped from a height h onto the horizontal 
beam AB and hits it at point D. (a) Show that the maximum deflection 
y m at point D can be expressed as 


y m = y« 


, h 2h 

1 +./ 1 +— 

y* 


40 mm { 


D 

□ 2 kg 


■ 0.6 m - 


where v st represents the deflection at D caused by a static load W 
applied at that point and where the quantity in parenthesis is referred to 
as the impact factor, (b) Compute the impact factor for the beam and 
the impact of Prob. 11.52. 

PROBLEM 11.52 The 2-kg block D is dropped from the position 
shown onto the end of a 16-mm-diameter rod. Knowing that 
E = 200 GPa, determine (a) the maximum deflection of end A, (b) the 
maximum bending moment in the rod, (c) the maximum normal stress 
in the rod. 


SOLUTION 

Work of falling weight: 

Strain energy: 


Work = W(h + y m ) 


£ 


where k is the spring constant for a load applied at point D. 
Equating work and energy, 

W(h + y m ) = ^ky 2 m 
2 2W 2 W 

y m — r-y m ——h = o 

k k 


7772777 


, W 

y m - 2 y st ym - 2 y s , h = 0 Where y st = — 

k 


(a) y m = 


2 y st + 'fiyl+^yJ 


I 


R, 


-A- 

777/77 


y m = y st 


, , 2h 

i+ i+— 

V y«j 
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PROBLEM 11.56 (Continued) 


For Problem 11.52, 


W = mg = (2)(9.81) = 19.62 N 

7T ( ^ 

E = 200 x 10 9 Pa / = — — = 3.217 x 10 3 mm 4 =3.217 x l(T 9 m 4 

4 v 2 J 


L = 0.6 m h = 40 mm = 40 x 10 3 m 


Using Appendix D, Case 1, 


y* = 


WL 3 
3 El 


(19.62)(0.6) 3 

(3)(200x10 9 )(3.217x10^ 9 ) 


= 2.196 x 10 _3 m 


U_ (2X40x10^) _ 3644 
y sl 2.196x 10 -3 


(b) Impact factor . 


= 1 + Vl+ 36.44 


Impact factor =7.12 A 
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wn 


h 


D \ 



D' 


D 

2k g 


40 mm 1 

A 


B 


- -0.6 m-► 


PROBLEM 11.57 

A block of weight W is dropped from a height h onto the horizontal 
beam AB and hits point D. (a) Denoting by y m the exact value of 
the maximum deflection at D and by y' m the value obtained by 
neglecting the effect of this deflection on the change in potential 
energy of the block, show that the absolute value of the relative 
error is (y' m - y m )ly m , never exceeding y'J2h. ( b ) Check the result 
obtained in part a by solving part a of Prob. 11.52 without taking y m 
into account when determining the change in potential energy of the 
load, and comparing the answer obtained in this way with the exact 
answer to that problem. 

PROBLEM 11.52 The 2-kg block D is dropped from the position 
shown onto the end of a 16-mm-diameter rod. Knowing that 
E = 200 GPa, determine (a) the maximum deflection of end A, 
(b) the maximum bending moment in the rod, (c) the maximum 
nonnal stress in the rod. 


SOLUTION 

1 1 9 

U = -P v =-ky 

2 mSm 2 * m 

. 1 P " 



1 

i 

where k is the spring constant for a load at point D. 



Work of falling weight: 

exact: Work = W(h + y m ) 



approximate : Work * Wh 



Equating work and energy, 

'-kyl =W(h + y m ) 

(1) exact 



\ky’l = wh 

(2) approximate 


where y’ m is the approximate value for y m . 



Subtracting, 

\ k (y 2 m -y',n ) = W y,n 




yl-y'm=(ym ~y' m )(y„ 

, , 2 W 

+T ffl )=— y m 

k 


Relative error: 

y m -y'm 







y m Ky,n + y m ) 
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PROBLEM 11.57 (Continued) 


But 

2 W v 

— = from Eq. (2). 

k h 

(a) Relative error 

_y m -y'm y'm y m 

y, „ Ky m +y' m ) 2h 

(b) From the solution to Problem 11.52, 

y m =15.63 mm 

Approximate solution: 

W = mg = (2X9.81) = 19.62 N 

E = 200xl0 9 Pa 

xfdV n{ 10 V , „ 3 4 

1 = — — =— — =3.217x10 mm 

4 v 2 J 4 v 2 J 

= 3.217 xlO^m 4 

I = 0.6 m, h = 40 mm 

= 40x 10~ 3 m 

_ 3EI _ (3)(200 x 10 9 )(3.217 x 10~ 9 ) 

" L 3 (0.6) 3 

= 8.936 xlO 3 N/m 

, 2 2 Wh (2)(19.62)(40x 10 -3 ) 

y ' n ~ k 8.936xlO 3 

= 175.65 xl0~ 6 m 2 

„ , . 15.63-13.25 

Relative error: =- 

15.63 

y' m = 13.25xlO 3 m = 13.25 mm 

relative error = 0.152 -4 

— = 0.166 ◄ 

2 h 
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PROBLEM 11.58 

Using the method of work and energy, determine the deflection at point D 
caused by the load P. 


SOLUTION 


Reactions: 


Over AD: 


Over DB: 


Total: 



Rb = 


Pa 

L 


M = R a x = 


Pbx 

L 


V AD ~ 


■« M 
o 2EI 

r>2 i 2 3 

P b a 
6EIL 2 


dx = 


P 2 b 2 


2 EILT J o 


x 2 dx 


M = R b v = 


Pav 

L 


U DB ~ 


• bM~ 


J o 2 El 
P 2 a~b 3 
6 Ell} 


■dv = 


P 2 a 2 


2 EIL 2 J o 


v 2 dv 


P 2 a 2 b 2 (a + b) P z a z b 


2„2 7 2 


u=u AB +u BC = 


6EIL 


6EIL 


-PS D = U 
2 D 


2 U 
P 



s D = Pa ^i ◄ 

D 3EI 
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PROBLEM 11.59 

Using the method of work and energy, determine the deflection at point D 
caused by the load P. 
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PROBLEM 11.60 

Using the method of work and energy, determine the slope at point D 
caused by the couple M 0 . 


SOLUTION 


L 


Mo 


3 = 


Over portion DB : 


Total: 


A. Reactions : 

L 


R A =^i 

A L 


R s=^ 


U AD ~ 


Over portion AD : 

l 


M = ■ 


M 0 x 

L 




M =- 


Jo 2 El 
M 0 a 2 
6 Ell} 

M n v 


2EIL J o 


x 2 dx 


U DB - 


\ bA ^dv = ^-. 

'o 2EI 


2EIL- 


v 2 dv 


Mjb_ 

6 Ell} 


U = U AD +U DB = 


M 2 (a 2 +b 3 ) 
6 Ell} 


0 d =U 


0 D = 


2 U 


0 D = 


M 0 (a 3 +h 3 ) 

3 Ell} 
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PROBLEM 11.61 

Using the method of work and energy, determine the slope at point D 
caused by the couple M 0 . 
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p PROBLEM 11.62 


A 


2 El El 


B 


' ' 

“ C 


Using the method of work and energy, determine the deflection at point C 
caused by the load P. 


-L/2 


L/2 


SOLUTION 

Bending moment: 
Over AB: 


Over BC : 


Total: 


M = -Pv 


UAB ~ 


■L m 1 


L/2 4EI 


■dv = ■ 


12 El 


I 3 - 


fL 
,2 


4EIJL/2 

3 


v 2 dv 


7 P 1 ]} 
96 El 


U BC-\ t 


KM 2 , P 2 FtJ 2 2 , 
civ = - v dv 


o 2 El 

1 p 2 l 3 

48 El 


2EI Jo 


Ml 



u=u AB+ u BC = 


-P5 r = 0 
2 c 


^c = 


3 P 2 L 3 
32 El 

2 U 


s c = 


3 PL 
16 El 


i ◄ 
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PROBLEM 11.63 

Using the method of work and energy, determine the deflection at point C 
caused by the load P. 
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PROBLEM 11.64 

Using the method of work and energy, determine the slope at point B 
caused by the couple M 0 . 


SOLUTION 




+>M S =0: -R a L-M 0 = 0 R a=-^ 

M = R a X = -M°.X 
A L 


Over portion A C : U AC = J 


LI 2 M 


0 2(2EI) 


-dx 


U AC = 


Mi rL/2 


AEIL Jo 


x~dx = 


]_Ml 

96 El 


Over portion CB \ U CB = 

J i 


l M 


i/2 2 El 


■dx 


V CB - 


2 Ell} 

Ml 

6EIL 2 


fi , 

x“dx 

JL/2 



7 MlL 
48 El 


Iptal: U = U AC + U CB = 

1 2 U 
~Mq9 b =U 0 b = — 

2 M 0 


\6EI 
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PROBLEM 11.65 

Using the method of work and energy, determine the slope at point D caused 
by the couple M 0 . 


-L! 2- 


-L/2- 


SOLUTION 


-V 






v* 


D — 

-4 - Vx 




Me Reactions: 


R a = — i, R r = — T 


L 


M 


x >1 

\y3 

k- 

sU'k'V'-— 

B 

I J 


av, X "ap-¥> 


Bending moment diagram . 

Over 0 < v < —, 

2 

Over 0 < v < —, 

2 


M = 


M = 


M 0 x 

L 

Mr,V 


_ m 0 


L 


Strain energy : 


u = u AD +u BD -[ 


1/2 M 


AD 


2(2EI) 


■dx + 


I 


i/2 M 


BD 


0 2 El 


dv 


U = 


1 , 


2(2 El) 


dx + 

Jt 


•LI 2 
0 


(M. 

2EI 


dv= M 0 f\)(LI2f , M 0 


EIL 


EIL 


IH £ /2) 

v2 


M 0 2 !^ 


El 


v 96 + 48y 


3 M 2 0 L 1 M 2 L 


-M o 0 d = U: -M 0 6 d = — 

2 o n 2 0 D 32 El 


96 El 32 El 

2 , 




1 MqX 

16 El 
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PROBLEM 11.66 

The 20-mm-diameter steel rod BC is attached to the lever AB and to the 
fixed support C. The uniform steel lever is 10 mm thick and 30 mm 
deep. Using the method of work and energy, determine the deflection of 
point A when L = 600 mm. Use E = 200 GPa and G = 77.2 GPa. 


SOLUTION 

Member AB . (Bending) 


? 

0 

( - 

—>x 
<- q. 



Member BC . (Torsion) 


Total: 


/ = i-(10)(30) 3 =22.5xl0 3 mm 4 

= 22.5x 10~ 9 m 4 
a = 500 mm = 0.500 m 
M B = Pa = (450)(0.500) = 225 N • m 
M = Px 

tt f 11 M , r a P 2 x 2 dx P 2 a 3 
Jo 2EI Jo 2 El 6 El 

=_( 450 ) 2 ( 0 - 500 ^ 3 _= 0 9375 J 

(6)(200x10 9 )(22.5x10^ 9 ) 


T = M B = 225 N • m 


c = —d =10 mm 
2 


J = —c 4 = 15.708 x 10 3 mm 4 = 15.708 x 10~ 9 m 4 
2 

L = 600 mm = 0.600 m 


U BC - 


T 2 L 


(225) 2 (0.600) 


2 GJ (2)(77.2x10 9 )(15.708x10~ 9 ) 


= 12.5242 J 


U = U AB + U BC = 0.9375 +12.5242 = 13.4617 J 


-P5 a =U 


2Cf = (2X13.4617) - 3m 

4 P 450 


5, = 59.8 mm>l 4 
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PROBLEM 11.67 

Torques of the same magnitude T are applied to the steel shafts AB 
and CD. Using the method of work and energy, determine the length L 
of the hollow portion of shaft CD for which the angle of twist C is 
equal to 1.25 times the angle of twist at A. 


SOLUTION 

T is the same for each shaft. 


d c = 1 . 2561 , 


U AB = ~T9 a 


and 


Ucd - 2 T °C 


Then U CD = 1.25 U 


AB 


Shaft y!5: 


71 4 71 


•4 


L ab = 60 in. c = 2 in. J AB = —c = —(2) = 25.133 in 


U AB = 


t 2 l 


T\ 60) 


2 GJ 


AB 


AB (2G)(25.133) 


= 2.3873 — 
2 G 


Shaft portion CD . 


Lce ~ L, 


c = 2 in., 


c, = 1.5 in. 


Jce - — 


71 (ct - c, 4 ) = — (2 4 - 1.5 4 ) = 17.1806 


in 


UcE ~ 


T 2 L 

1 l,. 


CE 


t 2 l 


2 GJ ce (2G)(17.1806) 


= 0.058205 


T 2 L 

~2G 


Shaft portion ED : 


L ed =60-1, J DE = J AB = 25.133 in 


Ued ~ 


T 2 L 


- T (6 ° = 2.3873— - 0.039789 


2 GJ ed 2G(25.138) 


2 G 


T 2 L 

~2G 


2 2 

Shaft CD: U^ = 2.3873— + 0.018416— 

- CE ED 2 G 2 GJ 

2 2 2 

Using Eq. (1), 2.3873— + 0.018416— = (1.25)(2.3873)— 
2 G 2 G 2 G 


0.018416L = (0.25)(2.3873) 


( 1 ) 


L = 32.4 in. ◄ 
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PROBLEM 11.68 

Two steel shafts, each of 0.75-in. diameter, 
are connected by the gears shown. Knowing 
that G = 11.2 x 10 6 psi and that shaft DF is 
fixed at F, determine the angle through 
which end A rotates when a 750-lb • in. torque 
is applied at A. (Neglect the strain energy 
due to the bending of the shafts.) 


SOLUTION 


Work-energy equation: 

\ T a<Pa = U 


2 U 
(Pa = — 

1 A 

Portion AB of shaft ABC : 

T ab = Ta = 750 lb ■ in. 

L ab =5 + 6 = 11 in. 


•'"-&) g(°2 5 ) = 31 -“ 3 * 1(rt n 4 

U = T ab L ab = (750) ( 11 ) 8.8 9 2 in.• lb 

2 GJ ab (2)(1 1.2 x 10 6 )(31.063 x 1 (T 3 ) 

Portion BC of shaft ABC: 

(7 BC = 0 

Gear B: 

Fbe = — = -^L = = 250 lb 

r B r B 3 

Gear E: 

T e = r E F BE = (4)(250) = 1000 lb • in. 

Portion DE of shaft DEF: 

o 

II 
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PROBLEM 11.68 (Continued) 

Portion EF of shaft DEF\ 

T ef = T e = 1000 lb • in. 

L ef = 8 in. =31.063xl0~ 3 in 4 

U EF = TefLef = (1000) (8) =11.497 lb in. 

2 GJ ef (2)(11.2 x 10 6 )(31.063 x 10~ 3 ) 

Total: 

U = U AB + U BC + U DE + U EF = 20.389 in. • lb 

2£/ = (2X20.389) 3rad „,=3.12« ◄ 

A T a 750 
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300 mm 


PROBLEM 11.69 

The 20-mm-diameter steel rod CD is welded to the 20-mm- 
diameter steel shaft AB as shown. End C of rod CD is touching the 
rigid surface shown when a couple T B is applied to a disk attached 
to shaft AB. Knowing that the bearings are self aligning and exert 
no couples on the shaft, determine the angle of rotation of the disk 
when T b = 400 N • m. Use E = 200 GPa and G = 77.2 GPa. 
(Consider the strain energy due to both bending and twisting in 
shaft AB and to bending in arm CD.) 
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PROBLEM 11.69 (Continued) 


Torsion: 


Total: 


/ = — 
4 


— | = 7.854 x 10 3 mm 4 = 7.854 x 10“ 9 m 4 
v 2 


L ab = (270 x 10 -3 ) m 


U = 


(1333.3) 2 (70 x 10~ 3 r(200 x 10~ 3 ) 2 
(6)(200 x 10 9 )(7.854 x 10“ 9 )(270 x 10“ 9 ) 


= 0.137 J 


Only portion DB carries torque. J = 2J = 15.708 x 10 9 m 4 
T;L nB (400) 2 (200 x 10“ 3 ) 


U = 


L B^DB 

2GJ 


(2)(77.2xl0 9 )(l5.708 xl0“ 9 ) 


= 13.194 J 


U = 5.093 + 0.137 + 13.194 = 18.424 J 


2 ThVb ~ U 


<Pb = 


2U _ (2)(18.424) 
T r ~ 400 


= 92.1 x 10 -3 rad 


(p = 5.28° A 

^ B 
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PROBLEM 11.70 

The thin-walled hollow cylindrical member AB has a noncircular 
cross section of nonuniform thickness. Using the expression given in 
Eq. (3.50) of Sec. 3.10 and the expression for the strain-energy 
density given in Eq. (11.17), show that the angle of twist of member 
AB is 



where ds is the length of a small element of the wall cross section and 
fl is the area enclosed by the center line of the wall cross section. 


SOLUTION 

From Eq. (3.53), 
Strain energy density: 


Work of torque: 


T 

T ~ 2 ta 


t 2 T 2 
11 ~ 2G~ %Gt 2 sl 2 




T 2 L r ds 
8 GsT* t 


(p = 


TL p ds 
4 Gs 4 2 J t 
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PROBLEM 11.71 

Each member of the truss shown has a uniform cross-sectional area A. Using the 
method of work and energy, determine the horizontal deflection of the point of 
application of the load P. 


SOLUTION 


Members A B and BD are Zero force members. 


Joints!: 





»o 

F a 


Al> 


- 0: ^ F ad + P — 0 


f ao = —P 


+|ZF V = 0: -F ac --^F ad = 0 




Member 

F 

L 

F 2 L 

AB 

0 

l 

0 

BD 

0 

h 

4 

0 


5 „ 

5 , 

125 2 t 

AD 

—P 

-l 

- PA 

4 

4 

64 

CD 

P 

1 

P 2 l 


3 „ 

3 , 

27 2t 

AC 

-P 

-/ 

—PA 

4 

4 

64 

I 



?Lp 2 1 

8 


Joint D: 



+ —XF x = 0 : A -. 5 -P-F cd = 0 

f cd = P 

U = = —I.F 2 L 

2EA 2EA 

21 P 2 I 1 

= —- Work of P=-PA = U 

16 EA 2 

_ 2(7 _ 27 PI 

P ~ 8 EA 



A = 3.38->◄ 

EA 
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PROBLEM 11.72 

Each member of the truss shown has a uniform cross-sectional area A. Using the 
method of work and energy, determine the horizontal deflection of the point of 
application of the load P. 


SOLUTION 


Members AB, AC and CD are zero force members. 


Joint B: 



+ —ZF X = 0 : P~\f bc = 0 Fbc=\p 
+\zF y = 0: -F bd - 1 Fbc = 0 Fbd=-\p 

u = ^ = —-— yf 2 l 

2EA 2 EA 
_ 19 P 2 l 
~ 16 EA 


Work of P — —PA = U 
2 

_ 2U _ 19 PI 
P ~ 8 EA 



Member 

F 

L 

F 2 L 

AB 

0 

l 

0 

AC 

0 

-l 

0 



4 


CD 

0 

1 

0 


5 „ 

5 , 

125 2 7 

BC 

-P 

-/ 

- P 2 I 


4 

4 

64 


3 „ 

3 , 

27 n2 , 

BD 

—P 

-1 

— P 2 l 


4 

4 

64 

I 

—P 2 I 

8 
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-6 ft- 


20 kips 



-6 ft- 


PROBLEM 11.73 


Each member of the truss shown is made of steel and has a uniform 
cross-sectional area of 5 in . Using E = 29 x 10 psi, determine the 
vertical deflection of joint B caused by the application of the 20-kip 
load. 


SOLUTION 





R a = R b = 10 kips T 
L ac = L cd = 6 ft = 72 in. 

L bc = 2.5 ft = 30 in. 

L ab = L bc = a/ 6 2 + 2.5 2 = 6.5 ft = 78 in. 


Equilibrium of joint A . 



T+ZF v = 0: ^~F ab + 10 = 0 

O.J 

F ab = -26 kips 


- ± ~ZF X = 0: ^-Fab + F ab = 0 

O.J 

F ac = 24 kips 

Equilibrium of joint C. F ar - = 0, F rn = 24 kips 


By symmetry, 

F B d = F ab = -26 kips 


Strain energy: 

u = z F " I = 1 yf 2 l 

2EA 2EA 



Member 

F (kips) 

L (in.) 

F 2 L (kip 2 • in.) 

AB 

-26 

78 

52,728 

AC 

24 

72 

41,472 

BC 

0 

30 

0 

CD 

24 

72 

41,472 

BD 

-26 

78 

52,728 

2 

188,400 


188,400 


U (2)(29 x 10")(5) 
Vertical deflection of point B . 

= U 


= 0.64966 kip • in. 


*b = 


2U _ (2)(0.64966) 
P 20 


S B = 0.0650 in. I ◄ 
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PROBLEM 11.74 

Each member of the truss shown is made of steel. The cross-sectional 
area of member BC is 800 mm 2 and for all other members the cross- 
sectional area is 400 mm". Using E = 200 GPa, determine the 
deflection of point D caused by the 60-kN load. 
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PROBLEM 11.75 

Each member of the truss shown is made of steel 
and has a cross-sectional area of 5 in'. Using 
E = 29 x 10 6 psi, determine the vertical deflection of 
point C caused by the 15-kip load. 
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-<-480 mm ^j^480 mm *- 

PROBLEM 11.76 

I 

Jk, 

The steel rod BC has a 24-mm diameter and the steel cable ABDCA has a 

360 mm 

i 

t B 


12-mm diameter. Using E = 200 GPa, determine the deflection of joint D 


c caused by the 12-kN load. 

360 mm 

1 

*12 kN 
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PROBLEM 11.77 

Using the information in Appendix D, compute the work of the loads as 
they are applied to the beam (a) if the load P is applied first, ( b) if the 
couple M is applied first. 
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.1 

- 


A 

--L/2-- 

--L/2-' 


M n 


PROBLEM 11.78 

Using the information in Appendix D, compute the work of the loads as 
they are applied to the beam (a) if the load P is applied first, (b) if the 
couple M is applied first. 
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PROBLEM 11.79 

For the beam and loading shown, (a) compute the work of the loads as they 
are applied successively to the beam, using the information provided in 
Appendix D, ( b ) compute the strain energy of the beam by the method of 
Sec. 11.2A and show that it is equal to the work obtained in part a. 
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PROBLEM 11.80 

For the beam and loading shown, (a) compute the work of the loads as 
they are applied successively to the beam, using the information 
provided in Appendix D, (b) compute the strain energy of the beam by 
the method of Sec.l 1.2A and show that it is equal to the work obtained 
in part a. 
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PROBLEM 11.80 (Continued) 


(b) Bending moment diagram . 


Over portion AB: 

M = -M, 


0 < x < — 
v 2 


u„ = l 


0 


LI2M « dx= M > L 


o 2 El 

Over portion BC\ \ ^ < x < L 


4 El 


M = -2M a 


Ubc ~ 


(2 M 0 ) 2 ^ x= M 0 2 L 


'Ll 2 2 El 


El 


Total strain energy : 


U = U AB + U 


BC 


L r 5M 0 2 I < 

4EI 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1876 





















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



L _ L _ L 

4 > * 2 *' K 4 


PROBLEM 11.81 

For the beam and loading shown, (a) compute the work of the loads as they 
are applied successively to the beam, using the infonnation provided in 
Appendix D, ( b ) compute the strain energy of the beam by the method of 
Sec. 11.2A and show that it is equal to the work obtained in part a. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1877 








































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 11.81 (Continued) 


(, b ) Reactions : 

Over portion AD: 

U An = 


Ra - Rb ~ P 


( L 

0 < jc < — |: M =Px 

l 4 


rUAM 2 , 

p 2 

r i/4 2 , p 2 

1 

fzY 

- dx = 


x dx = - 



Jo 2 El 

2E1 

0 2 El 

3 

U J 


PL M 2 (4) 2 

Over portion DE\ M =- U ,. L =-— 

-- 4 DE 2 El 


+ - 


1 P 2 1 
~ 384 El 

P 2 L 2 1 L P 2 ]} 


2 El 16 2 64 El 


Over portion EB \ By symmetry, U EB = U AD = 


1 P 2 ]} 


384 El 


Total: 


U - U A D + U DF + U FB — _ + + 


1 


1 


1 'i P L 


384 64 384 J El 


a ,-3 


U = - 


1 p 2 l 3 


48 El 
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PROBLEM 11.82 

M 0/ r 

-fc. 



c 

1 - 


For the beam and loading shown, (a) compute the work of the loads 

V ^ 

A,a 


B jAt t as they are applied successively to the beam, using the information 




provided in Appendix D, ( b ) compute the strain energy of the beam 


r* — 

L 

by the method of Sec. 11,2A and show that it is equal to the work 




obtained in part a. 
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PROBLEM 11.83 

For the prismatic beam shown, determine the deflection of point D. 
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1 

P 

' 


PROBLEM 11.84 

A 

• 

For the prismatic beam shown, determine the deflection of point D. 


D 

B 



--L/2 -- 

--L/2-- 
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£ 


D 


-L/2- 


-L/2- 


-L/2- 


PROBLEM 11.85 

B For the prismatic beam shown, determine the deflection of point D. 


SOLUTION 

Add force Q at point D. 

Reactions: R A = ~~^Q-> R# = wL - -^Q 


u = u AD + U DE + u 


Over portion AD, 
Over portion DE, 


Over portion EB, 


' EB 


with Q = 0 M = 0 


^ = 


dU 


dU 

dQ 

AD 



dQ 


= 0 


M = R r v - —w\ v + — 
8 2 2 


= wLv - — w 
2 


L ) 1 _ 

v + —- Qv 

2 J 2 


dM 1 
~dQ ~~2 V 


v 

Unr = 


1 r-t , 

- \2M 2 dv 

2EI So 


Set Q = 0 


dU 


DE 


1 A 

= — L 2 M - dv 

dQ El 10 dQ 


= — (i 

El 0 


Jo 


r 1 f L 

wLv - w\ v H- 

2 l 2 


- v \dv 

2 


2EI 


-Lv 2 + -f v 3 + Lv 2 + -L 2 v 


dv 


w 

, 1 

r l 

f i 

f 

1 


1 

r l 

f 1 D 

1 



—L • — 



- 

T 

— 


+ —L 

- 


2E1 

3 

U, 

J 2 

4\ 

V 

,2 J 

3 

U, 

) 4 

2 

,2jJ 


1 1 1 1 \wL* 


v 24 + 128 + 48 + 64y 


1 wE* 


El 768 El 


1 ? 

M = —wu 
2 


dM 

~dQ 


= 0 


dU 


EB 


dQ 


= 0 


&D ~ 


du AD du 


+ 


DE 


du 


EB 


dQ dQ dQ 


= 0 + 


1 wL 4 
768 El 


+ 0 = 


1 wL 4 
768 El 
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w 














• 


LI 2 

D 

--L/2 

B 


PROBLEM 11.86 

For the prismatic beam shown, determine the slope at point D. 
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1 

P 

' 


PROBLEM 11.87 

A 

• 

For the prismatic beam shown, determine the slope at point D. 


D 

B 



--L/2 -- 

- -L/2-- 



SOLUTION 


Add couple M 0 at point D. 



Over portion DB : 


Set M 0 = 0. 


L 

— <x <L 
2 


M = -Px - M 0 


dM 

JM ~ 0 


6n = ~ f 1 {-Pxmdx + f ' (-Px)(-\)dx 
ET J i/2 El J i/2 


= —r xdx = — 
Ellul El 


El J u2 


212 


" 1 1 \PL 2 

,2 8 J El 


0 D = 


3PL 2 
8 El 
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2e 


D 


-U 2 —- -—L/2 —-—L/2 


PROBLEM 11.88 

For the prismatic beam shown, determine the slope at point D. 
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PROBLEM 11.89 

For the prismatic beam shown, determine the slope at points. 


SOLUTION 

Add couple M A at point A. 
Reactions : R A = 


Pb M, 


L 


L 


. M 2 

2 El' 


dM A 



Over portion AD (0 < * < a). 
Over portion DB (0 < v < b ), 


El 


M = M A + R 4 x = M A 1-+ 


M = R b v = 


Pav M A v 

+ ■ 


Set M A = 0 




L L 

' Pbx^ r 

k L y v 


L _ 
dM 

saTT 


Pbx 
L ’ 
v 

~ L 


dM 

smT 


= 1-^ 
L 


. a | , 1 f b Pav v , 

1 - \ax H-L- dv 

T 1 EI i0 L L 


EIL 


-bLa 2 - -ba 3 + -ab 3 
2 3 3 


0 A = 


Pab 

6EIL 2 


(3 La - la 2 + lb 2 ) ^ ◄ 
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M 0 

r* c 

PROBLEM 11.90 


For the prismatic beam shown, determine the slope at point B. 

n- L/2-j 

-- L/2 -- 
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1.5 kips 

1.5 kips 

PROBLEM 11.91 

' 

A 

' 

' 

For the beam and loading shown, determine the deflection of 



B C 

, l= - =l point 5. Use is = 29 x 10 6 psi. 

S8 X 13 


--5 ft -- 

- - 5 ft-- 
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1.5 kips 

1.5 kips 

PROBLEM 11.92 

' 

A 

' 

' 

For the beam and loading shown, determine the deflection of 



B C 

point A. Use £ = 29 x 10 6 psi. 

S8 X 13 K F 


r* - 5 ft - 

- - 5 ft -- 



SOLUTION 

Add force Q at point A. 

Units : forces in kips, length in ft 


E = 29xl0 3 ksi, 7 = 39.6 in 4 


El = (29 x 10 3 )(39.6) 

= 1.148 xl0 6 kip-in 2 
= 7975 kip • ft 2 


1.5 kips 

1.5 laps 


B cl 

- > > 

1 

-5 ft-- 

^-5ft- 


u = l 


10 M 


2EI 


dx 


s dU 1 r 10 dM , 

8 a = -= — L M - dx 

A dQ El Jo dQ 

Over portion AB : 0 < x < 5, M = -\.5x - Qx 


dM 

~dQ 


- -x 


\lM—dx=\l(\.5x)(x)dx = 1.5 \lx 2 dx = (1.5)f-l(5) 3 = 62.5 
dQ v3y 


Over portion BC \ 5 < x < 10 M = -1.5x - 1.5(^ - 5) - Qx 

dM 


M = -3x + 7.5 - Qx -= -x 

dQ 


•io,, dM 


\ l "M—dx = J 5 10 (3jc 2 - 7.5*) dx = (3)1 - (10 3 - 5 3 ) - (7.5) - 1(10 2 - 5 2 ) 




dQ U j 

= 593.75 

8 a = —{62.5 + 593.75} = 65629 = 82.29 x 10“ 3 ft 
El 1 1 7975 


X 

W8X 13 


5a = 0.987 in. ◄ 
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W250 X 22.3 


PROBLEM 11.93 

For the beam and loading shown, determine the deflection at 
point B. Use E = 200 GPa. 


SOLUTION 

Add force Q at point B. 

Units: Forces in kN; lengths in m. 

Over AB: M = - 8x ^- = 0 

dQ 

Over BC : M = -8(v + l)--f(18)v 2 -Qv 




O' i/ law*. 

fl nuns 


dM 




}/ 


| M, 

e- 


rtf' 

— 2.S-»> - 






- = -V 


E =200xl0 9 Pa, / = 28.7 x 10 6 mm 4 = 28.7xl0~ 6 m 4 
El = (200 x 10 9 )(28.7 x 10~ 6 ) = 5.74 x 10 6 N • m 2 = 5740 kN • m 2 


U= f - dx+ f 

J o 7FJ J 

h\i 


15 M 


' o 2EI 
dU 


s B =—=— 


o 2 El 
dM 


dv 


dQ El [Jo dQ 


dx + 


‘ l - 5 dM 

M - 

o dQ 


dv 


= —(0 + 
El 


r 

I 0 


-8(v + l)-^-(18)v 2 


1 r 15 


f L5 (9v 3 + 8v 2 +8 v)dv 

J 0 


1 


~EI < 

u 


= — -(1.5r+-(1.5) J +-(1.5) z = 


29.391 29.391 


= 5.12x10 3 m 


El 


5740 


S B = 5.12 mm i 4 
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5 kN/m 



40 mm 



80 mm 


L 


PROBLEM 11.94 

For the beam and loading shown, determine the deflection at 
point B. Use E = 200 GPa. 


SOLUTION 


r a M~ r 

U= [ - dx+ f 

Jo 2 F.T J 


tM 1 


#B = 


o 2 El 
dU 
dP 

r fl M dM 
J o El dP 


2 El 


■dx 


dx + 


■LM dM 
a El dP 


dx 


Portion AB : (0 <x <a) 


1 ? 

M =—wx 
2 


dM 


dP 

« M dM 


= 0 



Portion BC : ( a<x<L) 


>o El dP 


1 0 

M = ~—wx~ - P(x - a) 
dM 


dx = 0 


dP 

•LM dM 


' a El dP 


dx = 


= -{x - a) 

r i PM 2 

x (x - a)dx H- (x - aY dx 

Ja KT J a 


W 


2FJ ■ 


C i 3 , P C b 2 

(x —ax~)dx-{ - v"dv 

J a El Jo 


w 

2 El 


( r 4 t 3 4 4 

w I L aL a a 

T + T 


do — 0 + 


2 EI{ 4 3 

4 


w 


2 El 




r 3 4 h 

L aL a 
— ~Y2 


Pb 3 

H- 

3 El 

Pb 3 
3 El 
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Data: 


PROBLEM 11.94 (Continued) 


a = 0.6 m, Z> = 0.9m, L = a + b = 1.5 m 
w = 5 x 10 3 N/m 
7> = 4xl0 3 N 

/ =-L(40)(80) 3 =1.70667 xlO 6 mm 4 
= 1.70667 xl0~ 6 m 4 

El = (200x 10 9 )(1.70667x 10~ 6 ) = 341,333 N • m 2 

(4x1Q 3 )(0,9) 3 
+ (3)(341,333) 

= 7.25 x 10~ 3 m 


S B - 0 + 


5xl0 3 


(2)(341,333) 


(1.5) 4 


(0.6X1.5) 3 | (0.6) 3 


12 


S B = 7.25 mm 4- 4 
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PROBLEM 11.95 

For the beam and loading shown, detennine the slope at end A. Use 
E = 200 GPa. 


SOLUTION 


Ma 

■A 


1160 kN 


Q 




W310 X 74 

IB ‘TP 


■ 2.4 m - 
— x 


-4.8 m- 


-2.4 m - 
V — 


Add couple M A at point A. 

Units: Forces in kN; lengths in m. 

E = 200 x 10 9 Pa, / = 163 x 10 6 mm 4 = 163xl0“ 6 m 4 
El = (200 x 10 9 )(163 x 10“ 6 ) = 32.6 x 10 6 N • nr = 32,600 kN • m 2 


Reactions: R. =80 


Ma 

4.8 


R B = 80 + ^L 
B 4.8 


2AM 1 


U = U AB+ U BC = \ o' —dx + J“ 


• 2.4 M 1 


2EI 


dv 


du dU AR dU R 


td A 


8M a SM a 3M a 


Over AB: M = M A + R,x = M t + 80jc - -^-x 

- A A A 4.8 SM a 


Set M a = 0. 


dU 


AB 


1 

El 


f 2 - 4 

f x 'l 

1 

(80x) 

1- 

dx = — 

0 

l 4.8; 

El J 


(2.4) 2 - 

(16.6667) 

l 




r2A 

:[ (80x- 

J o 


4i 

16.6667x 2 )fi?x 

153.6 
El 


Over BC\ 


Set M a = 0. 


Ma 


M = R„v = 80v + 


dM 


4.8 dM A 4.8 


dU 


BC 


1 r 2.4 


SM a El j 0 


r z - 4 

(80v) 

J o 


— V I dv = 

4.8 


16.6667 r 2-4 


El Jo 


v~ dv 


(16.6667)(2.4) 3 _ 76.8 


3EI 


El 


Oa = —{153.6 + 76.8} = 
A El 


230.4 

32,600 


Q a = 7.07 x 10 _3 rad ^ ◄ 
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1 90 kN 

1 90 kN 

PROBLEM 11.96 



e\ rp 

For the beam and loading shown, determine the deflection at 
point D. Use E = 200 GPa. 

i 

t— 

■*-► ->- 2 m — 

0.6 m 

S250 X 37.8 

’ 0.6 m 


SOLUTION 

Units: Forces in kN, lengths in m. 

E = 200 x 10 9 Pa = 200 x 10 6 kN/m 2 
/ = 51.2 x 10 6 mm 4 = 51.2xl0~ 6 m 4 
El = (200 x 10 6 )(51.2 x 10~ 6 ) = 10,240 kN • m 2 
Let Q be the force applied at D. It will be set equal to 90 kN later. 

Reactions: 
+)ZM g =0: 


D\ 


90 kN 

11 IB 

t_| 


H 

L 


e 


0.6 m 


0.6 m 


3.2^4 + 2.6(2 + (0.6)(90) = 0 
A = 16.875 + 0.8125gT 

+)TM a =0: 3.2B - 0.6Q - (2.6)(90) = 0 
R = 73.125 + 0.18750 T 


Strain energy : 


U = 


■Lf 

\F.I J 


3.2 


2EI Jo 

Deflection at point D : (fonnula) 


M"dx 


dQ 


_ du 1 f3.2 dM , 

o n = -= — M - ax 

D Eli o 


dQ 


Over portion AD: (0 < x < 0.6 m) 

M = (16.875 + O.81250JC 

Set Q = 90 kN. 

M = 90 x 


— = 0.8125x; 
dQ 


c o.6 qm r 06 

M — = (90x)(0.8125x) = 73.125 

Jo QQ Jo 


0.6 


= 5.265 kN • m 
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PROBLEM 11.96 (Continued) 

Over portion DE\ (0.6 m < x < 2.6 m) 

M = (16.875 + 0.81250* - Q(x - 0.6) 

= 16.875* -0.18750 + 0.6Q 
8M 

-= -0.1875*+ 0.6; Setg = 90kN. 

8Q 

M = (0.6)(90) = 54 kN • m 

f 2.6 QM f 2.6 

1 M - dx=\ (54)(—0.1875* + 0.6)<ir 

J 0.6 


' 0.6 


dQ 


= -10.125— 
2 


2.6 


+ 32.4*1“ =32.4 kN-m 3 
10.6 


0.6 


Over portion ED: (2.6 m < * < 3.2 m; 0<v<0.6m) 

M = Bv = (73.125 + 0.18750V 
8M 

-= 0.1875v Set Q = 90 kN. 

3Q 


M = 90v 

f 3.2 QM f 0.6 QM r 0 - 6 

M - dx=\ M - dv=\ (90v)(0.1875v)<7v 

J 2.6 80 Jo 8Q Jo 


= 16.875— 
3 


0.6 


= 1.215 kN-nk 


Deflection at point D : (calculated) 




5.265 + 32.4 + 1.215 38+ 


El 


10,240 


■ = 3.797 xl0~ 3 m 


5 d = 3.80 mm -i- A 
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I 

S8 X 18.4 


PROBLEM 11.97 

For the beam and loading shown, determine the slope at end A. Use 
E = 29xl0 6 psi. 
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^3 ft— 


8 kips 




2 

S8 X 18.4 


PROBLEM 11.98 

For the beam and loading shown, determine the deflection at point C. 
Use E = 29xl0 6 psi. 
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PROBLEM 11.99 (Continued) 


In the table, Q is set equal to zero in the last two columns. 



Fi 

L i 

Aj 

dFf/dP 

GF,/dQ 

F i L i 9F t 

FA dF i 


A dP 

A 8Q 

BC 

A P + A e 

2 4 

A. . 

2 

A 

£ 

2 

75 

4 

8 A 

16 A 

CD 

-A P + A g 

2 4 

A, 

2 

A 

_75 

2 

75 

4 

8 A 

16 A 

I 

4 A 

0 


x c = —Z — 


1 ^ F;L, dR 


A dQ 


= 0 


= L F^SF, = 5 ^ Pi 
' c E A i dP 4 EA 


x c = 

Pi 


0 ◄ 


Vr = 2.80 -— i A 
EA 
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PROBLEM 11.100 (Continued) 


In the table, Q is set equal to zero in the last two columns. 



Ft 

L i 

A 

dFJdP 

dFJdQ 

FA, dF ; 

FA, Y 


4 dP 

4 dQ 

BC 

F P+ F e 

2 4 

F, 

2 

A 

V5 

2 

V5 

4 

8 A 

16 A 

CD 

F P .F Q 

2 4 

F, 

2 

A 

V5 

2 

_V5 

4 

Fr.F 

8 A 

16 A 

BD 

-P + -Q 

2 

21 

2 A 

-1 

1 

+ — 

2 

PI 

A 

1 PI 
~2~A 




\_p/_ 

Ya 


x c = —Z— 


1 ^ F,L dF, 


PI 


E 4 dQ 2EA 


L E A, dP 


4 EA 


PI 

X r = -<- 


2 EA 

Vr = 3.80—I ◄ 
EA 
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T-* 

2.5 ft 

b PROBLEM 11.101 

4 in 2 

Each member of the truss shown is made of steel and has the 

C 48 kips cross-sectional area shown. Using E = 29 x 10 6 psi, determine 

2.5 ft 

1 ¥ 

D 

--6 ft-► 

so kips Vertical deflection of joint C. 
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PROBLEM 11.101 (Continued) 

Lengths of members: L BC = 78 in. 

L cd = 78 in. 

— 60 in. 

f 2 l 
u = s- 

2 EA 

S dU v FL 8F 1 V FL dF 

P ~ dP ~ EA dP ~ E A dP 


Member 

F 

L (in.) 

dF 

dP 

A (in 2 ) 

FL dF 

A dP 

BC 

—P - —Q 

10 24 

78 

13 

10 

4 

32.955P - 13.73125(9 

CD 

-Up-Up 

10 24 

78 

13 

10 

6 

21.97P + 9.154170 

BD 

-P + —Q 

2 24 

60 

1 

2 

3 

5.00P + 2.083330 

E 





59.975P - 2.493750 


Further data: E = 29 x 10 6 psi 

= 29,000 ksi 
P = 80 kips 
0 = 48 kips 

= (59.975X80) + (-2.49375)(48) = Q 1613 m i 
P 29,000 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1903 


















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 11.102 

Each member of the truss shown is made of steel and has the 
cross-sectional area shown. Using E = 29 x 10 6 psi, determine 
the deflection indicated. 

Horizontal deflection of joint C. 


SOLUTION 



Solving (1) and (2) simultaneously, 

F bc = —P - — Q 
BC 10 24 


13 


13 


Fcd = -t^p-^tQ 


10 


24' 


Joint D: 



+!^ = °: u Fcd + Fb = 0 

F nn = -—Fen =~P + —Q 
13 2 24 


( 1 ) 


( 2 ) 
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PROBLEM 11.102 (Continued) 


Lengths of members: 


L BC = in- 

L cd = 78 in. 

— 60 in. 

F 2 L 

u = x— 

2EA 

S dU z FLdF 1 v LF dF 

P ~ dQ~ EAdP ~ E A dQ 


Member 

F 

L (in.) 

dF 

~DQ 

A( in 2 ) 

FL dF 
~A~dQ 

BC 

—P - —Q 

10 24 

78 

13 

24 

4 

-13.73125/’ + 5.72135(9 

CD 

-L P _ii e 

10 24 

78 

13 

24 

6 

9.15467/* + 3.81424(9 

BD 

\ p + ^rQ 

60 

5 

3 

2.08333/* + 0.868060 


2 24 


24 


S 





-2.49325/* + 10.403650 


Further data: E = 29 x 10 6 psi 

= 29,000 ksi 
P = 80 kips 
Q = 48 kips 

= (-2,49325X80) + (10-40365X48) = 001034in 
Q 29,000 
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PROBLEM 11.103 

Each member of the truss shown is made of steel and has a cross-sectional 
area of 500 mm 2 . Using E = 200 GPa, determine the vertical deflection of 
joint B. 


SOLUTION 

Find the length of each member as shown. 
Add vertical force Q at joint B. 


S B = 



dQ dQ 2EA EA dQ 


Joint C: 


+tllF v =0: 4.8 = 0 F CB = 6.0 kN 


Joint B: 


Solving simultaneously, 


Joint D\ 


+ ► 'LF x — 0: ^ F cb + F cd — 0 F cd — 3.6 kN 


4 4 

—^ab “ l — 

5 AB 5 


H ► - 0: F ab + F bd 3.6 - 0 


4zF v = 0: |i^-|^-4.8-e = 0 

F ab = 6.25 + 0.83330 kN 
F bd =-1.75-0.83330 kN 

+t2LF v =0: ^F bd +F ad = 0 


F ad — $ F bd — 1.05 + 0.5 Q 
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PROBLEM 11.103 (Continued) 


Member 

F(10 3 N) 

dFtdQ 

L( m) 

with 0 = 0 

F(dF!dQ)L (10 3 N -m) 

AB 

6.25 + 0.8333(9 

0.8333 

2.0 

10.4167 

AD 

1.05 + 0.50 

0.5 

2.4 

1.26 

BD 

-1.75-0.83330 

-0.8333 

2.0 

2.9167 

BC 

6.0 

0 

1.5 

0 

CD 

-3.6 

0 

2.5 

0 

£ 


14.593 


S B =^LF(dF!dQ)L 
14.593x 10 3 

~ (200xl0 9 )(500xl0~ 6 ) 

= 145.9x10 6 m 

5 b = 0.1459 mm 4- A 
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PROBLEM 11.104 

Each member of the truss shown is made of steel and has a cross-sectional 
area of 500 mm 2 . Using E = 200 GPa, determine the horizontal deflection 
ofjointf?. 


SOLUTION 

Find the length of each member as shown. 
Add horizontal force 0 at joint B. 


dU _ d F 2 L 
dQ ~ dQ 2 EA 



— T.F—L 
EA dQ 


Joint C: 


+tzF v =0: ^F cb - 4.8 = 0 F CB = 6.0 kN 


Joint B: 


+ T,F X - 0: F cb + F cd - 0 F cd - 3.6 kN 


+ ^F x = 0: ^F ab + ^F bd -3.6-Q = 0 
4zF v =0: -4.8 = 0 


Solving simultaneously, 


Joint D: 


F ab = 6.25 + 0.6250 kN 
F bd = -1.75 + 0.6250 kN 

+ tsF=0: If bd + F ad = 0 


FjiD = ~^F bd =1.05-0.3750 
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PROBLEM 11.104 (Continued) 


Member 

F(10 3 N) 

dFtdQ 

L( m) 

F(dFtdQ)L 
(10 3 N • m) 

AB 

6.25 + 0.6250 

0.625 

2.0 

7.8125 

AD 

1.05 + 0.3750 

-0.375 

2.4 

-0.9450 

BD 

-1.75 + 0.6250 

0.625 

2.0 

-2.1875 

BC 

6.0 

0 

1.5 

0 

CD 

-3.6 

0 

2.5 

0 

2 


4.680 


8 B =±-*F(dFI0Q)L 

J-j/l 

4.680xlQ 3 

~ (200xl0 9 )(500xl(T 6 ) 

= 46.8 x 10~ 6 m 

5 b = 0.0468 mm <— 4 
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PROBLEM 11.105 

A uniform rod of flexural rigidity El is bent and loaded as shown. Determine 
(a) the vertical deflection of point A, (b) the horizontal deflection of point A. 


SOLUTION 

Add horizontal force Q at point A. 
Over AB: 


1 73 

M =-Pv + — Qv 

2 2 


PM 1 

-= —v 

PP 2 


dM 73 
PQ “ 2 


UAB ~ 


• LM~ 


0 2 El 


■dx 


Set 0 = 0. 


dU A B _ 1 

L U dM dv- ‘ 

f 

-Pv) 

PP 

Eli 

0 PP Eli 

0 

U J 

du AB 1 

\ L M m dv= ‘ 

f 

-Pv 

dQ 

Eli 

o 

to 

< _ 

0 

U J 


—v 

v2 j 


dv = ■ 



12 El 


73 , 73 Pi} 

— dv =- 

2 12 El 


Over BO. 


Set 0 = 0. 


m=-pi 


PM ( L 

-= - v- 

c?P l 2 


PM 73 
PQ~ 2' 


U BC - { 


L M~ 


dx 


o 2EI 


PP El Jo 


PU , 


SC 


hr 

II Jo 

Af 

ET Jo 


M 


PP 

PM 




<50 P/Jo <?£ 
(a) Vertical deflection of points . 

(h) Horizontal deflection of points . 


dx = P\ x~ — 


2) 3 El 


x - 

2 


V 2 2 


Ldx = -2^Sx-- 
4EI y 2 J 


1 Pi} 

12 El 

L 


= 0 


<7 = 


^Uab + dU BC 

PP 


e #UaB 
5 q = 


PP 

PU, 


S P - 


PU 
6 El 


i ◄ 


73 Pis' 


PQ PQ 12 El 


BC 


PI 

^ = 0.1443-> ◄ 

Q El 
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SOLUTION 

Add horizontal force Q at point B. 
Use polar coordinate cp. 




Bending moment . 


U=[ ——Rdcp 
Jo 2 El 

+)IMj= 0: M-Pa-Qb = 0 
M = Pa + Qb 

= PR sin cp + QR (1 - cos cp ) 


dM 

~dP 


= R sin cp 


dM 

~pQ 


= R(l — cos <p) 


Set Q = 0. 
(a) 


dU 1 f'fl,, dM 


8„= — = — f M 
dQ El Jo 

PR 3 r ^ 2 


^2 


i r^ 2 

Rd ( P = ~EI J PR s i n< pR(\- cos< P)Rd<p 


PR 


El Jo 


PR 3 ( n A 1 . 2 * 1 . 2a a 

-cos—t cos 0-sm —l—sm 0 

2 2 2 2 


r^/2 j JV i? 

J (sin cp — sin cos (p)dcp = ^ (- cos <p~ — sin" cp) 


a/2 


El 

PR 


(b) 


d P = 


El 

dU 


0 + 1--+0 
2 


1 r xa ,„ dM 


= —\~m 

J ( 


dP El J o 
f */ 2_._ 2 
El 
PR 


1 

Rd ( P = ~EI J PR sin cp R sirup Rdcp 


dP El Jo 

PR 3 r xn 1 


f Jf/2 . , PfU r */2 1 

sin cpdcp = - — (1 -cos 2(p)dcp 

Jo El Jo 2 


3/ l 1 ■ , A 

—cp sm 2rp 

2 2 


El 


K ' 2 PR 3 

(1 

n 

1 

A 1 

1 • n ) 

= - 

— 

— 

— 

0 - 

sin k 3-sinO 

o eP 

u 

2 

2 

2 

2 J 


PR 


3 r 


El 


-- 0 - 0+0 

4 



* PR ^ 
d 0 = - > ◄ 

Q 2El 


S P =^-i< 
P 4EI 
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PROBLEM 11.108 

Two rods AB and BC of the same flexural rigidity El are welded together at B. For 
the loading shown, determine (a) the deflection of point C, ( b ) the slope of 
member BC at point C. 


SOLUTION 



Set Q = 0 and M c = 0. 


Member BC: 


Set Q = 0 and M c = 0. 


Add horizontal force Q and couple M c at C. 


+)YM a =Q\ R c l + M c —(P + Q)l = 0 


R c = P + Q + ^f~ 


+ —►ZF v -0: P + Q + R Ax -0 R Ax -P + Q<t- 


m = R Ax y = (P+ Q)y, 


dM 

~EQ 


= y, 


dM 

dM r 


= 0 


UAB ~ 


f'—dy 
J o 2F.T ' 


dU AB _ 1 \' M dM 

dQ El Jo dQ 
dU 


dv = J o ( Py)(y)dy - 


1 PI 
3 El 


AB 


1 r>, dM , n 
M - dx = 0 

J o 


dM c El J o dM 


M = M c + R c x = M c + 


P + Q + —- 
l 


dM 

~SQ 


- = x. 


dM 


dM r 


U =\’—dx 
BC UlEI 


dU, 


BC 


1 r‘ r dM 


= — M 


1 f' 

dx = — (Px)x dx = — 
dQ El Jo dQ El Jo v 3 El 

-^L = U l M^dx = U\px) 

dM A El Jo dM A F.Ti o 


1 PE 


El Jo 
P 


j: 


1-| dx 

V I 
..2 h 


EUo\ X I 


dx 


Ef\2 3 J 6 El 
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PROBLEM 11.108 (Continued) 

(a) Deflection at C. 

= gu K = 2 « 5 _ 

c uQ aQ c 3 El 

(b) Slope at C. 

> c = (9Uah + dU,iC e c = Pl2 ◄ 

y dM A aM c L 6EI 
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SOLUTION 




Add dummy force Q at point D as shown. 


Statics + EM A = 0: DL - PL = 0 


D = P't 

■±~EF X = 0: -A x + P + Q = 0 A x = (P + Q) 

+t T.F V =0: A v + D = 0 A = P i 

1 y y y 

u = U AB + U BC + U CD 

„ du 

By Castigliano’s theorem, S D = 

s .... dU AB | dU BC | dU, 


CD 


Member AB: 


Set 


dQ 

M = (P + Q)y 


dQ 

dM 

~dQ 


dQ 


= 7 


Q = 0 M = P 


U AB ~ |o 


l M~dy 
2EI 


dU 


AB 


dQ 


f L M dM p rL 2 , PU 

Jo El dQ ' El Jo ' 3 El 


Member BC : 


Set 


M = Px + QL — = L 
dQ 

Q = 0 M =Px 


^BC ~ J, 


lM dx 
0 2 El 


PE 


^=[‘"** = 5 J,> = — 

dQ 30 El dQ El 30 2EI 
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PROBLEM 11.109 (Continued) 

Member CD\ 

„ dM 

M = Ov -= y 

dQ 

Set 

Q = 0 M = 0 

_ | -LM~dy dU CD _ r lM dM _ 

CD 2 El dQ El dQ ' 

_ PI? PI? n 5 PI? . 

Sr\ — + +0 — —^ ^ 

3 El 2EI 6 El 
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PROBLEM 11.110 

Three rods, each of the same flexural rigidity El, are welded to form the 
frame ABCD. For the loading shown, determine the angle formed by the 
frame at point D. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1917 









































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1918 










Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



I 

P 

PROBLEM 11.111 


Cl 

B Determine the reaction at the roller support and draw the bending moment 


A 

id 

_ diagram tor the beam and loading shown. 


-- L/2-- 

--L/2-- 



SOLUTION 


Remove support B and add reaction R B as a load. 



u=u AC +u CB = 


■L/2M Z 


o 2 El 


■du + 


•i/2 AT 


>o 2EI 


■dv 


y B = 


dU 


' AB 


‘ CB 


8R r 


8R r 


8R 


= 0 


Over AC: M = R. 


u + — I - Pu 


B 

dM 

~SR b 


f L 

U H- 


8U a 


8R, 


i 

L/2 


f 

1^ 


f 

iC 



— 


r b 

U H - 1 — 

Pu 

u + 

— \du 


Eli 

0 


V 

2 J 


V 

2 J 



Rn 

• L/2 

( 

L\ 

2 

P 

p L/2 

( 

L 

\du 



U -f 

— 

dv - 

— 

u 

u + 


Eli 

0 


2) 

EI* 

0 

V 

2 

J 

Rb 

C 

-f-T 

P 

V 


1 

fifl 

3EI 


UJ 

EI 

3 V 

2 J 

2 

2 

UJ 


Over CB: 


j_ML 

24 El 


M=R B v 


5 PC 
48 El 

dM 
~8Rn 


- = V 


aU, 


CB 


8R„ 


1 C i/2 

— (Rnv)vdv- 
UJ o B 


R r 




y b = 


EI Jo 
7 


3 EI 


1 R b c 

24 EI 


24 + 24 


1 \r b c 


5 PL 


EI 48 EI 


= 0 


R b =—P T ◄ 
16 


M 


c 


= Rb 


L 

~2 


m a = r b l-p±= 


{— 
v 16 



M r = —PL ◄ 
c 32 

M, = - — PL ◄ 
16 

M b =0 ◄ 
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A 

-- L 



PROBLEM 11.112 

Determine the reaction at the roller support and draw the bending-moment 
diagram for the beam and loading shown. 


SOLUTION 



J 




i) M< 
I f? B 



Remove support B and add reaction R B as a load. 


u = \ 


lM 1 


2EI 


dv 


8U 1 ( L.,dM , n 

Va = - = - „ M - dv = 0 

SR b EI >0 BR b 


M = R b v - M 0 


dM 

~dR B 


= v 


y B = — 1 0 L (^ vM i o^ vdv 

Rpt rL 1 . Mr) cL . 

= —In v ~ dv -- L vdv 

El J0 El 10 

_R b ^_M s ^ = 0 r = 3 Mo T 


3 £7 2EI 
3 


2 L 


M a = R b -M o = -M 0 - M 0 = -M 0 


◄ 

◄ 
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• 1_ 

— 

d y 


B 


- L- 




PROBLEM 11.113 

Determine the reaction at the roller support and draw the bending moment 
diagram for the beam and loading shown. 


SOLUTION 


Remove support A and add reaction R A as a load. 

U= \ L —dx 
Jo 2EI 

x dU 1 . . 

5a= -= — M - dx = 0 

dR A El J o dR A 


Portion AD: 


(0 < x < a) M = R 4 x 


dM 
~dR ' 


= x 




dU 


AD 


dR A El 


1 r a 

—Jo ( R A x )( x ) dx 


R A a 

3EI 




Portion DB: 


(a<x<L) M = R a x — M q 


dM 

~dR, 


■ = x 


dU 


DB 


dR A El 


= ^1 ( R A x - M o)( x ) dx = -^\\ R A(fi ~ ai )-~M 0 (L 2 - a 1 ) 

R J a F i 2 


8a = 


dU AD J 3UDB _ _j_,J R 

dR A dR A El 


El \ 3 

'-c? +-L 2, ~-cA--M 0 (L 2 -a 2 )\ = 0 
v 3 3 3 ) 2 0 ' 


D 3 M 0 (L 2 - a 2 ) 

< =-;- 


M 



% 


MD~ - R A a 


M d+ ~ M d- M 0 


m b = r a l-m 0 


R _ 3 M 0 b(L + a) ^ ^ 
^ 2L 3 

M a =0 ◄ 
3 M 0 ab(L + a) . 


M n _= — 


D 


_3 M 0 ab{L + a) 

m D+ 2 ^ 

3 M 0 b(L + a) 

Mr = 2~l} - M ° ^ 


Bending moment diagram drawn to scale for a = —L. 
By singularity functions, 


M = 3M 0 b(L + a)x/2I? -M 0 (L-a)° ◄ 
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PROBLEM 11.114 

Determine the reaction at the roller support and draw the bending moment 
diagram for the beam and loading shown. 


SOLUTION 

Remove support A and add reaction R A as a load. 


u = \ 2 


i M , ,iM" , 
dx + J Q 2 -- dv 


2 El 


2EI 


s dU l ,L dM , 1 dM 

5 a = -= — f 2 M - dx H- 2 M - dv = 0 

A rr J 0 QR rr 1 0 


dR A 


Portion AC: 


El 

O < x < — 
\ 2 


El' 


GR a 


M = R a x 


dM 

~dR A 


= x 


Portion CB: 


dU AC 1 r 4,„ ,, . , R 4 E 
—— = — L 2 (R 4 x)(x)dx = —— 
dR, El 10 A 24EI 


0 < v < — 

l 2. 



Ml 

1 2 

-WV 

dM 

f L ) 

l 2 J 

2 

dR A 

l 2 J 




at/, 




cb _ r L 
EI io 


Ra 


1 2 

- WV 

Ml 


i) 

2 

l 2 J 


=t, + f” 2 . 





Ra 

-1} 

1 


w 

1 


C-T 

El 

3 

3 

UJ 

2EI 

4 

UJ 23 

UJ 


i 


aj?> 


24 ) El 
dU, 


_]_w£_ 

384 El 


+ 


CB _ 1 R.iL 3 


7 wL 


dR A 


3 El 384 El 


= 0 


Ra = 


- wL T -4 

128 
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PROBLEM 11.114 (Continued) 


Bending moments . 


Over^C: 


or 


Over CB: 


M =- wLx 

128 

M r = —wL 2 = 0.02734 wL 2 
c 256 


7 f 
M = —wL 
128 v 


L) 1 2 

V H-- wv~ 

2 J 2 


„ 7 r2 1 fzY 9 r2 

M R = - wL - w\ — = - wL 

u 128 2 2 128 


dM _ 7 
dv 128 


M b = -0.0703 Ini- ◄ 


M =- wL 

m 128 


- = 

0 

v m = J-L 

m 


m 128 

( 7 r 

zY 

1 ( 1 \ 

- L + 




2y 

2 v 128 J 


945 •, o 

-wL 2 = 0.02884w’Zr 


32,768 


M = wLx - w(x - LIT) 2 12 
128 


◄ 

◄ 
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p 

PROBLEM 11.115 


1 

ro 

Determine the reaction at the roller support and draw the bending moment 
diagram for the beam and loading shown. 

d 

fc 

L 

2 L 


3 

3 



SOLUTION 

Remove support A and add reaction R A as a load. 

-dx 



r L M 2 

U = 


Jo 2 El 


dU 

5 A = 



dR, 


Portion AD: 


0 < x < — 
v 3 


M = R a x 


J-f 

El Jo 

dM 

~dR A 


L x . dM , 
M - dx 


dR, 




i ~ 


■ — X 


dU 


AD 


dR* 


1 r L ' 3 dM 1 r L '* 

ml “ir^ml (R ^ x)dx 


Pi 


Eli o 
R 




3EI 


v J / 


Portion DB: 


( L T 

— <x<L 
v 3 


LM 

81 El 

r 


3 


M = R a x - P 


v 


L 

x - 

3 


dM 
~dR " 


- = x 


^™=±r M ™ lix =±[ i 

dR, FJiuz dR. F.JJl 


El i i/3 

Rj c L „ 2 
El i i/3" 


dR A El J i/3 


*4-^1 *-y 


x<ir 


J i/3 El i i/3 


v 2 - —v c/v 


R, 


3£7 


i} - 


1 y 

u> 

_1 

p 

1 

f 

I}- 

( L V 

L 

f 

L 2 - 

1 

(N _ 

<1 1 

13J _ 

El 

3 

V 

WJ 

6~ 

V 

I3j jj 


(1 

1 


n 

1 

1 | 1 

)PL i 

b 

8F 

' El 

b 

81 

6 ' 54, 

El 




^AD ! dU db 

dR A 


= 1M 

3 El 
= 0 


14 PI 3 
81 El 


r 1 1 1 n 

v 81 + 3 81 J El 


14 PI 3 

sITT 


1 




£ 



R 4 =— Pt ◄ 
^ 27 
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PROBLEM 11.115 (Continued) 


Bending moments: 


M d =0A728PL ◄ 


(4 

M r =R 4 L-P — =- PL 

B A y 3 ) 27 

M b = -0.1481PZ ◄ 

By singularity functions, 


M=— Px-P(x-L/3) 1 ◄ 

27 
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w 

PROBLEM 11.116 

B 









C For the uniform beam and loading shown, determine the reaction at each 
— support. 

tk. ^ 

- —L/2 — - 

fc J, 

--L-- 
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PROBLEM 11.117 

Three members of the same material and same cross-sectional area are used to 
support the load P. Determine the force in member BC. 


SOLUTION 


Detach member BC at support C. 
Add reaction R c as a load. 


Joint C: 


£/ = £ 


F 2 L 

2EA 


dU FL dF n 

y r =-= £-= 0 

L 8R C EA aR c 


Fbc ~ Rc 


Joint B: 


+-+ZF x =0: F be sin (p - F BD sin ^> = 0 F BE =F BD 
+ tzF v =0: F bd cos (p + F be cos cp + R B - P 


^ P~Rr 

F an = F ac - = - 


2 cos (p 



Member 

F 

dF!dR B 

L 

c FLIEA) ( 3FtdR B ) 

BD 

(P - R B )/2cos<p 

-1/2 cos ip 

H cos cp 

( R b - P)l/4EA cos V 

BE 

(P - R g )I2 cos (p 

-1/2 cos cp 

H cos cp 

(R b - P)I/4EA cos V 

BC 

Rb 

1 

l 

RgllEA 


y B = -PI/2EA cos 3 cp + R B l/2EAcos 2 cp + R B I/EA = 0 


Rb 


p 

1 + 2cosV 


pRC — Rr 


Pbc ~ 


1 + 2cos 3 ^ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1927 

























Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



SOLUTION 



Joint is: 


±JLF„ =0: F, 


BE 


cos< 


Fbd - o 



O 77* 

We have EF - — = 0 


dF, 


BD 


F be — F bd / COS^ 


l-| EF = 0: F bc + (F BD /cos(/>) sin </> - P = 0; F BC = P - F BD tan</> 


dF, 


EA, dF, 


BD 


AE 


-EF, 


dF, 


dF, 


= 0 


BD 



F, 

dF t ldF BD 

F,dF,ldF BD 

BD 

Fbd 

1 

Fbd 

BC 

P - F bd tan (j) 

-tan^ 

-Plane/) + F be tan 2 (j) 

BE 

F bd I cos (/> 

1 

COS0 

F bd ! cos 2 (/) 
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PROBLEM 11.119 

Three members of the same material and same cross-sectional area are 
used to support the load P. Detennine the force in member BC. 


SOLUTION 

Cut member BC at end B and replace member force F BC by load F B acting on 
member BC at B. 


S B = 


FU d F~L 1 

E-=- z,F 


8F 


ff b ff b ea ea ff b 


L = 0 


Joint C: 




XF V — 0: ^ F cd + F bc P — 0 







_ l 

" AC ~^ 1 CD 


AC 


/ 


Fac = 


V3 V3 


F r 


? I 


Member 

F 

FF/FF B 

L 

F(FF/FF B )L 

AC 

FB 

1 

l 


f b i 


1 1 

1 



1 

1 

BC 

—f=P - i=F r 

S V3 

"vr 

l 


—PI + -FJ 

3 3 


2 2 

2 

2 , 


8 

8 

CD 

-=P — t=F r 

V3 >/3 

“VT 



-H- -j= t nl 

V3 y/3 * 






f 1 8 ^ 

(4 8 ^ 

£ 




— 

— + —j= \Pl + 

— + = FJ 






[3 V3 J 

U s) 


S B =~ 


I J_\fL 

3 + V3 )EA + 


+ - 


± + * 

3 ^3 ) EA 


F b = ^§-P = 8 + = 0.652P 

« 4 " ^ 


3 + V3 


; + 


4V3 


~~ F B 


F bc = 0.652P ◄ 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1930 







































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 



PROBLEM 11.120 

Three members of the same material and same cross-sectional area are used to 
support the load P. Determine the force in member BC. 


SOLUTION 

Detach member BC from support C. Add reaction F c as a load. 

1 


t/ = Z 


f 2 l 


s c = 


2EA 2EA 
dU 


-ZF 2 Z 


dF c EA 


1 ZF^Z 


dF r 


A 


r c 




3, 

4 1 

c / 

/ E 

B 

P’ 


* l * 


Joint B: 

+Tzf v 

= 0: 

f c -p+-f bd = 0 

Fbd 


±+YF x 

= 0: 

Fbe + tFbd = 0 

Fbe 


3 3 

4 „ 4 


F c 

P I 


Feo 


*F. 


ee 


Member 

F 

dFldF c 

L 

F(FF/FF C )L 

BC 

F c 

1 

-i 

4 

—F c l 

4 c 

BD 

5 5 

—P — F c 

3 3 

5 

3 

-1 

4 

-^P, + ^F C , 
36 36 c 

BE 

4 4 

—P + -F r 

3 3 

4 

3 

1 

P/ +—F c l 

9 9 

Z 


-—Pl + 6F r l 

4 c 


e _±_ f 

c EA v 


~PI + 6F c l | = 0 



Fbc ~ Fc 


Fbc ~ 
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PROBLEM 11.121 

Knowing that the eight members of the indeterminate truss shown have the 
same uniform cross-sectional area, determine the force in member AB. 
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PROBLEM 11.121 (Continued) 


Member 

F 

dF!dF A 

L 

F(dF/dF A )L 

AB 

F a 

1 

l 

FJ 

AD 

—F a 

4 A 

3 

4 

-l 

4 

—-FJ 

64 A 

AE 

5 5 

3 P ~4 Fa 

5 

4 

-l 

4 

48 64 A 

BD 


5 

4 

-l 

4 

64 

BE 

-pF-f a 

3 

4 

-l 

4 

9 27 

- PI H- FJ 

16 64 

DE 

4 

— p+f a 

3 

1 

1 

4 

— PI + F.l 

3 

Z 


9 27 

--PI+—FJ 

2 4 A 


F =—P ◄ 
AB 3 


EA 

F a =~P 
3 


Fab ~F a 


--PI + —FJ 1 = 0 
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PROBLEM 11.122 

Knowing that the eight members of the indeterminate truss shown have the 
same uniform cross-sectional area, determine the force in member AB. 



PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1934 































Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 11.122 (Continued) 


Member 

F 

3F!dF A 

L 

F(FF/dF A )L 

AB 

f a 

1 

1 

FJ 

AD 

~-f a 

4 

3 

4 

3 -l 

4 

27 

—FJ 

64 

AE 

5 5 

3 P ~~A Fa 

5 

4 

-l 

4 

-™ Pl A*-FJ 

48 64 A 

BD 

-*-f a 

4 A 

5 

4 

-l 

4 

64 A 

BE 

—F a 

4 

3 

4 

-1 

4 

27 

—F 4 l 

64 

DE 

4 

— p+f a 

3 

1 

1 

4 

—PI + FJ 

3 

Z 


-K-pi + *Lfj 

16 4 A 




F, =—P 

A 12 


F A b ~ F a 


F . t .=-P4 
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PROBLEM 11.123 

Rod AB is made of a steel for which the yield strength is a Y =450 MPa 
and E = 200 GPa; rod BC is made of an aluminum alloy for which 
cry = 280 MPa and E = 73 GPa. Determine the maximum strain energy 
that can be acquired by the composite rod ABC without causing any 
permanent deformations. 


SOLUTION 


AB: 


BC: 


Use the smaller value. 


Aab=j( 10) 2 =78.54 mm 2 

= 78.54 xl0~ 6 m 2 
A bc =^(14) 2 =153.94 mm 2 

= 153.94 xl0~ 6 m 2 
^all = for each portion. 

P M = (450 x 10 6 )(78.54 x 10^ 6 ) 

= 35.343 x10 3 N 

=(280x10 6 )(153.94x10~ 6 ) 

= 43.103 x 10 3 N 

P = 35.343 x 10 3 N 

L r_ P 2 L ab | P 2 L bc _ (35.343 Xl0 3 ) 2 (l ,2) 

2 E ab A ab 2 E bc A bc (2)(200x10 9 )(78.54x10- 6 ) 

(35.343 x10 3 ) 2 (1.6) 
(2)(73x10 9 )(153.94x10~ 6 ) 

U = 136.6 J ◄ 
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PROBLEM 11.124 

Each member of the truss shown is made of steel and has the 
cross-sectional area shown. Using E = 29 x 10 6 psi, determine 
the strain energy of the truss for the loading shown. 
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5000 ft 


PROBLEM 11.125 

The ship at A has just started to drill for oil on the ocean floor at a depth of 
5000 ft. The steel drill pipe has an outer diameter of 8 in. and a uniform 
wall thickness of 0.5 in. Knowing that the top of the drill pipe rotates 
through two complete revolutions before the drill bit at B starts to operate 
and using G = 11.2 x 10 6 psi, determine the maximum strain energy acquired 
by the drill pipe. 


SOLUTION 


cp = (2) (2 n) = An rad 
L = 5000 ft = 60 x 10 3 in. 


c = — = 4 in. 
° 2 


J = 

cp = 

U = 

U = 


n 


2 

TL 

~GJ 


(c A 0 ~g) 
T = 


Ci =c 0 -t = 3.5 in. 

= 166.406 in 4 
GJ(p 


T~L 

2GJ 


GJcp 

L 


L 


GJcp 1 


2 GJ 2 L 


(11.2xl0 b )(166.406)(4^r 

(2)(60xl0 3 ) 


U = 2.45xl0 6 in.-lb ◄ 
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PROBLEM 11.126 

Collar D is released from rest in the position shown and is stopped by a 
small plate attached at end C of the vertical rod ABC. Determine the mass 
of the collar for which the maximum normal stress in portion BC is 
125 MPa. 


SOLUTION 


Portion BC: 

o m =125xl0 6 Pa 


A bc =^(9) 2 =63.617 mm 2 = 63.617 x l(T 6 m 2 


Pm=^mA BC = 7952 N 

Corresponding strain energy: 

U K = P - L ‘C = (79 9 52)!(2 5) „ = 17.750 J 

2 E bc A bc (2)(70 x 10 9 )(63.617 x 1(T 6 ) 

A ab =^(12) 2 =113.907 mm 2 =113.907 xl(T 6 m 2 

U - _ (7952) 2 (4) _ 105 ^ j 

AB 2 E ab A ab (2)(105 x 10 9 )(113.907 x 10~ 6 ) 


U m =U BC +U AB = 28.324 J 

Corresponding elongation A m : 


1 

2 

PnAm = U m 


2D m= (2X28.324) = 7 12xl() _3 m 

P m 7952 

Falling distance: 

h = 0.6 + 7.12 xlO -3 = 0.60712 m 

Work of weight = U m 

Wh = mgh = U m 


U m 28.324 . „, - 

m = —— = - m = 4.76 kg A 

gh (9.81)(0.60712) 
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PROBLEM 11.127 

F 

A 

B 



Each member of the truss shown is made of steel and has a cross- 



0.1 

sectional area 400 mm 2 . Using E = 200 GPa, determine the deflection 

111 of point D caused by the 16-kN load. 


D E 



r 16kN 




SOLUTION 







Equilibrium of entire truss . 

I M a = 0: D = 0 
TF X = 0: A x = 0 
TF y = 0: A y = 16kN T 

Equilibrium of joint A . 

From the force triangle, 

Face _ Fab _ 

17 15 8 

F ab = 30 kN (compression) 

Face = 34 kN (tension) 


By symmetry, 

F de = 30 kN (compression) 

F bcd = 34 kN (tension) 

Equilibrium of joint B . 


=0: -1-F ace -F be = 0 
_ A ( 34 ^ _ Fbe = o F be = -16 kN 
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PROBLEM 11.127 (Continued) 


Members : A = 400 mm 2 = 400 x 10 6 m 2 

E = 200 GPa = 200 x 10 9 Pa 
EA = (200 x 10 9 )(400 x 10“ 6 ) = 80 x 10 6 N 

r2r i 

Strain energy: U = I—— L =- 'LF?L : 

- 2 EA 2 EA 1 1 



F,im 

A (m) 


AB 

-30 

1.5 

1350 

DE 

-30 

1.5 

1350 

ACE 

+34 

1.7 

1965.2 

BCD 

+34 

1.7 

1965.2 

BE 

-16 

0.8 

204.8 


I = 6835.2 (kN) 2 • m 
= 6.8352 x 10 9 N 2 m 


6.8352 xlQ 9 
(2)(80 x 10 6 ) 


42.72 N • m 


Princinle of work and energy : 

f P5 = U (P = 16 kN = 16 x 10 3 N) 

-(16 x 10 3 )J = 42.72 S = 5.34 x 10“ 3 m 
2 

Deflection of point D . 5 = 5.34 mm -l A 
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PROBLEM 11.128 

A block of weight W is placed in contact with a beam at some given point D and released. Show that the 
resulting maximum deflection at point D is twice as large as the deflection due to a static load W applied at D. 


SOLUTION 

Consider dropping the weight from a height h above the beam. The work done by the weight is 

Work = W(h + y m ) 

1 „ 1 


U = -P y =—ky 

2 ms m 2 


Strain energy: 

where k is the spring constant of the beam for loading at point D. 
Equating work and energy, 


W(h + y m ) = ^ky 2 m . 


Setting h = 0, 


Wy m =]-ky 2 m , y m =^~- 
2 k 


The static deflection at point D due to weight applied at D is 

W 


y m = 


24 ◄ 
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SOLUTION 

Shaft CD: 


Equilibrium of shafts : 


Shaft AS: 


Total strain energy : 


T = 820N • m c = —d = 20 mm = 0.020 m 
2 

J = yc 4 = y(0.020) 4 = 251.33 x 10“ 9 m 4 


G = 77.2 x 10 9 Pa, 


L = 0.60 m 


U CD ~ 


t 2 l 


(820)^(0.60) 


2 GJ (2)(77.2 x 10 y )(251.33 x 10“ 9 ) 


= 10.397 J 


l CD 


1 AB 

r» 


T ab = ^-T cd = 100 1TUn (820 N • m) = 1366.67 N • m 


L CD 


60 mm 


T = 1366.67 N • m 


c = —d = 25 mm = 0.025 m 
2 


/ = yc 4 = y(0.025) 4 = 613.59 x 10 _6 m 4 


G = 77.2 x 10 9 Pa, L = 0.40 m 
(1366.67) 2 (0.40) 


UAB ~ 


t 2 l 


2 GJ (2)(77.2 x 10 9 )(613.59 x 10 -9 ) 


= 7.886 J 


U = U CD + U AB = 18.283 J 


-TO = U 
2 


„ 2 U (2)(18.283) 

9 =-= —-- - = 0.04459 rad 

T. 820 


0 = 2.55° ◄ 
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PROBLEM 11.130 

The 12-mm-diameter steel rod ABC has been bent into the shape 
shown. Knowing that E = 200 GPa and G = 77.2 GPa, determine 
the deflection of end C caused by the 150-N force. 


P = 150 N 


SOLUTION 


Portion AB: 


bending 


torsion 


T n 4 n( 12 ^ 
J = —c = — — 

2 2{2 j 


= 2.0358 xl0 3 mm 4 


= 2.0358 xl0~ 9 m 4 


/ = —J = 1.0179 x 10~ 9 m 4 
2 


M = -Px 


U 


AB.b 


r l m _ P_ f L - 

lo 1E1 2£/Jo 


J 2 i 

x ax 


P 2 L\ b _ (150) 2 (200x 10~ 3 ) 3 

6EI ~ (6)(200x10 9 )(1.0179x10~ 9 ) 
0.14736 J 


T = PL bc 

_ 7 L 4b _ P L bc L ab 
u 2GJ 2GJ 

(150) 2 (200 x 10~ 3 ) 2 (200 x 10~ 3 ) 
(2)(77.2 x 10 9 )(2.0358 x 10~ 9 ) 
= 0.57265 J 



Portion BC : 


M = -Px 

c l bcM~ P~ r G 

\J Df~< — I CIX — I 

Jo 2 El 3.E/J0 


p 2 C 

x 2 dx= BC 


(150) 2 (200xl0~ 3 ) 3 

(6)(200x10 9 )(1.0179x10 9 ) 


6 El 
= 0.14736 J 


Total: 


U = U ABJ , + U ABJ + U BC = 0.86737 J 


Work-energy : 


-P£ = 17 
2 


217 _ (2)(0.86737) 
~P~“ 150 

= 11.57 x 10~ 3 m 


J = 11.57 mm X A 
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I 


—m 


■L/2 



P 

i 

B 



PROBLEM 11.131 

For the prismatic beam shown, detennine the slope at point D. 


SOLUTION 


k i ■ ) i 


f 

B 



Cl 


I 


■e 

v 


p 

8 


Portion DE\ 


M = Ax - P\x - y | - M 0 = M 0 


Add counterclockwise couple M 0 at point D. 
Reactions: 


HM e = 0: -AL + P^-P^ + M 0 = 0 

J = ^T 
L 


L P —t- M n = 0 


TM a =0: EL-P 

E = 2P - — T 
L 

Strain energy : 17 = t/^ + (/£,£ + U EB 
Slope at point D (formula). 


dr = 


du dU An dUnr dU* 


dMr, dM n 


■ + 


■ + 


dM 0 dM 0 


Portion AD: 


0<jc<^ 


Uad ~ 


' m M 


o 2EI 


dx 


M = ^x 
L 


dM x 


dM n L 


Set M 0 = 0 so that M = 0. 


dU An 1 rL! 2 qm , . 

- =— M - dx = 0 


dM 0 El Jo 


8M n 


( L \ 


{ 2 - X - L ) 

ii 


l M 


--1 \-P\x-- 


i/2 2EI 


L 


dx 
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PROBLEM 11.132 


A disk of radius a has been welded to end B of the solid steel shaft 
AB. A cable is then wrapped around the disk and a vertical force P is 
applied to end C of the cable. Knowing that the radius of the shaft is 
a and neglecting the deformations of the disk and of the cable, show 
that the deflection of point C caused by the application of P is 


J c = 


PL 
3 El 


1 + 1.5 


Ea 

GZ? 


2 h 


SOLUTION 

Torsion: 


Bending : 


Total: 


Since J = 21, 


T = Pa 

_ T 2 L P 1 a 1 L 
' ~ 2GJ ~ 2GJ 


M = Pv 


U H 


L M z dv 
o 2 El 


P 2 L 3 

6EI 


r L P 2 v 2 dv 
lo 2 El 


U = 


s c = 


P 2 a 2 L 

2GJ 


- + - 


P 2 l} 


6 El 2 

PL 3 PL 2 
GJ 3 El ~ 3 El 


= -P5 r 


PcCL 


- + - 


1 + 


3 EIa_ 

GJL 2 


2 ^ 




s c = 


PU 


3 El 


1 + 1.5 


Ea 

~GL} 


2 h 
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B C 

PROBLEM 11.133 



A D 

A uniform rod of flexural rigidity El is bent and loaded as shown. Detennine 
(a) the horizontal deflection of point D, (b ) the slope at point D. 

_ p 


-/—- 



SOLUTION 

Add couple M D at point D. 


Reactions at A: 
Member AB: 



EM__ i 
dM D ' 


Set M D = 0. 


Member BC: 


EU. 


AB 


EP 


dU. 


AB 


EM, 


1 | 

r 7 , r EM 


M < 

El J 

!o EP 

1 1 

\ l M m 

El J 

lo EM 0 


El J o 


El Jo 


M = M a + RJ = M d + PI 


EM 

~3P 


= /, 


PI 3 
3EI 
_ PI 2 
~ 2 El 

EM 
EM,n 


= 1 


U BC ~ 


•' M 


o2EI 


-dx 


Set M d = 0. 


EU. 


BC 


EP 


EU, 


BC 


= — M 
EM d El Jo 


— \ l M — dx = —\\pi){l)dx = 

i/Jo EP Eli o v 

1 r 7 EM 1 f/ 

— M - dx = — (. Pl)(l)dx 

i/Jo EM n El Jo 


PV 

El 

PI 2 
" El 
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PROBLEM 11.133 (Continued) 


Member CD: 


Set M d = 0. 


M = M d + Py 



dM dM , 

-= v -= 1 

dP ' dM D 


dU, 


CD 


dP El Jo 
dU. 


f 'M^-dy = ±-\ l (Py)(y)dy 
EJ Jo SP FJ Jo 


CD 


dM 


dM D El Jo 


1 r l dM 1 r l 

= — M — - dv = — (PvXDdv 

i/Jo dM n ' El Jo - ' 


PE 

3EI 

_ PI 2 
" 2 El 


(a) Horizontal deflection of point D . 


S P = 


dU. 


AB 


dU, 


BC 


dU, 


CD 


dP 


dP 


dP 


(\ , I^PE 

-h 1 H-- 

U 3) El 


(b) Slope at point D . 


_ EU ab | EU bc ! dU CD 
dM D dM D dM D 



PI 2 
El 


S P = 


5PE 


3 El 


> ◄ 


2 PI 2 
El ' 




◄ 
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in. 

" 

^ 0.2-in. diameter 

1 

A 1 

A 

B 

-30 in.-► 


10 in. 


PROBLEM 11.134 

The steel bar ABC has a square cross section of side 0.75 in. and is 
subjected to a 50-lb load P. Using E = 29 x 10 6 psi for the rod BD and the 
bar, determine the deflection of point C. 
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PROBLEM 11.C1 


Element n 



Element i 


Element 1 


A rod consisting of n elements, each of which is homogeneous 
and of uniform cross section, is subjected to a load P applied at 
its free end. The length of element i is denoted by L t and its 
diameter by d r (a) Denoting by E the modulus of elasticity of 
the material used in the rod, write a computer program that can 
be used to determine the strain energy acquired by the rod and 
the defonnation measured at its free end. ( b ) Use this program to 
detennine the strain energy and deformation for the rods of 
Probs. 11.9 and 11.10. 


SOLUTION 

Enter : P and E 
For each element 

Enter A ; and /), 

Compute : 

Normal stress: 

Strain energy: 

Strain energy density: 

Total strain energy . 

Update through n elements. 

U = U + U t 

Total deformation . 

-PA = U: A = — 
2 P 

Program Outputs 

Problem 11.9 


Axial load = 

8.000 kips 

Modulus of elasticity = 29 

x 10 6 psi 


Element 

Length 

in. 

A L in. 

Stress 

ksi 

Strain Energy 
in. • lb 

Strain Energy Density 
lb ■ in./in 3 

1 

24.000 

0.022 

26.08 

86.32 

11.72 

2 

36.000 

0.022 

18.11 

89.92 

5.65 


Total strain energy = 176.24 in. • lb 
Total deformation =0.0441 in. 
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PROBLEM 11.Cl (Continued) 

Program Outputs (Continued) 

Problem 11.10 

Axial load = 25.000 kN Modulus of elasticity = 200 GPa 


Element 

Length 

m 

A L nun 

Stress 

MPa 

Strain Energy 

J 

Strain Energy Density 
kJ/m 3 

1 

0.80 

0.497 

124.34 

6.22 

38.65 

2 

1.20 

0.477 

79.58 

5.97 

15.83 


Total strain energy = 12.1853 J 
Total deformation = 0.9748 mm 
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PROBLEM 11.C2 



Two 0.75 x 6-in. cover plates are welded to a 
W8xl8 rolled-steel beam as shown. The 1500-lb 
block is to be dropped from a height h = 2 in. onto 
the beam, (a) Write a computer program to calculate 
the maximum normal stress on transverse sections 
just to the left of D and at the center of the beam for 
values of a from 0 to 60 in. using 5-in. increments. 
(b) From the values considered in part a, select the 
distance a for which the maximum nonnal stress is as 
small as possible. Use E = 29 x 10 (1 psi. 


SOLUTION 

Compute and enter moments of inertia and section moduli . 

For AD and EB \ W8x 18: 

7 =61.9 in 4 Sj =15.2 in 3 
For DCE \ W8xl8 plus cover plates: 

k— —^4 


0.7-SW? 





1 2 =61.9 + 2(6x0.75X4.445)“ 
= 239.72 in 4 


S 2 = 


E 


(4.07 + 0.75) 
239.72 


4.82 


= 49.7 in 3 


◄ 


◄ 


◄ 


y m = P m a where a = influence coefficient . See next page for determination of a. 
P m = equivalent static load 


1 1 v 

U,=-P y — — Eul 

2 2 a 


f- y\ 




L 


% 
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PROBLEM 11.C2 (Continued) 




Program Output 







Beam = W8x 

18 with two 6 by 0.75-in. cover plates 





h = 1 in. 

If = 1500 lb L 

= 120 in. 






a 

JV’stat 

y max 

P max 


^2 

a \ a 2 


in. 

in. 

in. 

lb 

ksi 

ksi 

ksi 


0.00 

0.00777 

0.1842 

35,572 

0.00 

21.46 

-21.46 


5.00 

0.00778 

0.1844 

35,544 

5.85 

21.44 

-15.59 


10.00 

0.00787 

0.1855 

35,348 

11.63 

21.32 

-9.69 


15.00 

0.00812 

0.1885 

34,834 

17.19 

21.01 

-3.82 

1 

20.00 

0.00859 

0.1942 

33,896 

22.30 

20.45 

1.85 

r 

25.00 

0.00938 

0.2033 

32,509 

26.73 

19.61 

7.13 


30.00 

0.01056 

0.2163 

30,736 

30.33 

18.54 

11.79 


35.00 

0.01220 

0.2334 

28,706 

33.05 

17.32 

15.73 


40.00 

0.01438 

0.2546 

26,563 

34.95 

16.02 

18.93 


45.00 

0.01718 

0.2799 

24,436 

36.17 

14.74 

21.43 


50.00 

0.02068 

0.3090 

22,415 

36.87 

13.52 

23.35 


55.00 

0.02496 

0.3419 

20,550 

37.18 

12.40 

24.78 


60.00 

0.03008 

0.3783 

18,862 

37.23 

11.38 

25.85 


Use smaller increments to seek the smallest maximum normal stress. 



18.33 

0.00840 

0.1919 

34,259 

20.657 

20.665 

-0.01 


18.34 

0.00840 

0.1920 

34,257 

20.667 

20.664 

0.00 


18.35 

0.00841 

0.1920 

34,255 

20.677 

20.663 

0.01 










Max. stress small as possible for 

a = 18.34 in. 






Smallest max. stress 

= 20.67 ksi 
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PROBLEM 11.C3 


24 mm 


Ud 



The 16-kg block D is dropped from a height h 
onto the free end of the steel bar AB. For the steel 
used cr all =120 MPa and E = 200 GPa. (a) Write 
a computer program to calculate the maximum 
allowable height h for values of the length L from 
100 mm to 1.2 m, using 100-mm increments. 
(b) From the values considered in part a, select 
the length corresponding to the largest allowable 
height. 


SOLUTION 


Enter 


For 


From Problem 11.69, Page 705, 


Print . T, v v . jv max , G,. ix • M max , h 

Return 


cx all = 120 MPa, E = 200 GPa, d = 0.024 m 
m = 16 kg, g = 9.81 m/s 2 

I=d 4 /U S=- = — = d i /b 
c dll 

L = 100 m to 1200 m, Step 100 mm 
L =1/1000 


Jst = rnglf/lEI 

M max = CT all 5 

^nax =M m JL 

y max = ^max^ /3£7 


y m =T S t 


, i, 2h 

i+ u+— 

y« 


Solve for 


f \ 

Tmax 


-1 


Tst 


-1 


Tst_ 

2 
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PROBLEM 11.C3 (Continued) 

Program Output 

Problem 11.C3 



m = 16.0 kg 

d = 24 mm a = 

120 MPa 

G = 200 GPa 


L 

mm 

.Tstat 

mm 

y max 

mm 

p 

1 max 

N 

Mnax 

N-m 

h 

mm 

100 

0.00946 

0.167 

2764.8 

276.48 

1.301 

200 

0.07569 

0.667 

1382.4 

276.48 

2.269 

300 

0.25547 

1.500 

921.6 

276.48 

2.904 

400 

0.60556 

2.667 

691.2 

276.48 

3.205 

500 

1.18273 

4.167 

553.0 

276.48 

3.173 

600 

2.04375 

6.000 

460.8 

276.48 

2.807 

700 

3.24540 

8.167 

395.0 

276.48 

2.109 

800 

4.84445 

10.667 

345.6 

276.48 

1.076 

900 

6.89766 

13.500 

307.2 

276.48 

-0.289 

1000 

9.46181 

16.667 

276.5 

276.48 

-1.988 

1100 

12.59367 

20.167 

251.3 

276.48 

—4.020 

1200 

16.35000 

24.000 

230.4 

276.48 

-6.385 

Use smaller increments to seek the largest height h. 




435 

0.77883 

3.154 

635.6 

276.48 

3.2316 

440 

0.80599 

3.227 

628.4 

276.48 

3.2320 

445 

0.83378 

3.300 

621.3 

276.48 

3.2317 
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W150 X 13.5 


PROBLEM 11.C4 

The block D of mass m = 8 kg is dropped from a height 
h = 750 mm onto the rolled-steel beam AB. Knowing that 
E = 200 GPa, write a computer program to calculate the maximum 
deflection of point E and the maximum normal stress in the beam 
for values of a from 100 to 900 mm, using 100-mm increments. 


SOLUTION 


Enter 


For 


See Prob. 11.71, page 705 -» 
Influence coefficient for A E 
for unit load at E 

See Prob. 11.69, page 705 —» 



Print : 

Return 

Problem 11 ,C4 

Beam: 


L = 1.8 m, E = 200 GPa, h = 0.75 m 
m = 8 kg, g = 9.81 m/s 2 
/ = 6.87 x 10~ 6 m 4 
S = 91.6xl0~ 6 m 4 

a = 100 mm to 900 mm. Step 100 mm 
a = a/1000 
b = L — a 
y st = mga 2 b 2 BEIL 

a = a 2 b 2 BEIL 


y m = y# 


i , 2h 

1 + 1 + — 


p m ^=y m /a 

M max = P m^ a b!L 
v ''17 rnv IS 


‘-L y s „ y -^inax ’ ^"max 


W150 X 13.5 
/ = 6.87 x 10 -6 m 4 
5 = 91.6 x 10 _6 m 3 
i = 1.8 m 
h = 750 min 
m = 8 kg 
g = 9.81 m/s 2 
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PROBLEM 11.C4 (Continued) 


a 

mm 

JFstat 

mm 

JVmax 

mm 

P max 

N 

^"max 

MPa 

100 

0.0003 

0.6775 

173.93 

179.33 

200 

0.0011 

1.2757 

92.43 

179.40 

300 

0.0021 

1.7946 

65.75 

179.46 

400 

0.0033 

2.2339 

52.85 

179.51 

500 

0.0045 

2.5936 

45.55 

179.55 

600 

0.0055 

2.8734 

41.13 

179.59 

700 

0.0063 

3.0734 

38.46 

179.61 

800 

0.0068 

3.1934 

37.02 

179.63 

900 

0.0069 

3.2334 

36.56 

179.63 


Note the small variation in cr max . This is due to the energy acquired by the mass as it falls through y max . 
See Prob. 11.147, page 731, for a case where energy delivered is constant and cr max is also constant. 
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PROBLEM 11.C5 

The steel rods AB and BC are made of a steel for which 
ct y =300 MPa and E = 200 GPa. (a) Write a computer program to 
calculate for values of a from 0 to 6 m, using 1 -m increments, the 
maximum strain energy that can be acquired by the assembly 
without causing any permanent deformation. ( b ) For each value of 
a considered, calculate the diameter of a uniform rod of length 6 m 
and of the same mass as the original assembly, and the maximum 
strain energy that could be acquired by this uniform rod without 
causing permanent deformation. 


SOLUTION 


Enter: 


For a = 0 to 6 m, Step 1 m 


For uniform rod of same volume, 


Print : a, U, vol, d, P new , U nevi 

Return 


<j y = 300 MPa, E = 200 GPa, 1 = 6 m 
Area 4B =^(0.010 m) 2 , Area BC =^(0.006 m) 2 
P m = <r y Area BC 


P 2 

£/ = -”>- 
2 E 


f 


a 


{ Area ab 


+ 


L-a 
Area BC , 


vol = a( Area AB ) + {L- a)(Area 5C ) 


d = 


Area 


new 



t/„ 


cr y (Area new ) 


2£’(Area new ) 


PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 


1960 


















Mecanica de Materiales - Ferdinand P. Beer 7ma. Edicion. 


PROBLEM 11.C5 (Continued) 

Program Output 

Problem 11.C5 


cr y 

= 300 MPa, P m 

= 8482 N, I=6m, 

E = 200 GPa 



a 

U 

Vol 

d 

New P 

New U 

m 

J 

3 

m 

mm 

N 

J 

0.00 

38.17 

169.65 

6.00 

8482.30 

38.17 

1.00 

34.10 

219.91 

6.83 

10,995.58 

49.48 

2.00 

30.03 

270.18 

7.57 

13,508.85 

60.79 

3.00 

25.96 

320.44 

8.25 

16,022.12 

72.10 

4.00 

21.88 

370.71 

8.87 

18,535.40 

83.41 

5.00 

17.81 

420.97 

9.45 

21,048.67 

94.72 

6.00 

13.74 

471.24 

10.00 

23,561.95 

106.03 
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PROBLEM 11. C6 


20 in. 


2.65 in. 


1 si 


C 


t 




16 in. 



- 12 ft -- 





A 160-lb diver jumps from a height of 20 in. onto end C of 
a diving board having the uniform cross section shown. 
Write a computer program to calculate for values of a from 
10 to 50 in., using 10-in. increments, (a) the maximum 
deflection of point C, ( b ) the maximum bending moment in 
the board, (c) the equivalent static load. Assume that the 
diver’s legs remain rigid and use E = 1.8 x 10 6 psi. 


SOLUTION 

Enter: 


L = 12 ft, h = 20 in., W = 160 1b 
is = 1.8 x 10 6 psi 


/ = ( 16 in.)(2.65 in.)712 
5 = (16 in.)(2.65 in.) 2 /6 

y m = P,„ a where a = influence coefficient . See below for determination of a 
where P m = equivalent static load. 


1 1 y 

U,=-P v =-— 

2 2 a 

work = xv (h + y m ) 
work = U 2 

w (h + y m ) = ^-—A 

2 a 



Program solution of a for y m . Enter a. 

For a = 10 in. to 50 in., Step 10 in. 

Solve A for y m , P m = yja 

x =M B =PJL-a) 
° = M m JS 

Print a, y m , P m , M m , a 
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